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In an ac cel er at ing re gion of a cy clo tron, an ion makes a large num ber of turns; thus, its
track ing re quires fast as well as highly ac cu rate com pu ta tion. A com puter code based
on the Runge-Kutta method of the fourth or der with the adap tive time step has been
de vel oped. The ac cu racy re quire ment is si mul ta neously set on po si tion and mo men -
tum cal cu la tion. Mag netic fields, used as in puts, have been eval u ated in terms of the ra -
dial fluc tu a tions of the or bital fre quency, i. e. their is ochro nisms. Ion tra jec tory track -
ing has been per formed for the fol low ing four test beams: H H He–

2
+ 4 +, , ,  and 40Ar6+.
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IN TRO DUC TION

In cy clo tron de sign and beam dy nam ics anal -
y sis, it is com mon to treat sep a rately the cen tral, ac -
cel er a tion and ex trac tion re gions. This is be cause
each of these re gions im poses dif fer ent re quire -
ments and chal lenges. In the ac cel er a tion re gion,
ions travel through an isochronized mag netic field, 
trac ing a spi ral or bit. A very large num ber of turns
are per formed, re sult ing in a sub stan tial tra jec tory
length. As a con se quence, the cru cial re quire ment
is to im prove com pu ta tional speed while pre serv -
ing high ac cu racy, along the long nu mer i cally in te -
grated trajectory. The VINDY soft ware pack age,
pri mar ily tai lored to ac com mo date ex trac tion re -
gion beam dy nam ics and anal y sis, has been de vel -
oped pre vi ously, as shown in [1, 2]. It has a mod u -
lar struc ture and is or ga nized in such a man ner as
to en able easy ad just ments and im ple men ta tion in
sim i lar beam dy nam ics prob lems. A beam tra jec -
tory in the ex trac tion re gion is sev eral hun dreds
times shorter than the one in the ac cel er a tion re -

gion. Also, in the ex trac tion re gion, a beam tra jec -
tory is shaped solely by the mag netic field, while in
the ac cel er a tion re gion the fun da men tal, i. e. ac cel -
er at ing ef fect, co mes from the elec tric field. The
elab o rate code changes nec es sary to ad dress these
two dif fer ences were made and, as a con se quence,
the newly de vel oped part of the VINDY pack age
in tended for beam dy namic sim u la tions in the ac -
cel er a tion re gion, arose from the ex trac tion re gion
por tion of the pack age. Note that the ac cel er a tion
re gion part of the VINDY pack age could be eas ily
ap plied to the cen tral re gion as well, if the nu mer i -
cally cal cu lated elec tric field maps are used as an in -
put and if the pro ce dures de scrib ing the ob sta cles
in the cen tral re gion (such as posts) are in te grated
with the rest of the code. Our goal is to de scribe the 
sim u la tion and anal y sis method and as sess its ef fi -
ciency. The re sults of the sim u la tion for the four
test beams are given as an il lus tra tion of the tra jec -
tory track ing com pu ta tional method.

THE VINCY CY CLO TRON

The VINCY Cy clo tron [3] is a mul ti pur pose
ma chine whose func tion is to ac cel er ate light and
heavy  ions with  spe cific  charges  rang ing  from h =
= 0.15 to  h = 1. The cy clo tron mag net has four
straight sec tors per pole, a pole di am e ter of  2 m, a sec -
tor-to-sec tor gap of 36 mm, and a val ley-to-val ley gap
of 190 mm. The max i mum mag netic in duc tion in the
ma chine cen ter is 1.97 T.
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The isochronized mag netic fields in the me -
dian plane used as in put are cal cu lated ac cord ing to
Gordon’s pro ce dure [4, 5] and based on the mea -
sured mag netic field maps, as well as on the sim u -
lated mag netic field maps ob tained us ing MER -
MAID – the fi nite el e ment soft ware pack age [6].

The test ion beams of the VINCY Cy clo tron
are 65 MeV H–, 30 MeV per nu cleon H2

+, 7 MeV
per nu cleon 4He+, and 3 MeV per nu cleon 40Ar6+

beams. These four ion beams have been cho sen to
check the four ac cel er a tion re gimes, em ploy ing ac -
cel er a tion with har monic num bers 1, 2, 3, and 4, re -
spec tively. The cor re spond ing RF fre quen cies and
peak dee volt ages are shown in tab. 1. For each of
the four test ions the cal cu lated, fRF,calc, and nom i -
nal, fRF,nom, RF fre quen cies, as well as the max i mum 
de vi a tion of or bital fre quen cies due to the fluc tu a -
tions of the given mag netic fields are given. The
nom i nal or bital fre quency is the one used as an in -
put in the isochronous mag netic field cal cu la tion.
Also given are the har monic num ber, h, and the am -
pli tude of the ac cel er a tion RF volt age, Vp,RF

Table 1. Orbital frequencies

H- H2
+ 4 +He 40 6+Ar

h 1 2 3 4
Vp,RF [kV] 75 70 65 65
fRF,nom [MHz] 20.037 28.019 20.714 18.168
fRF,calc [MHz] 20.058 28.0234 20.7033 18.1652

Df [%] ±0.065 ±0.045 ±0.040 ±0.025

METHOD DE SCRIP TION

The charged par ti cle mo tion in side a cy clo tron 
may be de scribed by the fol low ing equa tions:
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where r rep re sents the po si tion of the par ti cle, p is
the mo men tum and v is the ve loc ity in ten sity. The
rest-mass of the par ti cle is m0, q is the elec tric charge
and c is the speed of light. The elec tric field in side
the cy clo tron is E and mag netic in duc tion is B.

An al go rithm with the adap tive time step is
pro posed for track ing beam tra jec to ries in the ac cel -
er at ing re gion. The pre vi ously de vel oped com puter
code for the ex trac tion re gion uti lized the fourth or -
der Runge-Kutta ODE in te gra tion scheme. It is of -
ten used in prob lems of tra jec tory track ing for its
sim plic ity, good ac cu racy, as well as sta bil ity. With -

out the adap tive time step, how ever, it would re sult
in in tol er a bly long com pu ta tion times and, con se -
quently, in an in suf fi cient ac cu racy. Thus, the above
equa tions are solved us ing the adap tive time step
Runge-Kutta method of the fourth or der. The cho -
sen time steps have to com ply with the two ac cu racy 
re quire ments – the lo cal po si tion cal cu la tion er ror
must not ex ceed the re quired max i mal po si tion er -
ror, xerr, while the lo cal er ror of the mo men tum cal -
cu la tion must not be greater than the max i mal mo -
men tum er ror, perr, given as a frac tion of the ini tial
mo men tum. In ad di tion to the de scribed main pro -
ce dure, other changes have been made and a set of
aux il iary pro ce dures has been de vel oped.

Mag netic field maps used as an in put give the
val ues of the mag netic in duc tion in the me dian
plane with the ra dial res o lu tion of 1 cm and an gu lar
res o lu tion of 1°. The mag netic in duc tion and its de -
riv a tives at an ar bi trary point in the me dian plane
are cal cu lated us ing the lin ear in ter po la tion of the
val ues in the four sur round ing grid points. The
mag netic in duc tion out side the me dian plane is de -
ter mined us ing Ñ×B = 0, Ñ´ B = 0, Tay lor’s ex pan -
sion of the sec ond or der, and nu mer i cal de riv a tives
of the mag netic in duc tion in the me dian plane (the
cen tral dif fer ence for mu las of the fourth or der). The 
elec tric field can be cal cu lated by means of an an a lyt -
i cal ap prox i ma tion, or nu mer i cally, us ing elec tric
field maps. The lat ter is sim i lar to mag netic in duc -
tion cal cu la tions just de scribed; it is better than the
an a lyt i cal ap prox i ma tion, but re quires pre vi ously
cal cu lated elec tric field maps. An elec tric field cal cu -
lated us ing the an a lyt i cal ap prox i ma tion [7] is only
valid in the ac cel er a tion re gion. Due to the cur rent
un avail abil ity of elec tric field maps, an a lyt i cal ap -
prox i ma tion of the elec tric field in side the ac cel er at -
ing RF gaps is used. Note that the elec tric field out -
side the four ac cel er at ing gaps is taken to be zero.
The uti li za tion of the nu mer i cally cal cu lated elec tric 
field maps as an in put would en able the ap pli ca tion
of the code to cen tral re gion beam dy nam ics.

The level of isochronism of the given mag netic
field maps is eval u ated in or der to de ter mine the op ti -
mal RF fre quen cies. This anal y sis is done prior to the
uti li za tion of the field maps in beam dy nam ics cal cu la -
tions. It is in tended to check the ex tent of mag netic
field fluc tu a tions which orig i nate, par tially, from the
im per fec tions in ma chin ing and as sem bling of the cy -
clo tron mag net parts but, for the most part, from the
dis crete num ber of ten trim coils used to ad just the
isochronized fields to their cal cu lated ideal val ues. Or -
bital fre quen cies are cal cu lated for a num ber of static
equi lib rium or bits (SEO) for each of the mag netic
fields. The one to one cor re spon dence be tween the
equi lib rium or bit, ion en ergy, and mean or bit ra dius is
used to rep re sent the re sults, as the de pend ence of the
ion gy ra tion fre quency  on the mean equi lib rium or bit 
ra dius. The op ti mal RF fre quency for the beam in
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ques tion is then cal cu lated as an av er age or bital fre -
quency in the user-de fined range of ra dii, mul ti plied
by the har monic num ber. These ad justed RF fre quen -
cies of ten yield better re sults in beam dy nam ics than
the nom i nal val ues.

The ini tial co or di nates of the cen tral ion in a
test beam are es ti mated and the other test ions in a
beam ran domly gen er ated around it, be cause the ac -
tual data re gard ing the cen tral re gion beam dy nam ics 
was un avail able. Ob vi ously, the data used as an in put
for the ac cel er at ing re gion beam dy nam ics sim u la -
tions should be ob tained from the cen tral tra jec tory
data and beam emittances around it re sult ing from
the cen tral re gion beam dy nam ics sim u la tions. In -
stead, the cen tral ion could be taken to be the one
trav el ing along the ac cel er ated equi lib rium or bit
(AEO). How ever, find ing the ac cel er ated equi lib -
rium or bit is a com plex and time con sum ing op ti mi -
za tion prob lem. Sec ondly, there is not much use for
ac cel er a tion re gion tra jec tory track ing cor re spond -
ing to op ti mal ac cel er a tion, if it is not matched to ac -
tual cen tral re gion par ti cle tra jec to ries. Even a small
off set in the cen tral ion or bit cen ter ing can yield sig -
nif i cantly dif fer ent sim u la tion re sults. In the fu ture,
the AEO will be stud ied by means of an op ti mi za tion 
pro ce dure, in or der to de ter mine how far from the
op ti mal is the archieved acceleration.

For the time be ing, the ini tial cen tral tra jec -
tory start ing point is, in the first ap prox i ma tion,
taken to be on the static equi lib rium or bit. The
track ing of the tra jec tory is per formed from the
cho sen ini tial point to the given fi nal ra dius and az i -
muth of the ex trac tion strip ping foil. In or der to ob -
tain re sults which would be re al is tic at least to some
ex tent, the in for ma tion on en ergy gain is used to
eval u ate the mo tion of the cen ters of the cur va ture
barycenter. The re sult is used to fur ther ad just the
start ing point po si tion, through an it er a tive pro -
cess, in or der to min i mize the dis tance between the
cen ter of the cur va ture barycenter and the ma chine
cen ter. Since part of the in put data is es ti mated
rather than taken from the real cen tral re gion sim u -
la tion out put, the re sults ob tained are not ex pected
to be fully re al is tic. How ever, the aim is to es tab lish
the sim u la tion pro ce dure and check the op er a tion
of the newly de vel oped soft ware

Fi nally, the tra jec to ries cor re spond ing to a
num ber of ions around the cen tral ion that rep re sent 
the beam are sim u lated and the data is re corded in
time steps cor re spond ing to those of the cen tral ion
tra jec tory.

RE SULTS

As an il lus tra tion of tra jec tory track ing anal y -
sis, the be hav ior of the four ref er ent ion beams is an -

a lyzed. These are H–, H2
+, 4He+, and 40Ar6+. Dif -

fer ent ac cel er a tion re gimes of the VINCY Cy clo -
tron use the har monic num bers rang ing from one to 
four. Ac cel er a tion regimes with the har monic num -
bers 1, 2, 3, and 4 are used to ac cel er ate H–, H2

+,
4He+, and 40Ar6+ test ions, re spec tively. Note that
the 4He+ ion beam can also be ac cel er ated us ing the
har monic num ber h = 4. The fi nal ex trac tion en er -
gies for these ions are ex pected to be 65 MeV for
H–, 30 MeV per nu cleon for H2

+, 7 MeV per nu -
cleon for 4He+, and 3 MeV per nu cleon for 40Ar6+.

The ac cel er a tion mech a nism in an isochronous
cy clo tron is based on the syn chro ni za tion be tween
par ti cle gy ra tion and elec tric field fre quency. Ide ally,
the isochronous mag netic field should pro vide con -
stant gy ra tion fre quency of a test ion, while in re al ity,
the smaller the de vi a tion of the gy ra tion fre quency,
the better. The fre quency of the RF res o na tors
should be equal to or a mul ti ple of the ion or bital fre -
quency. There fore, for each of the isochronous fields
cor re spond ing to the four test ions, the de pend ence
of or bital fre quency on ion en ergy is in ves ti gated.
The or bital fre quency of a test ion is cal cu lated for a
num ber of static equi lib rium or bits, de noted by cor -
re spond ing ion en er gies. The ion en ergy in cre ment is 
taken to be 0.5 MeV. The op ti mal RF fre quency for
the beam in ques tion is then cal cu lated as an av er age
or bital fre quency in the user-de fined range of ra dii,
mul ti plied by the har monic num ber. The ra dial range 
from 300 mm to 840 mm is cho sen be cause it cor re -
sponds to the ac cel er a tion re gion. Ra dii smaller than
300 mm cor re spond to the cen tral re gion area. The
up per limit of 840 mm is equal to the ex trac tion ra -
dius.

Plots of the cal cu lated or bital fre quen cies vs. the
av er age or bital ra dii and rel a tive or bital fre quency off -
set from an op ti mal fre quency es ti mate for H– and
H2

+ ions are given in fig. 1 and fig. 2, re spec tively. The 
re sults for all four test ions are sum ma rized in tab. 1.
The or bital fre quen cies that cor re spond to dif fer ent
ra dii fluc tu ate around the mean value. This is to be ex -
pected, as the isochronized mag netic fields are ob -
tained by ad just ing the val ues of the ten trim-coil cur -
rents. Still, we get a good agree ment be tween the
es ti mated and nom i nal fre quen cies.

Ini tial co or di nates of the cen tral ions are on
the static equi lib rium or bits cor re spond ing to the
ini tial ki netic en er gies of 7.5 MeV, 7.5 MeV, 3.5
MeV, and 15.0 MeV for H–, H2

+, 4He+, and
40Ar6+ ions, re spec tively. These en er gies cor re -
spond to the equi lib rium or bits with the av er age
ra dii of about 300 mm. Ac cu racy re quire ments for
par ti cle tra jec tory track ing cal cu la tions are set to
xerr = 1 mm, perr = 2 ppm.

The par ti cle tra jec tory track ing pro ce dure is
ex e cuted from the es ti mated ini tial point to the ex -
trac tion ra dius Rex = 84 cm. The data ob tained for
the four test beams is sum ma rized in tab. 2, where
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Dt is the time the cen tral par ti cle spends trav el ing
along the sim u lated or bit and T/Acalc is the fi nal ki -
netic en ergy.

Nom i nal ex trac tion en er gies, T/Anom, are also
given for com par i son pur poses with our sim u la tion
re sults. Good agree ment be tween these two sets of
data is ob served. Plots of the me dian plane cen tral
ion tra jec tory and typ i cal en ergy in cre ments pat tern
are shown in fig. 3 and fig. 4, re spec tively, for the
40Ar6+ ion. The tra jec to ries and en ergy in cre ments
for other ions look sim i lar to these, ex cept for larger
ra dii, where the sep a rated or bits cease to be ob serv -
able, as in the case of 40Ar6+. The or bits be come
denser and more over lap ping as the ra dius in creases.
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Fig ure 1. Or bital fre quen cies vs. av er age or bital ra dii
(up per plot) and their dif fer ence from an av er age fre -
quency es ti mate (lower plot), for H- ion

Fig ure 2. Or bital fre quen cies vs. av er age or bital ra dii
(up per plot) and their dif fer ence from an av er age fre -
quency es ti mate (lower plot), for H2

+ ion

Ta ble 2. Sum mary of sim u la tion results

H– H2
+ 4He+ 40Ar6+

Dt [ms] 61.27 36.43 22.31 19.54
T/Anom [MeV/n] 65 30 7 3
T/Acalc [MeV/n] 64.40 29.74 6.95 2.98

Fig ure 3. A quar ter of the me dian plane tra jec tory for
40Ar6+ cen tral ion

Fig ure 4. Ki netic en ergy in cre ments for 40Ar6+ cen tral 
ion



As ex am ples of beam sim u la tion, the ra dial
and ax ial mo tions for sev eral ions are shown in fig. 5 
and fig. 6. De tailed anal y sis of  beam emittances and 
ac cel er a tion re gion ac cep tan ces is ongo ing.

CON CLU SION

Prob lems typ i cal of ac cel er a tion re gion beam
dy nam ics sim u la tion and anal y sis were ad dressed.
We have de scribed the com puter code de vel oped for 
this pur pose and ex plained sev eral steps that were
used to ob tain rel e vant data. The re sults of the anal -

y sis for the four test beams have been pre sented as
an il lus tra tion of beam dy nam ics anal y sis. We have
shown that the mag netic fields, used as in put, have
been well de signed.
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Fig ure 5. Ra dial mo tion for the first three turns for
twenty-one 40Ar6+ ions

Fig ure 6. Ax ial mo tion for the first three turns for
twenty-one 40Ar6+ ions
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PRELIMINARNI  REZULTATI  PRA]EWA  JONA  U
UBRZAVAJU]EM  REGIONU  CIKLOTRONA  VINSI

U akceleracionom regionu ciklotrona broj obrta jona je veliki; stoga, pra}ewe jonskih
trajektorija zahteva ne samo brz prora~un, ve} i veliku ra~unsku preciznost. Sa tim ciqem
razvijen je pro gram zasnovan na metodi Runge-Kuta ~etvrtog reda sa adaptivnim korakom
integracije. Adaptivni korak integracije odre|uje se tako da bude postignuta zadata ta~nost kako
polo`aja tako i impulsa ~estice. Kao ulazni podatak koriste se magnetska poqa, koja su prethodno
ispitana sa stanovi{ta svoje izohronosti, odnosno radijalnih fluktuacija orbitalnih
u~estanosti. Trajektorije su prora~unate za ~etiri test jona: H H He–

2
+ 4 +, ,   i 40Ar6+.

Kqu~ne re~i: ciklotron, jonski snop, prora~un trajektorija, adaptivni korak integracije,
jjjjjjjjjjjjjjj jjjjjjjjmagnetska poqa, izohronost


