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Abstract. In this paper, we study the existence and uniqueness of solutions to the nonlocal
problems for the fractional differential equation in Banach spaces. New sufficient conditions
for the existence and uniqueness of solutions are established by means of fractional calculus
and fixed point method under some suitable conditions. Two examples are given to illustrate
the results.
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1. INTRODUCTION

During the past two decades, fractional differential equations have been proved to be
valuable tools in the modelling of many phenomena in various fields of engineering,
physics and economics. For more details, one can see the monographs of Kilbas et
al. [6], Lakshmikantham et al. [7], Miller and Ross [8], Podlubny [12]. Very recently,
fractional differential equations and optimal controls in Banach spaces are studied by
Balachandran et al. [3,4], N’Guérékata [9,10], Mophou and N’Guérékata [11], Wang
et al. [13-20], Zhou et al. [22-24] and etc.

Throughout this paper, (X, || - ||) will be a Banach spaces, and J = [0,T], T > 0.
Let C(J, X) be the Banach space of all continuous functions from J into X with the
norm |jullc := sup{||u(t)|| : t € J} for u € C(J, X).

We consider the following nonlocal problems of fractional differential equation

(1.1)
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where D7 is the Caputo fractional derivative of order ¢ € (0,1), f: J x X — X is
strongly measurable with respect to ¢ and is continuous with respect to u. The nonlocal
term g : C(J,X) — X is a given function satisfying some assumptions that will be
specified later. The nonlocal condition can be applied in physics with better effect than
the classical initial value problem. Nonlocal conditions were initiated by Byszewski
[1] when he proved the existence and uniqueness of mild and classical solutions of
nonlocal Cauchy problems. As remarked by Byszewski [2] and Deng [5], the nonlocal
condition can be more useful than the standard initial condition to describe some
physical phenomena.

A pioneering work on the existence results of solutions for system (1.1) has been
reported by N’Guérékata [9]. Also, N’Guérékata [10] reported that the results in [9]
hold only in finite dimensional spaces. In the present paper, we revisit this interesting
problem and establish some new existence principles of solutions to the system (1.1) by
virtue of fractional calculus and fixed point theorems under some suitable conditions,
which extend the results in [9] to infinite dimensional spaces.

The rest of this paper is organized as follows. In Section 2, we give some notations
and recall some concepts and preparation results. In Section 3, we give an important
priori estimation of solutions and obtain two main results (Theorems 3.4-3.5), the
first result based on Banach contraction principle, the second result based on Kras-
noselskii’s fixed point theorem. At last, two examples are given to demonstrate the
application of our main results.

2. PRELIMINARIES

In this section, we introduce notations, definitions, and preliminary facts which are
used throughout this paper.
Let us recall the following known definitions. For more details see [6].

Definition 2.1. The fractional integral of order v with the lower limit zero for a
function f is defined as

If) = 1_‘(17) / i _fis))lv ds, t>0, v>0,
0

provided the right side is point-wise defined on [0, 00), where I'(-) is the gamma
function.

Definition 2.2. The Riemann-Liouville derivative of order v with the lower limit
zero for a function f : [0,00) — R can be written as

L d f(s)
Ly tzi—/id ¢ 1 .
0
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Definition 2.3. The Caputo derivative of order « for a function f : [0,00) — R can
be written as

n—1

D0 = P00~ 3

k=0

Remark 2.4. (i) If f(¢t) € C™[0, 00), then

tk
Idf““)(())], t>0, n—1<vy<n.

1 F™(s)
°DYf(t) = ds=1""7fM@), t>0, n—1<~vy<n.
f(t) F(n—’y)/(t—s)7+1—” s (), n y<n
0
(ii) The Caputo derivative of a constant is equal to zero.
(iii) If f is an abstract function with values in X, then integrals which appear in
Definitions 2.1 and 2.2 are taken in Bochner’s sense.

Lemma 2.5 (Bochner theorem). A measurable function f: J — X is Bochner integral
if If|l is Lebesbuge integrable.

Lemma 2.6 (Mazur lemma). If K is a compact subset of X, then its convex closure
convkC is compact.

Lemma 2.7 (Ascoli-Arzela theorem). Let S = {s(t)} is a function family of contin-
wous mappings s : J — X. If S is uniformly bounded and equicontinuous, and for any
t* € J, the set {s(t*)} is relatively compact, then there exists a uniformly convergent
function sequence {s,(t)}(n=1,2,--- ,t € J)in S.

Theorem 2.8 (Krasnoselskii). Let B be a closed convex and nonempty subsets of X.
Suppose that L and N are in general nonlinear operators which map B into X such
that:

(1) Lz + Ny € B whenever x,y € B;
(2) L is a contraction mapping;
(3) N is compact and continuous.

Then there ezists z € B such that z = Lz + N z.

To end this section, we collect an important singular type Gronwall inequality
which is introduce by Ye et al. [21] and can be used in fractional differential equations.

Theorem 2.9 (|21, Theorem 1]). Suppose 8 > 0, a(t) is a nonnegative function
locally integrable on J and g(t) is a nonnegative, nondecreasing continuous function
defined on g(t) < M, t € J, and suppose u(t) is nonnegative and locally integrable on
J with ,
u(t) <a(t) 4+ g(t) /(t — 5) tu(s)ds, t e J.
0
Then

> - s)”ﬂ%z(s)] ds, 1€

n=1

u(t) < alt) + /
0
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Remark 2.10. Under the hypothesis of Theorem 2.9, let a(t) be a nondecreasing
function on J. Then we have

ult) < a(t)Es(g()T(B)t?),
where Ejg is the Mittag-Lefller function defined by

&) =2t i 1y

k=0

3. MAIN RESULTS

We make some following assumptions.

[H1] For any u € X, f(¢,u) is strongly measurable with respect to t on J.
[H2] For any t € J, f(t,u) is continuous with respect to v on X.
[H3| For arbitrary u € X, there exists a ay > 0, such that

1t )l < ap(L+ [ull),

and for arbitrary u € C(J, X), there exists a ag € (0, 1) such that

lg()ll < ag(1 +[lullc)-

[H4| For arbitrary u,v € X satistying ||ul|, ||v]| < p, there exists a constant L¢(p) > 0,
such that

| £(t,u) — f(t,0)]| < Ly(p)|u— v,
and for arbitrary u,v € C(J, X) there exists a constant L, € (0,1), such that

lg(w) = g(W)I| < Lgllu = vljc-
Now, let us recall the definition of a solution of the system (1.1).

Definition 3.1. A function u € C'(J, X) is said to be a solution of the system
(1.1) if u satisfies the equation *D%u(t) = f(t,u(t)) a.e. on J, and the condition
u(0) + g(u) = uo.

By Definition 2.1-2.3, one can obtain the following lemma.

Lemma 3.2. If the hypothesis [H1]-[H3| hold. A function u € C(J, X) is a solution
of the fractional integral equation

1 / q 1
u(t) = g — F(qo/ F(s,u(s))ds, (3.1)

if and only if u is a solution of the system (1.1).
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Proof. Forany r > 0andu € B, = {u € C(J,X) : ||u||c < r}, according to [H1]-[H2],
f(t,u(t)) is measurable function on J. For ¢ € J, we obtain that

/ (t = )" If (s, u(s)lds < / (t =)' ay(1+[u(s)lds <
0 0

¢ ¢
af/ )~ 1ds+af/(t—s)q_1rds§
0 0
< (1+ r)aqu .
q

Thus ||(t — s)?7 1 f(s,u(s))|| is Lebesgue integrable with respect to s € [0,¢] for all
t € J and v € B,. Then from Bochner’s theorem (Lemma 2.5) it follows that
(t — s)?7 L f(s,u(s)) is Bochner integrable with respect to s € [0,¢] for all t € J.

Let G(1,5) = (t — )77 — s|77L. Since G(7,s) is a nonnegative, measurable
function on D = [0,¢] x [0,t] for t € J, we have

t ot t ot
//G(T,s)dsdT = /G(T,s)dsdT = //G(T,s)des
00 D 0 0

and

/G(T s)dsdr =

D

o\

/GTSdeT—
0

S— .

t
(t—7)71 / |7 — 5|9 dsdr =
0

T

(t—7)" /T—Sq Yds | dr+

t t
+/t—7 /S—quds dr <
0

T

Il
c>\W

2T
q(1—q)
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Let Gl(

T, (t — )79 — s)971. Note that ||f(s,u(s))|| < af(l + r), therefore,
Gi(7,9)f(s

u(s)) is a Lebesbuge integrable function on D, then we have

5)

T t

/t/G”S (5, W“”—//Gmsf(m( ))drds.
00

0

We now prove that
EDa(1f(t, u(t))) = f(t,u(t)), for t € (0,T].

Indeed, we have

t
LDI(I9 f(t, u(t))) = ;i/t—f q/T—sqlfsu )dsdr =
0 0



On nonlocal problems for fractional differential equations in Banach spaces 347

We claim that u(¢) is absolutely continuous on J. For that, for any disjoint family
of open intervals {(a;, b;)}?; on J with .7 | (b; — a;) — 0, we have

a;

b;
LR | ya-t — f(a: — )T (s u(s))ds
;F(qo/bs f(s,u(s))ds /(z ) f (s u(s))ds|| <

0

<.

<Z_1p(1q /bb =) (s, uls))ds | +
+_r<1q> / ((bs = )77 = (ai = 5)"7") (s, uls))ds|| <
af(rl(;g r) :j(b" _ tdss
af(pl(;g d :1 :i((az )97 = (b — 5)17 1) ds <
al“f((llj(;)) ;(bl a;)'+
?((11:7;) :1 ((a:)? + (b — a;)"" = (b;)7) <
Q%Tq;) i(bz )t 0

Thus, u(t) is differentiable for almost all ¢ € J. According to the Remark 2.4, we have

t

¢Du(t) = D? |ug — g(u) + ﬁ /(t —8)T 1 f(s,u(s))ds| =

L 0

=¢ DY ) O/(t—s)q_ f(s,u(s))ds| =

= DUIf (¢, u(t))) =
t— 9

=t DU u(t) ~ [t mop g5

Since (t —s)? ! f(s,u(s)) is Lebesgue integrable with respect to s € [0,¢] for all t € J,
we known that [I9f(¢, u(t))]t=0 = 0 which implies that

Diu(t) = f(t,u(t)), a.e t €
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Moreover, u(0) + g(u) = ug. Thus, u € C(J, X) is a solution of system (1.1). On the
other hand, if u € C(J, X) is a solution of system (1.1), then wu satisfies the integral
equation (3.1). O

In order to derive the existence results, we need important a priori estimation.

Lemma 3.3. Suppose system (1.1) has a solution u on the time interval J. If the
hypothesis [H3| holds, then there exists a constant p > 0 such that

lu(®)]| < p for allt € J.

Proof. By Lemma 3.2, the solution of system (1.1) is equivalent to the solution of
integral equation

1 / )i~ 1
u(t) = ug — 1_‘(qo/ (t— )17 f(s,u(s))ds.

According to the hypothesis [H3],

()] < lluo — g(w)] + ﬁ / (t— )77V (s, u(s)|ds <
0
1 t
< o — g(u)]| + (t— )7 ay (1 + lu(s)|)ds <
(q)o/
< Jluoll + ag + agllullc + = [ (t = )7 ds + L )7 fu(s) | ds,
F(q)O/ I'(q) 0/

which implies that

t t

a a

(1_ag)||u||c<|\uou+ag+(—2/t—sq Las + —f/t—sq u(s)|ds.
0 0

Thus,

(t — 8)17 Hu(s)||ds.

lu(®)]| <

P(q + 1)(Juol| + ag) + a;T" /
(1- ag)I‘(q +1) (1- ag /

Applying the singular type Gronwall inequality (Lemma 2.9),

(g + 1) (JJuoll + ag) + a;T9 & (ayT7)"
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where Zn 0 % is just the well known Mittag-Lefler function. Thus, there

exists a constant p > 0 such that

lu@®)]| < p, fort e J.

O
Our first result is based on Banach contraction principle.
Theorem 3.4. Assume that [H1|-[H4] hold. If the following two conditions:
aqu
+ ——-<1 3.2
Qg F(q + 1) ( )
and
Ly(p)T1
T =1L —— <1 3.3
T,q,p g+l"(q+1) < (3.3)
hold, then system (1.1) has an unique solution.
Proof. Let
S [uoll + ag + F(q+1)
I P R
9 T(g+1)
and define
C,={zcC(J,X):|ult)| <p, teJ} (3.4)

Define a operator F: C, — C, as follows

L

(Pu)(®) = w0 — ) + 5

/ 191 £ (s, u(s))ds. (3.5)
0

By Lemma 3.2, it is obvious that F' is well defined on C, in the sense of Bochner
integrable.
We divide our proof into two steps.
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Step 1. Fu € C, for every u € C,.
For every u € C,,,

|(Fu)(t +6) — (Fu r@L/tS (46— )T (s, uls) [ds+
10 t+6
+f55/@+6—@“wuwwwnwss
a5 —s —5)9 1 u s
<t J ((t (6= )T+ [Ju(s)l)ds+
t+4
A —s)a ! u(s s
+N@/ﬁ+6 11 [u(s))ds <
ap(l+p) (10 (46 07\  as(1+p) 67
= I'(q) (q q +q)+ I'(q) qS
2af(1+p) q
S Tl

It is easy to see that the right-hand side of the above inequality tends to zero as
0 — 0. Therefore Fu € C(J,X).
Moreover, for all t € J, u € C,, due to the condition (3.2),

[Fu@)]| < lluoll + llg(w)ll + =— /t—sq]ﬂﬂsu(mws<
0

I'(q)

t

1

< luoll + ag (1 + [[ullo) + f@i/t_s ay(1+ [lu(s)l)ds <
0

t

as(1+p) g1
SWﬂ+%O+m+H®!@—@ ds <

ag(1+p)T7

< |ug|| + aq(1 + p) + ,

which implies that F'u € C,.
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Step 2. F' is a contraction mapping on C,.In fact, for any u,v € C,, we get

t

[(Fu)(t) = (Fo)(@)] < llg(w) = g(v)l| + /(t = 8)T S (s u(s)) — f(s,v(s))llds <

0

< Lyllu—vllc+ Ill_{(E;;) /(t - s)q71|\u(s) —v(s)|lds <
0
Ly (p)T?
<1+ St e —vle

which implies that

||Fu — F’U”C S TT7q7p||u — Ul|c.

Thus, F' is a contraction mapping on C, due to our condition (3.3). By applying
Banach’s contraction mapping principle we know that the operator F' has a unique
fixed point on C,,. Therefore, system (1.1) has an unique solution. O

Our second result uses the well known Krasnoselskii’s fixed point theorem. For
that, we make the following assumption.

[H5]: For every t € J, the set K = {(t —s)7" 1 f(s,u(s)) :u e C(J,X),s € [0,t]} is
relatively compact.

Theorem 3.5. Assume that [H1]-[H3] and [H5| hold. If the condition (3.2) holds,
then system (1.1) has at least one solution.

Proof. We subdivide the operator F' defined by (3.5) into two operators P and @ on
C), as follows

L _ ql
F(qo/t $)I7  f(s,u(s))ds, t € J,

(Qu)(t) = uo — g(v), t € J,
where C,, is given by (3.4).

Therefore, the existence of a solution of system (1.1) is equivalent to that the
operator P + @ has a fixed point on C,,.
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The proof is divided into several steps.
Step 1. Pu+ Qu € C, for every pair u,v € C,.
In fact, for every pair u,v € C,,

[(Pu)(®) + (Qu)(B)| < [|uoll + [lg(v F(lq/ (t = )7 f(s,uls))|lds <
< [luoll + ag(1 + [lvllc) + F(lq/ (t—s)"ap(l+ [u(s)l)ds <
< [luoll + ag(1 + p) + )9~ 1ds <
o
CLf(ler)T"

< luo|| +ag(1+p) + ,

which implies that Pu + Qv € C,.

Step 2. @) is a contraction mapping on C,,.
In fact, for every vi,vs € C,

1Qu1 — Qualle = [lg(vr) — g(v2)|| < Lgllor — va]lc-

Thus () is a contraction mapping due to Ly € (0, 1).

Step 3. P is a continuous operator.

For that, let {u,, } be a sequence of C), such that u,, — win C,. Then, f(s, u,(s)) —
f(s,u(s)) as n — oo due to the hypotheses [H2].

Now, for all t € J, we have

1 ot
[ (Pun)(t) — (Pu)(t)]| < ey /(t = 8)T [ f (s, un(s)) — f(s,u(s))]lds.

0

On the one other hand using [H3], we get for each ¢ € J,

1f (s, un(s)) = f(s,u(s))| < Lg(p)lun(s) — uls)|| < 2pLy(p)-

On the other hand, using the fact that the functions s — 2pL(p)(t—s)?~! is integrable
on J, by means of the Lebesgue Dominated Convergence Theorem yields

t

/(f = 8)T | f(s,un(s)) — f(s,u(s))ds — 0.

0

Thus, Pu, — Pu as n — oo which implies that P is continuous.
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Step 4. P is a compact operator.
Let {u,} be a sequence on C,, then

|(Pun)(®)] < ﬁ / (t— )01 (5 un (5)) | ds <
0
1 | — )1 a un(s)|)ds A+ p)Tay
<t O/<t O

Thus, {u,} is uniform boundedness.
Now we prove that {Pu,} is is equicontinuous. For 0 < #; < to < T, we get

t1

|(Pun)(t1) = (Pun)(t2)]| < ﬁ 0/ (61— 835 — (b — 8)5-Y) (6, wua)) |+
1 7 _ o)a—1 s.u. (s s
+r<q>/(t2 $)"H1f (s, un(s)) ds <

< 2 [ =9 = (2 = 9+ () )+
0

g /(t2 = )T 1+ un(s)|ds <

F(Q)t
a(l+p) (5 (2—t)?
= I'(q) <q qjL q >+
af(l+p) (t2 = t)? _
I'(q) q -
2a5(1+ p) q
W(tgftl).

As ty — t1, the right-hand side of the above inequality tends to zero. Therefore { Pu,, }
is equicontinuous.

In view of the condition [H5] and the Lemma 2.6, we know that convK is compact.
For any t* € J,
.

(Punt) = s [ =97 5.0, ())ds =
0
- g S (=5 (o () -
.

['(q)
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where .
o= i S ()

Since conv K is convex and compact, we know that (,, € convK . Hence, for any t* € J,
the set {Pu,} (n =1,2,---) is relatively compact. From Ascoli-Arzela theorem every
{Pu,(t)} contains a uniformly convergent subsequence {Pu,, (t)} (k= 1,2,---) on
J. Thus, the set {Pu:u € C,} is relatively compact.

Therefore, the continuity of P and relatively compactness of the set {Pu:u € C,}
imply that P is a completely continuous operator. By Krasnoselskii’s fixed point
theorem, we get that P + @ has a fixed point on C,. Hence system (1.1) has a
solution, and this completes the proof. O

4. EXAMPLES

In this section we give two examples to illustrate the usefulness of our main results.

Example 4.1. Let us consider the following nonlocal problem of fractional differential
equation

c — ~*plu(®)] _
Diu(t) = W, q€(0,1), teJ=10,T), (4.1)
w(0) + 3200 Aju(ty) =0, 0 <ty <ty <+ <ty <T,
where p, L, A\; >0, j=1,2,--- ,m.
Set
eftpu
tu)= m——F—F———, (¢ J %[0
f(au) (1+L6t)(1+u)’(7u)€ X[,p],
and

g(u) = ZAjU(tj)-

Let ui,us € X and t € J. Then we have

—t

e~'p
‘f(t,’l,lq)_f(t,’LLQ)‘S 1+Let|u1_u2|§
p
< _
— 1+L|u1 U/2|,

and

l9(u1) — glua)| <> Njlua () — ua(t;)| <
J=1

NE

1 Aj 11;?23({|U1(tj) —uz(t))]}

<.
Il
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Obviously, for all w € X and each t € J,
p
tu)| < —L—
(&)l < 77 llull,

and

j=1
< DAy max{u(t;)]}.
=1 €

It is obviously that our assumptions in Theorem 3.4 can be satisfied by choosing a
m q
sufficient large L > 0 and small enough 7" and A; such that ijl Aj+ % <1
for some ¢ € (0, 1). Therefore, the problem (4.1) has an unique solution.

Example 4.2. Let us consider another nonlocal problem of fractional differential
equation

chu(t):%, v>0, g€ (0,1), teJ=][0,T], (42)
u(0) + 3700 Nju(ty) =0, 0 <ty <ty <--- <ty <T.
Set
e Uty
filt,u) = AT Ta) (t,u) € J x [0, +00),
and

m m
g(u) = Z)\ju(tj), where Z/\j < 1.
j=1 j=1
q—1

Let v = t%, t € (0,7], it is obvious that lim,_, o+ -

K, = {(t - s)qflm rueC(J),s e [O,t]} is bounded and closed which
implies that K7 is compact. Thus, all the assumptions in Theorem 3.5 are satisfied by
choosing a small enough 7" and A; such that 1 — Z;”:l Aj— m > 0, our results
can be applied to the problem (4.2).

= 0. As a result, the set
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