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Abstract. The small scale dynamics of a weakly turbulent 1 Introduction
oceanic gravity current is determined. The gravity current
considered is initially at rest and adjusts by performing iner-Oceanic gravity currents show a variability over a wide range
tial oscillations to a geostrophic mean flow. The dynamics isOf scales in space and time. To leading order they are gov-
explored with a hierarchy of mathematical models. The mosterned by geostrophic equilibrium, that is a balance between
involved are the fully 3-D Navier-Stokes equations subject tothe buoyancy and Coriolis force (Griffiths, 1986; Coleman et
the Boussinesq approximation. A 1-D and 0-D mathematicall-, 1990; Price and Baringer, 1994; Killworth, 2001; Wahlin
model of the same gravity current dynamics are systematiand Walin, 2001; Wirth, 2009). A gravity current in this equi-
cally derived. Using this hierarchy and the numerical solu-librium follows the lines of constant depth and does not de-
tions of the mathematical models, the turbulent dynamics agcend. This equilibrium is perturbed by principally two pro-
the bottom and the interface is explored and their interactiorcesses: (i) at the meso-scale by its instability leading to wave-
investigated. Three different regimes of the small scale dy-ike disturbances and eddies; (ii) at even smaller scales the
namics of the gra\/ity current are identified, they are Charac_ﬂOW is three dimensional and turbulent, which leads to tur-
terised by laminar flow, coherent roll vortices and turbulent bulent fluxes of mass and momentum. The quasi 2-D meso-
dynamics with coherent streaks and bursts. scale dynamics is assumed to be well represented in today’s
The problem of the rectification of the turbulent fluxes, high-resolution hydrostatic numerical models of the ocean
that is, how to average out the fluctuations and calculate theiflynamics and it is not investigated here. The appearence of
average influence on the flow, is considered. It is shown thafneso-scale instability and variability is hindered by the ho-
two different regimes of friction are superposed, an Ekmanmogeneous initial conditions in the direction parallel to the
friction app”es to the average geostrophic flow and a linearocean floor and it is excluded in the numerical integrations
friction, notinfluenced by rotation, to the inertial oscillations. by the small size of the domaine of integration. The sub-
The combination of the two makes the bulk friction non-local ject of the paper is the second point the small scale turbulent
in time for the 0-D model. dynamics which is fully 3-D, non-hydrostatic and involves
The implications of the results for parametrisations of thescales smaller than a metre in all spatial directions. The in-
Ekman dynamics and the small scale turbulent fluxes in thdluence of this small scale turbulent dynamics on the large
planetary boundary layer are discussed. scale has to be parametrised in today’s and tomorrow’s nu-
merical models of the ocean dynamics, as they do not and
will not explicitly resolve it. The small scale turbulent dy-
namics and its influence on the large scale dynamics is the
subject of the present work. It is important to realise, that the
small scale turbulence in gravity currents acts directly on the
large-scale dynamics of the gravity current as it governs the
friction, mixing and entrainment processes.
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There is a substantial number of publications on the dy-lent fluxes lead to turbulent transport of mass and momentum
namics of gravity currents considering observations, laborawhich have to be parameterised in models of the ocean cir-
tory experiments, analytical models and calculations and nueculation.
merical simulations based on hydrostatic and non-hydrostatic The dynamics of the gravity current is investigated with
mathematical models. For a comprehensive review ora hierarchy of mathematical models of three, one and zero
oceanic gravity currents | refer the reader to Griffiths (1986) spatial dimensions. The purpose is twofold. First, the com-
and Price and Baringer (1994), concerning turbulent fluxesparison of the results allows a deeper understanding of the
| direct the reader to the recent and comprehensive reviewprocesses and the evaluation of their impact on the slow dy-
by Legg et al. (2009) and the references therein. For numerinamics of a gravity current. Second, in ocean general circula-
cal studies of turbulent fluxes in non-rotating gravity currentstion models (OGCMs) the gravity current usually spans only
please se®zgokmen et al., 2006. The adjustment process ofpart of a grid box in the vertical and its numerical (non-) reso-
a gravity current to a topographic slope by performing iner-lution resembles the 0-D-model. In OGCMs with a very high
tial oscillations has been studied by Nof (1996) in the con-vertical resolution at the bottom (see Laanaia et al., 2010) the
text of an oceanic turbidity current. When an oceanic grav-dynamics is similar to the 1-D-model.
ity current moves along a topographic slope it does so at an
average speed that is close to the geostrophic equilibrium.

When the topographic slope changes the gravity current ad2 The physical problem considered

justs to the new slope by performing inertial oscillations, this

is the nature of geostrophic adjustment known since the workn the present work | consider the dynamics of a three di-
of Rossby (1936). The process of inertial oscillations, themensional gravity current on an inclined plane of constant
so-called fast dynamics, is often neglected although it is aslopec in a rotating frame, with a constant Coriolis param-
dominant signal in the energy spectrum of the world oceanseter f = 4r /1o, wherery is the rotation period of the frame.
(Ferrari and Wunsch, 2009). To my understanding this ne-Please see Fid. for the configuration considered. The ex-
glect has principally two reasons: first, a substantial body oftension of the gravity current in the up slope and along-slope
theoretical and numerical research were and are performethlong isobaths) direction is assumed to be very large as com-
using quasi-geostrophic models, where inertial dynamics igared to its thickness.

filtered out by the mathematical model, ahead of the numeri- Major oceanic gravity currents (strait of Gibraltar or the
cal integration. Second, in numerical studies based on primbenmark strait) extent several hundreds of kilometres in
itive equation models snapshots are printed over time interthe along-flow direction, several tenths of kilometres in the
vals substantially exceeding the inertial period, or even precross-flow direction and are only around 100 metres thick
senting mean quantities over time-intervals spanning manyPrice and Baringer (1994). For the dynamics of gravity cur-
inertial periods. In such a way inertial dynamics present inrents constrained in wide channels and the effect of channel
the calculations is filtered out following the numerical inte- geometry on the gravity current | refer the reader to the recent
gration. work of Umlauf and Arneborg (2009a, b), Cossu et al. (2010)

A turbulent Ekman layer forms at the bottom of a grav- and Wahlin (2002, 2004). The small scale dynamics of grav-
ity current. The turbulent Ekman layer below a stationary ity currents considered here is for a gravity current on a flat
geostrophic flow has been studied numerically starting frominclined plane. Within the gravity current all variables are
the pioneering work of Coleman et al., 1990 and Coleman,assumed to be statistically homogeneous in the directions
1999. In their work the data were averaged over several inparallel to the inclined plane. This means that time aver-
ertial periods to average out the inertial oscillations whichaged quantities depend only on their distance to the ocean
were present even in their case, with a flow that was initiallyfloor. The initial temperature anomaly of the gravity cur-
adjusted. Inertial oscillations of oceanic gravity currents arerent, with respect to the surrounding waterTis= —0.5K
also discussed in detail by Wang et al. (2003) using a 1-D(< 0), H = 100 m is the thickness of the gravity current and
2-layer model. The here presented gravity current is initially s = 20 m measures the thickness of the interface between
at rest and adjusts to the sloping bottom by performing in-the gravity current and the surrounding water. This con-
ertial oscillations. These oscillations, which are damped byfiguration is chosen to study the local dynamics of a turbu-
friction, are also initiated each time a gravity current adjustslent gravity current neglecting the effect of large-scale gra-
to a changing topographic slope or roughness and are thudients in the directions parallel to the plane, which are usu-
likely to be a recurrent feature of oceanic gravity currents. Ifally smaller than in the direction perpendicular to the plane.
the dynamics is described by linear equations, these oscillakt has been shown by Wahlin and Walin (2001) and Wirth
tions average out and leave no imprint on the slow dynamicg2009) that the dynamics due to the large-scale gradients is
(averaged over one or several inertial period). When non-well described by geostrophic balance subject to bottom fric-
linearity becomes important these oscillations will influence tion, when the mesoscale dynamics is suppressed. In the
the slow dynamics. It is shown here, that inertial oscillationspresent work | assume that large-scale gradients in the di-
have a strong influence on the turbulent fluxes. These turburections along the plane have a negligible influence on the
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is the Froude numbeFr =vg/,/goH =+/&'/H/f(Sina)

7 comparing the geostrophic fluid speed to the speed of
shallow water waves at the interface. The Froude number
was found to be an important parameter in gravity currents
and Killworth (2001) suggests that its value is always below
g ~ 0.8, as gravity currents with larger Froude numbers are un-
stable and subject to turbulent fluxes that reduce the Froude
number by entraining surrounding water. Please note that

Q
[ . .
q> Fr~ /gy and Fr ~ H™1, so that entrainment, which de-

creaseg, and increase#/, does decrease the Froude num-
ber efficiently. Another important parameter is the (gradient)
Richardson numbeRi = géh/vé giving the ratio between
the stabilising effect of stratification to the destabilising ef-
/ fect of velocity shear. Please note that in my definition the
Froude number is based on the thickness of the gravity cur-
rent H and the Richardson number is based on the thick-
ness of the interfack. Flows with a local Richardson num-

H ber Ri < 0.25 are usually found to be unstable and become
turbulent, whereas in flows witl®i > 1 turbulence is sup-
pressed, please see Galperin et al. (2007) and Zilitinkevich
et al. (2008) for a review and a critical discussion of the sub-
ject. It is important to note that in this definition the Froude
r?umber and the Richardson number are independent parame-

To X

Fig. 1. Initial condition: A layer of cold (dense) water of thickness

H superposed by warmer (less dense) water on an inclined plane - o 2n: .
anglewa in a rotating frame with frequencg2. The interface (blue c{ers andtheratio/H = Fr°Ri. The fundamental difference

line) has a thickness h. The temperature anomaly is indicated b)between the tWQ is i9”°fed in.me_lny _research papers. When
the red line. Please note the tilt by an anglef the direction of  the effects of viscosity and dissipation are neglected there

gravity with respect to the z-direction. The gravity vector is in the are three independent dimensionless parameier#ir, Ri).

x-z-plane. The Rossby number, based on the geostrophic velocity and
the layer thickness, is a function of these three non dimen-
sional parametersko = v /(fH) = Fr?/sina. The thus

local turbulent dynamics. The local turbulent dynamics gov-constructed Rossby number is large ¢a 1), indicating

ern, however, the large scale dynamics as it determines thghat non-linearity is not dominated by rotation and that 3-D

friction laws and parameters and the dilution of the gravity turbulence is likely to be important in the problem considered

current water (see Wirth, 2009). here.

The thermal expansion coefficiept leads to a reduced A horizontal length scale is given by the Rossby radius
gravity of g5 = —gyTo, whereg is gravity. The prob- 1 — /o7 f = FrH/sina which indicates the length scale
lem considered here depends on 7 external parametergyr which there is a resonance between rotation and wave
(o, f. 8. h, H,v,x), where the last two are the kinematic motion. In this work the mean motion is at infinite hori-
viscosity and diffusivity, respectively. When dissipative ef- zontal length scale and the dynamics studied at horizontal
fects are ignored the problem has a stationary solution withength scales which are smaller or comparable to the thick-
a geostrophic balance between the force of gravity and th@essy and thus much smaller than In the mathematical

Coriolis force leading to a geostrophic velocity of: model employed (see Se®) and in its numerical imple-
gl mentation (see Sect), all variability on larger horizontal
ug =0, vg = 7°sina, wg = 0. Q) scales is suppressed by the periodidity and L, in the x

andy-direction, respectively. This is beneficial to our goal of
The geostrophic speag; is also called the Nof-speed (Nof, exploring the small scale turbulent fluxes. The Rossby radius
1983). The “sine” instead of the common “tas’ term ap- L is much larger than the domain size and the appearance of
pears as the rotation vector is perpendicular to the slopdnesoscale structures is thus artificially suppressed/aisd
rather than aligned with gravity. For the small angle£1°) ~ not an important parameter in our experiment. The meso-
considered here the difference is negligible (see Big. scale dynamics is usually well represented in todays regional

| will assume that the total depth of the fluid is much larger high-resolution hydrostatic ocean models.

than H and has no dominant influence on the local turbu- All other independent non-dimensional variables involve
lent dynamics. Several non-dimensional parameters can bdissipative variables, that is viscosity and/or diffusiv-
formed which describe the dynamics of the problem. Firstity «. They will in the following be called explicit
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viscosity/diffusivity as they appear explicitly in the govern- which is equal to the Coriolis parametgrwhich is also the
ing equations and differ from the eddy viscosity/diffusivity adjustment time of the Ekman layer dynamics. In such con-
Veddy @ndreddy Which are due to the resolved small scale dy- figuration the PBL dynamics might be strongly altered.
namics. Their ratio is called the Prandtl numbgr=v/x. Turbulent fluxes at the interface include mixing, entrain-
The Reynolds number based on the velocity shear acrosgent and detrainment. They can be induced by: (i) local
the interface isRe, =vgh/v. The thickness of the lam- instability of the interface due to a low Richardson num-
inar Ekman layers = /2v/f leads to an Ekman number per (Kelvin-Helmholtz instability), or (i) hydraulic jumps
Ek = (8/(2H))?, which gives the ratio of viscous force to for Froude numbers exceeding unity, or (iii) by turbulence
the Coriolis force, in the case of a laminar boundary layer.from the bottom boundary layer reaching the interface. Tur-

The Reynolds number based on the layer thickneBejs=  pulent fluxes due to (i) are symmetric about the interface
Hvg /v and thusEk = Ro/(4Rey). A Reynolds number (in a Boussinesq fluid) whereas (ii) and (i) can lead to
based on the laminar Ekman layer thickness is asymmetric fluxes such as entrainment. The relative impor-
Res = g8 _ ¢ sina @ tance of (|_|) versys (i) can Ee ?xpregsed bys&gk/_l.{mt =

¥ W 0.5,/cg/sina (with Herit = v /gp). This leads to critical an-

) ] . ) glesagit = arcsin,/cg/2) which lies between one and two
it compares the importance of the non-linear to the viscougjegrees, slopes typical for oceanic gravity currents.

term in the Ekman layer. The problem considered here depends on five independent
At the bottom of the gravity current a turbulent planetary dimensionless parametexs., Ri, Fr, Pr, Res)

boundary layer (PBL) forms. The dynamics of such PBLs
is well studied in the case of a constant-in-space-and-time
current above the PBL. The length scales of the turbulent
boundary layer depend on the friction velocity = /7 /p, 3 A hierarchy of mathematical models
wheret is the average friction force per unit surface area

exerted by the fluid on the boundary apds the density ~ The above introduced physical problem is studied with a hi-

of the fluid. The ratio of the friction velocity and the fluid erarchy of mathematical models of three, one and zero di-
velocity above the boundary layer is the square root of themensions.

geostrophic drag coefficieQtcg = u*/vg. The length scale
zo is equal to the larger of the roughness of the ocean floor; 4 Geometry of the initial configuration
andv/u*. The turbulent PBL is characterised by the surface

Rossby number, The Cartesian coordinate system is chosen such that the in-

Ro* — VG _ VGUx _ «/chf; _ [ p 3) clined plane is given by = 0. This implies that the x-y-plane
Tt fv o v V27 is not normal to gravity. Normal to the— y-plane is the z-

which is related to the Reynolds number based on the Ekma?irectiqn, itforms a (small) angteto the direction of gravity
layer thickness. Please note thiat* (1., cp) are a result of see Fig1).

the experiment and not an initial parameter. The gravity current is initially at rest:
The PBL can be decomposed into four layers (seeZjig.
The first is the viscous sub-layer with a thickness of aboutu(x, y,z,t =0) =v(x,y,z,t =0) = (4)

5z0 and a horizontal velocity that varies linearly with the (x,y,z,r =0) =0.
distance from the floor. In the buffer layer above, the dy-

namics transits to the turbulent log-layer which starts aroundrpe initial temperature anomaly, with respect to the sur-

20z0. At a distance g, with ég, = u™/f, rotation be- 5 nding water, of the gravity current is given by:
comes important and a turbulent Ekman layer with an ex-

tension to about 85%, forms (see Ferrero et al., 2005 and

Ek ' —0) = _ _
McWilliams, 2006, for a concise introduction). Above this T(x,y,2,t=0) = Tottanh(z — H)/h) = 1)/2 ()
extends the quasi-geostrophic interior. The transport of mo-

mentum between the ocean floor and the viscous layer, a"€ gravity currentis assumed to be periodic in the x- and y-

well as within the viscous layer is done by molecular friction. diréctions with a periodicity.x and Ly, respectively. Such
Above, turbulent transport takes over. The Ekman-layer in-& 9€0ometry allows a rigorous definition of averages in the
fluences the quasi-geostrophic interior by vertical advective*Y-Plane and facilitates its numerical implementation.
transport (Ekman pumping), created through divergence of
the horizontal Ekman transport (see Wirth, 2009). 3.2 The three dimensional model

The above considerations apply to the turbulent stationary
PBL. Please note that in the problem considered here the dyFhe dynamics of and incompressible fluid is described by
namics above the PBL is oscillatory in time with a frequency the three dimensional Navier-Stokes equations subject to the
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scale layer intra and interaction

guasi-geostrophic interior
0.50%, =0.5u™/ f
advective (Ekman pumping)

turbulent
Ekman-layer
0.16%, =0.1u"/f
log-layer
2020
buffer-layer
520 =5v/u” 1viscous sub-layer VISCOUS

Fig. 2. Sketch of the composition (sub-layers) of the turbulent planetary boundary layer. The thick horizontal line is the ocean floor; the
distance from the ocean floor is given by the Z-coordinate. The extension of the different sublayers are given in the middle column; the
extension of the layers in terms of the physical parameters is given in the left column. The important processes in the intra and interaction of
layers is given in the right column.

Boussinesq approximation whereT is temperaturey is the explicit diffusivity of tem-
perature. The boundary conditions for the temperature are
no-flux at the lower and upper boundary:

3,T(z=D) = 3,T(z=0) =0. (13)

Oru+ uodxu + voyu +wou — fu+ p—lOBXP =
—a, T +vVau (6)

0 v+ udxv + voyv + wdzv + fu + p—loayP =
The boundary condition for all variables are periodic in x

2
vV (M and y with the period.x and Ly, respectively. The linear
dwt  udw + vdyw + wdw + pioazP - equation of state:
—a.T +vViw (8) g =gyT (14)
Ot + dyv + 7w =0 ©) allows to obtain the density anomaly from temperature us-

whereu, v andw are the velocity components in the x, y and ing a constant thermal expansion coefficignt We further
z-directions, respectivelyP is the pressurey the explicit ~ denotex, = gy cose anda; = gy Sina

viscosity, g gravity, andv?2 = dyy + dyy + 02z is the Laplace
operator. The boundary conditions are free slip at the uppe
surface

3.3 The one dimensional model

The problem is statistically homogeneous in the x and y di-
du(z=D)=0w(iz=D)=w(iz=D)=0 (20) rections, which allows to replace ensemble averages by aver-
ages in the x-y-plane. This leads to averaged quantities that

and no-slip at the lower boundary: depend only on the z-direction.

u(z=D)=v(z=D)=w(z=D)=0. (11) We introduce the averages in the x-y-plane:
The equation of a scalar transported by a fluid is ()= . 1L // dxdy. (15)
0T+ udxT + vdyT +wd,T =k VT (12) YL
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When the Navier-Stokes equations are averaged over the s solved. As the small scale flow is very anisotropic, of-

y-plane they read: ten formed by a roll structure approximately elongated in
the flow direction, we can not expeof(z) = vg(z) and

Ifu) —f(v) +ac(T) = 8 (—(wu) + v (u)) (16) vi(z) =0. This also means, that we can not determine

0 (v) +f(u) = 0z(—{wv) +v0z(v)) (17)  the actual eddy-viscosity tensor from only observing aver-

3 (T) = 0(—(wT) + k3,(T)). (18) age quantities as we have three unknowns in the only two
momentum equations.

Where all averages depend only on time and the Variants of the 1-D model and the 0-D model in the next

coordinate. section are already discussed in Arneborg et al. (2007).

The basis of our investigations are Eq5)( (17) and (18).
When the turbulent fluxes vanish, the model is linear. Wang3.4 The zero dimensional model
et al., 2003 give an analytic solution of a two layer linear
model when diffusion is neglected. Such a solution showsThe Egs. 16), (17) and (L8) can be averaged over the thick-
a persistent interfacial Ekman layer which is not a realis-ness of the gravity current?, these equations contain two
tic feature, as can be verified in my numerical solutions ofdifficulties. The first is that the thickness of the gravity cur-
the 3-D model below and as it is discussed in Wirth (2011).rent itself is subject to change due to entrainment, detrain-
The broadening of the interfacial dynamics is a key feature ofneént and mixing. The second are the turbulent fluxes at
gravity currents already noted by Ellison and Turner (1959).the interface, which appear in these equations. It is less in-
As | am not aware an analytical solution of this linear model volved to consider averages over the whole deptbf the
with the initial and boundary conditions used here and a nonfluid. This means integrating Eqsl§), (17) and (8) over
vanishing diffusivity, it is solved numerically. The numerical the whole depthD (see Fig.1). The average along the z-
solution is close and converges towards a motion which isdirection is denoted by= fOD .dz/D. The double average
the sum of the geostrophic motion and inertial oscillation, (.) is an integral over the volume of the whole fluid, gravity
the analytical solution for this motion is given in appendix current plus fluid above. The depth average of Et@), (17)
A. An interesting feature is, that the inertial oscillation doesand (L8) becomes:
not posses an Ekman spiral and no veering of the velocity _ -
vector at the bottom. This means that the friction force is % ) = f{v) +as(T) = —vdu(0)/D (23)
always directed against the direction of motion. The non-9:(v) + f (u) = —vd,v(0)/D (24)
oscillating part clearly shows a veering of the Ekman spiral a:(T) =0. (25)
at the bottom. _ _

Although the one-dimensional model seems simpler tharEguation 25) expresses the conservation of heat. The vol-
the full three-dimensional model, it suffers from the fact that Ume averaged velocity vector depend only on time, it is a
it is not closed, that is, there are more unknowns than equaZ€ro-(space)-dimensional problem. The problem lies in the

tions. This problem arises from the fact, that in general: determination of the velocity gradients at the bottom, which
is written on the right hand side of Eq23) and @4). The
(ab) # (a)(b). (19)  gradients for the 1-D and 3-D model can be seen in Eijg.

- . . which shows the velocity 0.5 m above the ground.
Finding a closure for the above equations means expressing \yhan the bottom friction is neglected, that is the right

the vertical turbulent fluxes@u), (wv) and(wT)) iNterMs oy siges of Eqs2@) and @4) are zero, the solutions are
of the calculated quantitiegu), (v) and(T)). The most given by '

popular closure is introducing a eddy viscosity/diffusivity, a
so called K-closure. This idea, which goes back to Prandtl(z) = Asin f + Bcosft (26)
(1925). In principal, the eddy viscosity is a fourth order ten- _ _ as(T)

SO @rui + ... = dvixs;0ku ; See Wirth et al., 1995), when av- (v) = ACOSft — Bsinfr +
eraged over the x-y-plane it reduces to a second order ten-

sor. Please see Wirth 2010 for a discussion on anisotropitvhere the constantd and B are determined by the ini-
viscosity and its effects on the Ekman dynamics. The eddy4ial conditions, the motion is a geostrophically equilibrated

(27)

viscosity closure in its anisotropic form is: constant velocity £’/ f) in the y direction which is super-
posed by inertial oscillations of amplitudA2 + B2 and
— (wu) +vdz(u) = vg(2)dz(u) + vg" (2)dz(v) (20)  frequencyf. The dynamics of such a gravity current, which
—(wv) +v32(v) = VE'(2)d2(u) + VE(2)d2(V) (21) is initially at rest @ = —a,(T)/f, B = 0) is shown in Fig3.
—(wT) +«d,(T) = ke(2)d(T). (22) Itis already presented in Nof (1996).

The bottom friction term can be parameterised by ei-
If the eddy coefficientsig, vg, vg”, kg), can be related to the ther a constant friction forcer, FY), a linear friction law
7 external parameters (see Seytand the variables averaged (Rayleigh friction)r (u, v) wherer is a friction time or by a
in the x-y-plane (), (v), (T)) the parameterisation problem quadratic drag law (turbulent frictior); / Hv/u? + v2(u, v)

Ocean Sci., 8, 301317, 2012 Www.ocean-sci.net/8/301/2012/
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20 15 10 5 O_4 Fig. 4. Left figure showsE3 which is highly intermittent in time.

Right figure gives the kurtosig, with values that show an intermit-
Fig. 3. Lagrangian trajectory of a particle described by E8, 29) tence in space.
with Rayleigh friction values of: r/f= 0 (full line), 0.05 (dotted) , 0.1
(dashed) and 0.2 (dashed-dotted) (x-direction upward, y-direction
to the left). damped after only one inertial period. These models and
solutions including a frictional process are, however, more
mathematical curiosities and their physical meaning is ques-
wherecg is a drag coefficient (Wirth and Verron, 2008). tionable, as the velocity gradient at the boundary is unlikely
Clearly a constant friction force, not depending on velocity, to be linearly or quadratically related to the average veloc-
is not common, butits use is motivated by results presented ity in the domain. Both representations of the friction also
Sect.5. For the constant and linear friction case an analyticaldo not take into account the veering, turning, of the velocity
solution exists: vector in the PBL which leads to a friction force that is not

(u) = Aexp(—rt)sin(ft) + Bexp(—rt) cod f1) aligned with the average velocity. Such friction terms added

roag(T)+rF*+ fFY
f2_|_r2
(v) = Aexp(—rt)cos f1) — Bexp(—rt) sin( f)

(28)

in Egs. @3) and @4) will, if linear r, (—v,u), only change
the the Coriolis parametet = f +r, , as it is acting perpen-
dicular to the average velocity like the Coriolis force. The
veering and friction exerted by the floor is further considered

= X y in subsectiorb.3. If we had a relation that connects volume
fos(T)— fF"+rF i )
+ > . (29) averages of the velocities to the gradients at the ocean floor,
fotr the problem of finding a parametrisation would be solved.

An important point is that the average transport has a downit is unlikely that such a relation can be found, there is not
slope component, when friction opposes motion. It/ig- enough information included in the 0-D variables. Indeed,
times the long-slope transport when the friction is linear. Thethe equations do not even contain the thickness of the gravity
dynamics for CA=ay(T)=f=1,B=F*=FY=0 all current and its temporal evolution.
non-dimensional) and different values 1off are shown in

Fig. 3. The downslope movement releases potential energy

which transforms into kinetic energy and is drained by fric-

tion and dissipation. Friction also damps the amplitude of

the inertial oscillations. Fig3 shows that for values of/f

exceeding ten percent the inertial oscillations are efficiently
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0.4 Table 1. Parameters of numerical experiment.

o To f V=« H h

1° 05K 10x10%s! 5x103m?s! 100m 20m

Table 2. Non-dimensional parameters in experiments.

Z 0 o o
, , Ff R Rey Re, R Ek
02} /\/\ﬁ « H T TS

1° 0547 0.669 3420 648 340 .®x 1073

v (m/s)

0 0 20 30 40 50 time (h)

Fig. 5. Time evolution u-component (black) and v-component (red) the system. This shows, that the calculations are at the bor-
at 0.5 m (solid) and 25 m (dashed) above ground for the 1-D (linear)der of completely resolving these energy containing scales
model (thin lines) and the averages of the 3-D (turbulent) modeland the here presented results on the dynamics of the coher-
(thick lines). For better comparison the velocities at 0.5 m are mul-gnt energy containing structures can be extrapolated to higher
tiplied by a factor 20. (the thickness of the laminar Ekman layer is Reynolds number flow. But, also note that the flow has not
10m). passed the mixing transition to a turbulent flow with an in-
ertial range (see Dimotakis, 2000) as the Reynolds numbers
are below 16 (see Table2), which means that the route to
dissipation of momentum and density gradients can not be
extrapolated to higher Reynolds number flows. But | person-

Strongly anisotropic grids are justified when only the large ally have doubts that this can be achieved by today's LES.

) . : . . It is found in laboratory experiments and numerical sim-
scale dynamics of oceanic gravity currents is considered ,_..
. o ulations of the turbulent wall layer that elongated coherent
explicitely as, at such scales, the dynamics is clearly

anisotropic. At small scales. however. the turbulent Struc_structures, streaks, are separated by around 100-times the in-
pic. ' ! ner scaleg of the boundary layer (see e.g. Robinson, 1991).

;[:r;ehse ?Sma;?:é);tgglzgtr(;)gl;l’oje;ac\svttw??r: 'giS:tOA;)i TzeCtedrhe used domain_size is or_1|y a little over twice this separa-
and Az — 0.5m. The domain sp:’;ms 256m in the x- and y- tion scale. Ngmenca_l exper|ments of larger domains with the
direction and 223.5m in the—direction. The time step is same resol'ut'lon, or finer re;olut|on runsiof the samle domain,
1s. The viscosity is isotropic =5 x 10-3m2s-1 and the over a s_ufﬁment!y long period (several inertial perlods)_are
‘ not attainable with my actual computer resources. A simu-

Prandtl number is unity, that is diffusivity equals viscosity lation of a complete gravity current measuring several tenths
x =v. | checked that these values are sufficient to avoid a P 9 y g

. : - ._of kilometres in both horizontal directions is far beyond our
pile up of small scale energy caused by an insufficient vis-

B ’ : : ctual and foreseeable future computer resources.
cous dissipation range, leading to a thermalized dynamics al .
. . The parameter values of the experiment performed are
small scales as explained by Frisch et al., 2008.

iven in Tablel. The definitions are given in Se&.
The viscosity and diffusivity employed is more than three g g

. These parameters lead to a reduced gravitygpk
orders of magnitude larger than the molecular values of $€3 81« 10-4ms-2 and a geostrophic velocity of; = 1.71 x

water, as the numerical grid resolution is too coarse to resolvelo_l ms-1 The laminar Ekman laver thicknesssis = 10 m
the dynamics down to the dissipation scale (millimetre). Us- ' Y = —
. . . : and the Reynolds number based on the Ekman layer thick
ing large eddy simulation (LES) rather than the dlrectnumer-ness isRes = 340. The experiment starts from rest

ical simulation (DNS) employed here is clearly an option. In _ w =0 atr = 0) a small amplitude.{7p) white noise is

LES calculations, however, a turbulence model has to be used] o
. o added to the initial temperature anomaly. Snapshots of of all
in the interior and a wall model at the boundary, somehow

. . . . ; dynamical variables are printed every 5min. The total inte-
imposing the dynamics | like to study here, making the use 7 ™ "~ . o

! . gration time isfmax = 600 x 5min=50h, which is almost 3
of LES calculations controversial. A DNS that resolves the: . .
inertial periods fneriial = 17.45 h).

larger eddies, parameterising the effects of smaller eddies by The non-dimensional parameters are given in Table

constant eddy coefficients, as done here, might well be the . - 3
. If we assume a geostrophic drag coefficient @f= 10~
best LES. Please see also Coleman and Ferziger, 1990 an e A 3> ;
the friction velocity isu™ ~ 5.10°ms ~ leading to azg =

Dimotakis, 2000 for a discussion of this point. The coherent m
structures (rolls and streaks) in the boundary layer studie '
here, have a typical size of tens of meters so that their vis-
cous decay time, = //v is on the order of ten hours, a little
smaller than the inertial period, the dominant time scale in

4 The 3-D numerical experiment and discussion of DNS
approach
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The numerical model used is HAROMOD (Wirth, 2004). Table 3. Parameters of Eqs3Q) and @1) that best fit the numerical
HAROMOD is a pseudo spectral code, based on Fouriedata.
series in all the spatial dimensions, that solves the Navier-
Stokes equations subject to the Boussinesq approximation, 7 (x 106s7Y)  A(x103mst) B (x103msh)
a no-slip boundary condition on the floor and a free-slip 21 71 _a
boundary condition at the rigid surface. The boundary condi-
tions in the z-direction are imposed using a method based on
the vertical boundary technique (Wirth, 2004). The boundary
conditions in the x- and y- directions are periodic. The time

stepping is a third-order low-storage Runge-Kutta scheme. The yariation of the volume integrated temperature anomaly
Please note that the large scale dynamics and the smaljring the total length of the experiment is less tham0
scale turbulent dynamics have a large scale separation ifjmes the initial value confirming the accuracy of the numeri-
space and time, which asks for substantial computer poweg,) advection scheme and the immersed boundary conditions.
in the direct numerical simulations. The time evolution of the volume averaged velocity compo-
nents(x) and(v) are shown in Fig8. Their evolution is fitted
5 Results by (see Eqs.28, 28):

5.2 Volume averages (zero dimensional results)

We have introduced a zero-dimensional, a one-dimensiona®! = 4 &= sin(f1) + B(1—exp(—r) cos /1)) (30)

and a three-dimensional mathematical model in S3cAl- (v) = —A(l—exp(—rt)cos f1)) + Bexp(—rr)sin(f1). (31)

though the zero-dimensional and the one-dimensional mode}, parameters that best fit the data from the simulations
seem simpler than the full three-dimensional model they su “are shown in Tabl@ and a comparison is found in Fig
fer from the fact that they are npt closed, that |s,.they €Oyt friction were linear (Rayleigh friction) we would obtain
tain more unknowns than equations. The three-dimensional, _r/fA~ —15 x 10-3ms-L, a result which is signif-
model presents a closed system and its results, when aver-_ ’ ' 9

aged over two or three dimensions and compared to the one'9antly different from value obtained by the best fit. This

. . : ; demonstrates that a simple linear Rayleigh friction based on
dimensional and the zero-dimensional model, can be used t .
e volume averaged velocity does not represent a good clo-
evaluate the closures.

) ) . sure for the momentum flux at the bottom. Fig@ealso
The zero dimensional model allows for an analytical solu- T A
_— SR shows, that the frequency of the oscillation is indistinguish-
tion if we assume that the bottom friction is linear. An analyt- - )
able from the Coriolis frequency, demonstrating that there

ical solution that is close to the 1-D model is presented. Fo.riS no significant Ekman veering () associated to the oscil

;huem%?i;:;d three dimensional models, solutions are Obtalpations. Thisis cqnfirmed in Figp, Where .the vegring relgted
' to the mean motion but not to the inertial oscillations is de-
5.1 Qualitative description of 3-D results picted, and that the oscillations at different hight above the
floor are in phase. See subsect®d and appendiA for
In Fig. 6 the averages in the x-y-plane of the x- and y- further explication concerning the absence of a veering for
Component of the Ve|ocity vector are shown. They C|ear|ythe inertial oscillations. This reSUlt, that the nature of the
show the inertial oscillations, as discussed in detail infriction depends on the time-scale of the motion, leads to a
Sect.3.4. They also give a first impression of the Ekman friction which is non-local in time for a 0-D model.
dynamics near the bottom boundary. Note, for example, that We continue by considering the volume averages of the ki-
near the ocean floor the velocity is always down-slope, al-netic and potential energy. The qualitative behaviour of the
though above it changes sign periodically. energy cycle in this experiment is clear: Potential energy is
In Fig. 7 isosurfaces of the z-components of the velocity converted by the down-slope movement of gravity current
are shown. In a laminar gravity current dynamics this veloc-water to kinetic energy, which is then irreversibly drained by
ity component vanishes. They clearly show different non-diffusion and friction. This conversion is however far from
linear regimes characterised by laminar flow (not shown),being direct. As the gravity current water that is initially at
followed by an instability leading to the well known roll rest slides down the incline, potential energy is converted to
structures in the Ekman layer (Fid.left), which become  Kinetic energy, the Coriolis force deviates the flow leading to
unstable to a secondary instability with an about four timesinertial oscillations. The result is a periodic transfer between
smaller wave length, FigZ middle (see e.g. Dubos et al., potential energy and kinetic energy. In the absence of dis-
2008). Further instabilities lead to a turbulent boundary layersipative effects the gravity current performs inertial oscilla-
with bursts and streaks, (Figright). tions converting potential to kinetic energy and back. These
processes act at large scales, which are infinite in the x-y-
directions, due to the periodic boundary conditions, and span
the thickness of the gravity current in the vertical. Diffusion
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Fig. 6. Inertial oscillations dominate the up-slope velocity (left) and cross-slope velocitp) (right) in ms™1. The interface is at
z=100m.

and friction, however, only act at the smallest scales. Thereis The main quantities are the mean kinetic energies for unit
an infinite separation of scales in the horizontal, but not in themass

vertical direction. It is the vertical dynamics that allows for

an energy cascade to the viscous/diffusive scales. The samg, _ PoVo W), Ep— roVo w2 and Es = PoVo w?) (32)
conceptual picture might well apply to the ocean dynamics 2 2 2

in general. The increase of potential energy due to diffusion ) )
in the vertical is negligible in the present experiment, that is,VhereVo = 1m>. The evolution of the potential energy due
the mixing efficiency, which is the ration of energy used by to the down-slope movement of the dense fluid is given by:
diffusion to the energy injected, is close to zero.

t
E, = poVous f (ug)dt'. (33)
0
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X

Fig. 7. Isosurfaces of velocity component at 7; =12h (left; w = +104ms~1) 18 h (middle; w = +10~3ms™1) 20h (right; w =
+10°3 ms~1). Red color is upward and blue color downward. The Ekman rolls (left) become unstable (middle) leading to turbulence
(right). The domaine spans 256 m in the x and y-direction and 223.5 m in the z-direction.

0 The time evolution of these three major energetic quantities

1 ] and their sum is shown in Fi@. Molecular and turbulent
015 g diffusion and friction change the energy budget and have an

I 1 overall effect of draining energy from the system.

An other important point is the strong intermittency in
time of the turbulent fluxes, which is clearly visible when
considering the volume average of the vertical kinetic en-
ergy, shown in Fig4. Furthermore, the turbulent activity
is strongest, when the mean velocity is small, showing that
there is no connection between the average velocity (shear)
and turbulent activity on (short) the inertial time scale. The
kurtosis k4 = (w*/(w?)? is around 5, larger than 3 (the
Fig. 8. Time evolution of the averaged u-component (full black value for a Gaussian distribution) which shows that the pro-
line) and v-component (dashed black line) and the corresponding€ss is also intermittent in space.

best fits (red) using Eqs3Q) and @31) and the parameter values
given in Table3

oos|- 1 /

u,v (m/s)

0,05

0 10 20 30 40 50 time (h)
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5.3 Averages parallel to the floor (one dimensional 10 -
results) SN - _
. . . . Sr / \ I/ \\ / \\ B
The previous subsection the governing equations for the vol- I "/’,‘ }\ / \
ume averages were not closed as the space averaged frictic PR S RN L N Y
force exerted by the bottom was missing. In this subsection = -\\\\

| consider the results averaged in the x-y-plane as introducec
in subsectiorB.3, all this averages are then functions of the z- . .
coordinate and time, only. The space averaged friction force -10- '\ |/ N . /
exerted by the bottom can easily be determined by look- g 7 N7 N
ing at the velocity averaged in the x-y-plane near the floor 15
(u(Az),v(Az)) a small distance\z (one grid point) above
the floor, as the shear in the viscous sub-layer is given by:

energy (J

10 20 30 40 50 time (h)

Fig. 9. Time evolution ofE (dotted line),E> (dashed line), poten-

v(u(Az)) tial energy changé, (dashed dotted line) and the sum of the three
= —— (34)  (fullline)
Az
S U(U(AZ)) (35)
! Az interface, such as entrainment, are excluded. Entrainment is

The velocities averaged in the x-y-planeset =0.5m and  usually observed in gravity currents, when the Froude num-

25 m above ground are shown in Ffij.A striking feature is ~ ber exceeds unity, here it is below (see Ta)le

that the oscillations near the ocean floor are highly reduced Next, | consider the vertical advective transport of temper-

as compared to the geostrophic flow above. Near the bottorgture (not shown). The values are mostly negative, indication

the water always flows down-ward, whereas the geostrophid¢hat cold water is stirred upward. Near the interfage=(

part oscillates up and down. The instantaneous friction force200 x 0.5m) at around = 220 x 5min large negative val-

exerted by the ocean floor is more related to the time averagees are followed by positive values of similar magnitude. A

than to the instantaneous value of the geostrophic flow. Ircloser inspection (not shown) reveals, that this is due to an

this mean sense, averaged over an inertial period, the diredncreasing wave amplitude on the interface followed by a

tion of the friction force exerted by the floor is close to the decline. This represents a stirring of water that is not fol-

225 to the geostrophic flow as predicted by laminar Ekmanlowed by an irreversible mixing but by an “unstirring”. In

layer theory (see Fi@). the present simulation this is most likely due to a flow that
Indeed, the friction force is almost constant with a decreashas not passed the mixing transition, as the Reynolds num-

ing inertial oscillation superposed of amplitude smaller thanber is below 1.

a quarter of the total friction force, whereas the velocities ~The diffusivity in the z-direction is given by:

above are dominated by the inertial oscillations. For this rea- (wT)

son the constant friction terms were introduced in EB8) (  xeddy= — - (36)

and @9). An analytical solution for a stationary flow with (01)

an Ekman spiral, superposed by an inertial oscillation with-At the interface the large gradient leads to a small eddy dif-

out Ekman dynamics is given in appendix This solution  fusivity. This is somehow artificial, because when vertical

is very close to the problem discussed here. The frictionaktirring and mixing is considered we are more interested in

behaviour of the 3-D model is well reproduced by the 1-D the increase of potential energy (proportionalud’)) rather

model as can be verified in Fig. than mixing coefficients. Large values of the eddy viscosity
The averages in the x-y-plane of the x- and y-componentdue to small gradients, that is in almost homogeneous areas
of the velocity vector were already shown in F&.Our fo-  indicate a large mixing potential in areas where there is noth-

cus in this section will be on the turbulent fluxes so | starting to mix.

by considering the square of the z-component of the veloc- The other important quantity transported by the small scale
ity vector (its average vanishes due to incompressibility). Inturbulent fluxes is momentum. This transport is commonly
Fig. 10 high values of(w?) in buffer layer with a positive  modelled by an eddy viscosity. In its most general form the
skewnessz = (w3)/(w?)%/2 (skewness not shown) due to eddy viscosity is a fourth order tensor as explained in sub-
the dominance of strong upward ejections, called bursts, argection3.3. | start by considering its absolute value:
observed. About two hours later a strong turbulent activity is

observed at the interface, suggesting a propagation of turbu- (wu)? + (wv)2

lent activity from the bottom boundary layer to the interface. Veddy = m (37)

The skewness at the interface, however, has no definite sign.

This indicates, that the turbulence is symmetric about the indt is considerable only in areas where the z-gradient of the
terface and that asymmetric transport processes across thxe and y-component of the velocity are small (not shown).
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Fig. 10. Second{w?) moment of the vertical velocity (As~2).

All the criticism on the eddy diffusivity can be applied to When the viscous and diffusive effects are equal, the shear
the eddy viscosity. For the eddy viscosity we can, further-layer and the temperature gradient broaden at the same rate,
more, consider the question about its isotropy, that is, if theand a geostrophic equilibrium is assured throughout the in-
transported momentum is aligned with the mean shear. A hyterface, leading to an absence of Ekman dynamics. This is
pothesis is at the basis of the concept of eddy viscosity (sediscussed in detail in Wirth (2011). An interfacial Ekman
Wirth, 2010, for a detailed discussion). This question whichlayer has been observed by Umlauf and Arneborg (2009a,b)
is best considered by looking at in a continuously forced gravity current in a canyon at one
current section. This broadening reduces the shear at the in-
= {wu) (Ogu) + (wv) (9zv) , (38) terface. The magnitude of the velocity gradient at the inter-
V (82u)2 + (3,0)2) ((wu)2 + (wv)?) face is at least five fold smaller than the one at the bottom.
This shows, that in the present regime friction is mostly due
the bottom friction.

which gives the cosine between the two vectors. Eigre- i
veals, that there are large areas where this hypothesis is not
met.

At the end of this subsection the appearance of Ekman layg  piscussion and Conclusions
ers at the floor and also at the interface is investigated. This

problem is best considered by looking at the quantity The spatial resolution of our model is around a thousand
U X 9,U tir_nt_as coarser th_an t_he_: dissipation _scale in the ocean. The ex-
(—=—), (39) plicit viscosity/diffusivity has to be increased by roughly the
u same factor as compared to the molecular values. In the pre-

which measures the veering or turning of the velocity vectorsented calculations the turbulent fluxes are therefore largely
averaged in the x-y-plane. The growth of the Ekman dynam-dominated by those due to viscosity and diffusivity. The low

ics at the ocean floor is clearly visible in Fit2, with neg-  Reynolds number implies that the mixing parameters and co-
ative values indicating the clock-wise turning of the velocity herent structures identified in this study cannot easily be gen-
vector with the distance from the ocean floor. A conspicuouseralized to high-Reynolds number flows. This, however, does
feature is the absence of an Ekman dynamics at the interface&ot prevent us from studying the turbulent regimes and fluxes

Www.ocean-sci.net/8/301/2012/ Ocean Sci., 8, 381% 2012



314 A. Wirth: Laminar and weakly turbulent oceanic gravity currents

150

100

O
IN

IIHIHII‘HHHHH_I
o
@

@)

50 ; j‘ e 4 st 0.8

0 10 20 30 40 50 time (h)

Fig. 11. Cosinec of the angle between the shear in the z-direction of the velocity vector in the x-y-plane and the flux in the z-direction of the
momentum in the x-y-plane (as defined in E2B)].

themselves, mostly due to the larger eddies, which are welbulent fluxes are observed. The data is used to demonstrate
resolved and not directly affected by the viscous dampingthe anisotropy of the eddy viscosity tensor (see Wirth et al.,
Indeed, instabilities of the PBL leading to the roll structures 1995 and Wirth, 2010) and the absence of an interfacial Ek-
are commonly observed in the atmosphere and ocean, ansan layer (Wirth, 2011). | furthermore show that when an at-
they are at scales which are well resolved in the calculationgempt is made to parameterise the bottom friction in a model
presented here. The present work is a first step towards rewhich does not resolve the bottom boundary layer the fric-
solving the turbulent fluxes by explicitly resolving the larger tion law depends on the time scale of the dynamics and is
eddies responsible for them. Simulations where the resolvethus non-local in time. This shows the necessity of resolving
scales are fine enough so that the explicit viscosity/diffusivitythe Ekman dynamics in ocean models, as already pointed out
is smaller than the resolved turbulent fluxes are a challengén Laanaia et al., 2010. When the vertical resolution at the
for future calculations. Turbulent fluxes of higher Reynolds bottom is fine enough the problem reduces to determining
number gravity currents can be estimated in dedicated labthe anisotropic eddy viscosity tensor. Today’s parameterisa-
oratory experiments as done by Cenedese et al., 2010 artibns which do not account for coherent structures and thus
Wells et al., 2010. the anisotropy in the turbulent transport, can only be a first

Inertial oscillations occur whenever a gravity current ad- Step towards solving the problem. _
justs to the topographic slope. | showed that the nature of A deeper understanding and a better representation of bot-
the bottom friction is of a different nature for the geostrophic oM friction is key to the understandmg and modelling of th_e
mean flow and the inertial oscillations. | demonstrated, that°c&an dynamics, not only when gravity currents are consid-
inertial oscillations have a determining influence on the tur-€red. The bottom friction also acts non-locally on the interior

bulent fluxes, suggesting that parameterisations based on stg¢€an dynamics through the Ekman pumping induced by the
tionary flows might only capture part of the truth. The tur- divergence in the honzonte'll Ekman transport. The sgrface
bulence induced by inertial oscillations go through three dif- Stress of the winds transmitted through Ekman pumping to
ferent stages: laminar, roll structures and turbulence with up{he interior ocean drives the ocean dynamics. The bottom
ward bursts and streaks. The turbulent activity is maximal aS'ess transmitted through Ekman pumping to the interior
the end of an inertial oscillation, when the average velocity©c€an drains it (see Wirth, 2010, HDR).

is smallest. It is only during this stage that significant tur-
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Fig. 12. The quantity shown is given in Eq39) and measures the horizontally averaged veering of the velocity vector. The periodic build
up of an Ekman spiral is clearly observed in the bottom Ekman layer as is the absence of an inter-facial Ekman layer.

Appendix A Equation A2) then becomes the heat equation for the ampli-
tude of the inertial oscillations.
An analytical solution in 1-D 91 (z.1) = vl (z.1) (A5)
(A6)

The dynamics explored in this publication is close to a lin-
ear motion that can be seen as a sum of a stationary motionyith  the  boundary  condition 7(0,r)=0 and
with a classical Ekman spiral, and inertial oscillations, with- lim;_. I (z,) = vg. The solution is:
out Ekman dynamics. | did not find this solutions anywhere o0
else in the literature, but | am sure that they have been pre- VG f( exp(—ﬁ)
TVt 5

viously published somewhere as the subject is important and(z’ 1 Vanvt 4vr
the solution not very difficult to find.

=2
The governing equations with a constant viscosity (no tur- — exp(—%))d%. (A7)

bulent fluxes) are
Contrary to the Ekman dynamics, there is no veering of the

velocity vector and no stopping of the growth of the bound-
du—f (v—vgG) = vizu (A1) ary layer thickness. The solution teaches us that the two mo-
v+f u = V072V (A2) tions are at extremes when Ekman dynamics is concerned;
the stationary solution shows the classical Ekman dynamics,
whereas Ekman dynamics is completely absent in the inertial

where the constant velocity; is given in Eq. 1). We write S
B 1S g a- oscillations.

u(z,t) = uek(z) + I (z,1)cog— ft) and v(z,t) = vek(z) +
I (z,t)sin(— ft) with the Ekman part equal to

ugk =vG exp(—z/3)sin(—z/3) (A3)
vek = v (1— exp(—z/8)) cog—z /) (A4)
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