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EXISTENCE AND UNIQUENESS OF THE
SOLUTION OF THE COUPLED
CONDUCTION-RADIATION ENERGY TRANSFER
ON DIFFUSE-GRAY SURFACES

Naji Qatanani, Amjad Barham and Qasem Heeh

Abstract. This article gives very significant and up—to—date analytical results on the conductive—
radiative heat transfer model containing two conducting and opaque materials which are in contact
by radiation through a transparent medium bounded by diffuse—gray surfaces. Some properties of
the radiative integral operator will be presented. The main emphasis of this work deals also with
the question of existence and uniqueness of weak solution for this problem. The existence of weak
solution will be proved by showing that our problem is pseudomonotone and coercive. The unique-

ness of the solution will be proved using an idea from the analysis of nonlinear heat conduction.

1 Introduction

Radiative heat exchange plays a significant factor in modern technology. It has to be
taken into account in general always, when the temperature on a visible surface of
the system is high enough, or when other heat transfer mechanisms are not present
(like in vacuum, for example). A part from some simple cases such as a convex
radiating body with known irradiation from infinity, we have to take into account
the radiative heat exchange between different parts of the surface of our system. This
leads to a non-local boundary condition on the radiating part of the boundary, (see
for example [13]. There, we have shown that the non-local boundary value problem
has a maximum principle. Hence, we have proved the existence of a weak solution
by assuming the existence of upper and lower solutions. This result is then applied
to prove the existence under some hypotheses that guarantee the existence of sub—
and supersolutions. In typical industrial applications involving heat radiation the
material surfaces are not perfectly black, which implies that part of the radiation
hitting the surface is reflected. To simplify the treatment of the reflections we
shall in this work assume that the surfaces are diffuse emitters and reflectors (i.e.
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44 N. Qatanani, A. Barham and Q. Heeh

they emit and reflect radiation uniformly to all directions). Another important
simplification is the assumption that the surfaces are grey, that is, they emit and
absorb all wavelengths in the same manner. This means that we can forget the
wavelength spectrum (color) of the radiation and model only the total intensity of
the radiated waves. In our previous work on heat radiation, [1, 12, 15, 18, 17] the
heat radiation integral equation

qw(z) = e(z) o T(z) + (1-¢(2)) /F G(z,y) B(z,y) qo(y) dT'y

has received very much attention. There, we have focused on both theoretical and
numerical aspects of this equation. Moreover, the problem of coupling radiation with
other heat modes (conduction and convection) was also studied by many authors.
Concerning the simplest nontrivial case of conductive body with nonconvex opaque
radiating surface, we are aware of the work [7, 20] and our previous work [16, 14].
They all studied some properties of the operators related to the radiative transfer and
showed the existence of a weak solution under some restrictions (no enclosed surfaces,
limitations to material properties). The basic case has been extended to cover several
conductive bodies and time dependent problems [10]. In the case of semitransparent
material the analysis has been carried out in one dimensional case with nonreflecting
surfaces [7] and in two and three-dimensional with diffusively reflecting surfaces [14].
The main goal of the present work is to study and analyze a model that has not been
considered before. Such model is considered as an abstraction of contactless heat
transfer in protected environment arising for example in semiconductor applications.
This mathematical model describing heat transfer by conduction and radiation will
be illustrated in section 2. The main part of this work is to prove the existence
and the uniqueness of a weak solution for this problem. The existence of a solution
will be proved by showing that our problem is pseudo-monotone and coercive. The
uniqueness of the solution will be proved using an idea borrowed from the analysis of
nonlinear heat conduction. Throughout this work we will use the following notations:

(i) The duality between Lf, and L, for a Borel measure y is defined as

(f,g)y = /fgdu L feIn and ge It

with 1 < p < oo, p and ¢ are conjugate exponents, that is, % + = 1.

1
q

(ii) An operator K is positive if f > 0 implies K f > 0. We denote the positive
and negative parts of a function by either sub—or superscript:

f+:f+:max(f,0) and f_:f_:min(—f,O).
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Coupled conduction—radiation energy transfer 45

(iii) Let I' be a subset of 0 §2 where local heat transfer occurs and define an operator
A through ( Af, g ) = [, a0 foig dv + [p & fP"tfg ds, p
> 1 The coefficients a;; and & > 0 are bounded. The domain of A is
HY Q) N Lgﬂ( I') where the measure 7 is the surface measure of I" weighed
with the coefficient £. The null space of A is denoted by

NA) = {feH Q) () L2"@) : Af =0}.
(iv) { a4} is strictly elliptic, that is, there exists a constant C > 0 such that

(Af, ) > C/Q|Vf|2dm forall fe HYQ).

2 The mathematical model

Suppose that Q@ = Q; |J Q2 C R3? is a union of two disjoint, conductive and
opaque bodies surrounded by transparent and non—conductive medium. Moreover,
we suppose that the radiative surfaces I'y and I'y are diffuse and grey, that is, the
emissivity € of the surfaces does not depend on the wavelength of the radiation.
Under the above assumptions the boundary value problem reads as

~V.(kVT) = g inQ (2.1)
oT

—k o = co(T*=Ty) onTy (2.2)
oT

—k% =q = q—¢q only (2.3)

where k is the heat conductivity, n is the outward unit normal, g is the given heat
generation distribution and ¢ is the radiative heat flux, which is defined as the
difference between the outgoing radiation ¢p and the incoming radiation ¢;. ¢ is
the emissivity coefficient (0=e<1), o is the Stefan-Boltzman constant which has
the value 5.669996 x 1078 W/(m2?K?), T is the absolute temperature and Ty is
the effective external radiation temperature. The outgoing radiation gg and the
incoming radiation ¢; are related by the relation

g = Kq on I's. (2.4)

Moreover, the outgoing radiation gp on I's is a combination of the emitted and
reflected energy [19]. This yields

G = coT* + (1—¢)g; = eoT* + (1-¢)Kq (2.5)
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The integral operator K : L>°(T'y) — L*°(I'9) appearing in (2.4) and (2.5) has the
explicit form

Kqo(r) = g G(z,y) B(z,y) qoly) dl2(y) , = €T (2.6)

where G( z, y ) is called the view factor between x and y on I'y and is defined as
(see, e.g., [21]).

cos 6, cost,

G(z,y) = | (2.7)
™|z —y
This can also be written in Cartesian form as
n(y) . (x — nlx) . (y—x
Gy — 1)@= [nE) G- 8

4
|z —y|

The Boolean function 8 appearing in equation (2.6) takes account of the shadow
zones. This function, termed the obstructing (shadow) function, is defined as

1 , if a point x can be seen when
looking from point y

Blz,y) = (2.9)

0 , otherwise.

In the following we recall some properties of the operator K defined in (2.6) and the
corresponding kernel G(z, y) defined in (2.7)—(2.8). These properties have already
been investigated in [18, 17]. Therefore, we will state some of these results without
proof unless there is a new approach for the proof.

Lemma 1. Assume that 'y is the boundary of a convexr open set 2, and assume
that I'y is a surface to which the divergence theorem can be applied. Let x € T'a, and
let Ty be smooth in an open neighborhood of T's. Then G(z,y) > 0 for y € T, and

g G(z,y) dTa(y) = 1 (2.10)

Proof. This lemma has been proved in [18], however, we will develop here a different
approach to prove it. In [18] we have shown that by choosing a local coordinate sys-
tem in the point = € T'y and using the assumption that T'y € C™0 with § € [0, 1) is a
Ljapunow surface together with the Taylor expansion of y in the local coordinate sys-
tem, the kernel G(x,y) is a weakly singular kernel of type |z — y |72(175) and hence
is integrable. Then we used the Stoke’s theorem to show that / G(z,y) dT2(y)=1.

1)
In this new approach the positivity of G(x,y) follows from the inequalities 0 < 6,

0, < m/2 which follow also from the convexity of the region Q. Let x € I'y, and
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Coupled conduction-radiation energy transfer 47

let 6 be a sufficiently small number. Exclude an J—neighborhood of z from €2, and
denote the remaining set by Qs: Q5 =Q \{y: |y—2| <J} . Let I's denote the
boundary of Qs; and I's denote the boundary of Q\£s, the d—neighborhood of z that
was excluded from 2. Then

g G(z,y) dTa(y) = g G(z,y) dTa(y) + . G(x,y) dT2(y) (2.11)

For a continuously differentiable vector V(y) defined €5, the divergence theorem
states

V(y) .nydla(y) = — [ V.V(y)dy
T's Qs
We apply this with
Y—x).Ng
Viy) = Ly—o) n] I ](w—y)
7|z —y|

A straightforward computation shows

V.V =0 , yeQs

Hence

Glx,y) dTa(y) = / V(y) . ny dTa(y) = 0
Ts Ts

Decomposing f(g into two parts:

f5:W5UH5

with
Ws ={yelz| ly—2[< 6}
Hs ={yeQ | |ly—=| = 46}
Then
[ Gla,y)dTaly) = [ Glay) dTa(y) + / Gla,y) dTay)  (212)
Ts W H;

We examine separately each of these two right-hand integrals. Since G(z,y) < C
[18], then we can write

0< G(z,y) dTa(y) < C dDo(y) = 0(8%) (2.13)
W Wi
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This integral goes to zero as § — 0. For the last integral in (2.12), we can simplify

G(z, y) and estimate the integral. For y € Hs, n, = ﬁ , Ny ﬁ = 1 Then

Gty = [ PO I i) = o [ ne - n )

H;
(2.14)
The set Hj is approximately a hemisphere of radius §. We change the variable of
integration in the later integral to r, with y —x = Jr, so that |r| = 1. Further,

if we re—orient the set in such a manner that the unit normal n, becomes the unit
vector k directed along the positive 73 — axisin R3. Then the integral in (2.14)
becomes

Glz,y) dTa(y) = / k. rdl, + o(0)
Hs H;
with H; = {r € R? | r3> 0}. This yields

i G(z,y)dTy(y) = 1 + o(9) (2.15)

Combining this with (2.11)-(2.13) and taking limits § — 0, we obtain (2.10). O

Lemma 2. Assume I'y is a surface of the class C%° with § € [0, 1). Then for any
arbitrary point x € I'y

s G(z,y) B(w,y) dT2(y) = 1

where G(x , y) and B(x , y) are given in (2.8) and (2.9) respectively.

Proof. See [17]. O
Lemma 3. For the integral kernel G(x , y), it holds that G(x,y) > 0. The mapping
K : LP(I'y) — LY (Ty)

1s compact for 1 < p < oo. Furthermore,
(a) K is symmetric and positive
(b) KI =1and |[K|| = 1 in LP for1 <p<oo
(¢) The eigenvalue 1 of K is simple.
(d) The spectral radius p(K) = 1.
Proof. See [18, 17]. O

Lemma 4. For 1 <p < oo and0 < e < 1 the operator I — (1 —¢) K from LP(I'3)
into itself is invertible and this inverse is positive.

Proof. See [18, 17]. O
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3 Variational form

In order to write (2.1)—(2.5) into variational form, we first assume that T' € L?(T'g),
and solving for gg from equation (2.5), we have

¢=I-K)g=U-K)(I-1-¢)K) ' eoT* = EcT* (3.1)
where E is a linear operator from L} to itself for 1 < p < oco. Next, we define the

mapping A from H'(Q) N L?Y(Fg) to ( HY(Q) N L?Y(Fg) )* by

(AT, o) = /Q/-NT.V«M:U + /F eo |TPTyds (3.2)

Note that since the Stefan—Boltzmann law is physical only for non—negative value
of temperature we can replace 7% by |T\3 T for mathematical convenience. Finally,
by setting du = o ds, we can write our problem in variational form as

(AT, v) + | ETPT¢du = (g v), YoeX = H(Q) ()L, ) L]

1)
(3.3)
where ¢ now contains also the data term on I'y.

Lemma 5. The operator E is self-adjoint. As a mapping from Li into itself, F is
positive semidefinite with respect to (., .), inner product.

Proof. The self-adjointness of E is a consequence of (3.1). Let ¢ € Lz be arbitrary
and denote by ¢ the solution of (I —(1—¢) K ) g = eq. Then

(¢, Eq) = (' (I-(1-e)K)q, (I-K)q),
= <Q7(I_K)(5_1_1)(I_K)Q>M + (q,(I—K)QM > 0
L]

Lemma 6. The operator E can be written as E = I — F, where F is self-adjoint
positive and ||FH,p < 1. Moreover, every nonzero constant is an eigenfunction of F'
with eigenvalue A =

Proof. One can write
E=I-F=1I-[(1-¢)+eK (I-(1-e)K)'e] (3.4)
where F' is self-adjoint. The inverse term in F' can be written as
o0
(I—(1—c¢) => ((1-¢)
=0
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As K is positive, all terms in the series are also positive. This implies that F is
positive. Since F is self-adjoint, then we can write

F=I-E=1I-¢(I-K(1-¢))'(I-K) (3.5)

Next, we show that | F||; < 1and ||F|, < 1. From Riesz-Thorin theorem

3, 4] it follows that ||F|, < 1for 1 < p < 8. Since F' is positive we have
F (1-q/|lqlle) = 0,forallge Ly, ¢ # 0. Hence

[Fqll
[ Flloe = sup Tal = IFW e = 1Mo =1

as F(a) = a for every constant a. Moreover, self-adjointness implies that

IEl = [1F e = [Fle < L

4  Existence results

In order to prove that the original boundary value problem has a solution, it is
sufficient to prove that our problem is pseudo-monotone and coercive [23, 24]. To
do that we introduce next the operator R : X — X* defined by

(RT.4) = (AT.9) +/P EITP Todu = (5 ),
w;éX = H'(Q)NLANLE

(4.1)

Note that the space X is reflexive by the arguments given in [3]. To show that R is
pseudo-monotone we consider the following Lemma:

Lemma 7. The operator R : X — X™ is pseudo-monotone, that is, T; — T weakly
in X and lim (RT;, T, —T) < 0, imply that

71— 00

(RT, T—%) < lm(RT, T,—¢) VieX (4.2)
1—00
Proof. One can write E = M —S where M is a multiplication operator (M T") (z) =
m (x) T(x) with 0<mg<m(z)<1and S is a compact operator in L?/4. Since
the operator

(AT, ) = (AT, ¥) + (M |TPT %), WeX (4.3)

is monotone then it is sufficient to prove that the mapping T +— S |T|3 T is pseudo—
monotone in X. Let T; —T weakly in X . Then 7; — T weakly in Li and 7T;
— T weakly in H'(Q). Thus T; — T strongly in L2 as the embedding H'(Q) C
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L?(Ty) is compact [2, 4]. Consequently, 7; — T p — a.e.in Iy and hence
also|Ti | Ty — |T]®T p—a.e. Hence |T;> Ty — |T;|* T weakly in L,El/4 as the
sequence |'T; ]3 T; ¢+ is bounded in Lf/ : Finally the compactness of § implies
that

(S|TPT, T—¥) = (S |TPT;, Ti—v), = (S (|TPT - |TPT), Ti—),

—(S|TPT, T-T;), - 0, VeX (4.4)
O

The coercivity in Li can be proved through the following two Lemmas:

Lemma 8. For1 <p<ooandT € L, , it holds || F ||, < 1and (E |T|>T, T), >
0.

Proof. Let T € L}L be positive. Then

/FTdu = /TF*ldu < /Tdu

Since F is positive, this implies that || F | ;1 < 1. On the other hand F (1 — o/ 19z ) >
0 and thus |]F||Lﬁo < ||F1||L,3o < 1. Using Riesz interpolation theorem [24] it
follows that || F|| rr, < 1,1 < p <oo. To show the second part of this Lemma we use
the Holder inequality (E |T*, T), > ||T||§2 — |F|TPT gz TNl >

(L=1F1) I\Tllig > 0. u
Lemma 9. For T € L, , T ¢ N(E) implies that (E |T|>, T'), > 0.
Proof. Since F' is positive, then we have

(ENTP, T)u = (ETE, To)u + (BT, T2), (4.5)

Under the assumption that 7" > 0 and ||| ;5 = 1, we can use the Riesz interpolation
theorem [3, 4] to show that

(FT, T)(T", T)u = [Tl if T ¢N(E) (4.6)

where N (E)is the null space of E defined as N(E) = {T € L), ET = 0}. As
S is compact then it can be expressed as an integral operator [4, 6]. Moreover, one
can write F'T as

FT = (1-m)T 4+ ST = elirr(l) fe(x,y) T(y) dp,, for fo > 0.
—
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Next, welet p = 5/4 ,p1 = 6/5,p2 = 2andlet ¢, g1, g2 be the corresponding
conjugate exponents. Further, let 6 = 9/10 so that % = p% + 117;25. Hence for
T, v > 0 we can write

R )
/T (/fswd'u) d,u‘ E /T (/fg+(1_6)¢p(P1+P2)d,u) d,LL
Using Holder inequality we get
e s -z 1-6
< [0 ([ ot any ([ rotan)

4 P 5 a P 1—§
< (f Ta | fedrn dpdp)” (| T2 [ feyrz dupdp)
let ¢ — 0 we obtain

(T, Fy) < (Tw, Fym )d (Ti, Far )L (4.7)
For ¢ = T* (4.7) yields

(T, FT*), < (T°% FT?), (4.8)
Finally, assume ( T%2, FT%?) = HTH‘ZZ Then, letting v = T°/2 we have
0 = (V. -FU) 2 [0l — IF ¥l 1%l so that |Fy] 5 =

H’(/}HLE. Since

(Y, I=FF) )y = (%, &)y = (Fob, Fip)u = 0
we have
1Yl = (¢ E'E¢)y = (v, U=-F)Y + [-F)¢ — ([-F'F)¢),= 0

This implies that 7%/2 = 1 € N(E) and hence T & N(E). Therefore, if T ¢
N(E) then inequalities (4.6) and (4.8) are strict . O

Theorem 10. There exists a constant C such that

(RT,T) > C min { IT)% | HTugf} VT eX (4.9)
where ¢ = max {p+1,5}.

Proof. To give a sketch of the proof we follow an idea from [9, 19] and some analysis of
the nonlinear heat conduction. Suppose that (4.9) is not true if ||T"||y > 1. Then
> i(RT;, T).

for each integer ¢ there is Tl € X such that HTZ H > 1and Hﬁ‘ .

The sequence Tl = fﬁ/ ‘ T’z

. satisfies || Tj||y = 1 and
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T T

3
1Tt 2 o { [ 9T as + | ' (BITP T, T,

ZiC{/|vn|2dx+/
Q

Iy

p—1
/ T ds + |
X r;

| TP+ ds + <Eml3Ti,n>u}

(4.10)
Since {7;} is bounded in X , there is a subsequence T; and 7" € X such that T;
converges weakly to T in the spaces Li, HY(Q) and LPTY(T). Moreover, T; — T
strongly in L%(Q), as the embedding H'(Q) C L2(Q) is compact. Now (4.10)
implies that

”THLPJrl(Fl) < @ ||Ti”LP+1(F1) = }E}% ||Ti||Lp+1(F1) = 0.
71— 00
Thus T |r, = 0 and Radon—Riesz Theorem implies that 7; — T strongly in

LPHL(T';). Furthermore, (4.10) implies that
(E|TiPT;, T,), —0 (4.11)
Since T; — T weakly in L%, we have |T; > T; — |T|* T weakly in Lz/4 and hence

(SITPT, Ty — (SITPT, T)y—0 (4.12)

as S is compact ( hence also S* is compact ). T; =T weakly in LZ implies also
Hml/f’THLz < z1:71(1)10 Hm1/5TZ~HLE and hence from (4.11) and (4.12) we obtain

0= lim (E|GPT, T), > lim (M|GPT, T),— lm (S|GPT, T,

> (M|TPT,T-(S|TPT,T), = (EITPT,T), (4.13)
Hence from Lemma 9 this implies that 7" € N(E). Furthermore, we have

|m'Pn| = (BILP T T — (SITPTL T =0 (414)

5
5
Ly

Hence T; — 0 strongly in Li . Since T; — 0 strongly also in H'(Q) and LP+1(Ty),

we have T; — 0 strongly in X. This is a contradiction as || T;||y = 1 for every .
The proof for ||T'||y <1 is similar. In fact we only need to replace the left-hand
side of (4.10) with | T'||%. O
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5 Uniqueness of the solution

Theorem 11. Let Ty and Ty be solutions of (3.3), corresponding to the right hand
sides g1, go € X*, and suppose that

(g1—92,¢) = 0, V¢ >0, peX.

Then T1 >1T L—a.e.inf), vy—a.e.onl'y andpu—a.e.iny. Consequently,
the solution of (3.3) is unique.

Proof. Before sketching the main ingredients of the proof of the uniqueness of the
solution of (3.3) we need to introduce the following notations: For ¢ > 0 we denote
Qo ={z2eQ: Ti(zx) <To(x)} Q. = {xeQ : Ta(x) — Ti(x) >e }

¢, = min {e, (lr-T1)"}.
We will also denote the Lebesque measure in R™ by L . In order to prove this theorem
we follow the idea from [8]. We need to show that () + L(0) + v(Q) = 0.
We argue by contradiction and assume first that p(£29) > 0. First Theorem 10 imply
that
_2
[0ty < 0 ([ asdivededes ([ € ul™ as) o ([ Botvoan)
1 2
The next step is to estimate

/Qaz'jaﬂﬁaaj%dx < ¢ ||’L/15Hng—fa, (5.1)

and

_2
(] €l ds)r + </Q E¢ty.dp)?® < e lcllps 9o + he  (5.2)
1

where g — 0 as ¢ — 0 and he — f- can be ignored when ¢ is small enough.
Finally, these estimates give

W) < e ([ St < ety <0 -0 (53

This leads to a contradiction. Similarly we can prove that L(€y) = () = 0.
In the following we give a sketch for the derivation of (5.1)—(5.3). To derive the
estimate (5.1) we can write

]/ (”jé%qﬁsaj¢% d$ = ][ adjai(Zb —>71) ajdk d$
Q Q

= (g2—g1, V) — s (P ' — TP T ) o, ds
1

+ E(|TPT — P Ty) . du
s
(5.4)
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The last term in (5.4) can be decomposed as

E(ﬂﬂ?n—|nﬁn>wuw::/ (TP T = B To) B . du
I'> 2\ Qo
+ (I PT — |TPTy) E* 4 dp
QO\ Qe

+/ (TP T — TP Ta) B o dpe -

€

In fact the first term on the right—hand side is negative as |7} ]3 T, — |T» \3 T >0
and E*¢Y, = 0 — F*¢, < 0 in I'7\Qo. To investigate the second term we
observe

T’ Ty — TiPTy < (To—Th) Q (|Tal, |Th])

where Q(z,y) = 2® + 22y +29% + 3. Then

/ mwﬂ—uwﬂvaws/’ (TP Ty — TP T0) F* o, du
Qo\ Qg QO\ QE

s/ (T ~T1) Q (|Ta] . |T3]) Fo. dp
Qo\ Qe

< el o

where
ge = || F (Q ( |T2] , [T1]) HL?/“ — 0 as e — 0
Thus
| asvdsvedr < ey g
where
g = sUBwlﬂ—mmlﬂ>mdwy/ (TP Toe TP T2 ) E* . dps .
1N Qe

To derive (5.2) we observe that E*¢, = ¢ — F*¢, > ¢—F'c > 0 in Q..
Moreover, we can show that

Byt du < jg\ﬂ WA By, du 4—(1; WA B, dp
0 5 5

5/2 *
L

>

where g — 0 as e — 0. Thus we conclude that

([ el as)d « ([ (Butyvodu)® < < vl g + he

1N o
stk o stk ok ok stk ok ok sk sk sk sk o stk ok s ok stk o s ok sk ok ok sk ok ki sk o stk o s ok stk ok ok sk ko sk sk ko skok ok sk ok skokok sk ok ok

Surveys in Mathematics and its Applications 2 (2007), 43— 58
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v02/v02.html
http://www.utgjiu.ro/math/sma

56 N. Qatanani, A. Barham and Q. Heeh

where

he = (€l ds)it 4 <e4/ E* . du ).
I Qe

Finally, we show that u(Qo) + L(Q0) + 7(0) = 0. The steps above imply that

195 < e

when ¢ is small enough. Hence
p@) = [ S a2 oy < g - 0

This is a contradiction, since also u(Q2:) — u(Q) > 0. Therefore p(y) = 0.
From this fact it is straight forward to conclude L(y) = v(20) = 0. O
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