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Abstract. Magnetospheric dynamics is a complex multiscale 1  Introduction
process whose statistical features can be successfully re-
produced using high-dimensional numerical transport mod-

els exhibiting the phenomenon of self-organized criticality , . ) . .
(SOC). Along this line of research, a 2-dimensional driven Earth’s magnetosphere is a driven spatially extended nonlin-

current sheet (DCS) model has recently been developed th&2" SyStem whose response to solar wind drive encompasses
incorporates an idealized current-driven instability with a re- €xceptionally broad ranges of temporal and energy scales.
sistive MHD plasma system (Klimas et al., 20044, b). The Statistical features of this response are Qescrlbed by r_obust
dynamics of the DCS model is dominated by the scale-freeoower'la‘{" relations characten;nc of crmgal self-organized
diffusive energy transport characterized by a set of broad-2valanching systems (Consolini, 1997; Uritsky et al., 2002b,
band power-law distribution functions similar to those gov- 2003). It has been suggested (Chapman et al., 1998; Uritsky
erning the evolution of multiscale precipitation regions of en- 2&1d Pudovkin, 1998; Klimas et al., 2000) that the avalanch-
ergetic particles in the nighttime sector of aurora (Uritsky et!Nd System of the magnetosphere resides in the magneto-
al., 2002b). The scale-free DCS behavior is supported b>;a|l plagma sheet fand is _assouated W|th collective behavior
localized current-driven instabilities that can communicate®f Multiple sporadic localized reconnections (Chang, 1999)

in an avalanche fashion over arbitrarily long distances thugVhich are known to appear during all phases of the magne-
producing current sheet waves (CSW). In this paper, we detospheric substorm development (Angelopoulos et al., 1992;

rive the analytical expression for CSW speed as a functior€'9€ev et al., 1999; Nakamura et al., 2001; Sergeev, 2004).
of plasma parameters controlling local anomalous resistiv- i o

ity dynamics. The obtained relation indicates that the csw N order to understand physical principles of scale-free
propagation requires sufficiently high initial current densi- plasma sheet behavior, a 2-d|men5|ona_1l driven current _sheet
ties, and predicts a deceleration of CSWs moving from inne{PCS) model has been developed that incorporates an ideal-
plasma sheet regions toward its northern and southern bound#ed current-driven instability with a resistive MHD system
aries. We also show that the shape of time-averaged currefKlimas et al., 2004a, b). The DCS model is a continuum
density profile in the DCS model is in agreement with Steady_represe_nt.a}tlon of gradient-controlled discrete _tranqurt m.od-
state spatial configuration of critical avalanching models ase!S exhibiting the phenomenon of self-organized criticality
described by the singular diffusion theory of the SOC. Over(Bak et al., 1988; Lu, 1995; Klimas et al., 2000). An im-

shorter time scales, SOC dynamics is associated with rathdfrtant characteristic of the DCM model is strong coupling

complex spatial patterns and, in particular, can produce biPetween MHD and kinetic phenomena at respectively large
nd small scales of current sheet dynamics. This coupling

furcated current sheets often seen in multi-satellite observa S . . , .
tions involves a simplified mechanism of current-driven instabil-

ity that, through its excitation and quenching, leads to the

consequent growth and decay of the anomalous resistjvity

represented by the diffusion coefficiebt=c?n /4. By anal-
Correspondence tov. M. Uritsky ogy with discrete avalanche models, this idealized instability
(uritsky@geo.phys.spbu.ru) is assumed hysteretic so that its threshold for quenching is
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slightly below its threshold for excitation: profile in the DCS model is consistent with steady-state spa-
tial configuration of critical avalanching models as described

o(J) = { D, |‘;| < lijc (1) by the singular diffusion theory of self-organized criticality.

aD (x,z.1) mQaXi|Jf) |_ B ¢ The results obtained are confirmed by numerical simulations

» . and provide new clues for experimental exploration of mul-
tiscale plasma sheet dynamics.
Here J=J, is the y-component of the current density de-
scribing plasma sheet dynamics in the plane,J. — critical
current densityf <1 andt — some constant parameters. At
each spatial location, the quantifycan take one of two val-

ues, Dmax Of Dmin&< Dmax, depending on/, and does not

2 Results and discussion

The standard MHD description of spatiotemporal evolution
of the current density takes into account the diffusion of the

Ch‘?ﬂgehwslizlrr;:ir;ebgrtgo/iglf;; ’thjé]:;momalous resistivity is ex_magnetic field lines due to the anomalous resistivity mech-
y Y anism as well as the plasma convection (Priest and Forbes,

pected to appear in various physical scenarios of current-zooo)_

driven instability. In particular, it may accompany a gener- ' ) L

ation of the electromagnetic wave field in the vicinity and 9J ¢ 2 2

above the ion gyrofrequency that can provide the gnoma-ﬁ T 4rn [V 0 () )= VooV x B)} @

lous resistivity necessary to initiate the magnetic reconnecy; has been shown (Klimas et al., 2004b) that in order to re-
tion (Yoon and Lui, 1996). As numerical simulations on 44y ce the broadband scale-free turbulent plasma dynam-
the DCS model show, the hysteresis has several importants the magnetic diffusion should be controlled by very thin
consequences. At smallest spatial scales of the order of grid ,,rant sheets created due to highly nonlinear dependence
spacing, it influences nonlinear interactions of adjacent cur-(Eq_ 1) of the diffusion coefficient on local current values.
rent sheet elements leading to their low-dimensional chaotiqy, numerical simulations on the DCS model, the thickness
behavior characterized by fractional correlation dimension¢ ¢,,ch transient current sheets appears to be of the order of
(Uritsky et al., 2002a). At largest scales, it produces globalgrid spacing. Our main task will be to deduce the propa-

loading-unloading dynamics (Klimas et al., 2004a) reminis- ya1ion speed of such current sheets as a function of plasma
cent of the substorm cycle of Earth’s magnetosphere. In th%arameters.

intermediate range of spatial scales, the DCS dynamics is According to the previous simulation results, the

dominated by scale-free diffusive energy transport characterpy seresis-controlled current sheet waves propagate both in
ized by a set of broadband power-law distribution functionsy,,ih « and; direction and are associated with spatial redis-
(Klimas et al., 2004b) similar to those observed in the be-yn, tion of J, component of the electric current. It has also
havior of multiscale magnetospheric perturbations (Uritsky paan found that the CSW speegs mainly depends on the

etal., 2002b). z coordinate. On averagecs gradually decreases as the

_The scale-free current sheet turbulence implies that in-gycitations moves from the central plane0 toward upper
dividual current filaments can communicate over arbitrar-

) : e ; “"and lower boundaries located at+L ;, and tend to stop
ily long distances within the available range of scales im- 3¢ some small but nonzero distance from the boundaries. To
posed by grid spacing and boundary conditions. The undergescripe these effects, consider a response of the DCS model

lying mechanism of such communications manifesting them-, 5 |ocalized perturbation described by the following initial
selves in current sheet waves (CSW) revealed numerically i gitions:

DCS simulations (Klimas et al., 2004b) is strongly nonlin-

ear. CSWs are active solitary waves accompanied by selfP (¥ 2 1= 0) = Diin = 0,
consistent propagation of unstable current sheet regions in” %+ & =0 > Je
the form of moving spatially localized excitations. Until now, Q(x, z, 1 =0) = Drmax
however, this intriguing phenomenon has not been investi- 7 ¥> & 1 =0 < B Je
gated on a quantitative basis. The present paper is focuseoQ (x, 2, t=0) = Dmin
on this issue which can be of interest for both theoreticalTherefore, we assume that at time0, the values of the dif-
and experimental studies of plasma sheet dynamics. Baseftision coefficient throughout the system are close to zero,
on a coarse-grained representation of the magnetic diffusiomnd that the switching paramet@ris also negligibly small
eguation, we derive the expression for CSW speed as a funeverywhere except for a thin flat region centered:-ato

tion of hysteresis parameters. The derived relation indicatesvhere the current densiti=J, has just exceeded the critical
that under certain conditions, current-driven instabilities canvalue J.. By dividing the plasma volume into equally spaced
propagate over considerable using the free energy accumuhin layers parallel to the neutral DCS plane, and replacing
lated in DCS. We demonstrate that such propagation requiresontinuous spatial derivatives with finite differences, E. (
sufficiently high initial current densities, and predict a decel- can be reduced to the coupled system of ordinary differential
eration of CSWs initiated in the vicinity of the neutral plane equations

and moving toward northern and southern magnetotail lobes ; ;. )

We also show that the shape of time-averaged current density; ~ = (Di-1Ji-1+ Dit1Jiy1 — 2D; Ji)//\ ;

Z € (ZO_)"/27 ZO+)\/2) (3)

— in all other regions
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i=—L;/A ..., L/, (4) 10
— —{=0.25
in which 1 is the thickness of current sheet layers indexed 2:0.50
by i. Since the instability excitation is a sporadic local- 0TS 7
ized phenomenon predominantly controlled by the magnetic e ..,,.;';'4’
diffusion (Klimas et al., 2000), we omitted the convective 4 | -
term. Denote the active current layes (zo—A/2, zo+1/2) > gtidd
with i=k and assign the valu&<p J. to the initial current ~
density in the adjacenk{1-th) current layer. For simplic- /
ity, we shall also assume that the diffusion fluxeskinl- !
th andk-th layers are linearly related through the condition : ‘ ‘ ‘
Dy _1Jx—1~¢ Dy Ji, with ¢ €(0, 1) being a coupling constant. 0 02 0.4 06 08 1
Using these assumptions, the system given by &cdn be o Je
rewritten for the chosen initial configuration as Fig. 1. Analytic dependence of the speegs of current sheet
waves (CSW) on normalized initial current density plotted for dif-
{djk/dt =(¢-2 Dkzjk/kz’ (5) ferentg(value)s. In each case, CSW propagation goprzdition is given
dJis1/di = DiJi[22. by the inequalityJo/Je <(1—¢)/(2—¢).
The obtained equations provide a description of current
density redistribution between active/£J.) and quiet
(J<B J.) current layers. During this interaction, the curren
density of thek-th layer gradually decreases making the cur-
rent Jy4+1 to increase (in the continuum limit, the opposite
tgndencies ix and Jet+1 dypar_nics are due to the opposite Jes1(t = t1) = Je. 9)
signs of second spatial derivatives in these current layers).

Equations %) are only valid until the time instant=r; at  In general case, this time may be less or greater thaif
which J;,1 becomes greater thal. This limitation does not  1=<fo, thek+1-th layer switches to the unstable state while
affect our calculation of the CSW speed since we are focusethe diffusion coefficientD, continues to grow, and its dy-
only on timest<t1, which allows us to estimatecs by the ~ namics is described by the first pair of the expressions given
ratio 2/t without analyzing the subsequent, 1 evolution.  in Eq. (7). Otherwise Dy is roughly constant, and the second
The solution to Eq.%) depends on nonlinear dynamics of pair of expressions must be used. After the timbas been
the diffusion coefficienD; which behaves differently before estimated, the CSW speed is evaluated using the relation
and after the time instamg when the currenf; drops below A
the 8 J. level. Assuming that the excitation transfer time  vqu = 7 D (10)
is much smaller than the characteristic timef the diffu- 1(Jo, Je, B T, Dmax §)
sion coefficient relaxation, the evolution 8, as specified giving a coarse-grained representatiorvef as a function

t The excitation transfer timg required to switch thé—+1-
th current layer into the excited state wifh=Dmax can be
deduced from the condition

by Eq. (L) can be approximately described as of the initial current density, hysteresis parameters as well as
e Do the coupling constarit. Using this approach, we have found

Dy — Dmax (1 — el") ~ e ¢ t = 1o, 6) thatthe CSW speed is given by the following formulas:

D (o) e~ (1=10)[t ~ Dmax to t > 1o,

T (2—¢) Dmax 1_1__/3<ﬁ <1

Inserting Eq. 6) into Eq. 6) and applying the initial condi- 2r|n(m =
tions specified above, the analytic expressions for time evoy¢= (11)
lution of current densities in the interacting layers can easily V22=8)Dmadn(@/B)ft  q_ ¢ 1-8

P 1 y <0l
be obtained: In(¢) 20 =7, 2=¢

1-2-0)(1-Jo/Jc)

—(2-0) DB xi?
T

Ji=J. e These relations indicate that the wave speed goes down with
t<to: Toone Jog e 1_6_(2_;)2:12&;”2 the initial current density. Agp decreases, the expression
k+1=70T 2 ’ under the logarithm sign in the denominator of the second
(7)  branch of the solutionl(l) goes to zero, and the propagation
1, —(2-0)23roxs speed becomes negligibly small. This condition corresponds
Je=p""Jce A2t S
PRI b to the limit
0 J. —1 —(-¢) =53rgxt
Jeri=Jo+ 325 | 1-B e Me . 1-¢
Jo— +Je (ﬁ) (12)

Time 79 entering the above relations is calculated from the
condition J; (r=tg)=p8J. which provides By substituting different values, we have built a family of
ves (Jo) dependences containing deceleration regions of dif-

_ 2In(1/B) ®) ferent width (Fig. 1). In the extreme case-1 when the cur-
- (2—1¢) Dmax’ rent layers with indexek—1 andk are strongly coupled, the
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1 1 Fig. 3. Examples of spatiotemporal CSW propagation onzhe

f 1 plane ¢=2.5). Black dots show the grid sites satisfying Eq. (14)
I : : ] with the parameters=1.5x10~4, b=8.0x 10~4. Approximate es-
0 : 3 timates of speed values are given for each wave.

z-coordinate

whereSy;rr=|(c/4m) nJ x B] is the magnitude of the diffu-
sive component of the Poynting flux,andb are constants
thresholds adjusted empirically to provide a reliable repre-
o 2 . A 2 0 sentation of CSW fronts. According to Edl4), we were
x-coordinate looking for the places where the diffusive energy flux ex-
ceeded some constant value, and, at the same time, its time
Fig. 2. A §amp|e shapshot of anomallous resistivity distribution in qerivative was above some other value. Applying this crite-
the 2-D driven current sheet model (Klimas et al., 2004b). The SCWrion, spatiotemporal CSW traces have been visualized and a

propagation region is limited by dashed horizontal lines correspond- :
ing to the propagation condition described by Eq. (12). Black dotsSpeed of about 200 waves has been estimated. It has been

are the unstable grid sites where the excitation condiflenDmax fOU”O,' that depending on CSW pQS|t|on and the local current
is fulfilled. density,vcs take values from the interval between 0 and 3.0
(Fig. 3). This range is consistent with the range of speeds cal-
culated based on the relatiohlj usingz=0.9 and varying
CSW can propagate in regions with the arbitrarily low initial Jo parameter according to simulation results.

current density. In contrast, for very smallthe deceleration The solution {1) is not complete in the sense that it ex-
region is fairly wide, and CSW can only penetrate into spatialplicitly depends on the initial currenk which in its turn is
domains where the current is sufficiently higla£0.5 J.). defined by the prehistory of local magnetic field dynamics.

To verify the obtained formulas, we have studied numer-In order to obtain the expression for average SCW speed at
ical runs of the 2-D driven current sheet model developeddifferent spatial locations in a closed form, a time-averaged
by (Klimas et al., 2004b). It has been found that usually, current density profile/ (z) characterizing steady-state cur-
the coupling constant of the DCS model is close to the valuerent sheet configuration has been chosen as a simplest sub-

¢~0.9, which leads to the CSW propagation condition stitute for Jo. Functional form of/ (z) can be obtained using

J the results of the singular diffusion theory of self-organized

02 o1 (13) critical avalanching models. It has been shown (Montakhab
¢ and Carlson, 1998; Carlson et al., 1990) that the long-term

According to our simulation results, the spatial domain in SPatiotemporal evolution of such models can be described by
which the instability waves can freely propagate does havéhe equations

a limited width in z direction corresponding to the region

where initial current densities exceed the level £). pre- op

dicted by Eq. {3). Outside this region, the CSW mechanism 37 — * (Dsug (0) Vo). Dsng (p) = (e —p)?
of excitation transfer turns off, and current sheet dynamics is

dominated by plasma convection. The CSW propagation rein which o is the relevant dynamical variable representing
gion approximately coincides with the inner turbulent region the quantity transported by the avalanche procBss, — the

of the current sheet where unstable sites With- Dmaxcan  singular diffusion coefficient diverging as approaches the
exist, the effect clearly seen in our simulations (Fig. 2). Wenstapility thresholdp., ¢ — the order of the pole controlling
have also found that the transition between “fast” and “slow” the singularity ofD,,, in the self-organized critical regime.
solutions given by Eq.X(1) should occur aflo/ J~0.9. Such | certain cases, the singularity ordecan be used as a free
intense current densities are normally generated in the vicinparameter allowing one to adjust the theory of singular diffu-
ity of the neutral plane. sion to systems differing in local interaction rules, distribu-

The range of CSW speeds observed in simulations is alsgon of energy states and other local characteristics.
in areasonable agreement with the theoretical result. Toeval- |, -« peen found (Carlson et al, 1990) that one-

luate th"?‘ range, we hgve |rcljve§t|gatgd thﬁ n(;ongrl‘] O];]an?]ml"’l'imensional self-organized critical systems satisfying asym-
ous resistivity region boundaries using the double threshold, | ... boundary conditions

condition

(15)

Saiff(x, z, )y >a AN 3Sagifr(x, z, )/3t >b, (14)  p(1) =0, Dsg(p(0) Vo (0 =—fo (16)
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Fig. 4. Numerically estimated steady-state current density configu-Fig. 5. Dependence of characteristic CSW speed on ghe
ration in the 2-D current sheet model (averaging during one repre-coordinate at several different values of coupling paranefgot-
sentative unloading interval) as compared to the singular diffusionted using the average current density profile described by Eq. (21)
solution presented by Eq. (21) with three different singularity orderscalculated based on the singular diffusion approach.

®.

et al.,, 2002a). At small temporal scale of the order of the
are characterized by the following universal asymptotic con-relaxation time of individual grid sites, current density vari-
figuration att— oo: ations along the line=0 have a form of asymmetric pulses

N with rather steep left fronts evolving on the time sagleand

o (r, p>1) =p.— [p§(¢_l)+fo (¢—1) (1_,)] ~toan much flatter right fronts reflecting exponential relaxation of

the diffusion coefficient with the characteristic timme Ne-
in whichr is the spatial coordinate. The conditiod$)cor-  glecting the ascending fronts of the current density pulses
respond to open boundary a1 and closed boundary at and assuming that the mean frequency of pulses is of the or-
r=0 where the fixed diffusive fluxfy is applied. In case der of J/z, the average value of at the positiorz=0 can be
when the parametefy is unknown, it can be estimated self- approximately estimated as

consistently from the boundary value of the dynamical vari- r
: 1
ablep: JG=0) ~ = / JeeTdr=A-1/e) J..  (19)
T
fo = L2e =P O] —@-h (0D 19) 0
0 =
-1 which after substitutiop.=J, leads to the following depen-
The singular diffusion formalism has been successfully ap-dence of the boundary paramefgron the singularity order:
plied to various avalanching models, including cellular- Jo(0-D (e¢_1 _ 1)
automaton models of critical gradients (Carlson et al., 1990; 7, = =© (20)
Montakhab and Carlson, 1998) used as a discrete proto- p-1

type for the DCS model (Lu, 1995; Klimas et al., 2000). |nserting the obtained formula into EQL7), we arrive at the
In contrast to the nonlinear diffusion Edl)(describing a  asymptotic expression for steady-state current density distri-
small-scale hysteretic evolution of anomalous resistivity, thepytion in thez direction:
solutions to Eq. 15) represent large-scale self-organization )
of spapal distribution o.f'system’s activity accompanying its o(r, 9)=T (2, ) =J. (1_ [1+ (e¢_1_1> (1—1)] ¢1> 21)
evolution toward the critical state.

In the DCS model, the closest analogueptis the slowly
varying current density configuration obtained by averaging
over long intervals of time including many current driven in-

stabilities. Let us show that the boundary conditidif) at- files at the singularity ordep=5 (Fig. 4). Using this value

isfy the dependence of DCS current densityzaroordinate. . . ; : .
. o ) . .. and inserting Eq.41) into Eq. (L1), finally we obtain:
First of these conditions is correct since the current density 9Eqal) a- ¢ y

By comparing the obtained solution with the results of nu-
merical simulations on the DCS model, it has been found that
Eq. 21) provides the best fit to average current density pro-

is always zero at=1. The applicability of the second con- 22
L . ) . . — ) DmaxIn (1, T
dition is not so obvious since the current is not fixed20,  ,.¢(z) ~ \/ (2- &) DmaxIn /) / 22)
and its time average appears to be a result of current sheet In (1 o ]é/?,ﬁG(l 5 1/4)
—(2-¢)(1+536(1-2)) ~

self-organization toward the stationary critical state in which
the rate of the annihilation of oppositely directed magneticFor obtaining this expression, only the “slow” branch of
fields along the neutral line is balanced by the rate at whichthe solution {1) has been used since the current den-
the magnetic flux is pumped into the simulation box (Uritsky sity given by the relation 21) never exceeds the level
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J. (1—(1-8)/(2—¢)) at which the “fast” solution comes showing an important role of such structures in magnetic en-
into play. Since we have replaced the initial currégtvith ergy storage and release during the substorm development
the time-averaged quantity, expression22) can be con- (see e.g. Zelenyi et al., 2002, 2004; Sitnov et al., 2004 and
sidered as the estimation of characteristic CSW speeds atferences therein). In additional to these findings, our anal-
different z-locations (Fig. 5). The fact that actual (instan- ysis strongly suggests that under certain conditions, thin cur-
taneous) initial current densities may be essentially higherent sheets can also move in a form of solitary self-supporting
than J leads to underestimation af-s values of certain  waves giving rise to complex scale-invariant spatial patterns
waves. On the contrary, if the actual current density is be-of activity in vast portions of the magnetotail. Existence of
low J, the CSW speed appears to be below the charactersuch waves Earth’s magnetosphere can, in principle, be ver-
istic value predicted by Eq2@). As a result, some of the ified using measurement results of multiprobe missions ca-
CSWs observed in numerical simulations (Fig. 3) propagatepable to resolve fine 3D features of plasma dynamics and
faster or slower than expected based on E8).(On average, presents a challenging task for future research.
however, the obtained relation provides a reasonable approx-
imation to spatiabc s dependence averaged over sufficiently acknowledgementsThe authors are grateful to Dimitris Vas-
long time intervals. siliadis for interesting and productive discussions. The work of
V.Uritsky was partly supported by RFBR grant 04-05-64938 and

Intergeophysica Russian research program.
3 Conclusions

Edited by: A. C. L. Chian
The propagating current sheets seem to represent a new tyeviewed by: two referees
of cooperative plasma behavior which may play an important
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