-

broughttoyouby t CORE

Viewmetadata, citationandsimilarpapersatcore.ac.uk

providedbyDirectoryofOpenAccessJournals

S. M. Perovich, et al.: Determination of Plutonium Temperature Using the ...
164 Nuclear Technology & Radiation Protection: Year 2010, Vol. 25, No. 3, pp. 164-170

DETERMINATION OF PLUTONIUM TEMPERATURE USING
THE SPECIAL TRANS FUNCTIONS THEORY

by

Slavica M. PEROVICH ' and Sanja I. BAUK 2

! Department of Electrical Engineering, University of Montenegro, Podgorica, Montenegro
% Faculty of Maritime Studies, University of Montenegro, Kotor, Montenegro

Scientific paper
UDC: 546.798.22:517.957
DOI: 10.2298/NTRP1003164P

The problem of estimating plutonium temperature by an iterative procedure based on the spe-
cial trans functions theory has been studied in some detail. In theory, the differential linear
plutonium temperature equation can be effectively reduced to a non-linear functional tran-
scendental equation solvable by special trans functions theory. This approach is practically in-
variant under the starting plutonium temperature value. This is significant, because the said
iterative special trans functions theory does not depend on the password data of the pluto-
nium cargo. Obtained numerical results and graphical simulations confirm the applicability

of such approach.
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INTRODUCTION

With the end of the Cold War, the need for pluto-
nium has decreased. However, the need for develop-
ing and upgrading plutonium handling techniques is
on the rise. In recent years, the prospect that in the
foreseeable future the use and transportation of pluto-
nium irradiated nuclear fuel and radioactive wastes
could turn out to be a fact of life has caused intense
scrutiny. At present, scientists and engineers are giv-
ing their best to come up with as safe as possible modes
for the (re)use, transport and (or) stabilization, clean
up, and prevention of eventual excesses and dramatic
waste pollution incidents. Controlling plutonium tem-
perature is one of the most important issues belonging
to the said corpus of scientific and engineering en-
deavors.

The plutonium temperature differential equation
takes the form [1]

T-T

On the other hand, we have a very effective itera-
tive special trans functions theory (STFT) approach to
the non-linear functional equation of the type

Y(t)+7Y'(1)=B(t)e ' ® (2)

where B(f) = P.e " that appears in analog forms, [2-4].
Namely, with m being an iterative dissonant time de-
pendent parameter. The meaning of the term dissonant
is explained in [2-4].

Let us note that the possible correspondence be-
tween eq. (1) and (2) is of utmost importance, since we
have an effective iterative procedure for finding the
solution to eq. (2).

If we succeed in reducing eq. (1) to eq. (2), the
solution to plutonium temperature should be available
to us at any time, under the assumption that the initial
temperature value/starting condition is unknown. In
fact, it is not at all difficult to achieve such a reduction.
Namely, after some simple modifications, eq. (2) takes
the form

Cd—T =P- < (1) Ql(t):B(t)efgl(t)*'TY'(f) (3)
or, dz R where
tI'(t)+T-P, =0, P, =PR+T, 0,(t)=Y(t)+7Y'() (4)

where 7 = RC, R being the thermal transport coeffi-
cient, C — the being thermo capacity, and P — the en-
ergy of the radiation emission, with 7, as thermostat
temperature.

* Corresponding author; e-mail: perovich@ac.me

and, starting eq. (1), after formal modification, by in-
troducing the expression of type

K(t)= T(t)e*K(”
takes the form
K () +K(O[1+7K'(t)]=P,e KO (5)
or,
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P X'(1) THE ANALYTICAL CLOSED FORM
0,(t)=——¢ K000 (6) SOLUTION OF EQUATION (13)
1+7K'(t)
where X(t This section is organized as follows: first, an
0,(t)=k(t)+ 77() (7) overview of the analytical closed form solutions is pre-
1+ 7K' (1) sented so that the reader may inspect the formulae

A formal equalization between egs. (3) and (6) is
possible under the condition that
K (1)
B(t)eTY'(l) — Pc e]+TK'(t) (8)
1+7K'(t)

which, in turn, can be reduced to the form of

B,(t)e #W =1-Z(1) 9)
where
Ba(t) =e—m‘r+‘rY'(l‘) (10)
and
_ 1K'(?)
A= 1+ 7K '(t) (b

with m as a time-dependent dissonant parameter hav-
ing to satisfy the error criterion of the form

‘rT'(t)+T(t)—B(t)eW <e,

or, more explicitly
. T(t+At)-T(t)
At

where g,, is an arbitrary small positive real number.
Consequently, eq. (9) can take the form

S glﬂ

j+T(t)—B(t)e””

Z,(t)=B,e""; B, =BT“; Z,=1-7 (12)
e
It is to be pointed out that equation (9) has two
real positive solutions under the condition that B, < 1.
Thus, from eq. (10) we have m > Y'(¢).
Let us note that eq. (5), under above quoted
transformations, takes the form

Z()+K(1)=P,[1-Z(t)]e X

or the form
_ -K(t) _
Kl(t)'_PcBo(t)e - (13)
=B(t)e" Ve X0 — B (1) ek

where

K\(t)=K()+Z(t); B, (t)=B(1)e™" " (14)

The scheme for the genesis of plutonium temper-
ature from this expression involves egs. (2), (9), and
(13). Namely, we obtain the values of Y(¢) and Y’ (¢)
from eq. (2). Then, from eq. (9), we establish Z(7),
from eq. (13) we obtain K,(¢) and finally, plutonium
temperature 7(¢). Thus, by the iterative STFT linear
differential eq. (1) (the non-linear, multimodal one ap-
pears in [16]) has been reduced to the non-linear func-
tional transcendental equation that formally describes
processes in non-linear RC diode circuits, neutron
transport theory, thermionic emission, plasma pro-
cesses, etc. [2-17].

without having to previously sort out their derivation.
A detailed derivation of the formulae is then presented.
The outline of the derivation is based on the fact that
the STFT approach can be applied for an arbitrary
transcendental equation of type (13) (or eq. (12) for Z,
> 1) in a straightforward manner: by determining the
suitable partial differential equation for identification
with the functional transcendental equation, by find-
ing the analytical closed form solution to the chosen
partial differential equation, by predicting the asymp-
totic solution of the differential equation for identifica-
tion and, finally, by choosing the optimal equalization
between the unique solution and the asymptotic one,
[2-17]. The predicted structures of solutions are then
examined numerically and by detailed graphical anal-
ysis for various parameters of B,(¢) [2, 10, 14].

The transcendental eq. (13), for a given time mo-
ment ¢, takes the simple form

K\(t)=B,(1)e™"
K, (t)>0, B,(t)>0 (15)

The quoted eq. (15) has the solution in the follow-
ing closed form representation K,(¢) = trans,[B (9],
where trans, [B(¢)] is a new special trans function de-
fined as [2-4, 10]

trans, [B, (¢)] = lim| B, M or
x> F_(t,x+1)

. F,(t,x+1)
trans, [B, ()] = }E{l{ IH[FJ,(I);)J} 1o

The practical numerical model for calculating
the transcendental number K, takes the form

(K1 (@)p,y ={twans, LB, =

where x, is the value of x, x [xe(0, «)], when the solu-
tion precision defined as P, (x) =—log ,|G, (x) satis-
fies the inequality P> P,, forx > x,, the error function
is defined as G.(x) = K1— B, ¢ X1 and satisfies the in-
equality|G, |<g,,, forx>x,, while P,, denotes the de-
sired solution precision (desired number of accurate
digits), and g.,, is an arbitrary small and positive, real
number. Consequently, (K, >[ » | denotes the numeri-
cal value of number K given wftl]1 [P+]accurate digits.
The functional series F, (¢, x) takes the form

] Bk(t)(x—k)k

z 21 AR

F (t,x)= 20 (;c! iorx>(; (18)
or x <
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where [x] denotes the greatest integer less than or
equal to x. Consequently, formula (17) represents the
numerical structures for numbers K. The choice of x
controls the number of accurate digits for constants K,
and satisfies the error criterion. On the other hand, the
number of accurate digits in the numerical structure of
constant K| is, practically, determined by the physical
requirements for the plutonium temperature estima-
tion problem.

THE PARTIAL DIFFERENTIAL
EQUATION AS AN EQUATION FOR
IDENTIFICATION

Transcendental eq. (15) can be identified with a
partial differential equation of the type
oF (¢
@:Bl ()F, (t,x—-1) (19)
ox
The partial differential eq. (19) is analytically
solvable using a Laplace transform. The unique solu-
tion is a series (18). Or, more explicitly, equation (18)
takes the form
& B () (x k) H(x—k
F (= $ B OG0 k)
k=0 k!
where H(x — k) is the Heaviside’s unit function defined
as

Sforx>0(20)

1 for x>k

H(x-k)=
(=) {O for x<k

On the other hand, the asymptotic solution of the
form ([2-4, 10])
K (n)x

F,,(t,x)=e""h0 (21)

satisfies the differential eq. (19) under the condition
that satisfies the transcendental equation (15).

According to the unique solution principle and
function theory, we have

lim| L= |y (22)
x> F,(2,x)
AN ANALYSIS OF EQUALITY (22)

Let us note that the essential part of the STFT is
the existence of equality (22). Substituting results (18)
and (21) for /7, (¢,x) and F, , (¢, x), respectively, in eq.
(22), we obtain
x] pk koo K
llm [Z]:Bl (x_k) _el+Kl

X2 r_0 k!

=0

or, since
K
Bl :Kle !

we have

[x] Klke_Kl(x_k) (x—k)k

lim| (1+ K, ) |
X0 . k!

With regards to

oKk _ i =D" K" (x=k)"
m=0 m!

the above equation takes the form

[x] Nk
lim| (1+ K, ) S Kk &R
x> r=0 k!
ST (x_k') }:1 (23)
m=0 m.

After a series expansion on the left side, the
above equation can be written as:

i(_])mKlmxm -

(1+ K, ) lim
x> 70 m!
© N m+1 _ m+1
—Z( DA S Gl
m=0 m!l!
(_l)k Z(_l)mYm+K (x_K)m+K
ot m=0 - oo..=1

From the above quoted, expanded form, it is
clear that the term of (—1)K ™ takes the following
form

XM M {(x—l)M _(x—l)Ml}r
M! (M- | (M-1)! (M=2)!
x-2)"  @-)""
(M-=2)120 (M=3)12! "
(=DM {("_M)M Gt }
M! (M -1)!

and, finally, on the left side of the eq. (24), we obtain

[x] N v M (_1)k (.X—k)M -
P P T T

L= -0t
EO (M —1-k)k! = (25)
for x—

or, more explicitly

[x]
lim{ S M.

x>l 2y

LD -kt
ST (v=M)|=0
P VA TE R (26)
Note that the equality (26) holds if, and only if
M (=D (x=k)M!
Su(n= Y XL
im0 (M —k)'k!
for M>1, M=123,...[x] (27)

By simply using mathematical induction, we can
show that eq. (27) is satisfied for any positive integer .
Consequently, under the assumption (27) we have

(D -0

Saar ()= ,EO S
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and M4l (1K M-l
Sirat= 3, D MO

0 (M +1-k)k!

Thus, we obtain
SM+1(x)_SM(x):SM+1(x):
k M-1

D =M x-k j_“

< (M—k)k! \M+1-k

o (x=M-)Y
(M +1)!

M=

k

+(=1)

, x—M -1
=Sy () ———

and x

Sy =Sy ——
w41 (X) m+( )J(;(y—M—l)

This approach, by means of mathematical induc-
tion, is a solid proof of the existence of equality (22).

dy =8 j41 (x)=0

THE GENERAL TRANS SCHEME

The introducing section makes it clear that,
when applying the unique solution principle [2-17],
we have the following equality

F,,(t,x)=1lim[F, (¢,x)] and
X—>o0

£, (4,x)

K1(1)=$E(Bl(t)w

]ztrans+[Bl (t)](28)

Analogically, the unique solution principle
states that

<F+ (t,x)>[P+] :<F+p (t,x)>[P+] forxzx, (29)

where (Fi(t, x));p+) denotes the numerical value of
function F.(¢, x) given with [P.] accurate digits.

Now, from eq. (29), it becomes possible to es-
tablish the equality

<F+(t,x+l)> CJF(x+D)
F+(ZL,X) [P+] F+p(tax) [P+]
_[cki®
<e >[P+]

and

F, (t,x+1)
(K (), = h{a(tx,x)J forx>x, (30)

Let us note that, more explicitly, for a fixed time
moment, number K takes the form of

)
k!

K =Bt —*=0
Koy =51 KB e 1-h)*

k=0 k!

From a theoretical point of view, the solution
(31) for K, can be found with an arbitrary order of ac-
curacy, by taking an appropriate value of x.

>
for x 2 X,

(31)

CONCERNING THE SOLUTION TO THE
NON-LINEAR MULTIMODAL
DIFFERENTIAL EQUATION (2)

Let us note that, in previous sections, the prob-
lem of plutonium temperature calculation (1) has been
reduced to a solvable non-linear differential eq. (2). In
this paper, by applying the special trans function
theory (Perovich, 1992, 1995, 1996, 1997, 1999,
2004, 2006, 2007, 2009, etc.), eq. (2) has been suc-
cessfully solved. Namely, as a transcendental equation
of the form

YY)+ PY () =B()e” YO (32)

where “Y(¢) is the solution to the n-th iteration when
™Y'(£) is a known time functional parameter. Under
this assumption, the analytical closed form solution to
the eq. (2) takes the form

Wy (t)=trans  [B,(t)]-t™Y'(¢)

B Oy
B,(t)=B(t)e

where trans.[B,(#)] is a special trans function [2- 4, 10]
defined as

trans,B, (1) = lim{ln(wﬂ (34)

(33)

oL B, (0]
where iy Nk
%[Bn(t),x]:kZ”[Bn(z)]k% (35)
k=0 .

From eq. (32), by differentiation, we have
Dy t+Ar)="Y"(t)+
' -y At
+ B'(t)e oy, 2L (36)
~Oy" OBty TO-Oy'i)y) T
Now, from eqs. (32), (33), and (36) directly fol-
lows that
Wy(t+At)=trans , (B, (t + A1) -t Y (1 + At) (37)
On the other hand, we have

@Y (t+At)-"Y (1)
At

The error function to the n-th iteration is defined

DY (1)= (38)

as
Dg=|"Vy'(@0) - “Y(<e (39)

where ¢ is an arbitrary small, real, positive number.

Ifthe error criterion is not satisfied, then the iter-
ative procedure continues, with the new value of the
first differentiation, ® *DY'(¢), etc.

THE ANALYTICAL CLOSED FORM
SOLUTION TO EQUATION (12)

Let us note that it is possible to solve eq. (12) by
STFT, as it has been presented in section “The analyti-
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cal closed form solution of eq. (13)”, and [2], for Z, <
1, and in [2] and [14], for Z, > 1.

Namely, for Z, <1, the transcendental eq. (12)
can be identified with a partial differential equation of
the type

oF _(x,B,)
Ox

where F- (x, B,) is an arbitrary real function, for x >0,
and F- (x, B,) =0, for x <0. Consequently, by applying
STFT, we have

7, (1) = trans [B,(1)] (41)

+B,F_(x-1,B,)=0  (40)

where trans-B,(¢) is an elementary special tran func-
tion defined as [2-4, 10]
trans _[B,(¢)] = lim| B, B (0)x] or
x—>ed F_[B,(t),x+1]
F_[B, (t),x
B, (1) ]]j @)

trans _[B,,(1)] = limiln F[B,(1),x+1

X—>

wehere . .
FLIB, (1)x]= 3 (-1)F &K
k=0 k!

On the other hand, the application of the special
trans functions theory (Perovich, 1991-2009), results
nz>1,7Z.

Z, = lim(ln{ Fdx B, F (u —a,b)}J =trans. (B,a)

ue F (x+LB,)F.(u,b)
(43)
where trans. (B,, a) is anew special tran function, and
VA
b="5 (44)
a

where a = 2In3, or, generaly a =2In[(4 +1)/(A-1) ],
where 4 =2, 3, 4, 5, and 235, Z. = tran«(B,), where
tran< (B,) is an elementary special tran function [2, 14]
defined in (42)

F.(u,b)=bR(u,b)e™ +

45
R’(l/l,b)ebu =[R(l/l,b)ebu]' ( )

where ] ey "
R(b,u)= ;0(—1)"( ¢ ) luzna) 46)

foru>0

and [u/a] denotes the greatest integer less than or
equal to u/a.

For practical calculation purposes, when the
value of x is a positive integer M, we have the follow-
ing formula

<Zl>>[P>] _<IH{F<(M+1,BG)}>[P ! '

F —
+<1n{>(” - b)D (47)
F.(u,b) 2]
where(Z,. ) ,  is the value of the transcendental num-
ber Z,- given with [P-] accurate digits. Finally,

<Z1>>[P>] :<trans<(Ba )> (] +<trans>(Ba, a)>[P>]

In accordance with the previous definition, we
have that error function defined as

G, =Z. -B,e*> (48)
satisfying the inequality
P, :—10g10‘G>‘ 2P, (49)

where P,, denotes the desired solution precision (de-
sired number of accurate digits).

PLUTONIUM TEMPERATURE
CALCULATION

Previous sections lead us to the conclusion that it
is possible to determine plutonium temperature with-
out the value of the starting temperature or any other
temperature value. Namely, according to eq. (32),
within the STFT iterative procedure, by means of the
error criterion defined in (38), we obtain the solution
for Y(¢) and Y'(?). For the obtained value of Y'(¢) by
STFT, from eq. (9), we come up with

Z=1-Z, =1-trans (B, a)=1—trans [Blo ,a}
e
where trans-[B./e'”, a], is given by formula (43).
From eq. (15)

K,(t)=B,(1)e X K\(t)>0, B\(t)>0

by STFT application [2, 14], we obtain the solution to
K(?) in the form

£.(t,x)

Kl(”i}ﬂ{lgl (f)m

} =trans, [B, ()]

Finally, from eq. (14), the value of K(7) follows
in the form of

K(t)=K,(t)-Z(t)=trans  [B, (t)]-1+trans (B,,a)

Also, this leads us to the formula for plutonium
temperature

B
T =trans, [B, (t)]—l+trans{l",a]
e

B
e s+ [BO)] —1+trans{1”,a} (51)
e
In this case, the fact that the calculation of pluto-
nium temperature is practically invariant of the start-
ing (initial) plutonium temperature is of utmost impor-
tance.

NUMERICAL RESULTS

Some important results in this presentation are, in
fact, the values of 7(7). In tab. 1 we have presented some
of the results for 7(¢), when the values of B() vary.
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Table 1. Calculating values of 7(7) for different

parameters B(f)

B(f)-10° (1) [°C] G

1.198243 610.43 1.740E-09*
1.311565 579.41 1.607E-08
1.787568 386.00 6.243E-08
2.009790 303.75 2.962E-07
2.221021 288.35 4.119E-06
2.666739 217.94 1.082E-05
2.888951 193.90 3.838E-05
3.978307 117.81 2.087E-04

*1.740E-09 means 1.740-107°

The obtained values of 7(¢), by STFT, for various
parameters B(¢), presented in tab. 1, are also presented
graphically in figs. 1 and 2.

In tab. 2 we have presented, numerically, the fact
that error function depends on the number of itera-
tions.

The correlation between the error function and
the number of iterations is presented graphically in fig.
3, as well.

-21000

4 -0
e o S

Figure 1. Plutonium temperature being calculated in
function of B(7)

100

Figure 2. Plutonium temperature being calculated in
function of B(f) and G

Table 2. Error function and the corresponding number
of iterations

Number of iteration n Error Wg
1 9.316841032003254 E-6
2 9.005140616302754 E-6
3 8.703880545191112 E-6
4 8.412710164051873 E-6
6 7.859298628787315 E-6
8 7.342338300998580 E-6
10 6.859425865535229 E-6
11 6.630031235133060 E-6
14 5.986925645906638 E-6
15 5.786753312975179 E-6
20 4.882076065193530 E-6
22 4.561204494990534 E-6
25 7.596416564226161 E-6
50 6.408319747741587 E-7
55 4.119083905074206 E-7
100 5.406296559762325 E-8
120 5.225571780620442 E-8
130 5.050898597147580 E-8

08

Error

06

0.4

0.2

g w0 8 60 40 20 0
L 120 Number of iterations

Figure 3. The error function correspondence to the
number of STFT iterations

CONCLUSION

It is clear that the calculation of plutonium tem-
perature is of significance since it gives us the possibil-
ity of estimating the concentration and mass of the said
radioactive element. Plutonium temperature is of great
importance for transport safety, as well.

Once again, let us point out that the STFT being
presented in this paper and applied for calculating plu-
tonium temperature is independent of password cargo
data and the initial plutonium temperature. The use of
the STFT procedure also allows us to determine the
time changing plutonium temperature with a very high
accuracy. In short, it is obvious that the STFT iterative
procedure is an excellent method for the said purpose,
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mostly because it is independent of possible falsified
plutonium system data.

Finally, we wish to point out that it is possible to
present plutonium temperature in the form of

T(t)=y(t)e""" (52)
Accordingly, eq. (2) takes the form

oy (1) + Ty (W (0t +
ETANet (53)

Now, we can apply an analogous iterative proce-
dure described for eq. (2) to eq. (53). Of course, the
equation for identification is more complex, thus the
corresponding numerical simulations are, indeed, ro-
bust. However, this might be the subject matter of
some future theoretical and numerical analysis.
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Cnasunia IEPOBUR, Cama BAYK

OJAPEBUBABE TEMIIEPATYPE INNIYTOHUJYMA KOPUIITKREBEM
TEOPUJE CIIEHMWJAIHUX TPAHC ®YHKIMUJA

ITpo6nem ogpebnBama TeMneparype IIYTOHNjyMa, ATEPATUBHIAM MOCTYIIKOM 3aCHOBAaHNM Ha
TEOPUjH CllelldjaTHIX TpaHC (PyHKIHKja, IPOYyYeH je y HeKuM AeTabuma. [Ipema 0BOj Teopuju, TuHeapHa
nucpepeHIyjanHa jeflHaunHa 32 TeMIepaTypy IIYTOHUjyMa MOxXe ce e(peKTHO peJlyKOBaTH Ha HeJIMHEapHY
(byHKIMOHAJIHY TPAaHCUEH[EHTHY jeHA4YMHY, KOja ce pellaBa cIelyjallHUM TpaHc yHKuujama. OBaj
MOCTYIAK je MPaKTHIHO WHBapHjaHTaH Off MOYEeTHE BPEAHOCTH TeMIlepaType IIyToHujyma. To je Beoma
3HayajHO 300T TOra INTO HaBeJeHAa HWTEepaTHBHA Ipoleflypa He 3aBUCH O OWTHHX IMOjiaTaka 3a
IUIyTOHUjYMCKH TepeT. JoOHWjeHH HyMEpHYKH pe3ylaTaTd M rpacduyke cuMmylangje, HOTBpbyjy
MIPUMEHIJLUBOCT OBOT MPUCTYIAa 32aCHOBAHOT HAa TEOPUjU CIIEIMjaTHIX TPaHC (PYHKIH]a.

Kmwyune peuu: ileopuja cileyujaanux wparc hyHKyuja, ciieyujante iparc pynxyuje, iemilepaiiypa
UAYULOHUJYMA



