Liu, J., et al.: Linear Stability Analysis and Homoclinic Orbit for a ...
1556 THERMAL SCIENCE, Year 2012, Vol. 16, No. 5, pp. 1556-1559

LINEAR STABILITY ANALYSIS AND HOMOCLINIC ORBIT
FOR A GENERALIZED NON-LINEAR HEAT TRANSFER

by

Jun LIU%, Xi LIU?, Gui MUR, and Litao XIE?

 College of Mathematics and Information Science, Qujing Normal University, Qujing, China
P School of Mathematics and statics, Yunnan University, Kunming, China
¢ School of Information Science and Engineering, Yunnan University,
Kunmming, China

Short paper
DOI: 10.2298/TSCI1205556L

This paper studies the linear stability and dynamic structure for a generalized
non-linear heat equation, and obtains novel analytic solutions such as homoclinc
orbit and breather solitary solutions for the first time based on Hirota method.
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Introduction

The linear heat equation can be expressed in the form:

Uy = Uy, 1)
or equivalently:
Uy = Uy )
Introducing a non-linear term to eq. (2) results in:
Uy — Uyex — (U, U) =0 3)
where the non-linear term is a function of u; and uy. For simplicity, we write:
f(Ug,U,) = U,U, (4)
or
f (U, Uy) = Ul ()

We, therefore, obtain the following non-linear heat equation:
U — UyUyy — Uy = 0 (6)

This equation has some special solution properties, which can explain some thermal
phenomena.
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Linear stability analysis

Consider a periodic boundary condition:

u(x,t)=u[x+2—;t,t}, t>0 @)

where p is a constant.
The periodic condition arises in many thermal problems, for example, heat conduc-
tion in an oscillation aerofoil and nuclear reaction.

Assume that uy is the solution of eq. (6), and we consider a small perturbation of
the solution in the form:

u(x,t) =up[l+e(x,t)] (8)
Substituting (8) into (6) and keeping only the linear term, we obtain:
&t ~ Exox =0 ©)

Introducing a new variable v defined as v = &, we have:

oL ol

where gy = —k%, then the eigenvalues for this matrix are:

A =+k? (11)
Exact homoclinic orbits and solitary solutions

Equation (6) can be solved by various methods [1-5], such as the homotopy pertur-
bation method [3], the exp-function method [4, 5]. According to the Hirota method [1, 2], we
introduce a transformation in the form:

u=12(Ing¢), (12)
Equation (6) can be transformed into the following bi-linear equation:
(D -D’ +c)¢-$=0 (13)

where c is the integration constant and the Hirota bi-linear operator D is defined by:

D."D, :(i_ijm (ﬁ_ijn
X OX  ox ot ot

In order to explain the periodic thermal shock, we search for a solution in the form:

(14)

X =x,t =t

¢ =1+b, cos(px + 5)e™*” +h,e2t+2 (15)

where by, b, p, and w are real parameters to be determined and J and y are arbitrary constants.
Substitution of (15) into (13) leads to the following relations:
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b, =b?, p? =0’ (16)
We, therefore, obtain the following solitary solution:

+12b, wsin (px + 5)e”™*”
1+b, cos(px + 5)e™*7 + b2+

(17)

where by, and w are arbitrary constants.

It is obvious that u tends to zero when t —+o0 or t — —o0, and it is a homoclinic
orbit of eq. (6), its dynamic structure is shown in fig. 1.

The non-linear heat equation behaves
sometimes also soliton in the form:

\ ::;5:”;,',3 ‘*1»:“
f" tie
i

¢ =1+b, cos(p,x +cyt)eP*+e 05

/1
o ’fmf'

+b262 poX+2¢,t (18) 0 ” ’ fl[//,
u /

where by, by, p1, p2, €1, and c; are real pa-
rameters to be determined. Substitution
(18) into (6) leads to the following rela-
tions:

C=-2pp, C=p - P,

252 19
b, = % (19) 107710
P —3p, Figure 1. Homoclinic orbit of the generalized
non-linear heat equation
or
2.2
G =2pPy G =P - bzz% (20)
P —3p,

We can get a new class of solitary solutions in the form:

_12be P+, cos (X + Cit) — Py sin (pyx + ¢it)] + 24b, pze2 P X+2C,t
1+ b, cos(pyx + g t)eP et 4 b2e2 P, X+2Ct

(21)

where p1, p2, and by are arbitrary constants. Its dynamic structure is illustrated in fig. 2.
The criterion for a non-singular solution is p,? > 3p,”.

Conclusions

The non-linear heat equation reveals some special thermal properties, the thermal
shock can be either periodic solitary wave (fig. 1) or various solitary waves (fig. 2).
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Figure 2. Solitary solution of the generalized non-linear heat equation; (a) kink solution with by = 4,
p: =1, p, = 0.57, (b) kink-breath solution b; = 4, p; = 1, p, = 0.3, (c) breath solution with by =4, p; = 1,
p, = 0.01, (d) singular solution with by =4, p; =1, p, = 0.6
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