View metadata, citation and similar papers at core.ac.uk brought to you by i COR

provided by Directory of Open Access Journ:

Internat. J. Math. & Math. Sci.
Vol. 23,No. 11 (2000) 729-739
S0161171200003288
© Hindawi Publishing Corp.

QUANTIFYING COMPLETION

ROBERT LOWEN and BART WINDELS

(Received 23 April 1999)

ABSTRACT. Approach uniformities were introduced in Lowen and Windels (1998) as the
canonical generalization of both metric spaces and uniform spaces. This text presents in
this new context of “quantitative” uniform spaces, a reflective completion theory which
generalizes the well-known completions of metric and uniform spaces. This completion
behaves nicely with respect to initial structures and hyperspaces. Also, continuous exten-
sions of pseudo-metrics on uniform spaces and (real) compactification of approach spaces
can be interpreted in terms of this completion.
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1. Approach uniformities. The motivation for the introduction of approach unifor-
mities (which is the subject of Lowen and Windels [6]) is twofold. On the one hand, the
category AP of approach spaces (see Lowen [3]) is not fit to handle uniform concepts.
Different results concerning completeness in the category AP imply that the theory
is essentially local. For instance, the space of continuous functions between metric
spaces, equipped with the pointwise distance, turns out to be complete. On the other
hand, AP seems not to be the right context for the quantification of uniform proper-
ties, such as completeness and total boundedness, whereas for topological concepts
everything works out quite well in AP. Therefore, it was natural to seek a new cate-
gory that combines the quantitative aspects of AP (or pMET) and qualitative uniform
concepts. To that end the concept of approach uniformities was introduced in [6].

For the reader’s convenience we briefly recall the main definitions and results. An
approach uniform space (X,T’) is a set X together with an ideal I of functions from
X x X into [0, o], satisfying the following conditions:

(AUl) Vy eI, VxeX:y(x,x)=0.

(AU2) VE € [0,00]X: (Ve>0, VN <o0:JyNeTst. EAN<yN+e)=>E€T.

(AU3)Vy €T, VN < oo, IyN eTs.t. Vx,y,z€ X:y(x,2) AN < yN(x, ) +yN (v, 2).

(AU4) Vy eT:ys el.

Equivalently, an approach uniform space can be described by means of a uniform
tower, i.e., a family of filters (U:).cg+ on X x X, such that

UT1) VeeR", VU €U : Ax C U.

(UT2) Ve e R*, VU €U : U € U,.

(UT3) Ve, € e RT :Ue0U DU g,

(UT4) Ve e R 1 Us = Ugoe Un-

or equivalently, a family (U;).cr+ of semi-uniformities, satisfying (UT3) and (UT4).
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For example, if d is a pseudo-metric, then the collection I'(d) := {y | y < d} is an
approach uniformity. It is referred to as the metric approach uniformity induced by d.

If U is a uniformity, then the trivial tower (21).(2l on every level ¢), is a uniform
tower, defining an approach uniformity I'(U), which is referred to as the uniform
approach uniformity induced by U. If (X,I') and (Y,¥) are approach uniform spaces,
then a function f: (X,I') — (Y,V¥) is called a uniform contraction if and only if Vy €
Y:po(fxf)el.

The category AUnif of approach uniform spaces and uniform contractions is a topo-
logical category. It contains Unif both reflectively and coreflectively and pMET core-
flectively.

Approach uniformities establish a context for quantifying uniform concepts. In [5], a
measure of total boundedness (and precompactness), of completeness and of uniform
connectedness is presented.

For every approach uniformity (X,I') and for any x € X we can consider the set

A(x):={y(x,") |y eT} c[0,0]%. (1.1)

The family (&(x))xex defines an ordinary approach structure on X, which we shall
call the underlying approach structure of T'. This procedure yields a forgetful functor
A: AUnif — AP.

Also recall that in any approach space (X, (A(x))xcx) and for any filter § on X and
any x € X, we denote

Af(x):= sup inf sup@(y). (1.2)
@per(x) Fes yeF

2. Cauchy filters. Let X be a set, and let U C X x X. Then we denote

Oy : XxX —[0,0]: (2.1)

(x,y)— 0 if(x,y)eU,
(x,y)—1 if(x,y)¢U.

PROPOSITION 2.1. Let (X,T) be an approach uniform space, and let § be a filter on
X. Then the following are equivalent.

(1) § is Cauchy with respect to the uniform coreflection.

2)Vyerl,Ve>0, AF€§: Opxp+e> y.

PROOF. £ is Cauchy with respect to the uniform coreflection 2 if and only if
YUeUy, AFeSF:FXFCU
= Vyel, Ve>0,IFe§F:FXFC{y <ée}. (2.2)
—=Vyel,Ve>0, AIF€5:0pxp+e>y. O

A filter on (X,TI') is called (I'-)Cauchy if and only if it satisfies the conditions of the
previous proposition.

DEFINITION 2.2. Two filters § and g on (X,I') are called equivalent if and only if
$£ng is Cauchy.
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In Lowen [3] Cauchy filters in approach spaces are introduced: a filter § on X is called
Cauchy with respect to the approach space (X, (A(x))) if and only if inf,cx Af(x) = 0.
This definition yields a categorically nice completion theory in AP (see [3]).

We have the following relationship between AP-Cauchy filters and AUnif-Cauchy
filters.

PROPOSITION 2.3. Let (X,T') be an approach uniform space, and let (X, A(T')) denote
its underlying approach space. For any filter § on X, we have

& is A(T')-Cauchy = § is T-Cauchy. (2.3)
PROOF. Fis A(I')-Cauchy if and only if inf,cx AF(x) = 0, i.e., if and only if
Ve>0,IxeX, VyeTl, IFesf, Vy eF:y(x,y) <e. (2.4)

Lety €T and € > 0. Take yN €T, yN symmetric, such that Vx,y,z € X:y(x,z) AN <
yN(x,y) +yN(y,z) for some N > ¢, and take xq € X and F € § such that Vy € F :
yN(x0,y) < /2. Clearly, we have Vy,z € F:

y(,2) AN < yN(,x0) +¥N (x0,2) < &. (2.5)

Consequently,
Vyel, Ve>0,3Fef, Vx,yeF:y(x,y) <g, (2.6)
which means that § is I'-Cauchy. O

PROPOSITION 2.4. Let (X,T') be an approach uniformity, and let § be a Cauchy filter
on X. Then® := {{y |infycry(x,y) <a} |y €T, >0, F € §} is a filterbasis for a
Cauchy filter W), coarser than 5. Moreover, W) is the coarsest Cauchy filter with that
property. Consequently, ) and § are equivalent.

PROOF. Let U, denote the uniform coreflection of I'. The proof becomes folklore,
if one observes that

»={U(F)|U€cU, Fes}. 2.7)
O

DEFINITION 2.5. An approach uniformity (X,I') is called complete if and only if
every I'-Cauchy filter converges (with respect to the underlying topology of the uniform
coreflection of T).

Thus an approach uniformity is called complete if and only if its uniform coreflection
is complete.

By Proposition 2.3, we know that if (X,I') is AUnif-complete, then (X,A(I')) is AP-
complete. The converse need not be true.

EXAMPLE 2.6. Let (E,| - ||) be a non-reflexive Banach space. If E is equipped with
the initial AP-structure 6 for the source

(f:E - [R)fel:"*,\lf\\p <1’ (2.8)

(where R is equipped with the usual distance), then E is complete in AP.
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However, if E is equipped with the initial AUnif-structure I for the source

(f : E - [R)fEE*nyHE* <1 (2.9)

(where R is equipped with the usual approach uniformity), then E is not complete in
AUnif.
Indeed, we know that V, € E, VACE

8(x,A) = sup inf sup|f(x)-f(>)], (2.10)
Fe2(E*) YEA feF

and therefore the metric coreflection ds is given by Vx,y € E
ds(x,y) = sup sup|f(x)-f()]=lx-yl. (2.11)
Fe2(E*) feF
Since E is Banach, (E, ) is complete.

By [6, Proposition 2.16] we know that the uniform coreflection U of T is initial for
the Unif-source

(_]C:E‘—> IR)fEE*,HfHE* <1 (2.12)

(where R is equipped with the usual uniformity). Let B := {x € E | ||x]|| < 1}. Then
f(B) c [-1,1], which is totally bounded. Thus B is totally bounded. However, B is
not compact, since E is non-reflexive, hence B is not complete. Therefore (E,T’) is not
complete.

3. Completion. By Proposition 2.4, it makes sense to define X to be the set of all
minimal Cauchy filters on X.

PROPOSITION 3.1. Let (X,T) be an approach uniformity. If y € T, define Y, M € X

y@O,M):= inf sup y(x,y). (3.1)
FeMn x,yeF

ThenT:= ({y | y €T, y symmetric}) is an approach uniformity on X.

PROOF. The fact that I is an ideal follows from the observation that Vy;,y» € I':
F1V P2 <Y1V Y.

(AUL) Let y € T and 2 € X. Since 20 is Cauchy, we have that Ve > 0, IF e W :
Orxr + &> y. Therefore y (M, M) = infrew sup, , cr y(x,y) =0.

(AU2) This is obvious.

(AU3) Let y € T and N < 0. Then there is some yN €T such that Vx,y,z € X :
y(x,2) AN < yN(x,y) + yN(¥,z). We shall prove that V20, 2,5 € X : yQ0,2) AN <
YN, $) + YN(EM). Let F; € $nW and Fo € $n M. Then F := F; UF>, € W nMN. Since
FinF, + @, we have that

sup y(x,¥) AN < sup yN(x,z)+ sup yN(z,y), (3.2)

x,yeF X,z€F] z,y€F

and therefore

inf sup y(x,¥)AN< inf sup yN(x,z)+ inf sup yM(z,y). (3.3)
Femnt x,yeF Fresn x,zeFy Fpeso z,y€F>

(AU4) This follows from the observation that Vy eT': y* = ys. O
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The approach uniformity (X,T') in the previous proposition is called the completion
of (X,T). We have the following obvious relationship between the completion of the
uniform coreflection, and the uniform coreflection of the completion.

PROPOSITION 3.2. If (U,). and (U) are the towers of (X,T) and (X,T) respectively,
then (0, coincides with the uniform completion U of Uo.

PROOF. We see that
Wy =({{y<at|yel,a>0})
={({O, M) |IFeMNNM, Va,b eF:y(a,b) < «})
={({O,M) |FFEeMNM:FXF C {y < «}})
=o. O

(3.4)

From now on we can write Uy without ambiguity.

Before we move on, we check that completion behaves nicely with respect to bases.
An ideal basis D in [0, 00 ]**X is called a basis for I, if D satisfies (AU1), (AU2), and
(AU4) and

T=(D):={E€[0,0]"¥ | Ve>0, YN<w:3IyNeD:EAN<yN+el.  (3.5)
PROPOSITION 3.3. If (D) =T, then ({d | d € b}) =T.

PROOF. This is a direct consequence of the fact that Vy,& € [0,0]¥X, Ve > 0,
VN < oo:

§AN§y+s=>éANsy+s. (3.6)
O

If x € X, then let U, denote the neighbourhoodfilter of x with respect to the under-
lying topology of the uniform coreflection.

PROPOSITION 3.4. Let (X,T) be an approach uniformity. Then
i(X,7) — (X,[) x—0, (3.7)
is initial, and i(X) is dense in X. Moreover, if (X,I') is Hausdorff, then i is an embedding.

PROOF. It is well-known (cf. [10]) that Vx € X : 0, is a minimal Cauchy filter, and
therefore i is well-defined; and also, that i(X) is dense in X.
In order to show that I is the initial structure, first notice thatif y €T, then Vx, y € X:
yol(ixi)(x,y) = y(0x,0,) = inf sup y(a,b). (3.8)
FeOxNVy a,beF
Let y €T be bounded. Let y € T be such that Vx,y,z,u € X : y(x,u) < y(x,y) +
y(y,z) +y(z,u). We shall prove that
(1) y < ¥o(ixi).
(2) yo(ixi) <y.
PROOF OF (1). Let x,y € X. Suppose yo (ixi)(x,y) <M € R", then there is some

F € 0, N0, such that Va,b € F: y(a,b) < M. Since {x,y} C F, this means that
y(x,y) <M. O
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PROOF OF (2). letx,yeXande>0.PutF:={ze X |y(x,z)<e&/2o0ry(y,z) <
£/2} €0xNVy. Leta,b eF.

e If y(x,a) <&/2 and y(x,b) < £/2, then y(a,b) < y(a,x)+y(x,b) <e¢.

e If y(y,a) <e/2and y(y,b) < &/2, then also y(a,b) < ¢.

o If y(x,a) < ¢&/2 and y(y,b) < /2, then y(a,b) < y(a,x) +y(x,y)+y(y,b) <
y(x,y)+e.

o If y(x,b) <e/2 and y(y,a) < €/2, then y(a,b) < y(x,y) + € too. O

In any case sup, ,ery(a,b) < y(x,y) + ¢, and thus y o (i X i) < y + &, which by
arbitrariness of & proves the claim.

If (X,I') is Hausdorff, then for all x # y : Ox #= 0, and therefore i is an embedding.
O

Now we have to prove that a completion really is complete.

PROPOSITION 3.5. Let (X,I) be an approach uniformity. Then (X,T) is a complete
approach uniform space.

PrROOF. This is a consequence of Proposition 3.2. O

PROPOSITION 3.6. Let (Y,¥) be a Hausdorff complete approach uniformity. If f :
(X,T) - (Y,¥) is a uniform contraction, then there is a unique uniform contraction
(X, I)— (Y,¥) such that f oi = f.

PROOF. If (U;), and (V). are the towers of I and ¥ respectively, then f : (X,2g) —
(X,90y) is uniformly continuous and (Y,0g) is a Hausdorff complete uniform space. It
is well-known that there is a unique f (X ,ﬁo) — (Y,0¢) uniformly continuous such
that foi = f. In fact we know that for all 0 € X : £(0) = lim f(0y, | X). We shall
prove that f is a uniform contraction. To that end, let v € ¥; we shall show that

wo(fxf)el.
Recall that if 20 is a Cauchy-filter, then

Vyel,Va>0, VFeM, 3x eF, IM eMnVy, Va,beM:y(a,b) < «. (3.9)

Let M, € X and let € > 0. We have that f(0y | X) — f(?Y)), ie, f(Oyp | X) D
W(f(M)). Since

SOn | X) = ({{Ff(x) 1 yN,0,) <&} |y T, x>0})

R . (3.10)
N ) =y w(fan,y) <B} lyeY¥, B>0}),
we find that

VB>0, VY e, Jog >0, Iy; €T, Vx € X:y1 (M, 0x) < oy = @ (FQ0), f(x)) < B.
(3.11)

Analogously we have that

VB>0, VY eY, g >0, Ayr €T, Vx € X: y2 (M, 04) < 0tp = (,u(f(lrl),f(x)) < B.
(3.12)



QUANTIFYING COMPLETION 735

Let ¢y € ¥ such that Vx,yv,z,u e Y:y@(x,u) < @(x,y)+@(y,z) +P(z,u). Then we
obtain that there exist & > 0 and y € I such that for all x € X:

FODOL) <a= GFaN).F(0) < 50 FOLDY) <a= G(FAD.F(0) < 5.
(3.13)
From (3.9) we deduce that VF € Y0 n:
Ix; € F:y(M,04,) < &, Ix, € Fiy(N,04,) < &, (3.14)
and thus
3x1 € F: @ (f ), f(x1)) < % 3x; € F: @ (fON), f(x2)) < § (3.15)
Then
W(F @), F Q) < G (FQ0), £(x1)) + P (£ (x1), £ (x2)) + P (f (x2), £ V)
<P Ga).f(x2)) +€ = sup P (@), fD)) +e. 616
Thus
wo (fxf)@M) < inf sup Po(fxf)(a,b)+e. (3.17)

FeMnM a,beF

Since o (f X f) €T and by arbitrariness of &, we conclude that o (f x f) . O

Let cAUnif denote the full subcategory of AUnif consisting of all complete Haus-
dorff approach uniformities.

COROLLARY 3.7. cAUnif is a reflective subcategory of AUnif.

4. Examples

4.1. Extensions of pseudo-metrics. Any collection D of pseudo-metrics that is
closed under the formation of finite suprema, is a basis for some approach uniformity
I. In that case, we call B a uniform gauge for I'. We already noticed [Proposition 3.3]
that if B is a uniform gauge for I, then D= {d | d € D} is a basis for I'. As a mat-
ter of fact, D is a uniform gauge too. Moreover, D consists of the unique uniformly
continuous extensions of the pseudo-metrics in » from X x X to X x X.

PROPOSITION 4.1. Let (X,T') be an approach uniformity and let d €T be a pseudo-
metric. Then VIO, M € X:

d(, M) = sup supd(M,N). (4.1)
Mem Nen

PROOF. Let M e, NeWMN, FeMnM. Since NNF #+ @ and MNF + O it is
apparent that

Ve>0,dpeN,IJgeM:d(p,q) < sup d(x,y) +¢. (4.2)
x,yeF
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This is equivalent to the fact that

inf inf d(p q) < sup d(x,y) (4.3)
peN qeM x,y€F

and therefore we have that

sup sup inf inf d(p,q) < inf supd(x,y). (4.4)
MeW Net peN geM Femnm
Conversely, let € > 0 and choose M € ) and N € M such that sup, ,epd(x,)) <
€/2 and supy ,end(x,y) <&/2.If F:= MUN, then Vx,y € F, Vp € M, Vq €N :
d(x,y) <d(p,q)+ ¢ since
o If (x,y) ENXN or (x,y) € M xM then this is trivial.
e If x € M and v € N, then

3 3
d(x,y) <d(x,p)+d(p,q)+d(q,y) < > +d(p,q) + 5 4.5)

Thus
inf sup d(x,y) < sup sup inf inf d(p,q). (4.6)
Femom x,yeF MeW Net peN geM O

4.2. Metric and uniform approach uniformities. The categories pMET and Unif
also allow a nice completion theory (cf. [8] for metric spaces, [10] for uniform spaces).
As a matter of fact, the completion theory in AUnif generalizes these constructions.

PROPOSITION 4.2. (a) Let (X,I') be a metric approach uniform space, T =T (d). Then
['=r(d).
(b) Let (X,T) be a uniform approach uniform space, T =T (). Then [ =T (21).

PROOF. Part (a) is a special case of Proposition 4.1. Part (b) is a direct consequence
of Proposition 3.2. O

4.3. Initial structures. In this section, we show that, as in Unif, completion com-
mutes with the formation of subspaces and products.

PROPOSITION 4.3. Let (fi: X — Y;)ic be an initial AUnif-source.

(1) The source of canonical extensions ( f, X = Y;)ies is initial too.

) Ifji:Yi— Y; are the canonical injections and if

e:X — [[Yirx— (jio fi(x))icp, 4.7)

iel
then X = e(X).

PROOF. The (categorical) proof (e.g., [9]) of the equivalent statements in Unif, can
be imitated. O

PROPOSITION 4.4. IfY is a subspace of X in AUnif, then ¥ = clg(Y).

PROOF. Apply Proposition 4.3(2) to the embedding i: Y — X. O
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PROPOSITION 4.5. [1ic; Vi = [Tie; Vi

PROOF. Since the source of projections (pr; : [[Y; — Y;)ies is initial, we have by
Proposition 4.3(2), that (closures with respect to [] Y;)

[T¥i=e(TTv) = T1¥: = T1¥% @)

4.4. Hyperspaces. Let (X,d) be a metric space. In [6] it was shown that the hyper-
space CL(X) := {A Cc X | Aclosed} allows a natural approach uniformity generated by
the cop-metrics {dy | H € 2(X)}, where VA,B € CL(X):

dp(A,B) :=sup |d(x,A) —d(x,B)|. (4.9)
xeH

Its uniform coreflection is the Wijsman uniformity (see [1]). We shall show that CL(X) =

CLX).
LEMMA 4.6. Let X be a metric space. Then CL(X) is a dense subspace of CL(X) in
AUnif.

PROOF. In[7, Theorem 1.5],itis shown thati:CL(X) — CL(X):A — clgy Ais adense
embedding in Unif. We only need to show that CL(X) carries the AUnif-subspace
structure with respect to this embedding. Let d denote the metric on X, and let d be
the metric completion.

The initial approach uniformity for the singleton source i is generated by cop-
metrics of the form

di o (ixi)(A,B) = sup |d(x,clg(A)) —d(x,clg(B))], (4.10)

xe
where K is a finite subset of X. If K is a finite subset of X and ¢ > 0, then there exists
a finite subset H C X such that Vx € K, 3y e H: oi(x,y) < &g/2. Then dgo (iXi) <
dy +&. On the other hand, VK € 2 1 dy < dj) o (i X ). O

PROPOSITION 4.7. Let X be a metric space. Then CL(X) = /L(Y)

PROOF. First notice that if Y is complete, then its Wijsman uniformity (which is
the uniform coreflection of CL(Y)) is complete by [7, Theorem 1.5]. Hence CL(Y) is
complete in AUnif. Since CL(X) is a dense subspace of CL(X) (Lemma 4.6), we obtain
by Proposition 4.4 that CL(X) is the closure of CL(X) in CL(X) = CL(X), i.e., CL(X) =
CL(X). O

4.5. Compactification. The Cech-Stone compactification of a topological space can
be described in two essentially different ways: as a closed subspace of a product of
the unit interval [0, 1] and as the underlying topology of the completion of the initial
uniformity for all continuous functions into [0,1] (cf. [2]).

On the analogy of the former description a compactification in AP was defined in [4]
(or [6]) as follows. (Suppose [0,1] is equipped with the usual, i.e., euclidean, approach
structure.) If (X, ) is an approach space, then denote

A (X):={f:X —[0,1]] f is a contraction}. (4.11)
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Suppose X' := [[reg(x)[0,1] is equipped with the product distance 6'. Consider
e:(X,8) - (X,8) : x — (f(x))res+x) and let B*X := e(X) be equipped with the
subspace distance f* 6. The space (S* X, B*6) is called the compactification of (X,9).
This construction generalizes the Cech-Stone compactification in Top.

The alternative description mentioned above can be generalized in the context
AUnif. (Henceforth, suppose [0, 1] is equipped with the usual, i.e., euclidean, approach
uniformity.)

PROPOSITION 4.8. Let (X,0) be a Hausdor(ff uniform approach space. If K* (X) is
the initial approach uniformity for the source

(f: X — [0,1]) pege (x)» (4.12)

and § is the underlying approach space ofm), then (X, 5) =(B*X,B*5).

PROOF. By definition, the source
(f:(X,K*(X))—»[0,1])f€R*(X). (4.13)

is initial. By Proposition 4.3(2) we obtain that (Y,@)) = (e(X),I') where T is the
relativization of product approach uniformity on [0,1]%" ). Consequently (and using
[6, Proposition 4.1]),

(X,8) = (X, A(K*(X))) = (e(X),A(D)) = (B*X,B*5). (4.14)
O

Still on the analogy of the situation in Top and Unif, we have the following corollary.

PROPOSITION 4.9. Let (X,8) be a uniform approach space. Then (X, ) is compact
if and only if (X,K* (X)) is complete.

4.6. Realcompactification. If in the above definition of compactification in AP [0,1]
is replaced by R (equipped with the usual approach structure) and the stars are
dropped (in particular £(X) := {f : X — R | fis a contraction}), then the space
(BX,Bo) is a generalization of the well-known Hewitt-Nachbin realcompactification
in Top (cf. [2]).

Here too, we have an alternative description in terms of completion.

PROPOSITION 4.10. let (X,8) be a Hausdorff uniform approach space. If K(X) is
the initial approach uniformity for the source

(f: X —R)resx) (4.15)

and § is the underlying approach space ofK/()?), then (X,8) = (BX,Bd).

COROLLARY 4.11. Let (X,0) be a uniform approach space. Then (X,0) is realcom-
pact if and only if (X,K (X)) is complete.
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COROLLARY 4.12. Every realcompact uniform approach space is completely uni-
formizable. Every realcompact uniform approach space is AP-complete.

PrROOF. If (X,6) is realcompact, then K(X) is complete and induces . By
Proposition 2.3 we see that (X, ) is AP-complete. O
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