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Abstract. The present paper introduces an analytical ap-storm runoff production through return flow and direct pre-
proach for the description of the soil water balance and runoffcipitation. The variable source area represent the saturated
production within a schematic river basin. The model is portion of the basin that vary dynamically according to the
based on a stochastic differential equation where the rainsoil moisture state of the basin.
fall is interpreted as an additive noise in the soil water bal- Recently, Manfreda and Fiorentino (2008) developed a
ance and is assumed uniform over the basin, the basin heirew model aimed at the definition of the probability dis-
erogeneity is characterized by a parabolic distribution of thetribution of the relative saturation of a basin characterized
soil water storage capacity and the runoff production occursby a parabolic distribution of the soil water storage capac-
for saturation excess. The model allowed to derive the probity. The model stems from previous works carried out, using
ability density function of the produced surface runoff high- a stochastic differential equation, to describe the soil mois-
lighting the role played by climate and physical characteris-ture dynamics at the point scale (e.g., Rgdez-lturbe et al.,
tics of a basin on runoff dynamics. Finally, the model have 1999; Laio et al., 2001; Porporato et al., 2004). The proposed
been tested over a humid basin of Southern Italy proposingcheme includes a number of approximations, but it leads to
also a strategy for the parameters estimation. an interesting framework for the derivation of the main statis-
tics of basin scale variables. Among others, our interest fo-
cused on the behavior of saturated areas over a basin that may
be responsible of the dynamics of runoff generation.

The theory is based on the conceptual model Xinanjiang

Runoff production mechanisms are influenced by several facthat describes watershed heterogeneity using a parabolic
tor such as: the condition of the soil surface and its vegetativé&urve for the distribution of the water storage capacity (Zhao
cover, the soil texture, and the antecedent soil moisture con€t al-, 1980). The Xinanjiang model is a well-known lumped
tent. The role of each of those factors may change accordiny/atershed model widely used in China. Furthermore, the
to the specific climatic conditions. In particular, Hortonian Proposed relationship between the extent of saturated areas

runoff production mechanism (Horton, 1933) for describing @nd the vqlume of water stored in the catchment has driven
storm runoff is more suitable for arid region, where infil- the evolution of a number of more recent models such as

tration capacity is generally lower. In most humid regions, the Probability Distributed Model (Moore and Clarke, 1981;

permeability of the soil is high because the vegetation covefMoore, 1985, 1999), the VIC model (Wood et al., 1992,
protects the soil from rain packing and creates an open soit997; Liang et al., 1994) and the ARNO model (Todini,
structure. Under such conditions, rainfall intensities gener—1996)-

ally do not exceed infiltration capacities and consequently The analytical approach used in the present research of-
Hortonian overland flow does not occur. In humid environ- fers the advantage of providing general class of solutions
ment, the variable source area concept, first introduced bynd significant results of wide applicability, although obvi-
Hewlett and Hibbert (1967), is widely accepted to explain 0usly limited by the unavoidable simplifications adopted to
solve the mathematical problem analytically. The paper pro-
vides a description of the model characteristics introduced
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production is given in the Sect. 3. Results of the model are The total water storage capacity of the basin is obtained

discussed in Sect. 4 that precedes the conclusions. integrating(1— f/ F) betweenW =0 andwmay, Obtaining
WM = max ©)
2 Model description 1+5b
In order to obtain a water balance equation with only one
2.1 Rainfall model state variable, it is necessary to make the hypothesis that the

soil water distribution is known over the basin. In particular,
Rainfall occurrences are modelled by a sequence of instan js possible to assume that the soil water content is redis-
taneous pulses that occur in a Poisson process ofaréite  tributed within the basin cumulating in the areas with lower
time. Each pulse is characterized by a random total deptiej| water storage capacity following the same schematiza-
Y exponentially distributed with meany=a that may be  tion abopted within the Xinanjiang model. The conceptual
considered as the mean daily rainfall since the model is ingchematization of the basin is sketched in Higvhere both
terpreted at the daily time-scale (see Rgdez-lturbe etal.,  the soil water content distribution and the soil water capacity

1999). are described. From this graph, it is also clear that the rela-
The normalized version of the denSity function of rainfall tive saturated areags, are described by the same re|ati0nship
depths can be described as given in Eq. @) wherea correspond to the ratig/ F.
fa(¥) = yerY (1) The watershed-average soil moisture storage at tine
JH Y the integral of - f/F between zero and the actual value of
where y =wmax/@ and wmax is the maximum value of the the water level in the basin schemen;,
water storage capacity in the basin. 14+b
The spatial heterogeneity of rainfall is neglected assumingW: = WM (1 - (1 - %) > : (4)

uniform distribution of rainfall occurring at random in time ) o _ _
over the entire basin. Such an assumption may be more or Under the described schematization, the relative saturation
less reliable depending on climatic characteristics of the are®f the basin,s, expressed as the ratio between watershed-

and the basin size. In general, this hypothesis becomes morverage sqil moisture storage and the total available volume
realistic for river basins of medium/small sizes and in humid ¢&n be defined as

regions. 1+b
s=%:(l—<l—%) ) )
2.2 The variability of the soil water storage capacity over
the basin 2.3 The soil water losses

The soil thickness is assumed to vary over the basin accordfhe function describing the soil water losses represents the
ing to a given distribution. In fact, the heterogeneity in the deterministic part of the stochastic equation describing the
soil water storage capacity was observed to be a controllingoil water balance. It depends on the local value of the soil
factor in the temporal dynamics of soil moisture (Manfreda water content and the maximum rate of soil water losses.
and Rodiguez-lturbe, 2006). For sake of simplicity, the re- The main contributions to soil losses are given by: the actual
maining sources of heterogeneity like pattern of vegetationevapotranspiration and the soil leakage. A possible approxi-
and soil texture variability have been neglected assuming thatation for the sum of this two terms is given by a linear func-
the soil texture as well as the vegetation are uniform over thegion where the soil loss is assumed to be proportional to the
watershed. soil water content (see e.g. Entekhabi and Rpekz-lturbe,
The watershed heterogeneity is described using &l994; Pan et al., 2003; Isham et al., 2005)
parabolic curve for the water storage capacity of the soil

(zhao et al., 1980) L&) =V, x), ©)

b whereL(¢) is the soil water loss relative to the soil saturation
i -1— (1_ i) ) Z(t, x) at timet in the pointx in space, and/ is the water
F Wmax loss coefficient.

The described linear equation was used in several an-
alytical and experimental studies. Among others, Pan et
al. (2003) defined an expression to estimate the valués of
paS a function of the soil permeabiliti(;, and Leaf Area In-
rpex (LAI). They obtained two different expressions in the
two considered study cases

where f/F represents the fraction of the basin with water
storage capacitg W, wmax represents the maximum value
of the water storage capacity in the basin @nid a shape
parameter that according to Zhao (1992) assumes values
tween 0.1-0.4 increasing with the characteristic dimensio
of the basin. The parametércontrols the spatial variabil-
ity of W that increases with larger valuesiofind becomes v =max(1, 12.274+1.06K,—0.88 LAl) Monsoor{90
uniform whenb=0. V=max(1, 6.08+0.40K,—0.51 LAl) Washitd92 Q)
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Fig. 1. Schematization of the basin structure and soil water content distribution. The black line represents the distribution of the soil water
storage capacityly, that ranges from 0 tomay; the blue line depicts the water distribution over the schematic basin whose lewvel js

the dashed line depicts the increasevin; after a rainfall event producing an infiltratidnover the unsaturated portion of the basin, while

the saturated and the becoming saturated portion of the basin will produce a runoff represented by the dashed area of the graph.

whereV is expressed in mm/day arkl; in cm/h. Among  wherel represents an additive term of infiltration and water
the two, the one derived from the Washita '92 data set wadosses are assumed to be proportional to the relative satura-
successfully tested by Manfreda and Fiorentino (2008) in ation of the basin. The advantage to solve the water balance
Mediterranean basin. equation inwm; is that the infiltration rate can be summed as
Since the adopted soil loss function is a linear one, it canan additive term in the stochastic differential equation. After
be generalized at the basin scale using the product betweenrainfall event of deptly, the water levelvm;, in the basin
the relative basin saturation,and the water loss coefficient. schematization increases Bfas long as the rainfall depth
The soil water loss function at the basin scale becomes plus the actualwm, does not exceed the maximum water
" storage capacity of the basinnax. Consequently, the in-
wm; filtration I is equal to the rainfall depth if <(wmax — wm;)
wmax) other wise becomes equal t@max—wm,). The schemati-
zation, in fact, accounts for the upper bound imposed by the
For analytical purposes, the soil water losses can be exsoil saturation.

Ly(wm;) =Vs =V |1-— (1— (8)

pressed as a function of the rafie=""c using an approxi- In the present scheme, the runoff generation occurs when

mated expression in exponential form. In this case, the soitainfall falls over a saturated portion of the basin. This behav-

water losses are expressed as ior is comparable with a Dunne mechanism where the direct

iR precipitation on saturated areas (saturated overland flow) is

Ly <R _ W ) ~ vy (e - 1) (99  adominant runoff generation mechanism (e.g., Hewlett and
Wmax e k-1 Hibbert, 1967; Dunne and Black, 1970).

wherek is a coefficient that has been used to fit the above d T(;‘_e v(\;ater_ bsllance equation can be solved using the stan-
with Eq. @©). This yieldsk=b/ (g_%). ardized variable

. wni;
2.4 The water balance equation R= (11)
Wmax
The water balance equation can be written at the basin scale
. . . . . whereR € [0, 1].
working with the water level in the parabolic reservoir that _
leads to the following stochastic differential equationim; The water balance equation becomes
dwm; dR Y
_7_ = — — (R 12
. 1 —Vs, (10 - — p(R) (12)
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wherep (R) is the standardized soil water loss rate magnitude depends on both the state of the systemR).e.
iR and the rainfall depthy. The runoff production can be de-
_ ¢ 1 ibed through the following equations
p(R)=p (k——l) ; (13)  sen 9 geda
with 8=V /(wmax), that represents the normalized soil water 4 =
loss coefficient. wmax<(lfR)1+h7<lfR7 wn{ax)Hb)
Following Rodiguez-lturbe et al. (1999), the probability ¥ — b ; Y<(I-R)wmax  (17)
density function (PDF) oR can be obtained and solved ana- W1 R
lytically for steady-state conditions. The PDFRfobtained ¥ — =17 —; Y > (1~ R)wmax
using the simplified loss function(R) in the water balance
equation above, becomes where the runoff mechanism switches from a partial con-
tributing area to a total contributing area wh&nexceeds
p(R) = %6‘7’“” At _ the threshold1—R)wmax that is the rainfall amount required
L (14) to saturate the soils with higher water storage capacity.
CekR-D=Ry (gk _1) (kR _1) Mg The above expressions can be inverted as a functigh of
B ) using in the first case a Taylor expansion of the second or-

der around zero, while the second expression can be inverted

whereC is a constant of integration that may be computedWithout any approximation. It follows that

simply imposing the normalizing conditiofal, p(R)dR=1.
Thus,C assumes the following value

Y —
—k
L kL+RI=Ry (k1) (ekR—1) """ S wmax((l R - 1+\/ 2gQ-R | (1-R)P-1) ) 18
c=1/ / dR (15) e Y <(1—R)wmad L)
o p q+4522 (1-R); Y>(1-R)wmax
r[-%]r [x e kx] i) 1—%,1+w.2,%,ek
3 kB AL - _ﬁk) J In order to derive the probability distribution of runoff, one
kf‘r[wﬁ] ’ (16) should integrate the join probability distribution of rainfall,
x; Y, and R over the proper region of the 2-D spaceRnmand
(-1 ® (k-1) Y where the runoff is lower than an assignede.g., Ben-
) ) jamin and Cornell, 1970). The CDF of the runoff assumes
yvhereF[.] is the complete Gamma Functlon_aﬁp[., ool the following expression
is the Hypergeometric Function (Abramowitz and Stegun,
1964).
Po(q) =

The analytical expression of the probability density func-
tion of the standardized variabke(Eq.14) can be used to de-
rive the probability distributions of the relative saturation andd/ / ra-Rrt P(R)g(V)dYdR  (1g)
of the saturated areas of the basin. This is a straightforwar

—Rpyb—1
wmax (1 R 14 ZAART | (1-pyp-1)?

operation when the functional relationships between these g+ emal Ot

variables are determined. Manfreda and Fiorentino (2008) / / p(R)g(Y)dYdR

provide the analytical probability distribution for these two

variables also describing the role played by the model pawhere

rameters on the dynamics of saturated areas as well as rela-

tive saturation of the basin. Rl:} (1—b+ \/b(5+b)2wmax—12(1+b)(2+b)) (20)
v/ bwmax

3 Cumulative probability distribution of runoff
is the value ofR at which there is a transition in the runoff

In the present section, the cumulative probability distribu- production from a partial contributing area to a total con-
tion of runoff is derived within the context of the analytical tributing area. The integration scheme adopted to derive the
framework traced in the previous paragraphs. cumulative probability distribution given above is described
The runoff production mechanisms at the catchment scalén Fig. 2 where the region of values & andY that involve
are mostly controlled by the temporal variability and also by values of runoff lower thag is dashed with different sym-
the spatial variability of rainfall processes (this last is ne- bols in order to differentiate among the two possible runoff
glected in the present study), and by the spatial distributiormechanisms (partial contributing area and total contributing
of soil moisture. In the proposed schematization, the runoffarea).

Nat. Hazards Earth Syst. Sci., 8, 134857 2008 www.nat-hazards-earth-syst-sci.net/8/1349/2008/



S. Manfreda: Runoff generation in a humid river basin

Y [mm)]

¢ [mm/day]

A

=
Y < (1-R) W

1353

artial contributin,
area mechanism

; R

Total contributin;
area mechanism

Y> (1-R) W

Fig. 2. Description of runoff as a function of the rainfall depih,and the state of the basin described by the rﬂ%-

r(q)
0.20

0.15

0.10

0.05

Wnaex = 10 cm
-—- Wiee =40 cm

Wanar = 100 cm
Wne = 150 cm
Rainfall

r(q)
0.20

0.15

0.10

0.05

V =35 mm/day
V = 10 mm/day
V =20 mm/day
V =40 mm/day
Rainfall

mm/day

r(q)
020 p

0.15
0.10

0.05

b =0.1
-- b=0.2
b=0.3
b=04
Rainfall

mm/day
p(@)
0.20 A =0.1 event/day
--- A=02 event/day
0.15 A =0.3 event/day
\ A=0.4 event/day
\ Rainfall
0.10 | |
\
005 ~_\\
——— mm/day
10 20 30 40 50 60
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Fig. 4. Time series of the recorded streamflow over the period 1961-1971 at the station of “Le Tempe” of the Agri basin, a humid catchment
of 174 kn? located in Southern Italy(a) the graph describes the two components of the streamflow: the baseflow (colored in light blue)
computed using the physically based filter proposed by Furey and Gupta (2001) and the second relative to the surface runoff (colored in

green);(b) runoff production over the considered temporal window obtained as the difference between the recorded streamflow and the
computed baseflow.

p(q) 4 Results and discussion
030 The probability density functions (PDFs) of runoff, obtained
by derivation ing of Eq. (19), are plotted in Fig. 3 using dif-
025 ferent set of parameters. In particular, PDFs are obtained
0.20 adopting a given set of climatic and physical parameters
0.15 changing the characteristics of the soil water storage capac-
0.10 ity through the parameters maximum water storage capacity,
’ wmax and exponent in the first and second graph of Fig. 3
0.05 (top-left and top-right). The third and fourth graphs describe
mm/day the effects due to the soil water loss coefficie¥it,and the
50 60 rainfall rate, A, on the runoff dynamics. In each of those

graphs, the PDF of rainfall amount is also plotted in order

Fig. 5. Probability density functions of the runoff (red full circles) to better understand the rainfall/runoff dynamics within the
and the rainfall (green full circles) measured over the Agri basindescribed scheme.

at “Le Tempe” (Southern Italy) during the period 1961-1971. The It can be noticed that the runoff production during a rain-
continuous and the dashed lines represents the theoretical distrib

. ) ) i fall event is slightly affected by the maximum water storage
tion of rainfall depths and runoff computed with the following pa- . . L . -

o _ _ _ capacity of the basin, but it is particularly sensitive to the spa-
rameters:1=0.43 event/dayx=10.1 mm,V=6.24 mm/dayp=0.39 ialh . fth . f the basi
and finallywmaxis assumed equal to 198 mm. tial heterogeneity of the water storage capacity of the basin

represented by the parameter This result is certainly due

to the fact that the dynamics of expansion and contraction of
the portion of saturated areas (source of runoff) is strongly
controlled by the parametér(see Manfreda and Fiorentino,
2008).
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Among others, the parameter that seems to play a majographic index,W;, computed from a digital elevation model
role in the dynamics of runoff production is the coefficient of (DEM) at 240m of resolution. The procedure is based
soil water loss that depends on evapotranspiration and leaken the hypothesis that the cumulative frequency distri-
age losses of the basin (Fig. 3 bottom-left). Finally, the pa-bution of the so called index of runoff generation diffi-
rameteri also affects the runoff production being a control- culty (IRDG=(ma{W;]—W;)/(maq{W;]— min[W;])) can
ling factor for the characteristic climate of the basin (Fig. 3 be used in place of the parabolic curve of soil water stor-

bottom-right). age capacity of the Xinanjiang model. Under this hypoth-
esis one can estimate the shape parametiitting Eq. 2
4.1 Model application to a real case with the cumulative frequency distribution of IRDG obtain-

ing an estimate 06=0.39. Finally considering the small in-

The proposed probability distribution of runoff production fluenced p|ayed by the parametefax, this last parameter
may be used and applied to a real case to predict the dywas defined taking an average value in the range of variabil-
namics of a hydrological system given the climatic forcing ity (166 mm—222 mm) defined by Zhao (1984) and Zhao and
and the physical characteristics of the basin. In particularywang (1988).
parameters and can be easily defined from rainfall data  The obtained probability distribution of surface runoff pro-
at the daily scale, while the remaining parameters requiresjides a realistic interpretation of the dynamics of a real river
information on the soil permeability, vegetation cover, and pasin as one can appreciate comparing the theoretical func-
topography. tion of rainfall and runoff to the ones obtained from data mea-

In the present section, an application to a study basin okured over the Agri River Basin at the station of Le Tempe
Southern Italy is presented in order to describe a possible eqFig. 5). This example is given not with the aim to fit the ob-
timation strategy for the model parameters. The challenge isained probability distribution to the measured one, but only
to define those parameters starting from the available physto demonstrate the consistency of the model outcomes when
ical information of the basin avoiding to fit the theoretical compared with a real case.
distribution on the observed probability distribution of sur-
face runoff. .

The basin studied is the Agri basin closed at Le Tempe® Conclusions

where a time series of 11 years of streamflow is available

(see Fig. 4a). This record is necessary to test the model cod—n the present paper, a new approach is introduced to describe
sistency in the description of runoff pruduction. It necessaryanalytic"’IIIy thg relative sqil saturation of ariver pasin an_d th?
to remark that the probability density functions refer to the rynoff gen_ergtlon d'ynam|c.s. The methoq prowdgs a simpli-
r{led description of river basin characteristics, but includes the
%ﬁect of spatial variability of water storage capacity adopt-
ing the same schematization used by Zhao et al. (1980) for

time series of streamflow. One possible strategy is to apply a

mathematical filter to remove the baseflow component fromthe Xlnanuang _mod_el._ . . . .
The probability distribution of runoff describes in a feasi-

the time series. The surface runoff data was estimated aRBIe way the real dvnamics of the svstem hiahliahting the role
plying the physically-based mathematical filter proposed by Iayedyby the diffé/rent parameter)s/ controlﬁnggthe Soil water

Furey and Gupta (2001) to streamflow data considering th ) . L

the overland flow coefficient;, and the recharge coefficient, 0SSes of a basin, the rat_e O.f ram_fall and Fhe characteristics of

¢3, of the model variable from month to month following to the soil water storage_wnhm a river basin. It was observed

the work of Manfreda et al. (2003). The results of the math—th_at the runoff pro_ducuo_n may be s_trongly_cor)trolled by th_e

ematical filter are displayed in Fig. 4 where the Computeolcllmate of the basm,.whlle the spatial distribution of the soil
water storage capacity plays a secondary role that apparently

baseflow is displayed in light blue. The runoff time series tacted by the het itv of soils that d d
are obtained as the difference between the streamflow anff MO allected by the heterogeneity of Soils that depends

the baseflow during the days where a rainfall event occurred” e exponent of Eq. 2) rather than the maximum water
(see Fig. 4b). storage capacityymax.

Parameters of the theoretical distribution have been com- In the present model the soil water storage distribution is

puted exploiting the available information on the Agri River assumed as a parabolic function with a minimum in zero,

basin. Rainfall parameters have been estimated from rain--rhIS imply that the relative saturated areas that are respon-

fall records during the wet season (October—March), the paagfefiﬁgea;iz(ﬂ Ft)i:;)r??r?:(:gt:roef ?vaii‘/fsishghjarl ttgat?];?;?é
rameterV is estimated from the equation obtained by Pan et P d

al. (2003) for the Washita’92 dataset (Eq. 7) using the meanOf rainfall that is a realistic assumption for humid environ-

permeability &,=2.40 cm/h) of the basin and the mean Leaf ments. Nevertheless, the approach can be generalized adopt-
Area Index (LASI:1.56) computed over the wet season ing a parabolic function translated of a constant value in or-
The parameteb.was fittepd using the method prop.osed der to obtain a distribution of soil depths bounded between

by Chen et al. (2007) exploiting the TOPMODEL topo- two non zero-values.

www.nat-hazards-earth-syst-sci.net/8/1349/2008/ Nat. Hazards Earth Syst. Sci., 83549008
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6 Notation
a fraction of saturated areas [dimensionless].
C constant of integration [dimensionless].
., ... .] Hypergeometric Function.
f/F saturated portion of the basin [dimensionless].
I'[.] complete Gamma Function.
1 infiltration [cm].
Ly(R) soil water loss function at the basin scale [cmp
R= ;j’f;x relative water level in the basin [dimensionless].
s relative saturation of the basin [dimensionless].
k coefficient of the simplified soil water loss function used to fit EB).[dimensionless].
w water storage capacity at a point [cm].
Wi wetness index [In(m)].
Wmax maximum value of the water storage capacity in the basin [cm].
wn; water level in the parabolic reservoir [cm].
W; total water content [cm].
Vv water loss coefficient [cmh].
B=V/(wmax) is the normalized soil water loss coefficient [dimensionless].
Y =Wmax/o is the normalized mean rainfall depth [dimensionless].
o mean depth of rainfall events [cm].
A rainfall rate per unit time [d*].
p(R) simplified water loss function.
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