
A  SEMIEMPIRICAL  FOR MULA  FOR  THE  AN GU LAR  DIF FER EN TIAL
NUM BER  ALBEDO  OF  LOW-EN ERGY  PHO TONS

by

Srpko MARKOVI], Vladan LJUBENOV, and Rodoljub  SIMOVI] 

Re ceived on July 12, 2005; ac cepted on Sep tem ber 25, 2005

Low-en ergy pho ton re flec tion from wa ter, alu minium, and iron is sim u lated by the
MCNP code and re sults are com pared with sim i lar Monte Carlo cal cu la tions. For the
en ergy range from 60 to 150 keV and for the nor mal in ci dence of ini tial pho tons, a
uni ver sal shape of the nor mal ized an gu lar dif fer en tial num ber albedo is ob served and
af ter that fit ted by the curve fit ting pro ce dure in form of a sec ond or der poly no mial
over the po lar an gle. Fi nally, a one-parametar for mula for the an gu lar dif fer en tial
num ber albedo is de vel oped and ver i fied for wa ter through the com par i son of re sults
with the semiempirical for mu lae and Monte Carlo cal cu la tions of other au thors.
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IN TRO DUC TION

It has al ready been pointed out in ra di a tion
pro tec tion lit er a ture that X-ray di ag nos tic tech -
niques ir ra di ate the global pop u la tion by more than
90% and that, from the point of view of ra di a tion
pro tec tion, there is plenty of room for a sig nif i cant
col lec tive dose re duc tion in med i cal di ag nos tics. In
or der to es tab lish a qual i fied es ti ma tion of in di vid -
ual and col lec tive ex po sures and ad e quate ra di a tion
pro tec tion mea sures, there is a con stant need for a
good knowl edge of the space, an gle and en ergy dis -
tri bu tion of re flected ra di a tion. Apart from  ex per i -
men tal in ves ti ga tions in this field, at least some of
these stud ies are the o ret i cal by na ture, mostly those
con cern ing  the prob lem of low-en ergy pho ton re -
flec tion [1, 2].

In the past half a cen tury, the in ter est of the sci -
en tific com mu nity  has been mainly fo cused on the
high en ergy do main of neu tron and pho ton ra di a -
tion in close agree ment with the typ i cal en ergy re -

gions of ra di a tion from nu clear power plants, dif fer -
ent ex per i men tal nu clear fa cil i ties and fa cil i ties
des ig nated  for spe cific mil i tary pur poses. There -
fore, the high en ergy do main has been the prime
sub ject of anal y sis in a num ber of mono graphs
[3-5], and ear lier sci en tific pa pers [6, 7]. In ter est in
the pho ton en ergy do main be low or around 100
keV may be re garded as a re li able sign of  huge prog -
ress in nu clear med i cal prac tice. In the o ret i cal stud -
ies, the Compton scat ter ing for pho tons with en er -
gies be low 100 keV may be treated with some
sim pli fi ca tion, for in stance, in the Thomspon form
which al lows the de ter mi na tion of re flected pho -
tons or pho ton albedo co ef fi cients by an a lyt i cal or
semianalytical meth ods [8, 9]. In this man ner, it was
pos si ble to de ter mine dif fer en tial or in te gral albedo
co ef fi cients by means of sim ple an a lyt i cal func tions.
More over, some help ful  redefinitions in the realm
of the o ret i cal stud ies of  albedo co ef fi cients were
taken into ac count [10, 11].

In this pa per, we pro pose a new semiempirical
ex pres sion for the de ter mi na tion of the an gu lar dif -
fer en tial num ber albedo for low-en ergy pho tons.
In stead of fol low ing a com mon albedo con cept
based on the com bi na tion of pho ton sin gle scat ter -
ing and mul ti ple scat ter ing com po nents which
leads to the two-pa ram e ter for mula, we make use of
the ad van tage that  the nor mal ized an gu lar dif fer en -
tial num ber albedo is a uni ver sal func tion for wa ter,
alu minium, and iron in the en ergy range from 60  to 
150 keV, and de rive an one-pa ram e ter an a lyt i cal for -
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mula. Aside from sim pli fy ing ap pli ca tion, the val -
ues cal cu lated by this ex pres sion are also in very
good agree ment with the Monte Carlo sim u la tion
data. 

PHO TON NUM BER ALBEDO 

The pho ton albedo de notes the ra tio of the
flow rate of pho tons emit ted from a small por tion of 
the sur face to the flow rate of the pri mary pho tons
in ci dent upon that sur face [5, 12]; in this way, it ar -
tic u lates the re flect ing fea tures of a sur face. It is ob -
vi ous that re flec tion does not strictly sup pose
merely the sur face scat ter ing of pho tons, but pre -
sumes,  pri mar ily, pho ton pen e tra tion through the
ma te rial and its in ter ac tions with nu clei and elec -
trons. In stead of the ex act de ter min is tic or sto chas -
tic treat ments of pho ton trans port and re flec tion
which com prise the spa tial, en ergy and an gu lar dis -
tri bu tion of ini tial and back scat tered pho tons, as
well as the struc tural char ac ter is tics and ge om e try of 
the re flect ing ma te rial, as a sim pli fied tech nique, the 
albedo method is based on some quite cor rect as -
sump tions:
– the dis tance be tween points of pho ton en try and

pho ton emer gence is ne glected. This is an ac cept -
able sim pli fi ca tion for ra di a tion shields with di -
men sions greater then a few mean free paths and
for in ci dent pho tons with  a more or less con stant 
in ten sity in lat eral di rec tions,

– re flect ing ma te ri als are plane, ho mo ge neous and
in fi nite in thick ness and lat er ally, i. e., they can be
geo met ri cally mod eled as a half-space. If the fi -
nite thick ness of the re flec tor is greater then two
mean free paths, this as sump tion is fully ad e -
quate, and

– air-scat ter ing  may be ne glected.

Ba sic def i ni tions

The pho ton albedo is de fined on the prem ise
that a broad beam of par al lel and monoenergetic
ini tial pho tons, char ac ter ized by en ergy E0 and po -
lar an gle q0, im pinge the bound ary sur face of the
ma te rial, and that the re flected pho tons emerge
from the sur face with en ergy E, and di rec tion de -
fined by the po lar an gles q and the az i muthal an gle
j. Here, the in ci dent po lar an gle q0 is mea sured in
agree ment to the sur face in ward nor mal, while the
exit po lar an gle q is de ter mined with re spect to the
out ward nor mal. As for the value of the pho ton
albedo, there is full equiv a lence be tween the two
sim i lar monoenergetic re flec tion prob lems: one in -
duced by a broad par al lel beam of the ini tial pho -
tons and the other pro duced by the ini tial
monodirectional beam. 

The dou ble an gu lar-en ergy dif fer en tial num -
ber albedo is given as a ra tio be tween pho ton num -
ber flow rates
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In eq. (1), J0 and J1 stand for the in ci dent and
out go ing flow rates, while F0 and F1 de note the
fluxes of the in ci dent and re flected pho tons.

The an gu lar dif fer en tial num ber albedo is de -
fined as an in te gral of  aN(E0,q0;E, q,j) over all en -
er gies
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Sim i larly, the to tal num ber albedo a EN ( , )0 0q
is de fined as an in te gral of the an gu lar dif fer en tial
num ber albedo a EN ( , ; , )0 0q q j
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In the case of ini tial pho ton nor mal in ci dence,
q0 = 0°, albedo val ues do not de pend on the az i -
muthal an gle j, i. e., the re flected pho tons are
azimuthally in de pend ent. How ever, albedo val ues
rely on the po lar vari able, ini tial pho ton en ergy and
the phys i cal na ture of the re flec tor.

Cal cu la tion of the pho ton albedo
by the Monte Carlo method

In or der to ana lyse the pho ton albedo prob lem
and es tab lish a new ex pres sion for the an gu lar dif fer -
en tial num ber albedo, we have com puted  the dou ble 
an gu lar-en ergy dif fer en tial pho ton albedo of a ho -
mo ge neous semi-in fi nite me dium sep a rated from
the void by a plane sur face. We have con sid ered wa -
ter, alu minium, and iron ma te ri als and have ap plied
the Monte Carlo sim u la tion. The MCNP-4C code
[13] is used with the stan dard pho ton nu clear data li -
brary MCPLIB2. The data for the re flected pho tons
are col lected in 9 an gu lar and up to 20 en ergy groups
for per pen dic u larly in jected pho tons of the ini tial en -
ergy in the range from 40 to 1000 keV. Sim u la tions
have been re al ized with 108 or 109 pho ton his to ries,
re sult ing in a sta tis ti cal un cer tainty of less than 1%
for the to tal num ber albedo co ef fi cient and less than
10% for each an gu lar-en ergy in ter val. The num ber
of  en ergy groups for each sim u la tion was cho sen ac -
cord ing  to the ini tial pho ton en ergy, in or der to en -
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sure the re quired sta tis ti cal uncertainity of the re sults. 
Here, we dem on strate a por tion of the re sults  con -
cern ing  the an gu lar dif fer en tial num ber albedo and
the to tal num ber albedo.

The an gu lar dif fer en tial num ber albedo for
the three ma te ri als and per pen dic u larly in jected
pho tons of 60 keV ini tial en ergy is shown in fig.1.
Our re sults (solid sym bols) are com pared with the
Monte Carlo cal cu la tions of other au thors (open
sym bols) [3]. For wa ter and alu minium, the agree -
ment be tween the two Monte Carlo sim u la tions is
sat is fac tory, with a rel a tive dif fer ence of around
10%, while the dis crep ancy for the iron ma te rial has 
proven to be greater (the rel a tive dif fer ence be ing
about 20%). This in con sis tency should mainly be
at trib uted to the un even an gu lar-en ergy in ter vals of
the com pared sim u la tions and the mod est sta tis tics
of the Monte Carlo tech niques in [3].

For the same ma te ri als in the en ergy range of
20 keV up to 1000 keV, the to tal num ber albedo 
a EN ( , )0 0q   is shown in fig. 2. Again, our re sults are
pre sented  by solid sym bols, while the open sym bols
stand for wa ter and iron data of the other au thors [4].
The agree ment be tween our sim u la tions and the ref -
er ence data is al most per fect. For ex am ple, in the case
of wa ter, the rel a tive dis crep ancy of the re sults is
around 2% for en er gies be low 200 keV, and a few per 
mille for pho ton en er gies be tween 200 keV and
1000 keV. A sim i lar con clu sion is valid for iron, but
with a slightly weaker con gru ence of re sults than for
wa ter. 

A SEMIEMPIRICAL FOR MULA
FOR THE PHO TON ALBEDO

In or der to de rive a sim ple an a lytic ex pres sion
for ap prox i mat ing the nu mer i cal val ues of the an gu lar
dif fer en tial num ber albedo, we have to use the pre cise
nu mer i cal data of the back scat tered ra di a tion for se -
lected ma te ri als and spec i fied en ergy ranges. For this
pur pose, we have ap plied only a part of our MCNP
sim u la tion data for wa ter, alu minium, and iron ma te -
ri als, as well as a part from a more com pre hen sive set
of data for the same ma te ri als ac quired by the Monte
Carlo sim u la tion and for the three ini tial pho ton en er -
gies: 60 keV, 100 keV, and 150 keV [4]. More over, we
have re duced our anal y sis to the case of nor mal in ci -
dence (q0 = 0°).

In fig. 3, the an gu lar dif fer en tial num ber
albedo is pre sented in the form of full and dashed
lines so as to em pha size the shape of  the an gu lar de -
pend ence of these func tions. One can note a strong
de pend ence of the an gu lar dif fer en tial num ber
albedo on the type of ma te rial and ini tial pho ton en -
ergy. As a con se quence of this com mon ten dency,
the semiempirical for mu lae pre vi ously ob tained by
fit ting the cor re spond ing set of albedo data [3-5, 7,

12], have suf fered from  the large num bers of en ergy 
and ma te rial de pend ent fit ting pa ram e ters.

There fore, we pro pose a more sim pli fied tech -
nique based on the uni ver sal form of the nor mal ized 
albedo func tion, in stead of  the albedo func tion it -
self.
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Fig ure 1. An gu lar dif fer en tial num ber albedo of wa -
ter, alu minium, and iron for pho ton ini tial en ergy of
60 keV. Com par i son of our Monte Carlo re sults
(solid simbols) with the Monte Carlo sim u la tions in
[3] (open simbols)

Fig ure 2. To tal num ber albedo of wa ter, alu minium
and iron for pho ton ini tial en er gies from 20 keV to
1000 keV



The nor mal ized an gu lar dif fer en tial
num ber albedo

If the data on the an gu lar dif fer en tial num -
ber albedo ob tained by the Monte Carlo sim u la -
tions are nor mal ized to the unit value of the pho -
tons re flected per pen dic u larly back ward, which
cor re sponds to the zero value of the po lar an gle
(q0 = 0°), albedo func tions as sume an al most uni -
ver sal form. For ex am ple, the three dis tinct curves 
de scrib ing pho ton re flec tion from wa ter (pre vi -
ously, fig. 3), co alesce al most en tirely, if drawn in
the nor mal ized form (fig. 4). Ex cept for the po lar
an gle q » 90°, when the dif fer en tial an gu lar num -
ber albedo has the low est val ues any way, the dif -
fer ences be tween the curves in fig. 4 are around
1-2%, or less.

Sim i larly, the nor mal ized an gu lar dif fer en tial
num ber albedo for all three ma te ri als stud ied here,
and for the same ini tial pho ton en ergy of 60 keV,
are pre sented in fig. 5. In con trast to the em pha -
sized dif fer ences be tween the three cor re spond ing
curves in fig. 3, it is, once again, ev i dent that the
three curves in fig. 5 are very close to each other.
How ever, as the albedo value is pre dom i nately in -
flu enced by the struc ture of rel e vant ma te ri als, the
rel a tive dif fer ences among the curves are more pro -
nounced than in fig. 4. If one takes the nor mal ized
an gu lar dif fer en tial num ber albedo of alu minium
as an ac cept able ref er ence value, the rel a tive dif fer -
ences of wa ter data fall within  3% and the data for
iron within the in ter val of 6%.

In ad di tion, it has been ver i fied that the rel a -
tive dif fer ences of nor mal ized albedo func tions for
wa ter, alu minium, and iron do not change es sen -
tially within the range of se lected ini tial pho ton en -
er gies. There fore, the same uni ver sal form of  a nor -
mal ized func tion may be pro posed for all three
ma te ri als and en ergy ranges from 60 to 150 keV.
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Fig ure 3. An gu lar dif fer en tial num ber albedo of wa -
ter, alu minium, and iron for pho ton ini tial en er gies of 
60 keV, 100 keV, and 150 keV [3]

Fig ure 4. Nor mal ized an gu lar dif fer en tial num ber
albedo of wa ter for pho ton ini tial en er gies of 60 keV,
100 keV,  and 150 keV

Fig ure 5. Nor mal ized an gu lar dif fer en tial num ber
albedo of wa ter, alu minium, and iron for pho ton ini -
tial en ergy of 60 keV



For mula for the an gu lar dif fer en tial
num ber albedo 

Sup pos ing the uni ver sal form of the nor mal -
ized an gu lar dif fer en tial num ber albedo  for the per -
pen dic u lar in ci dence of the ini tial pho tons, we can
ex press a EN ( , ; )0 0 0q q= °  as a prod uct of two func -
tions with the en ergy vari able E0 sep a rated from the 
an gu lar vari able q

a E A E fN ( , ; ) ( ) ( )0 0 00q q q= ° = (4)

Here, we as sume that the an gu lar com po nent
f(q) is a poly no mial of the sec ond or der over  q
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k
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2
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In eq. (5), the po lar vari able q is mea sured in
ra di ans and co ef fi cients ak have the val ues of 
a0=1.0072 , a1= -0.059532 and a2=  -0.38169.
These co ef fi cients are de ter mined by deal ing with
the nor mal ized Monte Carlo sim u la tion data for
alu minium, and 100 keV ini tial pho tons [3], while 
ap ply ing the least square curve fit ting pro ce dure.

From eqs. (3) and (4), it is easy to de rive the
en ergy de pend ent co ef fi cient A(E0) by us ing the to -
tal num ber albedo a EN ( , )0 0 0q = °
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In tab. 1, for pho ton en er gies of 60 keV up to
200 keV, re gard ing all three ma te ri als,  the nu mer i cal
val ues of the to tal num ber albedo a EN ( , )0 0 0q = °
de ter mined by the MCNP-4C code are given, as well
as the cal cu lated co ef fi cients A(E0).

Com par i son of re sults

We com pare our re sult, eqs. (4-6), with some
semiempirical ex pres sions al ready well known [3,

4]. These ex pres sions are de rived as sum ing that the
pho ton re flec tion, on the whole, should be given by
a lin ear com bi na tion of the terms for sin gle-scat -
tered and many-scat tered pho tons. One of the most
straight for ward for mu lae for the an gu lar dif fer en -
tial num ber albedo is
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where K EE s( , )0 q   is the Klein-Nishina en ergy scat -
ter ing cross-sec tion for pho tons and  qs is the scat ter -
ing an gle which is de fined by cos qs = -cos q for the
nor mal in ci dence of ini tial pho tons. The two pa -
ram e ters CN and ¢CN , which come from a fit of the
for mula (7) to ex per i men tal or Monte Carlo data,
are tab u lated for dif fer ent ma te ri als and var i ous ini -
tial pho ton en er gies [3].

A more ef fi cient vari ant of formula (7) has
also been pro vided in lit er a ture [4]
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In eq. (8), K EN s( , )0 q  is the Klein-Nishina num -
ber scat ter ing cross-sec tion, Hp is the Chandrasekhar
func tion tab u lated pre cisely for the dif fer ent val ues of cos 
q and pa ram e ter p ( p is the ra tio of  the pho ton scat ter ing 
cross-sec tion and the pho ton to tal cross-sec tion). For se -
lected val ues of E0 and for a num ber of com mon ma te ri -
als, the val ues of AN  and BN  fit ting co ef fi cients can be
found in ta bles [4].

In fig. 6, we com pare the val ues of the an gu lar
dif fer en tial num ber albedo ob tained by the Monte
Carlo sim u la tions and by dif fer ent semiempirical for -
mu lae for wa ter and ini tial pho ton en ergy of 60 keV.
Full lines rep re sent our semiempirical re sult, eqs.
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Ta ble 1. The val ues of to tal num ber albedo a EN( , )0 0 0q = °  and co ef fi cient A(E0)

E [keV]
Water Aluminium Iron

aN ( , )E0 0 0q = ° A(E0) aN ( , )E0 0 0q = ° A(E0) aN ( , )E0 0 0q = ° A(E0)

200 0.4182 0.1300 0.2907 0.0904 0.1092 0.0339

100 0.4001 0.1244 0.2163 0.0672 0.0444 0.0138

80 0.3734 0.1161 0.1731 0.0538 0.0302 0.0094

60 0.3192 0.0992 0.1141 0.0355 0.0162 0.0050



(4-6), and solid cir cles stand for our sim u la tions
done by the MCNP code. The re sults of the Monte
Carlo sim u la tions [3] are given by the open cir cles,
and the two other semiempirical ex pres sions, eqs.
(7-8), which come from ref er ences [3] and [4], are
pre sented by the cross and star sym bols, re spec tively.
It is ev i dent that, for wa ter and 60 keV ini tial pho -
tons, our for mula (4) is in full agree ment with the
Monte Carlo sim u la tion [3], in spite of the fact that
the nor mal ized uni ver sal func tion f(q) has been ob -
tained by fit ting the Monte Carlo sim u la tion data [3]
for alu minium at 150 keV. Un ex pect edly, the agree -
ment be tween this sim u la tion data and the val ues ob -
tained by the ref er ent for mula (7) is rather poor, es -
pe cially for the small re flec tion an gle q » 0. It should
be em pha sized that the for mula (7) has also been ob -
tained by fit ting the same set of data [3].

How ever, our MCNP sim u la tions agree quite
well with the more so phis ti cated ref er ent expression
(8) and dif fer for about 10% from the old Monte
Carlo sim u la tions [3]. We have al ready ex plained that 
the dis agree ment be tween the two Monte Carlo sim -
u la tions co mes from the dif fer ent pre set an gu lar-en -
ergy in ter vals, as well as the mod est sta tis tics re lated
to the older one. More over, our sim u la tion seems ap -
proved by the re sults of the ad vanced expression (8)
and this anal y sis points to the con clu sion that our
albedo for mula should be based on our new MCNP
sim u la tion data, rather than on the older data ob -
tained from lit er a ture.

CON CLU SION

Con trary to the al ready ex ist ing two-pa ram e -
ter for mu lae, eqs. (7, 8), the semiempirical for mula
(4) de rived in this pa per is a one-pa ram e ter func -
tion. It pro vides a clear an a lyt i cal means for cal cu lat -
ing the an gu lar dif fer en tial num ber albedo pre cisely
enough for most en gi neer ing pur poses. Com pared
to for mula (7), it is more sim ple and more ac cu rate,
while in re la tion to expression (8), it is more
self-suf fi cient, de pend ing en tirely on the A(E0) pa -
ram e ter given in tab.1. How ever, for mula (4) is re -
stricted to a nor mal in ci dence of ini tial pho tons and
the lim ited en ergy range from 60 to 150 keV. To re -
move these re stric tions as much as pos si ble, we need 
to in ves ti gate a more gen eral re flec tion prob lem re -
lated to the oblique pho ton in ci dence in the larger
en ergy in ter val by means of the Monte Carlo sim u -
la tion.
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Srpko MARKOVI], Vladan QUBENOV, Rodoqub SIMOVI]

JEDNA  SEMIEMPIRIJSKA  FOR MULA  ZA  DIFERENCIJALNI
BROJNI  ALBEDO  NISKOENERGETSKIH  FOTONA

Pomo}u MCNP programa simulirana je refleksija niskoenergetskih fotona od vode,
aluminijuma i gvo`|a i rezultati su upore|eni sa vrednostima Monte Karlo prora~una. U
energetskom podru~ju od 60 do 150 keV i za normalni upad inicijalnih fotona, uo~en je zajedni~ki
oblik normiranog diferencijalnog brojnog albeda kome je fitovawem data forma polinoma
drugog reda po polarnom uglu. Potom je izvedena jednoparametarska for mula za diferencijalni
brojni albedo koja je za refleksiju fotona od vode potvr|ena pore|ewem rezultata sa
semiempirijskim formulama i rezultatima Monte Karlo prora~una drugih autora.

Kqu~ne re~i: refleksija fotona, diferencijalni brojni albedo, Monte Karlo metoda, 
jjjjjjjjjjjjjjjjjjjjjjjjsemiempirijska for mula


