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  Critical path method plays an important role on managing medium to large-scale problems. It is 
often difficult to determine the critical path for different reasons such as the existing 
uncertainties in processing tasks.  One alternative to handle the uncertainty associated with the 
processing time is to use fuzzy techniques. We present a new method to calculate the critical 
path method when the processing times follow trapezoidal fuzzy numbers. The proposed model 
of this paper does not use any defuzzification technique to find the final processing time. The 
implementation of the proposed model is compared with other techniques using a well-known 
example from the literature.  
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1. Introduction 
During the past few decades, there have been tremendous efforts for providing sophisticated 
techniques to manage scheduling of projects. In fact, project scheduling is one of the key items for the 
success of a project. Critical path method (CPM) is an essential tool to determine the total time 
needed to complete a project (Dean, 1985). CPM splits a project into different activities where each 
one needs a certain amount of time to complete and determines the critical path based on backward 
and forward computations. However, the results of a simple implementation of CPM may change 
since the processing time for each activity could be subject to uncertainty. In other word, when the 
processing time of a particular activity changes, the critical path may change as well. There are 
different techniques to handle uncertainty in CPM problem such as program evaluation review 
technique (PERT) and graphical evaluation review technique (GERT) (Kerzner, 2003). In the first 
method, PERT, the processing times associated with different activities normally follow a probability 
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distribution while in the second method, GERT, the outcome of an activity is uncertain. There are 
literally various methods similar to PERT method when the processing times are studied with 
uncertainties.  Bertsimas and Sim (2003) developed a robust technique to handle the uncertainty and 
examined their method on CPM problems.  Ben-Tal and Nemirovski (2000) used an interior based 
method to handle the uncertainty for linear programming problems. These method have become 
popular approaches and there are various applied works associated with them (Sadjadi & Omrani, 
2008; Gharakhani et al., 2010). The other method to handle the uncertainty is to use fuzzy 
programming (Zadeh, 1965). Fuzzy technique is more suitable when we do not have a previous 
experience on the input data and the data is derived based on expert's insight. Chanas and Zieliński 
(2001) presented two techniques for the calculations of the path degree of criticality.  Dubois et al. 
(2003) presented fuzzy intervals model with uncertain durations of tasks for CPM problem based on 
possibility theory. Zieliński (2005) proposed a method to compute the intervals of possible values of 
the latest starting times and floats of activities in the networks with imprecise durations, which are 
expressed by either interval or fuzzy numbers. The method is polynomial and it is more suitable to 
determine the latest starting times for a general network. Lin and Yao (2003) presented a fuzzy CPM 
based on signed-distance ranking and statistical confidence-interval estimates. Shahsavari pour et al. 
(2010) studied fuzzy CPM problem and presented a method where the approach does not need any 
defuzzification technique in any part of the implementation of their algorithm. This paper presents 
another fuzzy CPM where the processing times of all activities follow trapezoidal fuzzy numbers.  

The organization of this paper first presents problem statement in section 2. Section 3 explains the 
proposed algorithm and the implementation of the proposed model is illustrated using a numerical 
example. Finally, concluding remarks are given in the last section to summarize the contribution of 
the paper.  

2. Problem statement 

Consider a network with different tasks where each task has a processing time, which follows fuzzy 
value. The proposed model of this paper uses trapezoid fuzzy number ܣሚ with the following 
membership function for each activity,  
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Fig 1. Shows the details of the trapezoid number with ܣሚ ൌ ሺܽଵ, ܽଶ, ,ߙ  .ሻߚ

 

Fig. 1. Trapezoid number ܣሚ 
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According to Zadeh (1965), two trapezoid fuzzy numbers ܣሚ ൌ ሺܽଵ, ܽଶ, ,஺ߙ  ஺ሻ andߚ
෨ܤ ൌ ሺܾଵ, ܾଶ, ,஻ߙ ሚܣ ஻ሻ are added asߚ ൅ ෨ܤ ൌ ሺܽଵ ൅ ܾଵ, ܽଶ ൅ ܾଶ, ஺ߙ ൅ ,஻ߙ ஺ߚ ൅  ଵ஺ andݔ ஻ሻ. Letߚ
 ଶ஻ be two fuzzy numbers whichݔ ଵ஻ andݔ ሚ andܣ ଶ஺ be two fuzzy numbers which are associated withݔ
are associated with ܤ෨ . In order to compare two numbers we first calculate the following for addition 
of two numbers, 
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where ݕ א ሺ0,1ሻ. In order to compare two fuzzy numbers we add an arbitrary number ߣ א ሺ0,1ሻ to ݕ 
and smaller values are desirable values. Fig. 2 shows two fuzzy numbers. 

 

Fig. 2. Two fuzzy numbers 

In order to compare two trapezoid numbers we first compare ݔଶA  and ݔଶ஻computed by Eq. (3) for a 
given ݕ and we increase ݕ by ݕ ൅  and the process is repeated several times while we consider ߣ
bigger numbers and choose the one with higher number of bigger numbers. In case we do not reach to 
a conclusion we use ݔଵA and ݔଵB. The details of the comparison between fuzzy numbers are given in 
fig 3. 

 3. Proposed method 

Let ݊ be the number of nodes and ܣ௡ൈ௡ ൌ ሾܽ௜௝ሿ be the connection matrix with the following 
notations, 

⎩
⎨
⎧

=
otherwise0

 arc starts  node if1 ji
aij  (4)

According to Eq. (4), when there is a connection between node ݅ and node ݆ then we have ܽ௜௝ ൌ 1. 
Once all processing times are calculated based on the trapezoid numbers and the necessary 
calculations are performed using the method explained in Fig. 3 we calculate the path using the 
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procedure explained in Fig 4. The implementation of the proposed model is shown in the next 
section. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Y ← Y+λ  

 

P←P+1 

Start

Get routes and processing times in terms of fuzzy numbers, assign the sum of 
fuzzy numbers for all paths into B, 

CPM←B1, M← Number of paths, i←2, Y←0, P←0, Q←0

x2a←CPM2+(1-Y)CPM4 

x2B←Bi2+(1-Y)Bi4
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bxax 11 > 
Y

 

P←P+1 
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Print the CPM and its 
path as the best solution 

End
Fig. 3. The proposed model of 

comparing fuzzy numbers 
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Fig. 4. Determination of paths  

4. Numerical solution 

In this section, we use a well known example in the literature which was already considered by 
different people (Chanas & Zieliński, 2001; Chen & Hsueh, 2008; Shahsavari pour et al., 2010). 
Consider a network given in Fig 5. 

Start 

Get matrix A 

N← number of nodes 

aij=1  
NODt=i 

t←t+1 

i=j j=2

i=N 

Y

Y

NODt←i 

Print nodes from 1 to t 

j=N 

j←j+1 

N

N 

t=1 

t=t+1 

Y 

End 

j←NODt-1, i←NODt-2, 
t←t-2 
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Fig. 5. The network flow of the numerical example 

The processing times associated with nodes 1 to 12 are as follows, 

t̃ଵ ൌ ሺ1 , 1.5 , 1 , 1ሻ, t̃ଶ ൌ ሺ2 , 3 , 0 , 2ሻ, t̃ଷ ൌ ሺ6 , 7 , 0 , 2ሻ, t̃ସ ൌ ሺ0 , 0 , 0 , 0ሻ 

 t̃ହ ൌ ሺ0 , 0 , 0 , 0ሻ, t̃଺ ൌ ሺ2 , 3 , 1 , 2ሻ, t̃଻ ൌ ሺ9 , 9 , 1 , 1ሻ, t଼̃ ൌ ሺ5 , 5 , 1 , 1ሻ 

  t̃ଽ ൌ ሺ4 , 4 , 2 , 2ሻ, t̃ଵ଴ ൌ ሺ3 , 4 , 2 , 0ሻ, t̃ଵଵ ൌ ሺ8 , 9 , 2 , 4ሻ, t̃ଵଶ ൌ ሺ6 , 9 , 2 , 3ሻ. 

The network can be represented in the form of matrix notation as follows, 

 1  2 3 4 5 6 7 8 9
 1 0 1  1 0 0 0 0 0 0 
 2 0 0 0 1 1 0 0 0 0 
 3 0 0 0 1 0 1 0 0 0 
 4 0 0 0 0 0 1 1 0 0 

A= 5  0 0 0 0 0 0 0 0 1 
 6 0 0 0 0 0 0 0 1 0 
 7 0 0 0 0 0 0 0 1 0 
 8 0 0 0 0 0 0 0 0 1 
 9 0 0 0 0 0 0 0 0 0 

Table 1 summarizes the results of the implementation of the methods proposed by Chanas and 
Zieliński (2001) and Chen and Hsueh (2008) for the example of this paper. 

Table 1 
The summary of the network solution  

Chanas & Zieliński                   Chen & Hsueh
path ߤ௣෤ሺ݌ሻ path ߤ௣෤ሺ݌ሻ

1-2-5-9 0.6269 1-3-4-7-8-9 1 

1-2-4-7-8-9 0.5001 1-3-6-8-9 0.9574
1-2-4-6-8-9 0.3854 1-2-4-7-8-9 0.9212
1-3-4-7-8-9 1 1-3-4-6-8-9 0.8789
1-3-4-6-8-9 0.0001 1-2-4-6-8-9 0.8001
1-3-6-8-9 0.9941 1-2-5-9 0.5717
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The first and the thirds columns of Table1 represent the paths based on different memberships given 
on the second and the fourth columns of Table.   

The proposed model of this paper was solved for this example and the total processing time of the 
example is calculated in a form of trapezoid number as (20, 25, 5, 4) with the critical path of 
(1,3,4,7,8,9). This answer is precisely the same as the one we get from the results reported on Table 1 
when the membership function is one. One advantage of using the proposed method is that there is no 
defuzzification on any part of our implementation. Therefore, the results would be more practical for 
many real-world problems.  

5. Conclusion 

We have presented a new method to calculate the critical path method when the processing times 
follow trapezoidal fuzzy numbers. The proposed model of this paper does not use any defuzzification 
technique to find the final processing time. The implementation of the proposed model has been 
compared with other techniques using a well-known example from the literature. The idea of 
considering processing times with uncertainty can be extended for CPM problems using other 
techniques such as scenario planning robust optimization techniques and it can be considered as 
future research.  
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