doi: 10.32426/engresv2n2-001

Engineering Research

Technical Reports

Volume 2 — Issue 2 — Article 1

ISSN 2179-7625 (online)
INFLUENCE OF THIRD BODY LONG PERIOS
PERTURBATIONS ON THE SECULAR RATES DUE TO

EARTH OBLATENESS

Bob E. Schutz!

JULY /2011

Taubaté, Sao Paulo, Brazil

! Professor, FSX Professor of Space Applications and Exploration, Joe J. King Chair in Engineering, Center for

Space Research and Department of Aerospace Engineering and Engineering Mechanics, R1000, Austin, Texas, 78759-
5321.



Engineering Research: Technical Reports

Technical Editor: Giorgio Eugenio Oscare Giacaglia, Universidade de Taubaté, Brazil

Associate Technical Editors
Eduardo Hidenori Enari, Universidade de Taubaté, Brazil
Wendell de Queir6z Lamas, Universidade de Sdo Paulo at Lorena, Brazil

Editorial Board

Asfaw Beyene, San Diego State University, USA

Bilal M. Ayyub, University of Maryland, USA

Carlos Alberto de Almeida, Pontificia Universidade Catdlica do Rio de Janeiro, Brazil
Ciro Morlino, Universita degli Studi di Pisa, Italy

Epaminondas Rosa Junior, Illinois State University, USA

Evandro Luis Nohara, Universidade de Taubaté, Brazil

Fernando Manuel Ferreira Lobo Pereira, Universidade do Porto, Portugal
Francisco José Grandinetti, Universidade de Taubaté, Brazil

Hubertus F. von Bremen, California State Polytechnic University Pomona, USA
Jorge Muniz Junior, Universidade Estadual Paulista at Guaratinguetd, Brazil
José Luz Silveira, Universidade Estadual Paulista at Guaratingueta, Brazil
José Rui Camargo, Universidade de Taubaté, Brazil

Maria Isabel Sosa, Universidad Nacional de La Plata, Argentina

Miroslava Hamzagic Zaratin, Universidade de Taubaté, Brazil

Ogbonnaya Inya Okoro, University of Nigeria at Nsukka, Nigeria

Paolo Laranci, Universita degli Studi di Perugia, Italy

Rolando A. Zanzi Vigouroux, Kungliga Tekniska hogskolan, Sweden
Sanaul Huq Chowdhury, Griffith University, Australia

Tomasz Kapitaniak, Politechnika Lodzka, Poland

Zeki Tiifekcioglu, Ankara Universitesi, Turkey

The “Engineering Research” is a publication with purpose of technical and academic knowledge dissemination.

Eng Res, v. 2, n. 2, p. 1-14, July / 2011. doi.org/10.32426 / engresv2n2-001.



ABSTRACT

Equations for long period and secular perturbations due to the Moon, Sun and the
Earth potential field are applied to equations expressing the influence of both the
Moon and Sun long period and secular perturbations on the secular rates due to the
Earth potential field. Usual Keplerian elements are used. No singularities are

present in the equations neither in the final integrated variables.
INTRODUCTION

Lagrange Equations for the non singular variables have been given in several papers by Giacaglia
(Reference 1) and by these authors (References 2, 3, 4, 5, 6). The variables used in these works were: the
semi-major axis (a) and the mean longitude (A); the products (§ and 1) of the eccentricity (e) times the cosine
and sine of the longitude of perigee (@ ); the products (P and Q) of sine of half the inclination (I) times the
cosine and sine of the longitude of the ascending node (€2). Complete equations for all perturbations have
been developed in a paper to be presented at DINAME 2011 (Reference 5)

The following notations are used through out this work: R is disturbing function due to any gravitational

influence and n is the mean motion in longitude of the satellite. Also

}/2 =1-¢’ (1)
s =sin(l/2) c=cos(l/2) )
MOON DISTURBING FUNCTION

The main part of the disturbing function in a primitive form is

N
a
R = g'n"r? (—,j P,(cosy") 3)
r
In a related work (Reference 7) Kaula represented the disturbing function by considering the Moon

moving on the ecliptic. Here, considering the Moon in its real orbit, a transformation to orbital elements and

rotation of the lunar coordinates to an ecliptic frame of reference gives

1 22| 8y 3 -1"e, g, (2-m)!
R'=n a(—j > Hzpq(E)( ) (£+rr$) )FZmp(I)FZm,p,(IM)x

M m,m’,p,p’,q

4)
x[(—l)zm*m’ E, cos(é’zmpq + 9'2p,m,)+ E, cos(92mpq — Q'Zp,m,ﬂ

where summations in m, m’, p, p” are from 0O to 2 and the value of q gives the maximum power of the

eccentricity. Moreover H,  (€) = Xzz;zzfpzfi1 (e) are Hansen Coefficients given by Plummer (Reference 8) and

Orpg =(2-2p+ A —qo+(M+2p-2)Q

()
0, =(2-2p")(fy + @)+ M(Qy, +7/2)

2pm’

F

2mp (I) are the usual inclination functions given by Kaula (Reference 9) and form+m’ >0,
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- 24+m m+m’ m'—m
| :(—1)2 {2 mlj(cosgj (sin%j X

(6)
xF(—2+m22+nY+Lm+nY+Lum*§j
and, for m+m’<0,
. 2 -m -m-m’ m-m’
E, o =(-1) , cos < sin< X
v 24+4m 2 2
(7
xF (—2 -m2-m+1,-m-m' +1;cos2§)
In the above relations, F is the hyper geometric series | F,, defined by
- (8), (D), X
F(a,b,c;x)= ) ——0— ]
( ) Z ©. (®)
where
(a), =a(a+1)(a+2)..(a+n-1),(a), =1 9)

In both cases, E is a polynomial in sin(&/2), cos (&/2) since at least one of the parameters a, b is

2,m,m’
negative, and the above series terminate, i.e., when N=1—-a =1+ |a| orn=1-b=1+ |b| .
DISTURBING FUNCTION FOR SECULAR AND LONG-PERIOD PERTURBATIONS

In case of no resonances between the motion of the satellite and that of the Moon, the elimination of

short period terms (depending on the mean anomaly M of the satellite), uses the following definite integrals

2
2L 02”(5 sin(2-2p) f dM =0 (10)
T

1 2z r 2 3
— — 2-2p)f dM =(1+B%) XZ2272° =
271 (aj COS( p) ( +p ) 0.0 (ﬂ) an

- (1 + 'Bz )_2_1 H2,p,(2 p-2) (,B)
ﬂ:e(1+\/1—ez )1 (12)

The H functions may be represented, for p > 1, by

L 2p+1
Hz,p(zp_z) =(_ﬁ)2p 2(2p_2JF(_3a2p_4,2p_2;ﬂ2) (13)
and for p<1, by

p(S5-2p
H, o ops) = (=B) 2”(2_2p]F(—3,3—2p,3—2p;ﬂ2) (14)

In both cases, they are polynomials in /. Long period and secular part of the function R’ is
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ﬁ:az[a_’v'] Z (—1) En 8m'(2_m’)!F2mp(|)Fgm'p’(IM)Lz,p,(Zp2)(ﬂ)x

nigy (24m)! (1)
X [(—1)2+m7m, Ey cos(é’2 om + 630 )+E2ﬂmﬂm, cos(gzpm —6') )]

where
Oy =(2-2p) @+ a2 (16)
Lz,p,(zpfz)(ﬂ):(““ﬂz)i Hz;p(zp,z)(ﬂ) (17)

where @ =m+2p—2. D’Alembert Characteristics imply that the function F2mp (I ) is factored by
sin“/(1/2) and the functions L, oo (8)are factored by €P72I.

LONG-PERIOD PERTURBATIONS

Moon perturbations are factored by:

m
Gm, =—™M —n%a’ =N a’ 18
M mM +m@ MM M M ( )
N}, =1.59X10rev’day (19)

We note that for the solar perturbations these quantities are:

Gm, = ﬁnéa& =NZa} (20)
N2 =0.75x15 reviday (21)
which is about half the value for the Moon

The satellite Keplerian negative energy is
F, =n’a’/2 (22)

The relative size of the perturbing force function wrt the main Keplerian central attraction is given by
v=R'/F, =2N}, /n? (23)

For low satellites (T = 90 min), v=1.2X107".

For high satellites (T = 24 h), v=3.18X10"".

In the above range of periods, with low values of the eccentricity, the dominant part of the disturbing
function of a satellite is due to the Earth oblateness(Czo) , and lunar (and solar) perturbations are about
second order with respect to this. In cases of higher satellites, depending on the values of semi-major axis
and eccentricity, the situation might even be reverted, so that for a full evaluation of the lunar perturbations,
truncation of the corresponding disturbing function may not be advisable.

The integration of the pertinent equations can be performed numerically by using as input lunar ecliptic

coordinates — or, for that matter, equatorial coordinates, in which case the theory is greatly simplified —

stored in memory. This will produce precise evaluation of the true lunar motion. However, such a method can

be very expensive in time. A good approximation can be obtained by considering I, ,®,,,8,,, and & fixed
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values and M,,,®,, and Q,, linear functions of time, neglecting accelerations of these elements. Also, an

expansion in power series of €,, will converge rapidly owing to the small value of the eccentricity of the

Moon orbit.
The frequencies involved are
foropma =(2—=2P) @y, +(M=2+2p)Q £ o
+(2-2p")a, £(2-2p"+0)M,, £M'Q,,
for m=0,1,2; m'=0,1,2; p=0,1,2; p=0,1,2; q'=...-2,-1,0,1,2,...

The denominators (no resonances considered) are given by

Diopmigpigr = (2= 2P) @ +(M=2+2p)Q £
+(2-2p")a, £(2-2p'+q)M,, TMQ,, + (25)
+(2-2p")a, £(2-2p"+q")M,

Resonances will occur if one can find 7 integers &,1=1,2,...,7, not “too large”, with at most five of

them being zeroes, satisfying the condition
2a,(1-p)+a,(m-2+2p)+2a,(1-p)ta,(2-2p' +q)tam =

(26)
+2a,(1-p")+a,(2-2p"+q")=0

should remember that one of the results in Kolmogorov (Reference 10) celebrated work on quasi periodic
motions, is that for large enough integers the denominator above can become smaller than any given
quantity, which the basis for showing that perturbations techniques based on successive approximations, as
for instance, Canonical Methods or Lie Series Methods, cannot converge to the true solution. In this respect,
we must rely on Poincaré (Reference 11) statement about asymptotic series “stop the series at a low degree
of approximation”.

Approximate values for the Moon are M,, =13.126 degree/day, a,, =0.113 degree/day,

Q,, =-0.053 degree/day,l\/lO =0.985609 degree/day, =0.985609%x10° degree/day. For a
satellite with eccentricity 0.007, inclination 60o and semi-major axis of 26.750 km we have
a;)sCC =-24.85x10degree/day, Q_ =-33.26x10"degree/day so we can estimate the amplitude
associated to any given set of integers p,m, p’,m’,q’, p",q" by adding the solar perturbations. Exact

evaluation of the integral leading to the mean eccentricity and mean inclination should be from an initial time
of observation up to any given successive time, and this requires a transformation from osculating to mean
elements, a task to be developed in a future work.

EARTH GRAVITY PERTURBATIONS

Consider only the lowest degree harmonic of the Earth potential

D e, .
RZO pq = ILal_Ssl lelqlJZOp(C )K2 pq(e)( A20 cos WZO pq + BZO SInI//ZO pq ) (27)

where the coefficients A and B are related to the harmonic coefficients of the Earth Potential Field and
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Vaopg =(2-2p+0q)A-Qd + pe2 (28)
where we have set
Qyp = P (29)
It is noted that the absolute value of the coefficient of (2 is the power of sine of half of the inclination in

a particular term of the Disturbing Function, as well as the absolute value of the coefficient of @ is the least

power of the eccentricity. The functions Jzop( C) are polynomials in the cosine of half the inclination and

the functions K, (/) are power series in the eccentricity and will be written as K, (€). In case of long

2pq 2pq

period terms, corresponding to 2—2p+ (=0, in absence of resonance of any kind, these functions are
polynomial in .
SECULAR PERTURBATIONS DUE TO THE EARTH GRAVITY

For a real analysis of perturbations of an artificial satellite we must consider perturbations due to the
Earth gravity field, noting that up to geosynchronous heights the dominant term is due the Earth oblateness.

The disturbing function for secular perturbations due to the Earth is given by the well known expression

Ry010 :g—Eleoyl(c)szlvo(e)Czyo (30)
where

o\
11
G,y = €K, (e) (32)

and for /' =2,q4=0 it follows that G,, ; =K, ;.
The J functions are simply derived from Kaula (1966) inclination functions by setting £ =2,m =0 and

by considering the condition «,y, =0 it is found that

Foo (D=3,0,©)=> F) c**V1-c*) (33)
j=0

where

=(-1" (2)[ 2 ] (34)
201 J 2_J .

As a first approximation, the secular rates may be computed by a simple quadrature, by keeping constant
the right-hand members of the pertinent differential equations. These secular rates are affected by short and
long period perturbations, through a, e and I, a task to be undertaken in a future work. In order to simplify
matters and give a preliminary example, we shall consider the Moon to move on the ecliptic and, therefore
neglect the longitude of the ascending node of the lunar orbit, keeping only the argument of perigee. Under

these hypotheses a direct addition of secular rates due to the Moon, Sun and the geopotential gives
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2
? :3nC20b (1+2cos| —SCOSZ|)+

sec 47/4a2
3y, Ny, + p N2
+ (£ 2 Ho O)[SCOSZ | — (3¢’ +2)cosl —(l—ez)]
ny
2 3(y Ny + NG I
=G gy 2+ Ao Jeos T o )
2y"a 8ny
2 Ny, + 4 N:
e = n+%|:(l+7)-(37-5)c052 I +200$I}+Mx
4y a g&ny

x[—3(5 +7y +3ye*)cos’ | —3(3e* +2)cosl + (7 +3e° - 27/)]
where g, =Gm,, /(m, +mMg) and x, =Gm_/(m, +my)
The long period perturbations due to the Moon and Sun are given by

15(y, Ny, + 12, N2)ye
, = 2 e 0% Gin? 1 5in 23

. 15( o, nZ + 22.n%)e?
I,p:— (ﬂM m T Mo O) sin2l sin2@®
16ny

1S(ﬂM Ny + ,Uoné)

@, = : (1—e*+5e*cos| —cos® 1) cos2@
ny
. 15( 0, + pn’ e’ cosl
Q, = ( MM S © o) cos2m
ny
. 15( 0 + . n’
A = ( My "o O)(l—ez+562cosl —cos’ | —(1—e*)sin’ I )cos 2@

8ny

Integration , keeping constant the metric variables on the right hand side yields

15(s4, N5y + £4,02)E
Se, = (£ D o o) Y sin® 1 cos 26
l6na,,.

p —

15( g, 03, + 102 )e*
Sl = (”M32M Ao )¢ in2l cos26
na)sf:07

15( g1y + 503

—~ (1—e* +5e’cos| —cos” 1)sin2@
lonw., .y

é‘la)lp =

15(,uM ny + ,uené)ez cosl
Ip =

0,Q sin2a

l6na,, .y

15(/JM Ny + /Joné)
16né,. y

oA, = [1-e*+5€e°cos| —cos’ | —(1—e*)sin’ I ]sin 2@

(35)

(36)

37

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)

(47)

The numerator in these perturbations is of the order of 10-5 and will over come the value of the

numerator.
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INFLUENCE OF LUNI-SOLAR PERTURBATIONS ON SECULAR RATES DUE TO THE EARTH
GRAVITY FIELD
The task is to take into consideration the influence of the third body on the secular rates resulting from

the Earth potential field. Taking into account variational equations the second order perturbations in secular
rates are obtained from

d, .. dd, Bl

a(é‘za)sec) = a;ec 519,/p + J51|/p (48)
d oQ oQ
E(é‘ZQsec) = Fmé‘le/p + 6|Sf30 é‘l I ’p (49)
d aﬂ"‘ec aﬂ"sec

a(é‘Zﬂ’sec) = a; 51e,/p + ol 51 I ’p (50)

where 0, ,, 6,1, are perturbations due to a third body while 6,

sec ?

0,Q .., 0,4, are clearly second
order perturbations on secular motions induced by the geopotential. We initially consider just third body long
period perturbations. In order to do this we consider the above variational equations where the secular
variations on the right hand side are given by Egs. (35), (36) and (37)

By considering the major terms already computed for the above quantities, we find from Eqgs. 86 to 88
the following partials

0 . 3nC,b’

—a@. =—2""(1+2cos| —5cos’ | |+
88 sec 76a2 ( ) (51)
3e(uy, Ny + N’
n (ﬂM M 3:“@ @)[5c0s2 | +(3e2—8)cos| +7/2]
8ny
2
05 =3 int + 5sin21) +
ol 4y'a (52)
344y Ny + NG
42+ Ao O)[—5s,inz| +(3€* +2)sinl |
gny
. 2 3y Ny + N3 )ecos |
EQSSC :—6n%0? € cosl - (£ D ﬂo3 pJecos (9e’ —4) (33)
de r'a 8ny
_ 2 3(uy, NG + 1.n2)sin |
QQWC:—%C“X’E sinl + (tm Ny + HN5) sin (3% +2) (54)
ol 27*a 8ny
0 :  3nC,b’
— A, =—2—[(3y—5)sin2l —2sin| |+
8' sec 4]/43.2 [( ]/ ) ] (55)
ne, + 4. N2
+M[3(5+77+37/e2)sin2| +3(3¢” + 2)sinl |
&ny
‘ 0 2 N, + 4. N2
iﬂ’sec _3 eC72202b [(eZ +7)+(5-3y +3y*)cos’ | +2cosl}+'uMM—3ﬂOOX
~ 12 8ny (56)

x[3e(5e —6")cos” | —y* (18ey” + 65 —9e* — 6e” )cos | +2ey* (3y - e)]
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Recalling Equations (48), (49) and (50), we find the influence of long period perturbations due to the

Moon and Sun on the secular rates due to the Earth gravity field

d Ly )=_15(,uMn2 + Ho n2)esin | y
dt 2 160y,

: (57)

{ag)m (1-¢*)sinl + aalm ecos | }cosZcZ)
€
9 50 ) =130 * ANo)e
dt 16nya,
(58)

aQS“ —e (] —g*)sin | +—xc (LY ecos| pcos2w
oe ol

15( 42Ny >)esin | ' '
i(5 Ae) = (£ Dy +/ﬁono)esm O ysinl e g s cos2®d (59)
d 16nd,_ de al

Integration of these equations may be performed by keeping constant all metric elements since they are

not affected by secular perturbations. The result is given as follows:

15, N5, n2)esin | '
0,0, =— (£ +,uo Np)esin aws“ (1-e*)sin | +——x< 00 ecos| ¢sin2@ (60)
32ny67, oe al
1 n, n’ ] '
5,Q =— 2 +ﬂo o) | X2 (1-e*)sin| + B 00051 bsin2a 61)
32nywy’, oe ol
1 n, n*)sin | ]
O, =— 3y My + Hollo Jsinl [ 04, ysin| +—< L2 ecos| psin2@ (62)
32067, oe ol

These equations give the major coupling between the secular rates due to the Earth flattening and the
long term influence of the Moon and Sun. The period of these perturbations relates to the secular rate of the
longitude of perigee, given by

2
D, = 32(:420? (1 +2cos | —5cos’ I)+
y'a
63
3t Ny + H503) “
+ =M 0 075 cos” | — (3¢ +2)cosl —(1—€7) ]
8ny

We may consider a good approximation to set the eccentricity equal to zero, so that
X 3nC20b2
wsec = 2
4a
We assume the values

T =0.498634day,n =12.5944rd /day,a = 26560km,b = 6378km,e = 0.006, | = 54°

3y Ny + 14,03

(5cos’ 1 —2cosl =1)  (64)
&n

(1+2cos| —5cos’ I)+

For the Moon and Sun we have
Ly Ny =1.59%x107rev’day ™ = 6.2707 x 10~ rd *day

(65)
HoNg =0.75x15 rev*day * = 2.9579x 10" rd *day
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and the Earth flattening coefficient is C,, =—1.083x107.

Introducing these values for the secular rate of the longitude of perigee we find

3nC,,b’

442

47"a

3(fuM nl%/l + :uoné)

&n

a)SC

C

(1+2c0s| —5cos? I):—5.968><10*4

(5cos’ | —2cosl —1)=—-0.1231x10"*

=—6.0911x10"rd /day

(66)

(67)

(68)

The corresponding period is T_ =10310 days which agrees very closely with the observed values

as shown in Figure 1 through Figure 4.

DISCUSSION

As given by Schutz (Reference 6) the evolution of the longitude of the perigee and of the longitude

of the ascending node, over a decade, of a selected GP satellite are shown in the Fig. 1 and Fig. 2,

respectively, while long terms variations in eccentricity and inclination are given in Fig. 3 and Fig.4. We can

observe three basic periods in the eccentricity (a period of about 365 days or 0.986 degree/day, a period of 27

days or 13.3 degree per day and a very long period) and three basic periods in the inclination (a periods of

about 180 days or 2.0 degree/day, a period of 14 days or 25.7 degree/day and a very long period). The long

periods are not well defined but, in any event, they are at least 10,000 days.

150 -
100 -

50 -

Lrg pezigee

..E0 -

AREY -

—100 -

-150 -

PENO3: 1996 - June Z00S

Figure 1. — Long term evolution of the longitude of perigee
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-75

SGed

=100

-125 -

ALAN
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-150

-175

-200  {--- -
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Figure 2. — Long term evolution of the longitude of ascending node
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PENOD3: 1996 - June 2008
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Figure 3. — Long term evolution of the eccentricity
PENO3: 1996 - June 2008
- e . L
N N -"\,_,._\‘
w 54,50 —
i
B i
o 54.25 —
L) -
™
- 54,00 —
a -
& 53.75
o
; i
F 53.50 —
—~ -
g 53.25
H -
53 -DD T I T | T I T I T | T I T I T | T I T
0 500 1000 1500 2000 2500 3000 3500 4000 4500 5000

Days from 11751995
Figure 4. Long term evolution of the Inclination

Now, the possible frequencies due to earth oblateness, lunar and solar perturbations are given by

f2 = (£=2D) @, + (M= +2P)Q (1 -2p)d,

(mpp'mq p'q”
. . : (69)
+((-2p'+q )M, £m'Q,, +(£/-2p" ), (¢ -2p"+q" )M
Introducing the approximate values for each secular motion, it follows that all possible frequencies in

degree per day are given by

frmppmapgr = —(£—2P)24.85x107 —(M—/+2p)33.26x107 +
+(£-2p')0.113+(£-2p"+q')13.126 T m'0.053 £ (70)

+(£-2p")0.4707x10" £ (£ —2p" +q")0.985627

It is obvious that one can choose integers involved in Eq. (70) and match very closely the observed
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frequencies of 0.986, 13.3, 2.0 and 25.7 degree/day. But the point is, for reasonable large amplitudes, as
observed in Fig. 1 through Fig.4, only small integers should be considered. It should be remembered that the
GPS satellites are in resonance with the following harmonics degrees and orders

Table 1 — Relevant harmonics for the GPS satellites

e m p q
2 2 1

2 2 2 1
2 2 0 -1
3 2 1 0

and a deep resonance is observed for the 3-2 harmonic, producing a frozen orbit
If we consider that the eccentricities of the Moon and Sun are very small, then we should start by setting

q" and q” equal zero. The resulting frequencies in degrees per day are

. —24.85x107 (£ -2p)—-33.26x10°(m—(+2p) £

/mpp’'m’'0p"0 =

(71)
+13.239(¢—2p") F0.053m’ £ 0.985627(¢ —2p")

Consider the small degree harmonics defined in table 149. We shall compute the frequencies associated

with the resonance harmonics, that is

mipmope = —2%33.26x107° £2x13.239(1- p') + )
+0.053m’ +2x0.985627(1— p”)
o pmopro = —83.34x107 £2x13.239(1- p') £ (73)
+0.053m’ +2x0.985627(1 - p")
sopmopto = —2X24.85x107 £2x13.239(1- p') -
F0.053m’ £2x0.985627(1— p")
pipmopo = —38.11x107 £13.239(3-2p') ¥ .

70.053m’ +0.985627(3 - 2p")

We shall take m’ =0, p’= 0 and p” = 0 corresponding to the largest amplitudes.
The resulting frequencies, in degree per day, and the corresponding periods in days are given in Table 2

Table 2- Frequencies, in degree per day, and the corresponding periods in days

‘mppmgpq fr f- PERIOD + PERIOD -
22100000 28.383 -28.516 10,507 10,556
22200000 28.366 -28.533 10,501 10,562
22000000 28.400 -28.499 10,513 10,550
32100000 42.616 -42.732 15,776 15,819

These values would correspond to the largest amplitudes, due to the chosen harmonics, in the absence of

Eng Res, v. 2, n. 2, p. 1-14, July / 2011. doi.org/10.32426 /engresv2n2-001. 13



resonances. It is seen that the very long periods are in agreement with those shown in Figures 1 through 4.
Periods associated with the period of the Sun and Moon as well half of these periods, as observed in these

figures, are easily obtained by proper choice of the degrees and orders involved in Table 1.

CONCLUSIONS

Notwithstanding the necessity of detailed numerical calculations, the theory described in this paper is be
able to explain some of the observed behavior in the motion of high altitude satellites with small eccentricity,
which is the case of GPS satellites. The drawback is that no resonances have been assumed in the

development of the theory, a question to be resolved in a future research paper.
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