
Mech. Sci., 4, 79–96, 2013
www.mech-sci.net/4/79/2013/
doi:10.5194/ms-4-79-2013
© Author(s) 2013. CC Attribution 3.0 License.

Mechanical  
Sciences

Open Access

Geometrically exact Cosserat rods with
Kelvin–Voigt type viscous damping

J. Linn 1, H. Lang2, and A. Tuganov1

1Fraunhofer Institute for Industrial Mathematics, Fraunhofer Platz 1, 67633 Kaiserslautern, Germany
2Chair of Applied Dynamics, Univ. Erlangen-Nürnberg, Konrad-Zuse-Str. 3–5, 91052 Erlangen, Germany

Correspondence to:J. Linn (joachim.linn@itwm.fraunhofer.de)

Received: 29 October 2012 – Revised: 31 January 2013 – Accepted: 4 February 2013 – Published: 14 February 2013

Abstract. We present the derivation of a simple viscous damping model of Kelvin–Voigt type for geomet-
rically exact Cosserat rods from three-dimensional continuum theory. Assuming moderate curvature of the
rod in its reference configuration, strains remaining small in its deformed configurations, strain rates that vary
slowly compared to internal relaxation processes, and a homogeneous and isotropic material, we obtain ex-
plicit formulas for the damping parameters of the model in terms of the well known stiffness parameters of
the rod and the retardation time constants defined as the ratios of bulk and shear viscosities to the respective
elastic moduli. We briefly discuss the range of validity of the Kelvin–Voigt model and illustrate its behaviour
for large bending deformations with a numerical example.

1 Introduction

Simulation models for computing the transient response of
structural members to dynamic excitations should contain
a good approach to account fordissipative effects in order
to be useful in realistic applications. If the structure consid-
ered may be treated within the range oflinear dynamics with
small vibration amplitudes, there is a well established set of
standard approaches, e.g. Rayleigh damping, or a more gen-
eral modal damping ansatz, to add such effects on the level
of discretized versions of linear elastic structural models (see
e.g.Craig and Kurdila, 2006). In the case ofgeometrically
exactstructure models for rods and shells (Antman, 2005),
such linear approaches are not applicable. Geometrically ex-
act rods, in particular, have a wide range of applications in
flexible multibody dynamics. We refer to the brief introduc-
tion given in ch. 6 ofGéradin and Cardona(2001) for a sum-
mary of the related work published before 2000, and to ch. 15
of Bauchau(2011) for a more recent account on this sub-
ject. Here the proper way to model viscous damping requires
the inclusion of aframe-indifferent viscoelastic constitutive
modelinto the continuum formulation of the structure model
that is capable of dealing withlarge displacementsandfinite
rotations(seeBauchau et al., 2008).

1.1 Viscous Kelvin–Voigt damping for Cosserat rods

In our recent work (Lang et al., 2011), we suggested the pos-
sibly simplest model of this kind to introduceviscous mate-
rial dampingin our quaternionic reformulation of Simo’s dy-
namic continuum model for Cosserat rods (Simo, 1985). Fol-
lowing general considerations ofAntman (2005) about the
functional form of viscoelatic constitutive laws for Cosserat
rods, we simply added viscous contributions, which we as-
sumed to be proportional to theratesof the material strain
measuresU(s, t) andV(s, t) of the rod, to thematerial stress
resultantsF(s, t) and stress couplesM(s, t), resulting in a
constitutive model ofKelvin–Voigttype:

F = ĈF ·(V −V0)+V̂F ·∂tV, M = ĈM ·(U−U0)+V̂M ·∂tU. (1)

A detailed presentation of the kinematical quantities and dy-
namic equilibrium equations of a Cosserat rod is given in
Sect.2 (see Figs.1 and2 for a compact summary).

In the material constitutive equations (1) the elastic prop-
erties of the rod are determined by theeffective stiffness pa-
rameterscontained in the symmetric 3×3 matricesĈF and
ĈM. For homogeneous isotropic materials, both matrices are
diagonal and given by:

ĈF = diag(GA,GA,EA) , ĈM = diag(EI1,EI2,GI3) , (2)
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Figure 1. Left: kinematic quantities for the (deformed) current and (undeformed) reference configurations of a Cosserat rod. Right: strain
measures of a Cosserat rod for transverse shearing, extensional dilatation, bending and twisting.
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Figure 2. Dynamic equilibrium equations of a Cosserat rod.

with stiffness parameters given by the elastic moduliE andG
and geometric parameters (areaA, geometric momentsIk) of
the cross section. InLang et al.(2011) we assumed a similar
structure for the matriceŝVF andV̂M, which determine the
viscous response:

V̂F = diag(γS1,γS2,γE) , V̂M = diag(γB1,γB2,γT) . (3)

The set of sixeffective viscosity parametersγxx introduced
in Eq. (3) represents theintegrated cross-sectional vis-
cous damping behaviourassociated to the basic deformation
modes (bending, twisting, transverse shearing and extension)
of the rod, in the same way as the well known set of stiffness
parameters given above determines the corresponding elastic
response.

1.2 Effective damping parameter formulas

However, inLang et al.(2011) the damping parametersγxx

remained undetermined w.r.t. their specific dependence on
material and geometric properties. Considering the special
case of homogeneous and isotropic material properties, they
certainly cannot be independent, but rather should be mutu-
ally related in a similar way as the stiffness parameters of
the rod in terms of two material parameters (E, G) and the
geometrical quantities (A, Ik) associated to the cross section.
Assuming moderate curvature of the rod in its reference con-
figuration, strains remaining small in its deformed configu-
rations, strain rates that vary slowly compared to internal re-
laxation processes within the material, and a homogeneous
and isotropic material, we will show that they are given by

γS1/2

A
=
γT

I3
= η,

γE

A
=
γB1/2

I1/2
= ζ(1−2ν)2+

4
3
η(1+ ν)2, (4)

whereζ and η are thebulk and shear viscositiesof a vis-
coelasticKelvin–Voigt solid(Lemaitre and Chaboche, 1990)
with elastic moduliG andE = 2G(1+ ν). While the viscous
damping of the deformation modes of pure shear type is
solely affected by shear viscosityη, extensional and bending
deformations are both associated to normal stresses in the di-
rection orthogonal to the cross section, which are damped by
a specific combination of both bulk and shear viscosity that
depends on the compressibilty of the material and may be
interpreted asextensional viscosityparameter

ηE := ζ(1−2ν)2+
4
3
η(1+ ν)2 . (5)

Introducing theretardation timeconstantsτS = η/G andτB =

ζ/K, which relate the viscositiesη and ζ to the shear and
bulk moduliG and 3K = E/(1−2ν), as well as the time con-
stantτE := ηE/E = 1

3 [(1−2ν)τB + 2(1+ ν)τS] relating ex-
tensional viscosity to Young’s modulus, the formulas (4) may
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be rewritten equivalently as

γS1/2

GA
=
γT

GI3
= τS ,

γE

EA
=
γB1/2

EI1/2
= τE (6)

in terms of the stiffness parameters of the rod and the retarda-
tion time constants. Interesting special cases of Eq. (6) are the
simplified expressionsηE = ζ+

4
3η, τE =

1
3(τB+2τS) for com-

pletely compressible materials (ν = 0), andηE = 3η, τE = τS
for incompressible materials (ν = 1

2). The relationηE/η = 3
between shear and extensional viscosity is well known as
Trouton’s ratio for incompressible Newtonian fluids (Trou-
ton, 1906) and holds more generally for viscoelastic flu-
ids in the limit of very small strain rates (Petrie, 2006). If
ζ/η = K/G⇔ τB = τS holds, one obtainsτE = τB/S as exten-
sional retardation time constant (independent ofν).

Effective parameters modified by shear correction factors

It is well known that the stiffness parametersGA andGI3
related toshearing typedeformation modes systematically
overestimate the actual stiffness of the structure for cross
section geometries that display non-negligible warping. In
the case of transverse shearing, this is accounted for via a
modification of the corresponding stiffness parameterGA→
GAα :=GAκα by introducing dimensionlessshear correction
factorsκα ≤ 1 depending on the cross section geometry (see
Cowper, 1966; Gruttmann and Wagner, 2001). Likewise, the
torsional rigidity CT =GJT of a rod exactly equalsGI3 in the
case of (annular) circular cross sections only, but is smaller
than this value otherwise due to the presence of out-of-
plane warping of cross sections. The replacementGI3→CT

correcting this deficieny corresponds to the introduction of
another dimensionless correction factorκ3 = JT/I3 ≤ 1 de-
pending on the cross section geometry1 which modifies the
torsional stiffness according to the replacement ruleGI3→
GJT =GI3κ3. Altogether the various shear corrections men-
tioned above yield the corrected set of stiffness parameter
values2

ĈF = diag(GA1,GA2,EA) , ĈM = diag(EI1,EI2,GJT) . (7)

1In the case of anelliptic cross section with half axesa and
b, the area moments are given byI1 =

π
4a3b and I2 =

π
4ab3, while

CT/G = JT = πa3b3/(a2+b2) = 4I1I2/(I1+I2), such thatκ3 = JT/I3 =

4I1I2/(I1+ I2)2 ≤ 1 in this case. Equality (κ3 = 1) holds in the case
of a circular cross section witha= b= r ⇒ I1/2 =

π
4 r4 = 1

2 I3 only.
According toNikolai’s inequality CT ≤ 4GI1I2/(I1+ I2) the special
case of an elliptic cross section maximes torsional rigidity among
all asymmetric cross section geometries, and the valueGI3 = 2GI
valid for circular cross sections provides the absolute maximum of
torsional rigidity (Berdichevsky, 1981).

2The stiffness parametersEA andEIα are not affected by shear
warping effects. However, they already account foruniform lateral
contraction, which is a simple specific type ofin planecross section
warping. This topic is discussed further in Sect.3.4below.

We argue that the analogously modified damping parameters

γS1/2 = GA1/2τS , γT = GJT τS (8)

associated to shearing type rod deformations likewise pro-
vide a corresponding improvement of the formulas (6), which
accounts for the influence of cross section warping on effec-
tive viscous dissipation, such that theeffective viscosity ma-
trices V̂F andV̂M introduced in Eq. (3) may be rewritten as

V̂F = ĈF ·diag(τS, τS, τE) , V̂M = ĈM ·diag(τE, τE, τS) (9)

in terms of the effective stiffness matrices and retardation
time constants given above.

1.3 Related work on viscoelastic rods

While there is a rather large number of articles considering
various kinds of damping terms (also of Kelvin–Voigt type)
added tolinear Euler–Bernoulli or Timoshenko beam mod-
els (usually assumed to have a straight reference geometry),
one hardly finds any work on viscous damping models for
geometrically nonlinearbeams or rods in the literature.

One notable exception is Antman’s work (2003), where
a damping model as given by Eq. (1) with positive, but
otherwise undetermined parameters (3) is suggested from
a completely different, mathematically motivated viewpoint,
namely: as a simple possibility to introduce dissipative terms
(denoted asartificial viscosity) into the dynamic balance
equations of a Cosserat rod, which constitute a nonlinear cou-
pled hyperbolic system of PDEs (see alsoWeiss, 2002a), and
thereby achieve aregularizationeffect in view of the possible
formation of shock waves that might appear in theundamped
hyperbolic equations.

The recent article ofAbdel-Nasser and Shabana(2011)
is another relevant work for our topic. By inserting a 3-D
Kelvin–Voigt model into a geometrically nonlinear beam
given inabsolute nodal coordinate formulation(ANCF), the
authors obtain a viscous damping model for such ANCF
beams which (by construction) is closely related, but con-
ceptually quite different from our approach proposed for
Cosserat rods. Later we briefly discuss the relation of both
damping models (see Sect.4.3). We refer othwise to the arti-
cle of Romero(2008) for a comparison of the geometrically
exact and ANCF approaches to nonlinear rods.

Mata et al. (2008) model the inelastic constitutive be-
haviour of composite beam structures under dynamic load-
ing, using a Cosserat model as kinematical basis. However,
they evaluate inelastic stresses bynumerical integrationof
3-D Piola–Kirchhoff stressesover 2-D discretizations of the
local cross sectionsto obtain the stress resultants and cou-
ples of Simo’s model. This differs from our approach aiming
at adirect formulation of frame-indifferent inelastic consti-
tutive laws in terms ofF and M , as achieved e.g. bySimo

www.mech-sci.net/4/79/2013/ Mech. Sci., 4, 79–96, 2013
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et al. (1984) for viscoplastic rods. The viscous model pro-
posed in Sect. 3.2 of their paper is likewise of Kelvin–Voigt
(KV) type, but formulated in terms of a vectorial strain mea-
sure related to theBiot strain (see also Sect.A2) and de-
fined pointwisewithin the cross section. Moreover, they set
up their model using only asingleviscosity parameter.

Although there seems to be no further work on viscoelas-
tic Cosserat rods made from solid material,viscoelastic flow
in domains with rod-like geometries has been discussed in a
number of articles. In his work on the coiling of viscous jets,
Ribe (2004) presents a reduction of the three-dimensional
Navier–Stokes equations to the dynamic equilibrium equa-
tions of a Kirchhoff/Love rod, endowed with Maxwell type
constitutive equations for the viscous forces and moments
which govern the finite resistance of the jet axis to stretch-
ing, bending and twisting. Although the derivation approach
is different from ours, it represents its fluid-mechanical coun-
terpart, as it likewise provides effective damping parameters3

as given in Eq. (4), in the special case of an incompress-
ible viscous fluid (ν = 1

2) with extensional viscosity given
by Trouton’s relationηE = 3η, which in turn confirms our
derivation of this special result.

A systematic derivation and mathematical investigation of
viscous string and rod models in the context of Ribe’s work
is given byPanda et al.(2008) andMarheineke and Wegener
(2009). Klar et al.(2009) andArne et al.(2011) likewise use
Ribe’s Maxwell type constitutive law in their related work on
the simulation of viscous fibers aiming at applications in the
area of textile and nonwoven production.Lorenz et al.(2012)
extend constitutive modelling for viscous strings by deriv-
ing anupper convected Maxwellmodel using mathematical
methods of asymptotic analysis.

In the same context we finally mention the discrete mod-
elling approach for viscous threads presented byBergou et
al. (2010), which extends earlier work ofBergou et al.(2008)
on discrete elastic rods that, similar to our own approach as
briefly presented inLinn et al. (2008) (see alsoJung et al.,
2011), relies on geometrically exact rod kinematics based on
thediscrete differential geometryof framed curves.

1.4 Overview of the remaining sections of the paper

After collecting a few basics of Cosserat rod theory in the
following Sect.2, we proceed with our derivation of the for-
mulas (4) in of a two-step procedure: in Sect.3 we start with
the derivation of the elastic (stored) energy function

3In the case of viscous flow in a rod-shaped domain, the area
A(s) of the (circular) cross section as well as its geometric area mo-
ment I (s) vary along the centerline curve in accordance with mass
conservation modeled by a divergence-free velocity field of an ex-
tensional flow with uniform lateral contraction.

We(t) =

L∫
0

ds
1
2

[
∆V(s, t)T · ĈF ·∆V(s, t) (10)

+ ∆U(s, t)T · ĈM ·∆U(s, t)
]

of a Cosserat rod, which is a quadratic functional of the terms
∆U(s, t) = U(s, t)−U0(s) and∆V(s, t) = V(s, t)−V0(s) mea-
suring thechange of the strain measuresw.r.t their reference
values, from three-dimensional continuum theory.

This sets the notational and conceptional framework for
the subsequent derivation of the viscous part of our damping
model given in Sect.4 by an analogous procedure, which
yields thedissipation function

Dv =

L∫
0

ds
1
2

[
∂tVT · V̂F · ∂tV + ∂tUT · V̂M · ∂tU

]
(11)

of a Cosserat rod introduced4 in Lang et al.(2011). The dis-
sipation function (11), deduced from the three-dimensional
(volumetric) continuum version of the dissipation function
of aKelvin–Voigt solid(Landau and Lifshitz, 1986; Lemaitre
and Chaboche, 1990), corresponds to one half of the volume-
integratedviscous stress powerof a rod-shaped Kelvin–Voigt
solid, such that 2Dv yields the rate at which the rod dissipates
mechanical energy.

Having completed our derivation of the Kelvin–Voigt
model, we proceed by a discussion of a seemingly straight-
forward, but, as it turns out, erroneous approach to derive
the viscous parts of the forces and moments as given by
Eq. (1) as resultants in analogy to the elastic counterparts.
This shows that our energy-based approach to derive viscous
damping is the proper one. After that, we briefly comment
on the relation of our continuum model to the Kelvin–Voigt
type model recently proposed byAbdel-Nasser and Shabana
(2011) within their alternative ANCF approach to geometri-
cally nonlinear rods, and conclude Sect.4 by a short discus-
sion of the validity of the Kelvin–Voigt model w.r.t. a more
general viscoelastic model of generalized Maxwell type.

In Sect.5, we illustrate the behaviour of our viscous damp-
ing model (1) by some simple numerical experiments with a
clamped cantilever beam subject to bending with large de-
flections. We conclude our article with a short summary.

2 Basic Cosserat rod theory

The configuration variables of a Cosserat rod (seeAntman,
2005) are itscenterlinecurveϕ(s, t) = ϕk(s, t) ek with carte-
sian component functionsϕk(s, t) w.r.t. the fixed global ONB

4In Lang et al.(2011) we absorbed the prefactor 1/2 into the
definition (3) of the damping parameters (see Eqs. 9 and 10 in
Sect. 2.2). This leads to an additional factor of 2 multiplyingVF

andVM in the constitutive equations (1) of the rod model.
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{e1,e2,e3} of Euclidian space and “moving frame” R̂(s, t) =
a(k)(s, t)⊗ek ∈ SO(3) of orthonormal director vectors, both
smooth functions of the curve parameters and the timet,
with the pair{a(1),a(2)} of directors spanning the local cross
sections with normalsa(3) along the rod (see Fig.1).

2.1 Material strain measures

The material strain measures associated to the configuration
variables are given by (i) the componentsVk = a(k) ·∂sϕ of the
tangent vector in the local frame (i.e.:V = R̂T · ∂sϕ = Vkek),
with V1,V2 measuringtransverse sheardeformation andV3

measuringextensional dilatation, and (ii) thematerial Dar-
boux vectorU = R̂T ·u = Ukek, obtained from its spatial coun-
terpart u = Uka(k) governing the Fŕenet equations∂sa(k) =

u×a(k) of the frame directors, withU1,U2 measuringbending
curvaturew.r.t. the director axes{a(1),a(2)}, andU3 measur-
ing torsional twistaround the cross section normal.

In general, thereference configurationof the rod, given
by its centerlineϕ0(s) and frameR̂0(s) = a(k)

0 (s)⊗ek, may
have non-zero curvature and twist (i.e.:U0 , 0). However
we may assume zero initial shear (V01 = V02 = 0), such that
all cross sections of the reference configuration are orthog-
onal to the centerline tangent vector, which coincides with
the cross section normal (i.e.:∂sϕ0 = a(3)

0 ⇒ V03 = 1) if we
choose thearc–lengthof the reference centerline as curve
parameters.

2.2 Dynamic equilibrium equations

The constitutive equations (1) – or more general ones of vis-
coelastic type (see ch. 8.2 inAntman, 2005) – are required to
close the system of dynamic equilibrium equations

∂s f + f ext = (ρ0A)∂2
t ϕ (12)

∂sm + ∂sϕ× f + mext = ∂t

(
ρ0Ĵ ·ω

)
(13)

(see Fig.2) which has to be satisfied by thespatial stress
resultantsf = R̂ · F and stress couplesm= R̂ ·M with ap-
propriate boundary conditions (seeSimo, 1985). Theinertial
termsappearing on the r.h.s. of the equations of thebalance
of forces(linear momentum) (12) and thebalance of mo-
ments(angular momentum) (13) depend parametrically on
the localmass densityρ0(s) along the rod as well as on geo-
metrical parameters of the local cross section (areaA(s) and
area moment tensorĴ(s, t) = R̂· Ĵ0(s) ·R̂T) and contain the ac-
celerations of the centerline positions∂2

t ϕ(s, t) as well as the
angular velocityvectorω(s, t), which is implicitely defined
by the the temporal evolution equations∂ta(k) = ω× a(k) of
the frame in close analogy to the Darboux vector, and its time
derivative∂tω(s, t) as dynamical variables (seeSimo, 1985;
Antman, 2005; Lang et al., 2011for details).

Although we implemented Kelvin–Voigt type viscous
damping given by Eq. (1) for our discrete5 Cosserat model

5Practical applications of our Cosserat rod model with Kelvin–
Voigt damping in Multibody System Dynamics are reported in our

formulated with unit quaternions as explained in detail by
Lang et al. (2011) and investigated further inLang and
Arnold (2012) w.r.t. numerical aspects, we do not make use
of this particular formulation here, as it is more practical
to work with the directors associated toSO(3) frames for
the vector-algebraic calculations which we have to carry out
within our derivations of one-dimensional rod functionals
from three-dimensional continuum formulation.

2.3 Spatial configurations of a Cosserat rod

Introducing cartesian coordinates (ξ1, ξ2) w.r.t. the director
basis{a(1)

0 (s),a(2)
0 (s)} of the cross section located at the cen-

terline pointϕ0(s), the spatial positions of material points in
the reference configuration of the rod are given by6

X(ξ1, ξ2, s) = ϕ0(s) + ξα a(α)
0 (s) . (14)

The positions of the same material points in the current (de-
formed) configuration are then given by

x(ξ1, ξ2, s, t) = ϕ(s, t) + ξα a(α)(s, t) + w(ξ1, ξ2, s, t) (15)

in terms of the deformed centerline curveϕ(s, t), the rotated
orthonormal cross section basis vectors{a(1)(s, t),a(2)(s, t)},
the same pair of cartesian cross section coordinates (ξ1, ξ2),
and an additional displacement vector fieldw(ξ1, ξ2, s, t),
which by definition describes the (in-plane and out-of-plane)
warping deformations of the cross sections along the de-
formed rod.

The kinematic assumption that the cross sections of a rod
remainplane and rigid in a configuration is equivalent to
the assumption that the displacement fieldw vanishes identi-
cally. Although we will initially adhere to this very common
assumption for rod models, we will later admit some specific
form of in-plane deformation of cross sections – namely: a
uniform lateral contraction– to correct a deficiency w.r.t. ar-
tificial in-plane normal stresses caused by the excessively
rigid kinematical ansatz (15) with w≡ 0.

For simplicity we assume the rod to beprismatic, such
that all cross sections along the rod are identical, and the do-
main of the cartesian coordinates (ξ1, ξ2) coincides with one
fixed domainA⊂ R2. As usual we choose the geometrical
center of the domainA to coincide with the origin ofR2

recent collaboration withSchulze et al.(2012). We refer to the arti-
cle of Zupan et al.(2009) for fundamental aspects of Cosserat rods
with rotational d.o.f. represented by unit quaternions, as well as to
the recent work (2012B) of the same authors discussing theun-
dampeddynamics of quaternionic Cosserat rods with various time
integration approaches. AppendixB contains additional remarks re-
lated to alternative discretization approaches and model variants.

6Within this paper we make use of Einstein’s summation con-
vention – as the reader may have observed already – w.r.t. all indices
occuring twice withinproductterms, with greek indicesα,β, . . . run-
ning from 1 to 2 and latin onesi, j,k, . . . from 1 to 3.
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such that〈ξα〉A = 0 holds, where we introduced the short-
hand notation〈 f 〉A :=

∫
A

f (ξ1, ξ2)dξ1dξ2 for the cross sec-
tion integralof functions. In addition we choose the orienta-
tion of the orthonormal director pairs{a(1)

0 (s),a(2)
0 (s)} as well

as{a(1)(s, t),a(2)(s, t)} to coincide with the principle geomet-
rical axes ofA, such that〈ξ1ξ2〉A = 0 holds. The quantities
that characterize the geometric properties of the cross sec-
tion in the Cosserat rod model are thecross section area
A= 〈1〉A, the twoarea moments I1 =

〈
ξ22

〉
A

, I2 =
〈
ξ21

〉
A

and

the polar area moment I3 =
〈
ξ21 + ξ

2
2

〉
A
= I1+ I2. With these

definitions we obtain the centerline of the reference configu-
ration as the average positionϕ0(s) = 〈X〉A /A of all material
points of the cross section located at fixeds. The same rela-
tion ϕ(s, t) = 〈x〉A /A holds for deformed configurations pro-
vided that the warping fieldw(ξ1, ξ2, s, t) satisfies〈w〉A = 0.

3 The stored energy function of a Cosserat rod

In order to set the notational and conceptional framework for
the derivation of the viscous part of our damping model, we
first give a brief account of the derivation of its elastic part,
i.e.: the stored energy function (10) of a Cosserat rod. Within
this derivation we will encounter a variety of smallness as-
sumptions w.r.t. the curvatures describing the reference ge-
ometry of the rod as well as the local strains occuring in its
deformed configurations. In our subsequent derivation of the
viscous dissipation function (11) we will use the same as-
sumptions and thereby remain consistent with the derivation
of the elastic part.

3.1 Three-dimensional strain measures

In the first step we compute thedeformation gradient̂F =
gk⊗Gk, the right Cauchy–Green tensor̂C = F̂T · F̂ and the
Green–Lagrange strain tensor̂E = 1

2(Ĉ− Î ) from the basis
vectorsGk = ∂kX and gk = ∂kx associated to the curvilinear
coordinates of the rod configurations given by Eqs. (14) and
(15), with ∂k =

∂
∂ξk

for k= 1,2 and∂3 = ∂s for ξ3 = s.

The dual basis vectorsG j and g j are defined by the rela-
tionsGi ·G j = δi j andgi · g j = δi j , respectively. Proceeding in
this way we obtain the basis vectors of the reference configu-
ration (14) asGα = a(α)

0 (s) andG3 = a(3)
0 (s)+ξαU0α(s)a

(α)
0 (s).

Their duals may be computed from the general formula
Gi =G j ×Gk/J0 with J0 := (G1×G2) ·G3, where (i jk) is a
cyclic permutation of the indices (123), resulting in:G1 =

a(1)
0 + ξ2

U03
J0

a(3)
0 , G2 = a(2)

0 − ξ1
U03
J0

a(3)
0 , andG3 = 1

J0
a(3)

0 .
The inital curvaturesU0α(s) contained in the determinant

J0(s) = 1+ ξ2U01(s)− ξ1U02(s) and the initial twistU03(s) of
the reference configuration (14) influence the deviation of
the dual vectorsGk from the frame directorsa(k)

0 (s) within
the cross section. Both vectors coincide if the reference con-
figuration of the rod is straight and untwisted (i.e.:U0 =

0). We have approximate coincidenceGk ≈ a(k)
0 (s) if cur-

vature and twist of the reference configuration are suffi-

ciently weak, in the sense that for the curvature radii given
by Rk = 1/|U0k| the estimates|ξα|/R3� 1 and|ξα|/Rβ� 1⇒
J0 ≈ 1 hold throughout each cross section along the rod,
such that all initial curvature radiiRα are large compared
to the cross section diameter. The geometric approximation
J0(s) ≈ 1 will occur repeatedly and therefore play an impor-
tant role in the derivation of the elastic energy and dissipa-
tion function of a Cosserat rod. To compute the deformation
gradient we also need the basis vectorsgα = a(α)(s, t) and
g3 = a(3)(s, t)+ξαUα(s, t)a(α)(s, t) of the deformed configura-
tion (15) with vanishing gradient of the warping vector field
(∂kw= 0). For the dual vectorsgk one obtaines analogous ex-
pressions as those for the dual vectorsGk given above, which
we omit here.

For the special kinematical relations of a Cosserat rod,
the deformation gradient̂F = gk⊗Gk may be expressed in
terms of apseudo-polar decomposition(seeGéradin and
Cardona, 2001) by a factorization of therelative rotation
R̂rel(s, t) := R̂(s, t) · R̂T

0 (s) = a(k)(s, t)⊗ a(k)
0 (s) connecting the

moving frames of the reference and deformed configurations
of the rod. The resulting formula

F̂(ξ1, ξ2, s, t)=R̂rel(s, t)

[
Î+

1
J0(s)

H(ξ1, ξ2, s, t)⊗a(3)
0 (s)

]
(16)

depends on theabsolute valuesof the curvatures of the
reference configuration (14) through J0(s), and on the
change of the strain measuresof the Cosserat rod given
by the difference vectorsU(s, t)−U0(s) and V(s, t)−V0 =

(V1(s, t),V2(s, t),V3(s, t)−1)T in terms of thematerial strain
vectorH(ξ1, ξ2, s, t) = Hk(ξ1, ξ2, s, t) a(k)

0 (s) with components

H1(ξ2, s, t) = V1(s, t)− ξ2 [U3(s, t)−U03(s)] ,

H2(ξ1, s, t) = V2(s, t)+ ξ1 [U3(s, t)−U03(s)] , (17)

H3(ξ1, ξ2, s, t) = [V3(s, t)−1] + ξ2 [U1(s, t)−U01(s)]

−ξ1 [U2(s, t)−U02(s)] ,

which can be written more compactly7 in the form of a carte-
sian vector̂RT

0 ·H = (V−V0)−ξαeα×(U−U0) = Hkek w.r.t. the
fixed global frame{e1,e2,e3}.

Computing the right Cauchy–Green tensorĈ = F̂T · F̂ with
the deformation gradient given by Eq. (16) results in the
following kinematically exact expression for the Green–
Lagrange strain tensor:

7Our derivation generalizes the one given byGéradin and Car-
dona(2001) for the simpler case of a straight and untwisted ref-
erence configuration of the rod (i.e.U0 = 0). Apart from using a
slightly different and more compact notation, the kinematically ex-
act expression of the deformation gradient given by Eqs. (16) and
(17) is algebraically equivalent to the one given byKapania and Li
(2003) in eq. (47) of their paper. We note that the difference terms
U−U0 andV−V0 appear already in the kinematically exact expres-
sion (18) beforediscarding second order terms. This shows that our
approach is more general than the one chosen byWeiss(2002a).
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Ê =
1

2J0

[
H ⊗ a(3)

0 + a(3)
0 ⊗ H

]
+

H2

2J2
0

a(3)
0 ⊗ a(3)

0 . (18)

The approximate expression8

Ê ≈
1
2

[
H ⊗ a(3)

0 + a(3)
0 ⊗ H

]
(19)

may be obtained from Eq. (18) by the geometric approxima-
tion J0 ≈ 1 assumed to hold for the reference geometry and
the additional assumption‖H‖ � 1 of asmall material strain
vector. Later we will make use of the approximate strain ten-
sor (19), which is linear in the vector fieldH and therefore
also in the change of the strain measures of the rod, to ob-
tain the stored energy function (10), which then becomes a
quadratic formin the change of the strain measures. Like-
wise we will use Eq. (19) to obtain an approximation of the
strain rate∂tE in terms of the rate∂tH of the strain vector.

3.2 Validity of the small strain approximation

For deformed configurations of a slender rod one observes
large displacements and rotations, but local strains remain
small. To estimate the size of the strain tensor it is useful to
compute its componentsEi j = a(i)

0 · (Ê · a
( j)
0 ) w.r.t. the tensor

basisa(i)
0 ⊗ a( j)

0 obtained from the directors of the reference
frameR̂0(s). From Eqs. (18) and (19) we obtain identically
vanishing in-plane components (Eαβ = Eβα ≡ 0), as well as
the exact and approximate expressions

Eα3 = E3α =
Hα
2J0
≈

Hα
2
, E33 =

H3

J0
+

H2

2J2
0

≈ H3 (20)

of the components related to out-of-plane deformations of
the local cross section. Introducing the the quantity|ξ|max :=
max(ξ1,ξ2)∈A(|ξ1|, |ξ2|) to estimate the maximal linear exten-
sion of the cross sectionA, one may estimate the devi-
ation of the determinantJ0(s) from unity by |J0(s)−1| ≤
|ξ|max(1/R1+1/R2) as a coarse check of the validity of the ap-
proximationJ0 ≈ 1. Otherwise the smallness of the compo-
nents ofÊ is implied by the smallness of the componentsHk

of the strain vector. According to Eq. (17) these components
in turn become small if the change of the strain measures
of the Cosserat rod is small, i.e. if the estimates|Vα| � 1,
|V3−1| � 1, |Uk−U0k| � 1/|ξ|max hold. For slender rods with
moderately curved undeformed geometry these estimates are
obviously easily satisfiable, except for extreme deformations
of the rod that produce large curvatures or twists of the or-
der of the inverse cross section diameter. In this case, the
assumption of small strains obviously would be invalid.

8We note that Eq. (19) may alternatively be interpreted as an
approximation of the Biot strain(see Sect.A1 of the Appendix).

3.3 Elastic constitutive behaviour of rods at small strains

If we assume the rod material to behave hyperelastically with
a stored energy density functionΨe(Ê), a simple Taylor ex-
pansion argument9 shows that the behaviour of the energy
density within the range of small strains may be well approx-
imated by the quadratic functionΨe(Ê) ≈ 1

2Ê : H : Ê, where
H = ∂2

Ê
Ψe(0̂) is the fourth orderHookean material tensor

known from linear elasticity. This quadratic approximation
yields a well defined frame-indifferent elastic energy den-
sity that is suitable for structure deformations at small local
strains, but arbitrary large displacements and rotations, and
therefore serves as a proper basis for the derivation of the
stored energy function of a Cosserat rod.

The corresponding approximation of the stress-strain re-
lation yields the 2ndPiola–Kirchhoff stress tensor Ŝ=
∂ÊΨe(Ê) ≈ H : Ê for small strains. The 1stPiola–Kirchhoff
stresstensorP̂, which is used to define the stress resultants
and stress couples of the Cosserat rod model (seeSimo, 1985,
for details), is obtained by the transformationP̂= F̂ · Ŝusing
the deformation gradient, and the Cauchy stress tensor as the
inverse Piola transformation̂σ = J−1P̂·F̂T depending also on
J = det(F̂). If we approximate the strain tensorÊ by Eq. (19)
and consistently discard all terms that are of second order
in ‖H‖ in accordance with our assumption of small strains,
we have to use the approximationF̂ ≈ R̂rel(s) (which implies
J ≈ 1) for the deformation gradient in all stress tensor trans-
formations. This means that all pull back or push forward
transformations are carried out approximately as simple rel-
ative rotations connecting corresponding framesR̂0(s) and
R̂(s, t) of the undeformed and deformed configurations of a
Cosserat rod. Alltogether we obtain the approximate expres-
sions10

Ŝ ≈ H : Ê ⇒ P̂ ≈ R̂rel · Ŝ , σ̂ ≈ R̂rel · Ŝ· R̂T
rel (21)

for the various stress tensors, which are valid for the specific
type of small strain assumptions encountered for Cosserat
rods, as discussed above.

In the case of ahomogeneous and isotropicmaterial, the
Hookean tensor acquires the special form of an isotropic
fourth order tensorHSVK = λ Î ⊗ Î +2µ I depending on two
constant elastic moduli: theLamé parametersλ andµ. Here
Î and I are the second and fourth order identity tensors,
which act on (symmetric) second order tensorsQ̂ by dou-
ble contraction asI : Q̂ = Q̂ and Î : Q̂ = Tr(Q̂), such that
one obtainsQ̂ : (Î ⊗ Î ) : Q̂ = Tr(Q̂)2 and Q̂ : I : Q̂ = Q̂ : Q̂ =
Tr(Q̂2) = ‖Q̂‖2F , where ‖ . . .‖F is the Frobenius norm. The
corresponding energy function is theSaint–Venant Kirchhoff

9Additional assumptions are the vanishing of the elastic energy
density at zero strain (Ψe(0̂) = 0), as well as the absence of initial
stresses in the undeformed configuration (i.e.:Ŝ0 = ∂ÊΨe(0̂) = 0̂).

10An alternative interpretation of Eq. (21) in terms of the Biot
stress tensor is briefly discussed in Sect.A3 of the Appendix.
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potential

ΨSVK(Ê) =
1
2

Ê : HSVK : Ê (22)

=
λ

2
Tr(Ê)2 + µ‖Ê‖2F =

K
2

Tr(Ê)2 + µ‖P : Ê‖2F ,

whereP = I− 1
3 Î ⊗ Î is the orthogonal projector on the sub-

space of traceless second order tensors, such thatP : Ê =
Ê− 1

3Tr(Ê)Î yields the traceless (deviatoric) part of the strain
tensor, andK = λ+ 2

3µ is the bulk modulus.

3.4 Modified strain tensor including lateral contraction

The stress-strain relation obtained from (22) is given by

ŜSVK = λ Tr(Ê) Î + 2µ Ê = K Tr(Ê) Î + 2µ P : Ê . (23)

Inserting the approximate expressions (19) and (20) of the
strain tensor and its components into Eq. (23) yields the small
strain approximation̂SSVK ≈ λH3Î +µ[H ⊗ a(3)

0 + a(3)
0 ⊗H] of

the stress tensor̂SSVK for Cosserat rods. The computation of
the stress components w.r.t. the basis ofR̂0(s) directors yields
normal stress componentsSαα ≈ λH3 andS33 ≈ (λ+2µ)H3,
and the shear stress components are given byS12 = S21 = 0
andSα3 = S3α ≈ µHα, respectively.

As both elastic moduliλ = 2µν/(1−2ν) andλ+2µ = 2µ(1−
ν)/(1−2ν) appearing in the expressions for the normal stress
components, expressed in terms of the shear modulusµ =
G and Poisson’s ratio given by 2ν = λ/(λ+ µ), diverge in
the incompressible limitν→ 1

2 (just as the bulk modulus
K = 2

3
1+ν
1−2νG does), the normal stresses would become in-

finitely large whenever the normal strainE33 ≈ H3 becomes
nonzero. This unphysical behaviour is a direct consequence
of the kinematical assumption of plain andrigid cross sec-
tion, which prevents any lateral contraction of the cross sec-
tion in the case of a longitudinal extension. Therefore the
assumption of aperfectly rigidcross section, as well as the
expressions (18) and (19) derived under this assumption, are
strictly compatible only withperfectly compressiblemateri-
als (i.e.: in the special caseν = 0).

The standard procedure to fix this deficiency (see e.g.
Weiss, 2002a) is based on the plausible requirement that
all in-plane stress componentsSαβ (including the normal
stressesSαα), which for rods in practice are very small com-
pared to the out of plain normal and shear stressesSα3 and
S33, shouldvanishcompletely. This may be achieved by im-
posing auniform lateral contractionwith in-plane normal
strain componentsEαα = −νE33 upon the cross section. Al-
though this procedure seems to be rather ad hoc, it may be
justified by an asymptotic analysis11 of the local strain field
for rods, e.g. in the way as presented byLove (1927) in the
paragraph §256 on the “Nature of the strain in a bent and

11SeeBerdichevsky(1981) and ch. 15 ofBerdichevsky(2009) for
a modern comprehensive analysis within Berdichevsky’s variational
asymptotic approach.

twisted rod” in ch. XVIII of his book. Following Love’s anal-
ysis, we obtain the in-plane normal strains to leading order
asEαα = ∂αwα = −νE33 with the additional requirement that
E12 = E21 = ∂1w2+ ∂2w1 = 0, which determines the in-plane
componentswα of the the warping fieldw corresponding to
the lateral contraction in terms ofE33.

To obtain the modified value ofEαα = −νE33 one has to
add an additional term−νE33 a(α)

0 ⊗ a(α)
0 to the exact expres-

sion (18) of the strain tensor. Using the identityÎ = a(k)
0 ⊗a(k)

0 ,
we obtain the modified expression

Ê′ = Ê − νE33

[
Î − a(3)

0 ⊗ a(3)
0

]
(24)

for the strain tensor, withE33 ≈ H3 as small strain approxi-
mation according to Eq. (19). Inserting the modified strain
tensor (24) into the stress-strain equation of the Saint–
Venant–Kirchhoff material with Tr(̂E′) = (1−2ν)E33 ≈ (1−
2ν)H3, and using the relationλ(1−2ν) = ν

1+νE that relates the
Lamé parameterλ to Young’s modulusE, we obtain the fol-
lowing modified expression for the stress of a Cosserat rod:

Ŝ′SVK ≈
Eν

1+ ν
H3 a(3)

0 ⊗ a(3)
0 + G

[
H ⊗ a(3)

0 + a(3)
0 ⊗ H

]
. (25)

By construction, we now obtain vanishing in-plane stress
componentsS′12 = S′21 = S′αα ≡ 0, while the transverse shear
stresses remain unaffected by the modification (i.e.:S′α3 =
S′3α ≈GHα with G = µ). As 2G = E/(1+ ν), we likewise ob-
tain the modified expressionS′33 ≈ E H3 for the normal stress
component orthogonal to the cross section, which corre-
sponds to the familiar expression from elementary linear
beam theory, with Young’s modulusE replacingλ+2µ.

3.5 Elastic energy of a Cosserat rod

Next we demonstrate briefly that the modified expressions
(24) and (25) immediately lead to the known stored energy
function (10) mentioned in the introduction.

In the case of a hyperelastic material with an elastic
(stored) energy densityΨe the elastic potential energy of a
body is given by the volume integral

∫
V0

dVΨe of the energy
density over the volumeV0 of the reference configuration
of the body. In the case of a rod shaped body parametrized
by the coordinates (ξ1, ξ2, s) of the reference configuration
(14), the volume measure ofV0 is given by dV = J0dsdξ1dξ2,
whereJ0 is the Jacobian of the reference configuration (see
Sect.3.1). Using the geometric approximationJ0 ≈ 1, the
stored energy function of a rod shaped body is obtained as
the integral

∫
V0

dVΨe ≈
∫ L

0
ds 〈Ψe〉A of the density over the

cross sections and along the centerline of the reference con-
figuration of the rod.

In the special case of the energy density (22) this leads
to the stored energy functionWe =

∫ L

0
ds
〈
ΨSVK(Ê′)

〉
A

, using

the modified strain tensor̂E′ from Eq. (24). Applying our
previously introduced approximations of small strains and
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small initial curvature, we obtain the approximate expression

ΨSVK(Ê′) =
1
2

Ŝ′SVK : Ê′ ≈
1
2

[
EH2

3 + G(H2
1 +H2

2)
]

(26)

for the energy density. Its cross section integral
〈
ΨSVK(Ê′)

〉
A

may be evaluated in terms of the integrals〈
H2

1 +H2
2

〉
A
= A(V2

1 +V2
2) + I3(U3−U03) ,〈

H2
3

〉
A
= A(V3−1)2 + Iα(Uα −U0α) ,

which finally yields the desired result

2
〈
ΨSVK(Ê′)

〉
A
≈ EA(V3−1)2 + GA(V2

1 +V2
2) (27)

+ EIα(Uα −U0α) + GI3(U3−U03) ,

corresponding exactly to the stored energy function (10) with
effective stiffness parameters given by Eq. (2). The subse-
quent introduction ofshear correction factors(GA→GAκα)
as well as the corresponding correctionGI3→GJT =GI3κ3

of torsional rigidity12 finally yields the stored energy func-
tion (10) with correspondingly modified effective stiffnesses
as given by Eq. (7) (see also Sect.4.1 for a more detailed
discussion of this point).

3.6 Kinetic energy and energy balance for Cosserat rods

In general, the kinetic energy of a body is given by the vol-
ume integral

∫
V0

dV 1
2ρ0v2, whereρ0(X) is the local mass

12 The correction of torsional rigidity accounts for the contribu-
tion of out-of-plane cross section warping in terms of a correspond-
ing torsional stress functionΦ(ξ1, ξ2) and leads to an improved ap-
proximation of the strain and stress fields as well as the resulting
elastic energy given by Eq. (10) compared to its 3-D volumetric
counterpart. Similar arguments apply to an improved approximation
of transverse shear strains and stresses as well as the associated part
of the elastic energy density by accounting for additional contribu-
tions given by a corresponding pair of stress functionsχα(ξ1, ξ2).
The classical results obtained by St.-Venant are given in ch. XIV of
Love’s treatise (Love, 1927) (see also ch. II §16 inLandau and Lif-
shitz, 1986). They are contained as a special (and simplified) case
within Berdichevsky’s more comprehensive and modern treatment
in terms of his method of variational asymptotic analysis applied
to rods (seeBerdichevsky, 1981, 1983and ch. 15 ofBerdichevsky,
2009). Apart of Timoshenko’s original treatment of shear correc-
tion factors, the article ofCowper(1966) is a classical reference
on this subject, with correction factors obtained from pointwise
(centroidal) and cross section averaged values of transverse shear
stressesσα3 (see also the discussions in ch. II, section 11 ofVil-
lagio, 1997 and section 2.1 ofSimo et al., 1984). More recently
an alternative approach based onenergy balanceas utilized e.g. in
(Gruttmann and Wagner, 2001) and likewise fits to our considera-
tions, is considered as standard due to superior results. However, the
issue of correction factors for transverse shear in Timoshenko-type
rod models is still subject of discussion and research activities (see
e.g.Dong et al., 2010).

density of the body in the reference volume, andv(X, t) =
∂tx(X, t) is the velocity of the respective material point. Us-
ing the kinematic ansatz (15) with the geometric approxi-
mation J0 ≈ 1, assuming a homogeneous mass density, and
neglecting the contribution of cross section warping (w≡ 0),
we obtain the integral expressionWk =

∫ L

0
ds 1

2ρ0[A(∂tϕ)2+〈
ξ2α
〉
A

(∂ta(α))2] for the kinetic energy of the rod as a
quadratic functional of the time derivatives of its kine-
matic variables. The rotatory part may be reformulated in
terms of the material componentsΩ j = ω · a( j) of the angu-
lar velocity vectorω = Ω j a( j) of the rotating frame, which
is implicitely defined by∂ta(k) = ω× a( j), by substituting〈
ξ2α
〉
A

(∂ta(α))2 = IkΩ
2
k. This finally yields the familiar ex-

pressionWk =
∫ L

0
ds 1

2ρ0[A(∂tϕ)2+ IkΩ
2
k] for the kinetic en-

ergy of a Cosserat rod as given inLang et al.(2011) with
Ωk expressed in quaternionic formulation. Altogether we ob-
tain the approximation

∫
V0

dV [ 1
2ρ0v2+Ψe] ≈We +Wk =: Wm

of the three–dimensional mechanical energy of a rod shaped
body in terms of the corresponding sum of the kinetic and
stored energy functionsWk andWe of the Cosserat rod model
as given above. In the absence of any dissipative effects,
the mechanical energy must be conservedexactly in both
the 3-D as well as the 1-D setting, such that the identities
d
dt

∫
V0

dV [ 1
2ρ0v2+Ψe] = 0= d

dt Wm hold identically as a conse-
quence of the respective balance equations for both the 3-D
volumetric body and the 1-D rod.

4 Kelvin–Voigt damping for Cosserat rods

Now we have collected all technical prerequisites and ap-
proximate results that enable us to derive the dissipation
function (11) of a Cosserat rod from a three-dimensional
Kelvin–Voigt model in analogy to the derivation of the stored
energy function (10) in a consistent way.

In Landau and Lifshitz(1986) (see ch. V §34) thedissipa-
tion function

∫
V

dV 1
2ηi jkl ε̇i j ε̇kl is considered as an appropriate

model of dissipative effects within a solid body near thermo-
dynamic equilibrium, with constant fourth order tensor com-
ponentsηi jkl that are the viscous analogon of the components
of the Hookean elasticity tensor. Transfering this ansatz to
the formalism used in our paper, the dissipation function of
Landau and Lifshitz(1986) becomes that of aKelvin–Voigt
solid as given inLemaitre and Chaboche(1990)

DKV =

L∫
0

ds
〈
ΨKV (∂tÊ)

〉
A
=

L∫
0

ds
1
2

〈
∂tÊ : V : ∂tÊ

〉
A
, (28)

which is a quadratic form in the material strain rate∂tÊ de-
fined as the time derivative of the Green–Lagrange strain ten-
sor. The constant fourth orderviscosity tensorV may be as-
sumed to have the same symmetries as the Hookean tensor
H, with its components depending onviscosity parameters
in the same way as the components ofH depend on elastic

www.mech-sci.net/4/79/2013/ Mech. Sci., 4, 79–96, 2013



88 J. Linn et al.: Geometrically exact Cosserat rods with Kelvin–Voigt type viscous damping

moduli. The stress-strain relation of the Kelvin–Voigt model
is given byŜ= H : Ê+V : ∂tÊ, with the viscous stress13 given
by the termŜv := V : ∂tÊ = ∂∂tÊΨKV (∂tÊ).

The dissipation function for a Cosserat rod results by in-
serting the rate∂tÊ′ of the modified strain tensor (24) into
the dissipation density functionΨKV of the Kelvin–Voigt
model. We will compute this dissipation function explicitely
in closed form for the special case of ahomogeneous and
isotropic material. In this special case, the viscosity tensor
assumes the form

VIKV = ζ Î ⊗ Î + 2ηP = (ζ −
2
3
η) Î ⊗ Î + 2η I , (29)

depending on two constant parameters:bulk viscosityζ and
shear viscosityη.

To compute∂tÊ′ we use the expression (24) for the mod-
ified Green–Lagrange strain tensor of a Cosserat rod includ-
ing the small strain approximation (19), with the result

∂tÊ′≈
1
2

[
∂tH⊗a(3)

0 +a(3)
0 ⊗∂tH

]
−ν∂tH3

[
Î−a(3)

0 ⊗a(3)
0

]
(30)

depending on the time derivative∂tH(ξ1, ξ2, s, t) =
∂tHk(ξ1, ξ2, s, t) a(k)

0 (s) of the material strain vector with
components

∂tH1(ξ2, s, t) = ∂tV1(s, t)− ξ2∂tU3(s, t) ,

∂tH2(ξ1, s, t) = ∂tV2(s, t)+ ξ1∂tU3(s, t) , (31)

∂tH3(ξ1, ξ2, s, t) = ∂tV3(s, t)+ ξ2∂tU1(s, t)− ξ1∂tU2(s, t) ,

i.e.:R̂T
0 ·∂tH = (∂tHk)ek = ∂tV−ξαeα×∂tU, written as a carte-

sian vector w.r.t. the global basis{e1,e2,e3}.
Inserting Eqs. (30) and (31) into the dissipation density

function ΨIKV (∂tÊ′) = 1
2 ∂tÊ′ : VIKV : ∂tÊ′ of the isotropic

Kelvin–Voigt model, analogous computational steps as those

13Note that Ŝv : ∂tÊ = 2ΨKV (∂tÊ) corresponds to theviscous
stress power density, such that the integralPv(t) := 2

∫
V

dVΨKV (∂tÊ)
over the body volume yields the (time dependent) rate at which
a Kelvin–Voigt solid dissipates mechanical energy under approxi-
mately isothermal conditions near thermodynamic equilibrium, (see
ch. V §34 and §35) ofLandau and Lifshitz, 1986). For a thorough
discussion of the role of the dissipation function within the theory of
small fluctuations near thermodynamic equilibrium from the view-
point of statistical physics we refer to the the corresponding para-
graphs in ch. XII inLandau and Lifshitz(1980) (in particular §121),
as well as V. Berdichevsky’s recent article2003. In section VI of the
latter, the author points out that a Kelvin–Voigt type constitutive re-
lation holds also atfinite strains, with the dissipative part governed
by a fourth order viscosity tensorV[Ê,∂tÊ] depending on the local
strain and its rate. While a dependence ofV on the invariants of
∂tÊ in general prevents the existence of a dissipation function, the
latterdoesindeed exist according to V.B.’s arguments ifV = V[Ê]
is independent of the strain rate. This holds e.g. in the case of the
Kelvin–Voigt limit of constitutive laws belonging to the class offi-
nite linear viscoelasticity(Coleman and Noll, 1961) at sufficiently
small strain rates (i.e. sufficiently slow deformations of a body).

done for the derivation of the stored energyΨSVK(Ê′) in the
previous subsection yield the expression

2ΨIKV (∂tÊ) ≈ ηE (∂tH3)2 + η
[
(∂tH1)2+ (∂tH2)2

]
,

with the extensional viscosityparameterηE as defined in
Eq. (5) appearing as the prefactor14 of (∂tH3)2. The com-
putation of the cross section integrals of the squared time
derivatives (∂tHk)2 yields the expressions〈

(∂tH3)2
〉
A
= A(∂tV3)2+ Iα(∂tUα)

2 ,〈
(∂tH1)2+ (∂tH2)2

〉
A
= A

[
(∂tV1)2+ (∂tV2)2

]
+ I3(∂tU3)2 ,

from which we obtain the desired cross section integral of
the dissipation density function:

2
〈
ΨIKV (∂tÊ)

〉
A
≈ ηEA(∂tV3)2 + ηEIα (∂tUα)

2 (32)

+ ηA
[
(∂tV1)2+ (∂tV2)2

]
+ ηI3 (∂tU3)2 .

The dissipation function (11) of the Cosserat rod with diago-
nal damping coefficient matrices (3) and damping parameters
(4) is then obtained asDv = DIKV :=

∫ L

0
ds
〈
ΨIKV (∂tÊ′)

〉
A

.

4.1 Modification by shear correction factors

There is obviously a high degree of formal algebraic sim-
ilarity in the derivations of the stored energy function (10)
as presented in Sect.3.5and the dissipation function (11) as
presented above: both functionals result by inserting the spe-
cific strain tensor (24) of a Cosserat rod or respectively its
rate (30) into a volume integral over the 3-D body domain of
a density function defined as a quadratic form given by con-
stant isotropic fourth order material tensorsH andV, making
use of the same geometric as well as “small strain” approx-
imations implied by the specific kinematical ansatz (15) for
the configurations of a Cosserat rod. The formal analogy in
the derivation procedure leads to a dissipation density (32)
that may be obtained from its elastic counterpart (27) by sub-
stituting viscosity parameters for corresponding elastic mod-
uli (G→ η, E→ ηE) and strain rates for strain measures.

In the case of the stored energy function (10) the effec-
tive stiffness parameters (2) of the rod model are obtained
from a derivation using a kinematical ansatz that completely
neglects out-of-plane warping (i.e.:w3 = 0= ∂kw3) due to
transverse shearing and twisting, but accounts for in-plane
warping (i.e.:wα , 0) in a simplified way by assuming a uni-
form lateral contraction (ULC) of the cross section according
to the linear elastic theory (see Sect.3.4). Softening effects
due to out-of-plane warping are then accounted for by intro-
ducingshear correction factors0< κ j ≤ 1, which in the case
of a homogeneous and isotropic material enter the model as
multipliers A→ Aα = Aκα and I3→ JT = I3κ3 of the areaA

14The termK(1−2ν)2+ 4
3G(1+ν)2 = E analogously appears as the

prefactor ofH2
3 in the expression (26) of the stored energy function

of a Cosserat rod for the St.-Venant-Kirchhoff material.
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and polar momentI3 of the cross section and – according
to the linear theory – dependsolelyon thecross section ge-
ometry. The modified stiffness constants (7) are obtained in
combination with the elastic moduliG = µ andE, the latter
appearing instead ofλ+2µ due to the enforcment of van-
ishing in-plane stresses by allowing for ULC according to
Eq. (24).

Although the derivation of explicit formulas15 for κ j is car-
ried out for static boundary value problems, the sameκ j ,
as well as the kinematic ansatz accounting for ULC, may
be used fordynamicproblems, due to the negligible influ-
ence of dynamic effects on the warping behaviour of cross
sections, provided that the rod geometry is sufficiently slen-
der. Therefore the geometric modificationsA→ Aα = Aκα
and I3→ JT = I3κ3, which have already been used to pro-
vide modified stiffness parameters (7) for an improved ap-
proximation of the 3-D (volumetric)elastic energyby the
stored energy function (10) in the static as well as in the
dynamic case, remain likewise valid to achieve a compara-
ble improvement for the approximation of the 3-D integrated
viscous stress powerby the dissipation function (11), with
modified damping parameters given by Eq. (8), leading to the
modified expressions (9) for the effective viscosity matrices.

This completes our derivation of the Kelvin–Voigt type
dissipation function of a Cosserat rod. Although the argu-
ments given above would certainly benefit from a mathemat-
ical confirmation by rigorous (asymptotic) analysis, the latter
is beyond the scope of this work.

4.2 An (erroneous) alternative derivation approach

The formulation of the Cosserat rod model given bySimo
(1985) introduces spatial force and moment vectorsf andm,
usually denoted asstress resultantsandstress couples, as the
cross section integrals

f (s, t) =
〈
P̂(ξ1, ξ2, s, t) · a

(3)
0 (s)
〉
A
,

m(s, t) =
〈
ξ(s)× P̂(ξ1, ξ2, s, t) · a

(3)
0 (s)
〉
A

of the traction forces of the 1st Piola–Kirchhoff stress tensor
acting on the cross section area and the corresponding mo-
ments generated by the Piola–Kirchhoff tractions w.r.t. the
cross section centroid, which are obtained by means of the
“lever arm” vectorξ(s) = ξαa

(α)
0 (s). Both integrants may be

expressed in terms of the 2nd Piola–Kirchhoff stress by
means of the transformation̂P= F̂ · Ŝ with the deformation
gradient. In view of the small strain approximationP̂≈ R̂rel·Ŝ
with Ŝ≈ H : Ê discussed in Sect.3.3we obtain the relations

R̂0(s) · F(s, t) ≈
〈
Ŝ(ξ1, ξ2, s, t) · a

(3)
0 (s)
〉
A
,

R̂0(s) ·M(s, t) ≈
〈
ξ(s)× Ŝ(ξ1, ξ2, s, t) · a

(3)
0 (s)
〉
A

15We refer to footnote12 for a discussion of this issue.

connecting the spatial stress resultantsf = R̂ · F and stress
couplesm= R̂ ·M to their material counterparts rotated to
the local reference framêR0(s) = ak

0(s)⊗ek.
Expanding the material force and moment vectors

w.r.t. the local ONB given by the reference frame
R̂0(s) as R̂0(s) · F(s, t) = Fk(s, t) ak

0(s) and R̂0(s) ·M(s, t) =
Mk(s, t) ak

0(s) yields their components in terms of the cross
section integrals

F j =
〈
S j3

〉
A
, M1 = 〈ξ2S33〉A , M2 = 〈−ξ1S33〉A ,

M3 = 〈ξ1S23− ξ2S13〉A

of the components of̂S w.r.t. this basis. To compute these
components of the material force and moment vectors in
closed form for the special casêS′ = HSVK : Ê′ +VIKV :
∂tÊ′ = Ŝ′SVK + Ŝ′IKV with the approximate expressions (24)
and (30) of the Green–Lagrange strain tensor and its rate and
the constant isotropic material tensorsHSVK = K Î ⊗ Î +2GP
andVIKV = ζ Î⊗ Î+2ηP, we have to evaluate the cross section
integrals with the stress componentsS′α3 =GHα+η∂tHα and
S′33 = EH3+ η̃E∂tH3, with η̃E := (1−2ν)ζ + (1+ ν) 4

3η multi-
plying the strain rate∂tH3 ≈ ∂tE33.

Therefore ˜ηE has to be interpreted as extensional viscos-
ity, but obviously differs from the expressionηE given in
Eq. (5) and derived above by computing the dissipation func-
tion. Therefore the corresponding retardation time constant
τ̃E := η̃E/E = 1

3(τB+2τS), which is independent of the value
of Poisson’s ratioν, likewise differs from the expression of
the extensional retardation timeτE given in Eq. (6). Both ex-
pressions ˜ηE andηE yield extensional viscosity as a combina-
tion of shear and bulk viscosity, but agree only in the special
caseν = 0. The same assertion likewise holds for the cor-
responding retardation times, of course. However, onlyηE

yields the correct incompressible limitηE→ 3η for ν→ 1
2,

while η̃E tends to the smaller (and incorrect) value of 2η in
this case.

The resulting expressions for the material force compo-
nents are given by

Fα = GA [Vα + τS ∂tVα] , F3 = EA [(V3−1) + τ̃E ∂tVα] ,

and the material moment components correspondingly by

Mα = EIα [(Uα −U0α) + τ̃E ∂tUα] ,

M3 = GI3 [(U3−U03) + τS ∂tU3] .

A comparison with the stiffness and damping parameters (2)
and (6) entering the constitutive equations (1) shows that the
derivation approach sketched above correctly yieldsall of the
stiffness parameters as well as the damping parameters asso-
ciated to transverse and torsional shear deformations. How-
ever, the damping parameters governed by normal stresses
and extensional viscosity do not agree due to the appearance
of τ̃E instead of the correct time constantτE.

The discrepancy between the results of both derivation ap-
proaches can be traced back to the fact that the integration
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of the traction forces and their associated moments over the
cross section fails to account for the non-vanishing contribu-
tions of the in-plane strain rates∂tE′αα = −ν∂tH3 associated
to uniform lateral contraction to the total energy dissipation
of the rod. Paired with the corresponding viscous stress com-
ponentsS′αα = [(1−2ν)ζ−(1+ν)η]∂tH3 these result in the (in
general non-vanishing) contribution

S′αα(∂tE
′
αα) = −2ν [(1−2ν)ζ − (1+ ν)η] (∂tH3)2

= (ηE − η̃E) (∂tH3)2

to the dissipation function. As the cross section integrals
given above involve only the stress componentsS′α3 andS′33,
this additional source of damping is, by definition, not con-
tained in the resulting formulas for the material force and
moment componentsF j andM j obtained via this approach.

However, this deficiency affects only theviscouspart of
the constitutive equations. The elastic part does not show any
discrepancy, as the modified strain tensor (24) by construc-
tion provides vanishing in-plane elastic stress components
(see Sect.3.4), such that the stored energy function does not
contain any contributions from non-vanishing in-plane elas-
tic stresses to the elastic energy, and the cross section inte-
grals of the traction forces and their moments yieldall stiff-
ness parameters correctly.

In summary, the considerations above suggest that, also
in the case of more general viscoelastic constitutive laws,
our approach to derive effective constitutive equations for
Cosserat rods by computing the stored energy and dissipa-
tion functions is superior to the alternative approach based
on a direct computation of the forces and moments as resul-
tant cross section integrals of the traction forces and asso-
ciated moments, as the latter yields an effective extensional
viscosity which is systematically too small for partially com-
pressible and incompressible solids (i.e.: 0< ν ≤ 1

2).

4.3 ANCF beams with Kelvin–Voigt damping

In the recent article ofAbdel-Nasser and Shabana(2011),
a damping model for geometrically nonlinear beams given
in the ANCF (absolute nodal coordinates) formulation has
been proposed. The authors obtained their model by insert-
ing the 3-D isotropic Kelvin–Voigt model as described above
into their ANCF element ansatz. They used the Lamé pa-
rametersλ and µ as elastic moduli, and introduced corre-
sponding viscosity parametersλv and µv, which they re-
lated to the elastic moduli bydissipation factorsγv1 and
γv2. From the context it seems clear that in our notation
γv2 = τS, such thatµv =GτS = η. Likewise we may identify
γv1 = τB, such thatλv = KτB−

2
3GτS = ζ− 2

3η, and the viscosi-
ties are related by the same relation as the elastic moduli (i.e.:
λ = K− 2

3G). If the ANCF ansatz chosen inAbdel-Nasser and
Shabana(2011) handles lateral contraction effects correctly,
both models should behave similar and yield similar simula-
tion results. However, the appearance of the unmodified elas-
tic moduliλ = 2µν/(1−2ν) andλ+2µ = 2µ(1−ν)/(1−2ν) in

the element stiffness matrix (see Eq. 25 of the paper) indi-
cates that the formulation chosen inAbdel-Nasser and Sha-
bana(2011) may have problems in the case of incompressible
materials (ν→ 1

2). A clarifying investigation of this issue as
well as a detailed comparison of both models remains to be
done in future work.

4.4 Validity of the Kelvin–Voigt model

As remarked already inLandau and Lifshitz(1986), the mod-
elling of viscous dissipation for solids by a dissipation func-
tion of Kelvin–Voigt type is valid only for relatively slow
processes near thermodynamic equilibrium, which means
that the temperature within the solid should be approximately
constant, and the macroscopic velocities of the material par-
ticles of the solid should be sufficiently slow w.r.t. the time
scale of all internal relaxation processes.

To illustrate and quantify this statement, we briefly dis-
cuss the one-dimensional example of a linear viscoelastic
stress-strain relationσ(t) =

∫ ∞
0

dτG(τ)ε̇(t− τ) governed by
the relaxation functionG(τ) =G∞+

∑N
j=1G j exp(−τ/τ j) (i.e.:

a Prony series) of a generalized Maxwell model. By Fourier
transformation we obtain the relation ˆσ(ω) = Ĝ(ω)ε̂(ω) in
the frequency domain, where the real and imaginary parts
of the complex modulus function̂G(ω) =G∞+

∑N
j=1G j

iτ jω

1+iτ jω

model the frequency dependent stiffness and damping prop-
erties of the material.

Using a 1-D Kelvin–Voigt modelσKV (t) =Gε(t)+ηε̇(t) we
obtain the simple expression ˆσKV (ω) = [G+ iηω]ε̂(ω), which
approximates the generalized Maxwell model at sufficiently
low frequencies withG =G∞ andη =

∑N
j=1G jτ j . The devia-

tion between the generalized Maxwell model and its Kelvin–
Voigt approximation may be estimated as

|σ(t)−σKV (t)| ≤
1
π

N∑
j=1

G j

∞∫
0

dω
|ε̂(ω)| (τ jω)2√

1+ (τ jω)2
.

This deviation may indeed become small, provided that the
modulus|ε̂(ω)| of the strain spectrum, which appears as a
weighting factor for the terms of the sum on the r.h.s., takes
on non–vanishing values only at frequencies much smaller
than those given by the discrete spectrum of the inverse relax-
ation timesω j = 1/τ j . The estimate given above also shows
that in this case the Kelvin–Voigt model provides alow fre-
quency approximationof second order accuracy.

5 Numerical examples

To illustrate the behaviour of our damping model, we show
the results of numerical simulations of nonlinear vibrations
of a cantilever beam in Fig.3 obtained with the discrete
Cosserat rod model presented inLang et al.(2011).

The parameters of the beam are: lengthL = 30cm,
quadratic cross-section areaA= 1×1cm2, mass densityρ =
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Figure 3. Damped non-linear bending vibrations of a clamped cantilever beam (see text for further details).

1gcm−3, Young’s modulusE = 1MPa, and Poisson’s ratio
ν = 0.3. We assume thatζ/η = K/G holds for the viscosity
parameters, such that according to our model (6) the val-
ues of all retardation time constants are equal (τB = τS = τE).
The tests were performed with three different values (0.02s,
0.04s, and 0.08s) ofτE = τB/S. No gravitation is present.

The beam is fully clamped at one end, the other end is ini-
tially pulled sideways by applying a forcef L = Fe1 of mag-
nitudeF = 0.05N to the other end. The resulting initial de-
formation state in static equilibrium16 deviates far from the
linear range of deformations governed by (infinitesimally)
small displacements and rotations w.r.t. the reference con-
figuration, while local strains are small in accordance with
the constitutive assumptions. Starting from this initial equi-
librium configuration, the beam is then released to vibrate
transversally. The deformations of the beam shown in the in-
set of Fig.3 are snapshots taken during the first half period
of the oscillations which illustrate that in the initial phase
of the oscillations substantial geometric nonlinearities are

16A highly accurate approximation of this equilibrium configu-
ration may be obtained as the curves 7→ ϕel(s) and adapted frame
R̂el = (e2×∂sϕel)⊗e1+e2⊗e2+∂sϕel⊗e3 of aninextensible Euler elas-
tica, which may be computed analytically in closed form in terms
of Jacobian elliptic functions and elliptic integrals (seeLove, 1927,
ch. XIX §260–263 orLandau and Lifshitz, 1986, ch. II §19).

present. During the vibrations the beam remains in the plane
of its initial deformation, such that all deformations are of
plane bending type, and the extensional viscosityηE = EτE
becomes the main influence for damping.

As expected, the plots of the transverse oscillation ampli-
tude x(t) = e1 ·ϕ(L, t) recorded at the free end of the beam
show an exponential dying out in the range of small ampli-
tudes (linear regime). The deviations from the exponential
envelope adapted to the linear regime that are observed dur-
ing the initial phase clearly show the influence of geometric
nonlinearity. The plots also suggest that damping becomes
weaker in the nonlinear range. However, linear behaviour
seems to start already with the fifth oscillation period, where
the amplitude still has a large value of≈ L/3.

This may be further analyzed by evaluating thelogarith-
mic decrementsδk = ln(x(tk)/x(tk+1)) recorded between suc-
cesive maximax(tk) of the amplitude as well as the corre-
spondingdamping ratiosζk implicitely defined (seeCraig

and Kurdila, 2006, ch. 3.5, p. 75) byδk = 2πζk/
√

1− ζ2k . The
plots for the values ofζk determined in this way are shown in
the inset of Fig.3. As expected, the ratios approach constant
values in the linear regime, which scale as 1 : 2 : 4 propor-
tional to the values of the time constantτE used in the sim-
ulations. The simulations also show that the decrements be-
come lower in the range of large amplitudes, which confirms
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the observation that the damping effect of our Kelvin–Voigt
model is extenuated by the presence of geometrical non-
linearity. Nevertheless,ζk still scales approximately propor-
tional toτE also in the nonlinear range.

To investigate the influence of a variation of the bending
stiffness on the damping behaviour, an additional test with
quadrupled Young’s modulusE = 4MPa was performed. In
the corresponding amplitude plot shown in Fig.3 the time
axis of the plot with quadrupledE was streched twofold, such
that the oscillations could be compared directly. After time
stretching the (E = 4 MPa, τE = 0.02s) plot coincides with
the (E = 1MPa, τE = 0.04s) plot, surprisingly even through-
out the whole nonlinear range. Since the oscillation pe-
riod T of the four times stiffer (E = 4MPa) beam is twice
smaller than that of the softer (E = 1MPa) beam, this sug-
gests that the damping ratio varies proportional to the ratio
τE/T. Again this would be the expected behaviour in the lin-
ear regime, but is observed here in the nonlinear range as
well.

For small amplitudes, the oscillation period may be esti-
mated asT ≈ (2π/3.561)L2

√
ρA/EI using the well known

formula for the fundamental transverse vibration frequency
of a cantilever beam obtained fromEuler–Bernoullitheory
(seeCraig and Kurdila, 2006, ch. 13.2, Ex. 13.3, eq. 8). In-
serting the parameters assumed above, we getT ≈ 1.81s as
an estimate, which correponds well to the time intervals of
approximately 1.8 s between successive maxima shown in
Fig. 3 that are also observed throughout the range of geomet-
rically nonlinear deformations. For linear vibrations, damp-
ing ratio valuesζ ≈ 1 correspond to acritical damping of
the vibrating system, while values 0< ζ � 1 indicate aweak
damping. According to that, the valuesζk observed in our ex-
periments are in the range of weak to moderate damping, and
are well approximated by the empirical formulaζ ≈ 1

π
τE/T.

This provides a rough guideline for estimating the strenght
of damping, or likewise an adjustment of the the retardation
time τE relative to the fundamental periodT, if the Kelvin–
Voigt model is utilized to provide artificial viscous damping
in the sense ofAntman(2003). According to this, a critical
damping of transverse bending vibrations would be observed
at a value ofτE ≈ πT.

Corresponding experiments for axial or torsional vibra-
tions are limited to the range of small vibrations amplitudes,
similar to the ones shown byAbdel-Nasser and Shabana
(2011), as for large amplitudes one would inevitably induce
buckling to bending deformations, such that all deformation
modes would occur simultaneously, which greatly hampers
a systematic investigation of different damping effects in the
geometrically nonlinear range. Nevertheless, experiments at
small amplitudes are helpful to determine the ranges of weak,
moderate and critical damping for the respective deformation
modes, quantifyable by explicit formulas similar to the one
given above for the case of transverse vibrations. These could
then be used e.g. to adjust damping of different deformation
modes to experimental obervations.

6 Conclusions

In our paper we presented the derivation of a viscous Kelvin–
Voigt type damping model for geometrically exact Cosserat
rods. For homogeneous and isotropic materials, we ob-
tained explicit formulas for the damping parameters given
in terms of the stiffness parameters and retardation time
constants, assuming moderate reference curvatures, small
strains and sufficiently low strain rates. In numerical simu-
lations of vibrations of a clamped cantilever beam we ob-
served a slightly weakening influence of geometric nonlin-
earities on the damping of the oscillation amplitudes. We
also found that the variation of retardation time and bend-
ing stiffness has a similar effect on the damping ratio as in
the linear regime. In view of the limitations of the Kelvin–
Voigt model w.r.t. higher frequencies it would be worthwile
to develop more complex viscoelastic models (e.g. of gen-
eralized Maxwell type) for Cosserat rods. Our approach to
derive Kelvin–Voigt damping for Cosserat rods may be help-
ful to obtain such models from three-dimensional continuum
theory in an analogous way.

Appendix A

Measuring 3-D strains and stresses for rods

From a mathematical point of view, the tensorĈ may be re-
garded as the fundamental quantity to decribe theshapeof
a body, as it corresponds to themetricwhich determines the
shape up to rigid body motions, provided that certain integra-
bility conditions (i.e.: the vanishing of the Riemann curvature
tensor) are satisfied. Other strain measures may be obtained
as invertible functions of̂C via its spectral decomposition.
As a supplement to the brief discussion given in Sect.3.1,
we mention a few alternatives to measure 3-D strains and
stresses used elsewhere in connection with geometrically ex-
act rod theory.

A1 The Biot strain and its approximation

In the case of small strains, theBiot strain tensor defined as
ÊB := Û− Î , with theright stretch tensor̂U given implicitely
either by the polar decompostionF̂ = R̂pd · Û of the deforma-
tion gradient, or aŝU = Ĉ1/2 in terms of the right Cauchy–
Green tensor, is likewise an appropriate alternative choice of
a frame-indifferent material strain measure. Due to the alge-
braic identityÊ = 1

2(Û2−Î ) = 1
2(Î+Û)·ÊB the Biot and Green–

Lagrange strains agree up to leading order for small strains,
i.e.: Ê ≈ ÊB holds whenever̂U ≈ Î .

One might argue that for small strains it is preferable to use
ÊB as a strain measure, as it islinear in Û and therefore a first
order quantity in terms of in the principal stretches, different
from Ê, which is quadratic inÛ. However, while (18) pro-
vides akinematically exactexpression for̂I +2Ê = Ĉ = Û2,
a comparably simple closed form expression forÛ itself is
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not available. In general the tensorÛ has to be constructed
via the spectral decomposition ofĈ, which in 3-D cannot be
expressed easily17 in closed form.

For special simplified problems, like theplanedeforma-
tion of an extensible Kirchhoff rod as discussed byIrschik
and Gerstmayr(2009) andHumer and Irschik(2011), it is
possible to derive simple, kinematically exact closed form
expressions18 for Û and R̂pd by inspection of the deforma-
tion gradient. Also in the more general case ofĈ given by
Eq. (18) an analytical solution of the spectral problem is pos-
sible: by inspectionN3 := H×a(3)

0 /(H
2
1+H2

2)1/2 is found to be
one of its eigenvectors, with eigenvalueλ2

3 = 1. The remain-
ing 2-D spectral problem may then be solved analytically by
aJacobi rotationwhich diagonalizes the matrix representing
Ĉ w.r.t. the ONB in the plane orthogonal toH × a(3)

0 given
by a(3)

0 and the unit vector along the direction of the projec-
tion a(3)

0 × (H×a(3)
0 ) = Hα a(α)

0 of the material strain vectorH
onto the local reference cross section. The resulting analyt-
ical formulas19 for the two eigenvaluesλ2

± and orthonormal
eigenvectorsN1/2 of Ĉ, which we present below without pro-
viding further details of their derivation, are given by:

λ2
± −1 = H̃3+ ‖H̃‖2/2±

√
(H̃3+ ‖H̃‖2/2)2+ (H̃2

1 + H̃2
2) ,

N1 = cos(φ)Hα a(α)
0 /(H

2
1 +H2

2)1/2 + sin(φ) a(3)
0 ,

N2 = −sin(φ)Hα a(α)
0 /(H

2
1 +H2

2)1/2 + cos(φ) a(3)
0 ,

with H̃ := H/J0, and the angleφ given implicitely by√
H̃2

1 + H̃2
2 cos(2φ) + (H̃3+ ‖H̃‖2/2) sin(2φ) = 0 .

They provide the spectral decompositionĈ =
∑3

k=1λ
2
k Nk⊗Nk

of the right CG tensor (seeGurtin, 1981, ch. I and II), and the
closed form expression̂EB =

∑3
k=1(λk−1)Nk⊗Nk of the Biot

strain tensor, aŝU = Ĉ1/2.
These considerations confirm that, although a kinemati-

cally exact closed form expression ofÊB for deformed con-
figurations of a Cosserat rod (H , 0) may be derived in this
way, it consists of algebraically rather complicated expres-
sions in terms of the vectorH/J0 and its components, com-
pared to the relatively simple formula (18) for the Green–
Lagrange strain. Otherwise, it is straightforward to show

17Whereas analytical expressions for theeigenvaluesof a 3-D
symmetric matrix are provided by Cardano’s formulas, we are not
aware of any simple closed form expression for theeigenvectors.

18In this special case, or likewise for spatial deformations of
extensibleElastica without twisting, Hα ≡ 0⇒ H = H3 a(3)

0 holds,
such that the exact expressionsR̂pd = R̂rel andÛ = Î + H3

J0
a(3)

0 ⊗ a(3)
0

may be read off directly from Eq. (16) due to the uniqueness of the
polar decomposition.

19The spectral problem for the modified tensorĈ′ = Î +2Ê′ given
by Eq. (24), which accounts for uniform lateral contraction and van-
ishing in-plane stresses, may also be solved analytically in the same
way. The corresponding formulas, which we omit here, are very
similar to the ones given above, with the term (H̃3+ ‖H̃‖2/2) multi-
plied by factors (1± ν).

thatÛ ≈ Î+ 1
2J0

[
H ⊗ a(3)

0 + a(3)
0 ⊗H

]
provides anapproximate

expression for the right stretch tensor of leading order in
H/J0, as its square agrees with the exact expression forĈ
up to terms of orderO(H2/J2

0). Therefore, we obtain̂EB ≈
1

2J0

[
H ⊗ a(3)

0 + a(3)
0 ⊗ H

]
as anapproximateexpression for the

Biot strain, which reduces to Eq. (19) for J0 ≈ 1 and in this
way provides an alternative interpretation of Eq. (19). Within
the same order we may useR̂pd(ξ1, ξ2, s, t) ≈ R̂rel(s, t) to ap-
proximate the rotational part of the polar decomposition ofF̂.

A2 Relation of the material strain vector to the Biot strain

Following Kapania and Li(2003), Mata et al.(2007, 2008)
use the spatial vector quantity

(F̂− R̂rel) · a
(3)
0 =

1
J0

R̂rel ·H =
1
J0

Hk a(k)

with F̂ given by a kinematically exact expression for the de-
formation gradient of a Cosserat rod equivalent to Eq. (16) to
measure the strain at the individual points of a cross section.
Its material counterpartJ−1

0 R̂T
0 · H = J−1

0 Hk ek as well as ob-
jective rates of both vector quantities are then used by these
authors to formulate inelastic constitutive laws for their rod
model on the 3-D level, which are required for a subsequent
numerical evaluation of the spatial stress resultants and cou-
ples of the rod in its deformed configurations by numerical
integration over the cross section areas.

Following our discussion of the Biot strain and its approx-
imation given above, one recognizes that the strain measure
used byMata et al.(2008) likewise may be interpreted in
terms of an approximation of the Biot strain via

F̂− R̂rel ≈ F̂− R̂pd = R̂pd · ÊB ≈ R̂rel · ÊB .

Using F̂− R̂pd as a strain measure is directly related to the
geometric idea to quantify the strains caused by the deforma-
tion of a body by the deviation of a deformation mapping to
a rigid body motion, as discussed byChao et al.(2010). For a
given deformation gradient̂F with positive determinant, this
deviation may be measured by the distance ofF̂ to the group
SO(3) of proper rotations defined as minR̂∈SO(3) ‖F̂− R̂‖F ,
where ‖ · ‖F denotes the Frobenius norm. It can be shown
that the minimum is actually reached for the unique rotation
R̂ = R̂pd provided implicitely by the polar decomposition of
F̂, such that min̂R∈SO(3) ‖F̂− R̂‖F = ‖R̂pd · (Û− Î )‖F = ‖ÊB‖F

holds due to the invariance of the norm under rotations. Al-
together these considerations, combined with the approxi-
mationR̂pd ≈ R̂rel, provide a geometric interpretation for the
strain measure considered byMata et al.(2008) and its rela-
tion to the Biot strain.

A3 The Biot stress and its approximation

In some works dealing with geometrically exact rods, e.g. in
the articles ofIrschik and Gerstmayr(2009) andHumer and
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Irschik (2011), 3-D stress distributions within cross sections
are analyzed in terms of the (unsymmetric)Biot stresstensor
T̂B := R̂T

pd · P̂= Û · Ŝ, which is related to the (true) Cauchy

stressσ̂ via the co-rotational stress tensorR̂T
pd · σ̂ · R̂pd =

J−1T̂B · Û. The Biot stress tensor̂TB as well as itssymmet-
ric part T̂(s)

B := 1
2(T̂B+ T̂T

B) are both work–conjugate stresses

related to the Biot strain̂EB, as
[
T̂B− T̂(s)

B

]
: δÊB = 0 holds,

such that both yield identical virtual work expressions.
Small strain approximations of these stress quantities are

obtained by substitutinĝU ≈ Î (implying F̂ ≈ R̂pd andJ ≈ 1)
into the various transformation identities for the stresses as
given above. This yields the set of approximate relations
T̂B ≈ R̂T

pd · σ̂ · R̂pd ≈ T̂(s)
B ≈ Ŝ, which are valid to leading or-

der, analogous to the approximate relationsÊB ≈ Ê for the
corresponding strain quantities. The approximate stress re-
lations (21) are obtained by the additional approximation
F̂ · Û−1 = R̂pd ≈ R̂rel, likewise valid to the same order, which
effectively amounts to applying the approximationF̂ ≈ R̂rel

(implying J ≈ 1) within all transformations of stress tensors.
In summary, due to the assumption of small strains, the

Biot and 2nd Piola–Kichhoff stress tensors approximately co-
incide to leading order (i.e.:̂TB ≈ Ŝ), such that both stresses
approximately correspond to the co-rotational stress tensor
given by the components of the Cauchy stress (i.e.:T̂B ≈

R̂T
rel · σ̂ · R̂rel ≈ Ŝ) w.r.t. the approximate material basis (i.e.:

Gk ≈ a(k)
0 ≈Gk) given by the reference framesR̂0(s).

Appendix B

Discretizations of the Kelvin–Voigt model

Our recent articles (Lang et al., 2011; Lang and Arnold,
2012) provide one concrete example of an implementation of
a discrete version of our constitutive model (1), as an integral
part of (and taylored to) our specificcontinuum formulation
of the Cosserat rod model using unimodular quaternions, our
specificspatial discretization approach – finite differences
for the centerline, finite quotients for the quaternion field,
both on a staggered grid – applied on the level of the stored
energy (10), kinetic energy (see Sect.3.6) and the dissipa-
tion function (11), the specific formulation of the resulting
semidiscretesystem as a first order DAE or ODE (depending
on the kind of internal kinematical constraints and their treat-
ment), and the class oftime integration methodswe choose to
solve the semidiscrete equations for various initial-boundary
value problems.

Our treatment differs substantially from other approaches
as discussed e.g. in the textbooks (Géradin and Cardona,
2001andBauchau, 2011) or the article (Bauchau et al., 2008)
already mentioned in the introduction, which mainly usefi-
nite elements(of first or higher order) for the spatial dis-
cretization, but again differ among each other in the treatment
of rotational variablesand the relatedinterpolationstrategy.

In addition, other model variants for geometrically nonlinear
rods or beams exist, like the already mentioned ANCF ap-
proach used byAbdel-Nasser and Shabana(2011), or the re-
cent approach ofdynamic splinesinvestigated byTheetten et
al. (2008) andValentini and Pennestri(2011), where geomet-
rically exact extensible Kirchhoff rods, which require only a
single angle variable to account for twisting, are desribed us-
ing computer-aided geometrical design functions, very simi-
lar to the usage of cubic Hermite splines on the element level
as employed byWeiss(2002b).

In view of the great variety of discretization approaches
applied to different geometrically exact rod models, a corre-
sponding discussion ofdiscreteversions of our Kelvin–Voigt
model (1) for each variant is clearly beyond the scope of this
article. In general, any implementation may be obtained most
easily by asemidiscreteapproach in terms ofmaterialstrain
quantities as used in Eq. (1). In this way one circumvents the
technically rather complicated issue of constructing (and im-
plementing) objective strain rates, which for the discretized
material strain measuresUh and Vh of a Cosserat rod are
given by simple partial time derivatives∂tUh and∂tVh. An
adaption of Eq. (1) for the dynamic spline model mentioned
above is obtained by setting the transverse shear strains and
their rates to zero (Vα = 0= ∂tVα), such thatV3 = ‖∂sϕ(s, t)‖
remains as the measure for elongational strain.
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