Surveys in Mathematics and its Applications

ISSN 1842-6208 (electronic), 1843 - 7265 (print)
Volume 3 (2008), 67 — 77

SUBCLASS OF MEROMORPHIC FUNCTIONS
WITH POSITIVE COEFFICIENTS DEFINED BY
RUSCHEWEYH DERIVATIVE 11

Waggas Galib Atshan

Abstract. New class X («, 3,7) of univalent meromorphic functions defined by Ruscheweyh
derivative in the punctured unit disk U”* is introduced. We study several Hadamard product proper-
ties. Some results connected to inclusion relations, neighborhoods of the elements of class X («, 3, )

and integral operators are obtained.

1 Introduction

Let X denote the class of meromorphic functions in the punctured unit disk
U*={2€C:0< |z <1} of the form

f(z)=z‘1+ianzn, (an 20, ne N ={1,2,3,---}). (1)
n=1

A function f € ¥ is meromorphic starlike function of order § (0 < g < 1) if

R JHG) .
R { ) }>ﬁ, (zeU=U"uU{0}). (2)

The class of all such functions is denoted by ¥*(3). A function f € ¥ is mero-
morphic convex function of order § (0 < g < 1) if

2f"(2) -
70 }>ﬂ, (zeU=U"U{0}). (3)

Definition 1. The Ruscheweyh derivative of order \ is denoted by D f and is
defined as following: If

—Re{l—l—

)
F@) =214 an,
n=1
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then

D f(z) = Z(llw S f(2) =2+ S Da(Nans”, A> <1, ze U, (4)
n=1

where A+DA+2) - (A+n+1)

(n+1)!

Definition 2. The Hadamard product (or convolution) of two functions f(z) given
by (1) and

g(z2) =271+ by2" (6)
n=1
1s defined by

(f*g)(z) =21+ Zanbnz".
n=1

Definition 3. Let f(z) € X be given by (1). The new class £x(av, 3,7) is defined by

_ . _Re 2(DM(2)) + 422 (DA f(2)”
Eale, B,7) = {fez. R {(1—’y)D)‘f(Z)‘l—'VZ(D)\f(Z)),}

2(DAf(2)) +72*(D* f(2))"
(1 =)D f(2) +v2(D f(2))

1
A> -1 0§’y<§, aEO}.

(7)

,+1‘+ﬁ,zeU,0§5<1,

2 Main Results

We will need the following lemma whose details can be found in [1].

Lemma 4. The function f(z) defined by (1) is in the class Xx(a, B,7) if and only
if

o0

Y (v =y + D+ 1) + (@ + B)]Da(Nan < (1= B)(1 - 27) (8)

n=1

where 0 < < 1,a>0,0<y< %,)\ > —1, Dyp(X) given by (5).

Theorem 5. Let the function f(z) defined by (1) and the function g(z) = 2z~ +
> bpz™ (by, > 0,n € IN) be in the class Xx(«, 3,7). Then the function k(z) defined
n=1
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by k(z) =271 + 3 apbp2™ is in the class (o, 0,7), where (a > 0,0 <y < 3,
n=1

0§ﬁ<1,0§0<_1,n€ﬂ\7andn21) and o is given by

(1-8°(1—2y)(n+1)(a+1)
(1=82(1=2v)+(ny =y + Dn(a+1) + (e + B)]*

c=1-

Proof. We must find the largest o such that

i (ny—~v+ 1)([n(a +1)+ (a+ U)]Dn()\)anbn <1, Du(A) is given by (5).

1= o)(1-29)

n=1

Since f(z) and g(z) are in Xy (c, 3,7), then

i (ny =7+ Din(a+1) + (a+ 5)]Dn(N)

n=1 (1 - ﬂ)(l — 27) an <1
and
s~ (1 =7+ Din(a+1) + (@ + B Du(Y)
nzz:l (1-8)(1-27) b < 1.
By Cauchy-Schwarz inequality, we get
— (7 =7+ Dn(e+1) 4 (e + )] Dn(N)
nzl (1—p8)(1—2v) anbn < 1.
We want only to show that
(my =7+ Dlfa+ 1) + (0 + DY)
(1_0)(1—27) nn
o =+ D(a+1) +(a+B8)Dn(N) —
N (1—5)(1—2) nbn.

This equivalently to

Jap, < L=+ +(a+H)]

(1—PB)[n(a+1)+ (a+0)]

Then
o<1 (1-B)2(L—29)(n+1)(a+1)
- (1 =821 =27)+ (ny —y+ Dn(a+1) + (a+ B)]*

O]
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Theorem 6. Let the function f(z) defined by (1) and g(z) given by g(z) =
> bp2™ be in the class Yy (a, 3,7), then the function k(z) defined by k(z)

271 4
24

n=1
o
3 (a2 4 b2)2" is in the class Xy(a, 0,7), where 0 < vy < %, A>-1,0<0 <1,

8_§1ﬁ<1,a20and
8(1—8)*(1—2y)(1+a)

o=1- A+1DA+2)2a+B+1)2+4(1 - B)2(1 —2y)°

Proof. We must find the largest o such that

> s 1)([171503(1)_2{;; FONPN (2 1 42) <1, (9)
n=1
Since f(z) and g(z) are in Xy (a, (,7), we get
— [ (my = v+ Dn(a+1) + (@+B)Da(N) ?
>4 (1= 51~ 2) ) <1 o
and
o [ (1 =y + D+ 1) + (@ + B)Du(N), |
> (1-B)1-2) ) <t )

n=1

Combining the inequalities (10) and (11), gives
1 [ (07 =y Dine £ 1) + (@ + B)1Da(N) } _
;2{ (- 51— 27) (G + bn) < 1.

But, k(z) € X\ («, 3,7) if and only if
CEEEL IS E R L X PP

Z{ (1-0)(1=2)

n=1

(12)

The inequality (12) would obviously imply (9) if
(my =y + D1+ a)+ (a+0)]D,(N)
(1—-0)(1=27)

<My =+ Dnla+1) + (a+ 3)) Dy (N)]?
- 2[(1 = B)(1 —27)]?

_ ¢

-Z

(my =y +Dr(e+1) +(@+0)Da(N) _ ¢
-2

Hence
(1—=0)(1—27)
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. (1—0) _ 2+ 1)y —7+1)Da()

1+a) = 1=27y)¢2+2(ny—vy+1)Dy(N)’
The right hand is decreasing function of n and its maximum if n = 1.
Now

(1-0)

(1+ )
N 2(n+1)(ny =7 +1)(1 = 8)*(1 = 29)Da(N)
[y =+ Dn(a+1) + (a+ B)Dn(N)]? +2(ny — v+ 1)(1 = 8)*(1 — 27) Dn()

(13)

Simplify (13) we obtain

(1-0) 8(1 - B)°(1 — 29)
1+a) = A+1D)A+2)2a+4+1)2+4(1—0)%(1 —27)
" L 8(1 - 82(1 - 2)(1 + )
- A+DA+2)2a+F+1)2+4(1-0)%(1 —2v)
This completes the proof of theorem. O

We get the inclusive properties of the class Xy (a, 3,7).

Theorem 7. Let « >0,0<3<1,0<v< 3,0 >0, then

E)\(Oé, ﬁa 7) g E)\(Oé, g, O)
where

o<1 (n+D(a+1)(A = B)(1 = 2v) nelN. n> 1.

(ny =y + (1l +a)+ (a+B)] + (1 = F)(1 —2y)’

Proof. Let f(z) € ¥x(a, 3,7), then from Lemma 4, we have

— (17 =7+ D[n(1 + a) + (o + B)|Du(N)
2 (=51 -27) =t )
We want to find the value o such that
i n(1 4 «) + (a+ 0)]Dp(N) 0 < 1. (15)

(1-0)

n=1
The inequality (14) would obviously imply (15) if

(1 + ) + (e +0)[Dn(N)
(1-0)

(ny =7+ D + @) + (a + B)|Dn(V)
(1=0)(1—=27)
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Therefore,
(n(1+a) (J; (_a; OID(A) . (16)

Hence
(=o)L 40D Ly e a)

(I+a) = (¢4 Dn(N)

The right hand side of (17) decreases as n increases and so is maximum for n = 1.
So (17) is satisfied provided

(1-0)
(1+a)

(n+1)(1-p)1 -2y
(ny =7+ D1 +a) + (a+B)] + (1 - 5)(1 -2y

> j =

Obviously y < 1 and

(n+1)(a+1)(1 - 6)(1 —2y)
(ny =y + (1 +a)+ (a+B)]+ (1= F8)(1 —2y)

oc<1-—

This completes the proof of the theorem. O

3 (n,d)-Neighborhoods on X{(«a, 3,7)

The next, we determine the inclusion relation involving (n, d) - neighborhoods. Fol-
lowing the earlier works on neighborhoods of analytic functions by Goodman [2] and
Ruscheweyh [4], but for meromorphic function studied by Liu and Srivastava [3], we
define the (n,d)-neighborhood of a function f(z) € ¥ by

Nis(f) = {g €T:g(z) =2""+) bp2"and Y nlay — byl < 5} . (18)
n=1 n=1
For the identity function e(z) = z, we have
o0 oo
Ny s(e) = {g eX:g(z) = 2l anz” and Zn|bn\ < 5} .
n=1 n=1

Definition 8. A function f € ¥ is said to be in the class ¥5(«, 3,7) if there exists
a function g € Xy («, B,7) such that

—1'<1—a, (z€eU,0<0<1).
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Theorem 9. If g € ¥)\(«, 3,7) and

c—1_— 02a+ B+ 1)(A+1)(A+2) (19)
- 204+ B8+ 1A+ 1)(A+2) —2(1 - B8)(1 —27)
then Ny s5(g) C X5 (, B,7)-

Proof. Let f € Ny s5(g), then we get from (18) that

[e.o]

Zn\an — byl <0

n=1

which implies the coefficient inequality
(o]
D lan —ba| <6, (n€IN).
n=1

Since g € ¥y (av, 3,7), we have from Lemma 4

= 21 - 8)(1 —2y)
nzlb“ S a4 B+ DA 12)

so that
|an — by
‘f(Z) ‘ n=1 620+ B+ 1A+ 1)(A+2)
-1 < = < =1-o0.
9(2) -y, QaEB+DAFDA+2) -201-8)(1-2)
n=1
Thus, by Definition 8, f € ¥{(«, 3,7) for o given by (19). O

4 Integral Operators

Next, we consider integral transforms of functions in the class ¥y («, 3, 7).

Theorem 10. Let the function f(z) given by (1) be in  Xx(a,3,7). Then the
integral operator

1
F(z):c/o uf(uz)du, (O<u<l, 0<c<oo) (20)

is in Xx(«, d,7), where
(c+2)2a+p+1)—c(l—pF)(2a+1)

(c+2)2a+F+1)+c(1—7)
The result is sharp for the function

_ 1 2(1-5)(1—2y)
T = Gas s )0+ DO+

0=
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Proof. Let f(z) =21+ i anz" in ¥x(e, 8,7). Then
1
F(z) = c/ uCf(uz)du
0
1 uc—l
- ( :

n=1
"+Cz"> du
o

1 c n
N ;+Zc—|—n+1anz '
n=1
It is sufficient to show that

 c(ny =y + D)1+ o) + (a + 6)]Du(N)
X ernena-nu-z  “=h (2

n=1

Since f € ¥y (a, 3,7), we have

(my =7+ D[+ ) + @+ AN
1-A-27) o

Nk

n=1
Note that (21) is satisfied if
c(ny —y+ 1)l + o) + (@+0)|Dn(A) _ (ny =7+ 1)[n(1 + @) + (a4 5)|Dn(N)
(c+n+1)(1-0)(1-2y) (1=5)1—2y) '

Rewriting the inequality, we have

c(ny =y +Dn(l +a) + (e +0)|Dn (M) (1 = 5)(1 = 2)
< (e+n+1)(1=0)(1—-29)(ny—~v+ D1+ a) + (a+ B)]Dn(N).
Solving for 4, we have
(c+n+1)n(1+a)+ (a+B)]—c(l—B)n+a)+a]
(c+n+Dnl+a)+ (a+p) +c(1l-p)
A computation shows that
Fn+1)—F(n) =
= [((c+n+2)(n+ 1A 4+a)+ (a+8)) —c(l =0B)((n+1)(1 +a)+a)) x
((ctn+1)(n(l+a)+(a+pP)+c(1=75) = ((c+n+1)(n(l+a)+ (a+3))
—c(1=p)(n(1+a)+a))((c+n+2)(n+1)(1+ )+ (a+ ) +c(1 = 5))l/
[((c+n+1)(n(1+a)+ (a+p)+c(l-p)) x
(c+n+2)((n+ 1)1 +a)+ (a+6) +c(1 - )] >0

for all n. This means that F(n) is increasing and F(n) > F(1). Using this, the
result follows. O

IN

6 <

= F(n).

kst sk ok s ok ok s ok sk sk ok ok sk sk ok sk sk sk ok sk sk ok s sk sk sk ok sk sk sk sk ok sk sk sk s ok sk sk ok sk ok sk sk ok sk sk sk s sk sk sk ok ok sk sk ok ok sk ok sk sk ok ok sk skok ok sk k

Surveys in Mathematics and its Applications 3 (2008), 67 — 77
http://www.utgjiu.ro/math/sma


http://www.utgjiu.ro/math/sma/v03/v03.html
http://www.utgjiu.ro/math/sma

Subclass of meromorphic functions with positive coefficients 75

Theorem 11. If f € ¥y («, 3,7), then the integral operator

F(z):c/olucf(uz)du, O<u<l 0<c< o)

is in 2y (a, 1;—_&(:,7). The result is sharp for
1 1-— 1-2
Fa(z) = = + (1-p)1—2y) o

2 (my—=y+D(a+1)+ (a+ B)Dn(})
Proof. By Definition of F', we get

1 1 &
F(z2) = C/o u®f(uz)du = 2 + Z ﬁanz”.

n=1

By Lemma 4, it is sufficient to show that

an < 1. (22)

i_o:l cny —v+ 1D)n(a+1) + (a+ B)]Dp(N)

(1- 5291 =29)(c+n+1)

Since if f € Xy (a, 5,7), then (22) satisfies if

c 1
<
1-5E1-29)(c+n+1) ~ (1-5)(1—27)
or equivalently, when
c(l1—p
Y(n,c,08) = 1+éc ) <1

=58 ctn+1) -

since Y (n, ¢, 3) is a decreasing function of n (n > 1), then the proof is completed.
The result is sharp for
1 (1-p5)1 =2v) n

&) = o T T D+ D (e BIDa)

Theorem 12. Let the function f(z) given by (1) be in Xy (v, 3,7),

FE) = e+ DiE) +2f (] ==+ 3 0 e o500 (@23)
n=1

Then F(z) is in Xx(«a, B,7) for |z| < r(a, B,¢,d), where

c(1=8n(a+1)+ (a+6)] >+
)] ’

v, B,¢,0) = inf ((1 —B)c+n+Dnla+1)+(a+6
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n=1,2,3,
The result is sharp for the function
1 (1-5)1—2y)
w(2) ==+ o =1,2,3-.
@) = ey T F Dinta+ D+ (a s BIDa - * "
Proof. Let

(DM f(2)) + 722D f(2)"
(L =)D f(2) + 2(DA f(2))"
Then it is sufficient to show that

|lw—1| < |w+1—24].
A computation shows that this is satisfied if

in’y v+ 1n(a+1)+ (a+60)]Dp(A)(c+n+1)
o191 - 2)

since f € ¥y(a, f,7), then by Lemma 4, we have

anlz"Tt <1 (24)

n=1

o

> (v — v+ Dn(a+1) + (a+ B)1Dn(Nan < (1— B)(1 - 27).

n=1

The equation (24) is satisfied if

(ny —v+ Dn(a+1)+ (a+ )] Dp(N)(c+n + 1)@ |
c(1—6)(1—27) "
(m — 5+ Dinfa+ 1) + (@ + AIDAN)
- (1-8)(1-2y) v

Solving for |z|, we obtain the result. O

Z|n+1

Corollary 13. Let the function f(z) given by (1) be in Xx(0,3,7) and F(z) given
by (23). Then F(z) is in X(0,8,7) for 2] <r(0,5,7,¢,6), where

_ C(L=0)n+h)  \T o
T(O’ﬂ’%c’é)_uﬁf<(1ﬁ)(c+n+1)(n+5)> , n=1,2,3,

The result is sharp for the function

IR 1o %) R
PO =t e apm T TR
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