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Thesis Title : [On Efficient Approaches to Design Univariate and Multivariate 

Control Charts for Process Monitoring] 

Major Field : [Applied Statistics] 

Date of Degree : [May 2015] 

 

The control chart is an important statistical technique that is used to monitor the quality 

of a process mean or dispersion. Shewhart control charts are used to detect larger 

disturbances in the process parameters, whereas CUSUM and EWMA are meant for 

smaller and moderate changes. Sometimes, we are interested in monitoring more than one 

quality characteristics; then we use the multivariate control chart like Hotelling’s 2T , 

MEWMA, MCUSUM and MC1 control charts. 

            In this thesis, we propose different new univariate and multivariate control charts 

that monitor location, dispersion or both. The performances of the proposed charts are 

compared by calculating the run-length properties of each chart.Application examples 

will also be presented for practical considerations using a real dataset. 
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 ملخص الرسالة
 
 

 اولاوالً جيًى أجذي:الاسم الكامل
 

على النهج الفعالت لتصميم  المخططاث البيانيت رواث أحادي المتغير والمتغيراث المتعذدة لرصذ :عنوان الرسالة

 عمليت
 

 الإحصاء التطبيقً:التخصص
 

 
 ٢٠١٥يايى : :تاريخ الدرجة العلمية

 
 

. يخطط انرحكى هى ذقُيح احصائيح يهًح كىَها ذسرخذو نًزاقثح جىدج يرىسط انعًهيح أو انرشرد

يخطط شيىارخ انرحكًي يسرخذو نهكشف عٍ الاضطزاتاخ انكثيزج في يعاييز انعًهياخ حيث أٌ 

CUSUM  و EWMAَهرى أحياَا تًزاقثح أكثز يٍ واحذج .   ذعًُ تانرغيزاخ انصغيزج وانًرىسطح

Hotelling’sيٍ خصائص انجىدج ويٍ ثى َسرخذو يخططاخ انرحكى يثم يخططاخ 2T

 .MC1 و MCUSUMوMEWMAو

في هذِ انزسانح ذى اقرزاح يخططاخ انرحكى انىحيذج وانًرعذدج انًرغيزاخ وانري ذزاقة انًىقع أو 

ذى يقارَح أداء انًخطط انًقرزح عٍ طزيق حساب خصائص طىل انرشغيم نكم . انرشرد أو كهيهًا

 . أيثهح ذطثيقيح سىف يرى عزضها لاعرثاراخ عًهيح تاسرخذاو يجًىعح يٍ انثياَاخ انحقيقيح. يخطط
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1 CHAPTER 1 

INTRODUCTION 

2 Statistical Process Control (SPC) is a collection of useful tools that help us to 

differentiate between natural and special cause variations. The process is in-control when 

the natural variation Control chart is the most effective SPC tools. Control chart is used to 

detect the presence of unnatural variations in the process. In the past, there was no 

universal agreement on how control charts to be used. Different companies had different 

rules. Today and with the massive exchange of business among countries with different 

level of quality, a set of regulatory international standards were developed and widely 

accepted. This is in addition to the international regulatory standard. Control chart is 

divided into memoryless and memory type control charts.  

1.1 Memoryless Control Charts 

3 Shewhart(1931) is a memoryless type control chart because it is based on only the 

present information plotting statistic. The major disadvantage of Shewhart control chart is 

that it is poor in detecting small and moderate shifts in a process parameter.             

1.2    Memory-Type Control Charts 

4 Exponential weighted moving average (EWMA) and Cumulative sum (CUSUM) 

are the two examples of memory-type control charts that use both the past and present 
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information to detect small and moderate shifts in the process parameter. EWMA was 

first discovered by Robert (1959). The idea of fast initial response (FIR) of EWMA was 

later developed by Steiner(1999) which lowers the time –varying limits for the first few 

sample observations. CUSUM was developed by page(1954). Lucas and Crosier [13] 

improved the CUSUM with the use of Head start which increases the sensitivity of a 

CUSUM at the beginning of the process. Riaz et al. (2011) also improves the 

performance of CUSUM charts. Abbas et al. (2013a) proposed a new mixed EWMA- 

CUSUM chart that combines both EWMA and CUSUM setups. It is very good in 

detecting small shift in a process but less effective in detecting larger shift as compared to 

its counterparts. Haq et al.(2014) improved the performance of FIR by Steiner (1999) by 

using a power transformation with respect to time t. Castagliola et al (2009&2010) 

propose A New CUSUM-S
2
 Control Chart for Monitoring the Process Variance and A 

Johnson’s Type Transformation EWMA-S
2
 Control Chart.  Abbas et al. (2013b) 

proposed CS-EWMA Chart for monitoring process dispersion. 

5 Previously, monitoring the process location and dispersion required plotting two 

different charts separately. Xie(1999) proposed a chart that combine the monitoring 

process location and dispersion on a single chart in univariate and multivariate control 

charts and named them Max-EWMA and Max-MEWMA respectively.  

6  

7  

8  



3 

 

1.3 Multivariate Control Charts 

Most of the manufacturing or business process has two or more correlated quality 

characteristics to monitor simultaneously. For example, inner diameter, thickness and 

length of the tubes can be three correlated quality characteristics will be monitor in the 

manufacturing process of specific carbon fiber tubing. Though, they can be monitor 

individually like in the univariate set-up but its drawback is that, it is time consuming and 

also inflates the probability of false alarm rate of special cause of variation.  Hotelling’s 

chi-square (1947) developed the control chart that monitors multivariate quality 

characteristic. This chart is a direct analog of Shewhart (1931) in univariate set-up. It is 

only based on presence information. It is insensitive to detect small and moderate shifts 

in the process parameter. 

          The most common memory type multivariate control charts are MEWMA, 

MCUSUM and MC1, they use both the past and present information to detect shift in the 

process parameter. These control charts are better than Hotelling’s  2T  control chart 

when we are interested in the small and moderate shift in the process parameter. 
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CHAPTER 2 

ON INCREASING THE SENSITIVITY OF MIXED EWMA-CUSUM 

CONTROL CHARTS FOR LOCATION PARAMETER AND ITS 

INDUSTRIAL APPLICATION 

Control chart is an important statistical technique that is used to monitor the quality of a 

process. Shewhart control charts are used to detect larger disturbances in the process 

parameters, whereas CUSUM and EWMA are meant for smaller and moderate changes. 

In this study, we propose improved mixed EWMA- CUSUM control charts with varying 

Fast Initial Response (FIR) features and investigate their run length properties. The 

proposed control charting schemes are compared with the existing counterparts including 

classical CUSUM, classical EWMA, fast initial response CUSUM, fast initial response 

EWMA and the mixed EWMA – CUSUM control charts. A case study is presented for 

practical considerations using a real dataset. 
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2.1 INTRODUCTION 

           Statistical Process Control (SPC) is a collection of useful tools that help us to 

differentiate between two types of variation namely common and special cause 

variations. A process is declared in-control when natural variationsare present while it is 

deemed out-of-control in as much as the special cause variationsare also included in it. 

SPC has seven major tools, including: histogram, check sheet,Pareto chart, cause-and-

effect diagram,defect concentration diagram,scatter diagram and control chart (cf. 

Montgomery (2009)). Control chart is the most effective SPC tool that is used to detect 

the presence of unusual variations in the process.In the past, there was no universal 

agreement on how control charts to be used. Each company had different rules. Today 

and with the massive exchange of business between countries with a different level of 

quality, a set of regulatory international standards are developed and widely accepted. 

Such standards like; ISO7870-1 (2014), ISO7870-2 (2013), ISO7870-3 (2012), ISO 

7870-4 (2011), ISO7870-5 (2014) and ISO7870-6 (2014). This is in addition to the 

international regulatory standard ASTM D6299 (2013) and ASTM E2587 (2012).  

Control chart is divided into two types of control charts namely memory-less and 

memory type charts. Shewhart type control chart (Shewhart (1931)) is a memory-less 

control chart because it is based on only the present information. A major limitation of 

Shewhart control charts is that it is poor in detecting small and moderate shifts in a 

process parameter. Exponential weighted moving average (EWMA) and Cumulative sum 

(CUSUM) are the two examples of memory-type control charts that use both the previous 

and current information to detect small and moderate shifts in the process parameters. In 

EWMA charts, the past observations are accounted for, but they are given a smaller 

weight as they become older, so EWMA chart applies the most weight to the current 
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observations and geometrically decreasing weight to all previous observations. CUSUM 

charts also give memory by using the information of past history.  EWMA was originally 

discovered by Robert (1959). The idea of fast initial response (FIR) of EWMA was later 

developed by Steiner (1999) which lowers the time –varying limits for the first few 

sample observations. CUSUM was developed by page (1954). Lucas and Crosier (1982) 

improved the CUSUM with the use of Head start, which increases the sensitivity of a 

CUSUM at the beginning of the process. Abbas et al. (2013) proposed a new mixed 

EWMA- CUSUM chart that combines both EWMA and CUSUM setups. It is very good 

at detecting a small shift in a process but less effective at detecting larger shifts as 

compared with its counterparts. Haq et al. (2014) improved the performance of FIR (cf. 

Steiner (1999)) by using a power transformation with respect to time t. 

In this chapter, we intend to extend the structure of mixed EWMA-CUSUM chart of 

Abbas et al. (2013)using two extended features namely the head start and modified FIR. 

Moreover, we also combine headstart andthe Modified FIR feature with the mixed 

EWMA-CUSUM. The performance of each of these proposed charts is evaluated using 

run-length performance measure. Average run length (ARL) is an effective measure for 

evaluating and comparing the performance of the control charts.  The in-control ARL of a 

control chart is denoted by ARL0, and out-of-control ARL is denoted by ARL1. For our 

study purposes, we have used Monte Carlo simulation approach to evaluate ARL 

performance of different control schemes covered under this study. We run the program 

in R language 50,000 times and in each time, the run length is calculated; and its average 

is also calculated for a change at different shifts.  
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The organization of the rest of the article is as" Section 2.2 describes different memory 

type control charts; Section 2.3 provides the design structure of the proposed control 

charts of this study; Section 2.4 offers comparisons of the proposals with the existing 

counterparts; Section 2.5 includes a case study for our study purposes; Section 2.6 

concludes the findings of the study.  

 

2.2 MEMORY TYPE CONTROL CHARTS 

In this section we discuss different memory type control charts including CUSUM, 

EWMA and mixed EWMA-CUSUM control charts.  

2.2.1The CUSUM control charts 

CUSUM control charts are used in detecting small shifts in a process using cumulative 

deviation from the target value, 0 . It is based on two statistics that are upper CUSUM, 

iC   and lower CUSUM, 
iC  and they are initially set to be zero for classical CUSUM. 

The sample statistics iC   and
iC  are plotted against the control limits, H. A reference 

value k is also used that is taken to be half way of the shifts in the process, that is,

1

2
k  . The lower the value of k, the more sensitive the CUSUM control chart is to the 

small shifts. Let iX represents the i
th

 observation ( 1n  ) or the mean of each subgroup 

when 1n  . The two CUSUM statistics are defined as: 

0 1max 0,(X )i i iC k C 


      (2.1) 

0 1max 0, (X )i i iC k C 


                (2.2) 

In the above structure of CUSUM we may also set the initial values at some other levels 

named headstart for fast initial response. This feature helps in quickly detecting a process 
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that is off-target at the start-up. Table 2.1 gives the ARL values for CUSUM with and 

without headstart scheme at 0 500ARL   when 0.5k  . 

 

Table 2.1: ARL values for CUSUM with and without Headstart scheme at 

0ARL 500  

0C  1C  1.5C  2C   

δ                 H=5.071           H=5.080                 H=5.090              H=5.108 

0.00               499.965            502.314                  498.086                498.823 

0.25               144.561            144.033                  140.249                137.126 

0.50                 39.108               36.764                    35.064                  32.959 

0.75                 17.333               15.589                    14.459                  13.120 

1.00                 10.506                 9.205                      8.352                    7.486 

1.25                   7.454                 6.421                      5.80                      5.174 

1.50                  5.812                 4.924                       4.43                      3.960 

1.75                 4.777                 4.021                       3.641                    3.254 

2.0                 4.067                 3.422                       3.094                    2.776 

 

 

2.2.2   EWMA control charts 

EWMA chart was first developed by Roberts (1959) that uses both past and current 

information. It is defined by the statistic: 

  11i i iZ X Z     (2.3)   here, λ is the constant that ranges between 0 and 1 (i.e.

0 1  ). The smaller the value of λ the more sensitive is the chart is to the smaller 

shifts. The quantity Z0 is the starting value which is given as target mean 0  or the mean 

of the previous data (from phase 1) The statistic iZ  is plotted against the upper and lower 

control limits (UCL and LCL respectively) given below: 
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 2

0 1 (1 )
2

iLCL L


  


   


(2.4) 

 2

0 1 (1 )
2

iUCL L


  


   


(2.5) 

where  is process standard deviation and L is the control limits coefficient that helps in 

fixing the value of ARL0 at a pre-specified level.  

FIR-EWMA scheme (cf. Steiner (1999)) uses a control chart feature that lowers the time-

varying limits. The advantage of using this chart is the detection of the out of control 

process at early stages. It helps in the reduction of ARL values. Steiner (1999) chose

 
1 2

1
19 log 1

a
f

 
  

 

 (where a and f are constants) so that the effect of the FIR feature 

is minimal after 20. We take the value f=0.5 to behave like 50% headstart normally used 

in CUSUM. The lower and upper control limits of FIR-EWMA are given as: 

 
     1 1 2

0 1 1 1 1
2

a i i
LCL L f


  



 
     


2.6) 

 
     1 1 2

0 1 1 1 1
2

a i i
UCL L f


  



 
     


 (2.7) 

The ARL values for the classical EWMA control chart for various values of λ, at 

0 500ARL  , are given in Table 2.2.The ARL values for FIR-EWMA scheme at 

0 500ARL   and 0.5f  are given in Table 2.3. 

 

Table2.2.ARL values for the CLASSICAL EWMA scheme at 0ARL 500  

                  λ=0.10                 λ= 0.25                λ=0.50             λ=0.75  



10 

 

   δ             L=2.822               L=3.000             L=3.072           L=3.088 

 0.00          496.076                499.220              499.771            501.203                     

0.25           102.779                 168.925             254.346            321.150                                                                                                                                                                  

0.50             28.665                 47.119                 88.990            139.584                                                               

0.75             13.584                  19.269                35.577              62.489                                                                             

1.00               8.163                  10.399                17.199              30.585 

1.25              5.626                     6.698                  9.748              16.515                                                                       

1.50              4.161                     4.761                  6.245                9.863                                                                                     

1.75              3.254                     3.666                  4.458                6.366                                                            

2.00              2.655                     2.939                  3.383                4.431                                                                                                                                                                                                                                                                                   

 

Table 2.3. ARL for the FIR-EWMA scheme at 0ARL 500 and, f=0.5 

                  λ= 0.10             λ= 0.25              λ=0.50              λ=0.75  

 δ               L=2.913           L=3.078            L=3.149            L=3.167 

0.00            498.323           507.747             497.466             503.102                                                                          

0.25              90.224           152.111             234.905             305.008            

0.50              21.701             34.978               66.708             110.508                                                               

0.75                8.807             11.751               20.239               38.123                                                                        

1.00                4.735               5.513                 7.802                13.629                                                               

1.25                3.031               3.265                 3.899                  5.651                                                                                            

1.50                2.211               2.313                 2.512                  3.039                        

1.75                1.721               1.804                 1.868                  2.054                                                                       

2.00                1.459               1.507                 1.538                  1.606                                                                                    

 

2.2.3 Mixed Exponentially Weighted Moving Average-Cumulative Sum 

Charts 

Mixed EWMA-CUSUM control chart was introduced by Abbas et. al (2013). The 

EWMA statistic iZ , defined as:   11i i iZ X Z     , is combinedwith the CUSUM 
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structure. The Mixed EWMA-CUSUM is defined by two statistics which are upper 

CUSUM, iM  , and lower CUSUM, iM  .They are initially set to be zero for classical 

mixed EWMA-CUSUM and their values depend on the EWMA statistic iZ . 

0 1max 0,(Z )i i i iM a M 


       (2.8) 

0 1max 0, (Z )i i i iM a M 


                                     (2.9) 

where ia is a time-varying reference value for the mixed EWMA-CUSUM charting 

structure and it is given as,  

var(Z )i ia a where   22var(Z ) 1 1
2

i

i


 


  


and a  is just like k in classical 

CUSUM; we set 0.5a  . The control limit for this chart is given as, 

var(Z )i ib b =   2
1 1

2

i

ib b


 


  


         (2.10) 

where b
 is a constant like h in classical CUSUM and both iM   and iM   are plotted 

against the control limit ib . The ARL values for the mixed EWMA-CUSUM scheme at 

0 500ARL  are given in Table 2.4. 

 

 

 

Table 2.4. ARL for the Mixed EWMA-CUSUM scheme with a*=0.5 at ARL0=500 

λ= 0.10           λ=0.25            λ=0.50           λ=0.75 

δ            b   37.42             20.18               11.20               7.30 
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0.00              501.234          503.124          506.355          502.166 

0.25                80.141            84.314            99.964          119.219 

0.50                35.529            30.768            30.553            33.207 

0.75                24.028            18.839            16.642            16.443 

1.00                18.845            13.890            11.475            10.643 

1.25                15.815           11.228              8.866              7.879 

1.50                13.787             9.603              7.277              6.306 

1.75                12.328             8.429              6.260              5.293 

2.0               11.180             7.599              5.521              4.583 

 

2.3    THE PROPOSED CONTROL CHARTS 

In this section we develop the design structure of the proposed schemes based on mixed 

EWMA CUSUM chart of Abbas et al. (2013). We have used two extended features 

named the head start and modified FIR (cf. Steiner (1999) and Haq et al. (2014)). We 

have also combined headstart andthe Modified FIR feature with the mixed EWMA-

CUSUM. The proposals of this study include Mixed EWMA-CUSUM with headstart 

(MECHS); Mixed EWMA-CUSUM with modified FIR feature (MECFIR);Mixed 

EWMA-CUSUM with modified FIR and headstart (MECFIRHS). These are described 

below one by one. 
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2.3.1 Mixed EWMA-CUSUM with headstart (MECHS)  

In the mixed EWMA-CUSUM chart the statistics iM   and iM   are given in (2.8) and 

(2.9) and   2
1 1

2

i

ib b


 


  


 as may be seen in Section 2.2.3 above. In order to 

improve the sensitivity of the mixed EWMA-CUSUM at process start-up we suggest a 

headstart based structure, namely MECHS,by assigning the initial values of 0M   and 0M   

to be 50% of the first value of the control limit (b1). i.e. 0 0 10.5M M b   . The headstart 

of the mixed EWMA-CUSUM may be expressed as: 

  2

0 0 0.5 1 1
2

M M b


 


     


 

  20.5 1 1 2
2

b


  


   


 20.5 1 1 2
2

b


  


   


 

 2

0 0 0.5 2
2

M M b


  


    


    (2.11) 

and simplifying it further we have : 

0 0 0.5M M b          (2.12) 

2.3.2 Mixed EWMA-CUSUM with modified FIR feature (MECFIR) 

 In this subsection we introduce an improved FIR based mixed EWMA-

CUSUM scheme, namely MECFIR,usinga modified FIR adjustments (MFIRadj).We 

combine the FIR structure of Haq et al. (2014) with the mixed EWMA-CUSUM in the 

form of MFIRadj. When MFIRadj is integrated in the mixed EWMA-CUSUM control 

chart, it helps increasing its sensitivity in detecting earlier shifts in the process 
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parameters. The control limit of Mixed EWMA-CUSUM with MFIRadj scheme is 

defined as: 

 
     

1
1

1 1 2
1 1 1 1

2

a i ii

ib b f


 



     


(2.13) 

Mixed EWMA-CUSUM with MFIRadj scheme is evaluatedby two statistics which are 

upper CUSUM, iM   and lower CUSUM, iM  from equation (2.8) and (2.9) and they are 

initially set to be zero. 

2.3.3 Mixed EWMA-CUSUM with modified FIR and headstart (MECFIRHS) 

 In this subsection we design the headstart for the mixed EWMA-CUSUM with 

modified FIR feature based on the above defined structure of MECFIR. We set the initial 

values at some other headstartlevels toquickly detect the changes in a process that is off-

target at the start-up. We develop the FIR based mixed EWMA-CUSUM scheme with 

headstart, namely MECFIRHS,using the MFIRadj with a head start. We use 50% of the 

value of b in the first sample point to be the headstart.  

From the above sections we know that     
1

1 21 (i 1)1 (1 ) 1 1
2

ia i
ib b f


 




      


 

and 0 0 10.5M M b   .  Based on these results the headstart of the mixed EWMA-

CUSUM with modified FIR feature may be defined as: 

    2 2

0 0 0.5 1 (1 ) 1 1
2

M M b f


 


       


 

  2 2

0 0 0.5 1 1 2
2

M M b f
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 2 2

0 0 0.5 2
2

M M b f


  


    


= 20.5b f   (2.14) 

The ARL results for the MECHS, MECFIR and MECFIRHS control charting schemesare 

provided in Tables 2.5, 2.6 and 2.7 respectively. 

Table 2.5. ARL values for the mixed EWMA-CUSUM 

scheme with Headstart at ARL0=500 and a*=0.50 

 
λ=0.10 λ=0.25 λ=0.5 λ=.75 

 δ b
*
=37.85 b

*
=20.49 b

*
=11.4 b

*
=7.43 

0.00 497.73 496.55 505.31 500.27 

0.25 73.12 74.43 88.19 106.69 

0.50 31.14 24.95 23.13 24.89 

0.75 20.95 14.82 11.75 10.98 

1.00 16.34 10.86 7.90 6.77 

1.25 13.65 8.76 6.09 4.97 

1.50 11.83 7.48 5.02 3.96 

1.75 10.55 6.57 4.31 3.33 

2.00 9.54 5.90 3.81 2.89 

 

Table 2.6. ARL for the MFIRadj Mixed EWMA- CUSUM 

scheme at ARL0=500, f=0.50 and a*=0.50 

 
λ=0.10 λ=0.25 λ=0.5 λ=.75 

 δ b
*
=37.70 b

*
=21.18 b

*
=12.50 b

*
=8.58 

0.00 499.08 499.32 506.04 503.57 

0.25 78.69 75.19 74.05 74.64 

0.50 34.16 25.40 18.62 14.94 

0.75 22.36 13.45 8.14 5.82 

1.00 16.29 8.11 4.31 3.03 

1.25 12.35 5.08 2.66 2.00 

1.50 9.25 3.32 1.89 1.54 

1.75 6.77 2.34 1.49 1.31 

2.00 4.92 1.74 1.28 1.18 
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Table 2.7. ARL for the modified FIR feature of mixed 

EWMA-CUSUM scheme and Headstart at ARL0=500, f=0.50 and a*=0.50 

 
λ=0.10 λ=0.25 λ=0.5 λ=.75 

  δ b
*
=39.95 b

*
=22.52 b

*
=13.08 b

*
=8.89 

 0.00 499.87 500.29 497.23 505.01 
 0.25 72.46 65.22 64.52 69.85 
 0.50 30.28 21.69 16.04 13.24 
 0.75 18.96 11.36 6.96 5.07 
 1.00 13.25 6.71 3.69 2.67 
 1.25 9.47 4.16 2.30 1.82 
 1.50 6.74 2.73 1.67 1.41 
 1.75 4.75 1.93 1.35 1.23 
 2.00 3.30 1.49 1.19 1.13 
  

2.4.0 COMPARISONS OF THE PROPOSED CHARTS WITH THEIR 

COUNTERPARTS 

 In this section, we compare the proposed charts with their existing counterparts 

including classical CUSUM, classical EWMA, FIR CUSUM, FIR EWMA and mixed 

EWMA-CUSUM control charting schemes. We use ARL as a performance measure of 

these charts for comparison purposes.  

2.4.1 Proposed charts versus the classical CUSUM and EWMA charts 

The ARL tables of the proposed charts are given in Tables2.5-2.7 and those of the 

classical CUSUM and the classical EWMA in Table 2.1 and 2.2 respectively. It is 

observed that both MECFIR and MECFIRHS charting schemes perform better than the 

classical CUSUM and classical EWMA charts at all shifts for varying values of λ, except 

when it is very small (e.g. when λ=0.10). Moreover, the MECHS control charting scheme 

offers better performance than the classical CUSUM and EWMA charts at small shifts 
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when λ<0.50. It may be seen in Tables 2.1,2.2,2.5,  2.6 and  2.7. Figures2.1 and 2.2 may 

also be seen in support of these findings. 

2.4.2 Proposed charts versus FIR CUSUM and FIR EWMA charts 

 The ARL values of the FIR CUSUM are given as a part of Table1 and those of 

FIR EWMA in Table 3. It is observed that both MECFIR and MECFIRHS are better than 

FIR CUSUM at all shifts except when λ=0.10(it is effective here at small shift). MECHS 

performs worse than FIR CUSUM except at a very small shifts when λ <0.75 and 

perform better at small and moderate shifts when λ =0.75. Moreover, we have noticed 

that both MECFIR and MECFIRHS schemes are better than FIR EWMA at all shifts 

when λ=0.50 or 0.75 but inferior at all shifts for λ=0.10 or 0.25, except at a very small 

shifts. MECHS performs better at small and moderate shifts when λ =0.75 and otherwise 

it remains on lower end. One may see Tables 2.1,2.3,2.5, 2.6&2.7 and Figures2.3 and 2.4 

in support of these findings. 

2.4.3 Proposed charts versus the mixed EWMA-CUSUM 

 The ARL results of the mixed EWMA-CUSUM are given in Table 2.4 above and 

the corresponding ARL results for the proposed MECHS, MECFIR and MECFIRHS 

control charting schemesare provided in Tables 2.5-2.7respectively. It is observed that all 

the proposed charts are better than mixed EWMA-CUSUM at all shifts of the process 

mean at any value of λ. Tables 2.4-2.7 and Figure 2.5 may be seen in support of these 

findings. 
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Figure 2.1. ARL curves of the proposed charts and classical CUSUM at ARL0 =500 

 

Figure 2.2. ARL curves of the proposed charts and classical EWMA at ARL0 =500 
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Figure 2.3. ARL curves of the proposed charts and FIR CUSUM at ARL0 =500 

 

Figure 2.4. ARL curves of the proposed charts and FIR EWMA at ARL0 =500 
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Figure 2.5. ARL curves of the proposed charts and mixed EWMA-CUSUM atARL0 

=500 

 

2.5.0 CASE STUDY 

 The real life data from the petroleumrefinery laboratory is used as a case study 

for our study purposes. The description of the data and its analysis are given below. 

2.5.1 Description of the data (Purity Analysis of Di-Glycol Amine) 

The monitoring of lab analyzer is used for determining concentration of Di-Glycol Amine 

(DGA) in Spent Amines Samples. DGA is a type of amines compounds used in 

petroleum refineries to remove sulfur compounds from petroleum gases by using a 

chemical process known as gas sweetening process. During this gas sweetening process, 

DGA removes sulfur species from the hydrocarbons and consequently, the DGA is 

decomposed into variety of DGA degradation products. The strength of the amine (i.e. 
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DGA) in removing more sulfur from the petroleum gases depends on the concentration of 

the remaining –none decomposed –DGA.Chemical process engineers send the spent 

DGA samples to the petroleum refining quality assurance (QA) laboratory for 

characterizing the spent DGA samples for variety of parameters including the 

concentration of DGA in spent DGA samples. Based on the strength (i.e. the 

concentration level) of the remaining DGA in spent DGA samples –expressed as DGA 

wt%-, the  process engineers either adds make-up new DGA or replaces the whole DGA 

in the chemical process. The quality of DGA test result reported by the lab to the process 

engineers plays a major role for the chemical process engineer to take the right action. 

Potentiometric titration is one of the widely used lab instrumental method for 

determining the concentration of DGA in spent DGA samples. The sensing part of this 

DGA lab analyzer is a pH probe which is calibrated by the lab on regular basis. After 

calibration, the instrument performance is monitoring by using different types of usual 

control charts. The instructions given by the international standard procedure ASTM 

D6299 (2013), titled “Applying Statistical Quality Assurance and Control Charting 

Techniques to Evaluate Analytical Measurement System Performance” are strictly 

followed. The data used to develop the charts are based on a quality control (QC) DGA 

sample prepared in-house. This QC DGA standard (30.3wt% amine) is prepared by 

diluting 2, 2-Aminoethoxy ethanol (98% purity) with deionized water. The lab tests this 

amine (DGA) control sample once per day. Sufficient data are collected and data 

adequacy check is conducted for these gathered data prior to developing various control 

charts as given below. 
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2.5.2 Analysis of results 

 The data used to monitor the purity of DGA analyzer performance is used here 

to construct different control charts covered above in this study. The graphical displays 

for these different control charts are shown in Figures 2.6-2.12 and the dataset (along 

with some other quantities for different charts) is shown in Table 2.8. We have 

constructed control limits of different types of control charts using ARL0 =500. 

 Figure 6 (classical CUSUM) shows that sample points 19-41 are found out of 

control on the increaseside, while on decrease side we have out-of-control signals from 

sample points 59-84 except 83
rd

 sample.Classical EWMA gives out of control signals at 

sample 30, 31 and 32 on upper side and also the sample points 60-63 on lower end. The 

graphical display of classical EWMA is shown in Figure 2.7. It is obvious from Figure 

2.8 that the FIR EWMA gives out of control signals at sample 31 and 32 on UCL side 

while sample points 60-63 on LCL side. The mixed EWMA-CUSUM (cf. Figure 2.9) 

gives out-of-control signals at sample points 18-56 for theincreaseand sample points 60-

84 for decrease. Figure 2.10shows that the MECHS chart gives out of control signals at 

sample points 14-58 and 60-84for the increase and decrease respectively.Figure 

2.11indicates that that the MECFIR chart gives out of control signals at sample 18-55 and 

60-84 in the upper and lower sides respectively. Figure 2.12 shows that the MECFIRHS 

scheme gives out of control signals at sample points 19-55 and 61-84on the upper 

(increase) and lower (decrease) respectively.It can be observed from figures 2.6-2.12 that 

the proposed charts  of the study detect out-of-control signals more efficiently for this 

real data collected from the refinery laboratory.  
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Table 2.8: The output of the DGA using mixed EWMA-CUSUM with modified FIR 

feature control chart (f=0.5) 

Sample#     iX
iZ ia

iM 

iM 

ib  

1                 30.40     30.127     0.056          0.096        0           0.122 

2                  29.87    30.062     0.070          0.054        0           0.320 

3                  30.36    30.137     0.076          0.079        0           0.594 

4                  30.51    30.230     0.080          0.194        0           0.913 

5                  30.27    30.240     0.082          0.316        0           1.250 

6                  30.51    30.308     0.083          0.506        0           1.581 

7                  30.51    30.358     0.083          0.745        0           1.894 

8                  29.98    30.264     0.084          0.890        0           2.178 

9                 30.55    30.335     0.084          1.105        0           2.432 

10                30.50    30.376     0.084          1.362        0           2.652 

11                30.43    30.390     0.084          1.633        0           2.843 

12                30.46    30.407     0.084          1.920        0           3.005 

13                30.55    30.443     0.084          2.244        0           3.141 

14                30.45    30.445     0.084          2.569        0           3.256 

15               29.91    30.311      0.084         2.761        0           3.351 

16                30.4      30.333      0.084         2.974        0           3.431 

17                30.66    30.415      0.084         3.270        0            3.496 

18                30.27    30.379      0.084         3.529        0            3.550 

19                30.62    30.439      0.084        3.848       0            3.595 

20                 30.6     30.479      0.084        4.208         0           3.631 

21                 30.49   30.482      0.084        4.570         0           3.661 

…                   …        …             …            …            …           … 



24 

 

58                 29.09   29.602      0.084        2.674       2.918      3.794 

59                 29.39   29.549      0.084        2.103       3.319      3.794 

60                 29.32   29.492      0.084        1.476       3.779      3.794 

61                 29.31   29.447      0.084        0.803      4.283  3.794 

62                 29.55   29.472      0.084        0.156      4.762       3.794 

…                  …        …             …             …            …            … 

83                 30.62   30.058      0.084         0            7.431       3.794 

84                 29.15   29.831      0.084         0            7.551       3.794 

   

  3.848  and 4.283  show the out-of-control signal for both upper and lower 

mixed EWMA-CUSUM with modified FIR feature and headstart respectively. 

 

 

Figure 2.6. Control chart of classical CUSUM when k=0.5σ, H=5.071σ 
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Figure 2.7. Control chart of classical EWMA control chart when 0.25   and L=3 

 

Figure 2.8. Control chart of FIR EWMA chart when 0.25  , 3.0781L   and .5f   
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Figure 2.9. Control chart of mixed EWMA-CUSUM when 0.25  , 0.5a  and 

20.18b   

 

Figure 2.10. Control chart of MECHS ( 0 0M M  =2.561), 0.25   , 0.5a   and 

20.49b   
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Figure 2.11. Control chart of MECFIR using 0.5f  , 0.25   , 0.5a   and

21.18b   

 

Figure 2.12. Control chart of MECFIRHS using 0.5f   , 0.25  , 0.5a  , 

22.52b  and Head start ( 0 0M M  =0.137) 
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2.6   SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

 In this study, we have proposed some improvements on the mixed EWMA- 

CUSUM control charts with varying FIR features in the form of MECHS, MECFIR and 

MECFIRHS control charting schemes. We have investigatedARL properties of the 

proposed schemes and compared them with the existing counterparts including classical 

CUSUM, classical EWMA, FIR EWMA and FIR CUSUM. We have observed that the 

proposals of the studyimprove the detection ability of the mixed EWMA-CUSUM chart 

for the processes that are off-target at the start-up.The comparisons showed that the 

proposed schemes are really good at detecting shifts (especially of smaller magnitude) in 

the process relative tom the other existing schemes covered in this study. The scope of 

this study may be extended for dispersion charts and also in the multivariate setups for an 

improved and efficient monitoring of process parameters.   
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9 CHAPTER 3 

MIXED MULTIVARIATE EWMA-CUSUM CONTROL CHARTS 

FOR AN IMPROVED PROCESS MONITORING 

Multivariate exponential weighted moving average and cumulative sum charts are two 

most common memory type multivariate control charts. They make use of the present and 

past information to detect small shifts in the process parameter(s).In this article, we 

propose two new multivariate control charts using a mixed version of their design setups. 

The plotting statistics of the proposed charts are based on the cumulative sum of the 

multivariate exponentially weighted moving averages. The performances of the proposed 

schemes are evaluated in terms of average run length. The proposals are compared with 

their existing counterparts including Hotelling’s 2T , MCUSUM, MEWMA and MC1 

charts. An application example is also presented for practical considerations using a real 

dataset. 
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3.1 INTRODUCTION 

Most of the manufacturing or business processes have two or more correlated quality 

characteristics to be monitored simultaneously. For instant, inner diameter, thickness and 

length of the tubes may be three correlated quality characteristics that might be monitored 

in the manufacturing process of specific carbon fiber tubing. Though, they can be 

monitored individually like in the univariate set-up but it has drawbacks such as: it misses 

the important information on correlation structures, it consumes more time and also 

inflates the probability of false alarm rate of special cause of variation. In these situations, 

we move towards monitoring of process vectors or matrices using multivariate control 

charts. 

Hotelling’s (1947) developed the control chart that monitors multivariate quality 

characteristics. This chart is a direct analog of Shewhart (1931) control chart that is based 

on the present information and is insensitive to detect small and moderate shifts in the 

process parameter(s). They are better than memory type control charts in detecting large 

shift in the process parameter. The memory type multivariate control charts like 

Multivariate Exponentially Weighted Moving Average Control Chart (MEWMA) 

proposed by Lowry et al. (1992), Multivariate Cumulative Sum (MCUSUM) introduced 

by Crosier (1988) and Multivariate CUSUM 1 (MC1) developed by Pignatiello and 

Runger (1990) use both the previous and current data to detect shiftin the process 

parameters. These control charts are better than Hotelling 2T  control chart when we are 

interested in the smaller/moderate shifts in the process parameters. 

Abbas et al. (2013 a&b) used the idea of merging the structures of EWMA and CUSUM 

charts for location and dispersion parameters. Later, Zaman et al. (2014) extended this 
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idea in a reverse mixing pattern.   In this study, we propose two new multivariate control 

charts based on combining the effects of MEWMA and MCUSUM charts for mean 

vector. We named these two multivariate charts as mixed multivariate EWMA-CUSUM 

Control chart 1(MEC1) and mixed multivariate EWMA-CUSUM Control chart 2 

(MEC2).  

In our current study, we have used Average run length (ARL) as a performance measure 

that is an effective measure of comparing the performance of the control charts.  The in-

control ARL of a control chart is denoted by ARL0and out-of-control ARL by ARL1. 

 

3.2 MULTIVARIATE CONTROL CHARTS 

 Let 1iX , 2iX , 3iX , …, ipX  be the thi  observation of p quality characteristics, for 

1,2,3,...i n , where n is the total number of samples to be monitored. ipX may be an 

individual observation or mean of subgroup of the observation collected at a time. We 

make an assumption of normality for the distribution of ipX , that is, ~ ( , )ipX N   , where 

  and   are the mean and covariance matrix of the distribution respectively. In order to 

monitor the mean vector  we have a variety of charts to detect large and small shifts. 

For larger shifts, we have memory-less charts such as 
2  control chart and the smaller 

shifts are detected by memory type control charts like MEWMA, MC1 and MCUSUM.  

The
2  control chart is based on the statistic given as: 

2 ' 1

i i iX X   ,                            (3.1) 
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For the control limit, say 1 0h  , anytime 2

1i h  the process is declared out of control.  

We use Hotelling 2T  control chart when   is unknown but for the case of the known 

parameter, one may use 
2 control chart, (the details in this regard may be seen in 

Montgomery (2009)).  

MCUSUM was introduced by Crosier (1988) and is based on the statistic given below: 

𝐶𝑖 =   𝑆𝑖−1 + 𝑋𝑖 
′𝛴−1 𝑆𝑖−1 + 𝑋𝑖  

1

2 

𝑤ℎ𝑒𝑟𝑒 𝑆𝑖 =  𝑆𝑖−1 + 𝑋𝑖  1 −
𝑘

𝐶𝑖
  𝑖𝑓 𝐶𝑖 > 𝑘;  𝑆𝑖 = 0, 𝑖𝑓 𝐶𝑖 ≤ 𝑘, 

 𝑓𝑜𝑟 𝑖 = 1,2, … , 𝑎𝑛𝑑  𝑆0 = 0 

Here 0k   is the reference value; it is taken to be equal to 0.5 throughout this article. 

Furthermore, we calculate the following statistic for monitoring purposes: 

𝑈𝑖 =  𝑆𝑖
′𝛴−1𝑆𝑖 

1

2 (3.2) 

For the control limit, say 2h (cf. Table 3.1), and anytime 2iU h the process is declared out 

of control.For different amounts of shifts ( ), the ARL results of MCUSUM chart for 

different correlated quality characteristics (p) such as p= 2, 3 and 4 are given in Table 3.1 

at ARL0 =200. It is to be mentioned that   is defined as (in the form of non-centrality 

parameter):  
1

' 1 2    . 

MEWMA proposed by Lowry et al. (1992) follows a direct multivariate extension of the 

univariate EWMA control chart (as introduced by Roberts (1959)). 

The MEWMA chart has the statistic: 
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𝑍𝑖 = 𝜆𝑋𝑖 +  1 − 𝜆 𝑍𝑖(3.3) 

where  
2iz




  


 and based on

iZ  we have the following statistic 

𝑇𝑖
2 = 𝑍𝑖

′𝛴𝑍𝑖

−1𝑍𝑖(3.4) 

where 0 1  and 0 0Z  . For out-of-control signals we compare the statistic with the 

corresponding control limit (say 3h ) and receive the signals if points fall outside i.e. 

2 ' 1

3i z iT Z Z h   .  

The control limit 3h  and the ARL values of the MEWMA control chart for different 

values of  (at ARL0 =200 when p=2) are given in Table 3.2for different values of  .  

Pignatiello and Runger (1990) proposed two multivariate CUSUM control charts for 

location monitoring. Theone with the better performance, MC1, is based on the vectors of 

cumulative sums as follows: 

0

1

( )
i

i

i i

j i n

S X 
  

   (3.5) 

and the consequent statistic is given as: 

  
1/2

' 1max 0,i i i iV S S kn                            (3.6) 

where k>0 and 
1 11 0

1

i i

i

n if V
n

otherwise
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The control limit, say 4h  , is given in Table 3.3 and anytime 4iV h , the process is deemed 

out of control. The ARL values of the MC1 control chart for p= 2, 3 and 4 at ARL0 =200 

are given in Table 3.3 at varying choices of . 

Table 3.1: ARL values for MCUSUM scheme when k=0.5 

p=2            p=3           p=4 

               h2=5.50         h2=6.88     h2=8.19 

0.00            201.00          200.20       200.49 

0.25              83.53             87.11        89.41 

0.50              29.57             31.74        33.47 

0.75              15.14             16.75        18.34 

1.00                9.87             11.17        12.34 

1.25                7.31               8.40          9.43 

1.50                5.79               6.69          7.62 

1.75                4.84               5.65          6.39 

2.00                4.12               4.84          5.49 

2.25                3.62               4.27          4.86 

2.50                3.25               3.81          4.35 

2.75                2.94               3.46          3.94 

3.00                2.70               3.18          3.62 
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Table 3.2: ARL values for MEWMA scheme for p=2. 

                λ=0.10          λ=0.25           λ=0.50        λ=0.75 

   δ         h3=8.66         h3=9.89       h3=10.44     h3=10.60 

0.00         201.51          200.88           202.99        201.89 

0.25           76.60          105.15           135.85        161.30   

0.50           28.08            39.01             62.67          90.12  

0.75           15.21            18.06             29.71          46.94  

1.00           10.11            10.72             15.91          25.88         

1.25             7.63              7.24               9.44          14.94        

1.50             6.11              5.42               6.36            9.43   

1.75             5.11              4.34               4.62            6.23   

2.00             4.42              3.63               3.62            4.43    

2.25             3.88              3.14               2.96            3.39    

2.50             3.49              2.78               2.52            2.70      

2.75             3.18              2.50               2.20            2.22   

3.00             2.93              2.29               1.95            1.91   

 

 

Table 3.3: ARL values for MC1 scheme when k=0.5 

p=2            p=3            p=4 

 4h =4.75      4h =5.52       4h =6.18 

0.00            195.89        200.48         200.22 

0.25              89.63          98.71        104.77 

0.50              30.95          34.84          36.51 

0.75              14.83          16.30         17.18 

1.00                9.40          10.12         10.74 
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1.25                6.70            7.26           7.69 

1.50                5.22            5.69           6.08 

1.75                4.31            4.75           5.02 

2.00                3.69            4.07           4.32 

2.25                3.22            3.53           3.81 

2.50                2.88            3.19           3.41 

2.75                2.62            2.88           3.10 

3.0               2.41            2.64           2.84 

 

 

3.3.0   THE PROPOSED CHARTS 

In this section, we propose two new multivariate control charts, namely MEC 1 and MEC 

2 charts, based on combining the effects of MEWMA and MCUSUM charts. The 

inspiration of this approach is taken from Abbas et al. (2013 a&b) and Zaman et al. 

(2014). This section is divided into two parts for the two proposals separately. 

 

3.3.1 MIXED MULTIVARIATE EWMA-CUSUM CONTROL CHART 1(MEC1) 

 Let 1X , 2X , 3X ,…, pX  be the samples of p quality characteristics to be monitored. 

The proposed MEC1 control chart is developed by transforming the samples into 

MEWMA statistic given as:   11i i iZ X Z     . We integrate it into MCUSUM as 

given below:  

 1 0max 0, ( )i i iMEC MEC Z k 

      (3.7) where 0 0MEC   and  k  is defined as: 
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1 0
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' 21

1 0 1 0i

i i
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MEC Z
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  where 0k   

if  1 0( )i ik MEC Z 

     then 0iMEC   

which implies that 

 

   
 1 0

1 01
' 21

1 0 1 0i

i i

i i

i i Z i i
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k MEC Z

MEC Z MEC Z




 







 

 
  

     
 

 

   
1

' 21

1 0 1 0ii i Z i ik MEC Z MEC Z 

 
      
 

 

Therefore, if     
1

' 21

1 0 1 0ii i Z i ik MEC Z MEC Z 

 
      
 

 then 0iMEC   

Otherwise 1 0( )i i iMEC MEC Z k 

     

Finally, we calculate the statistic ' 11i i z iMEC MEC MEC  ,  

The control limit, say 5h  , is used to take decision such that anytime 51iMEC h , the 

process is out of control. The control limit 5h  and ARL values of the MEC1 control chart 

for different values of   at ARL0 =200 when p=2, are given in Table 3.4 at varying 

choices of  . Moreover, the ARL values of MEC1 control chart for p=2, 3 and 4 at 

ARL0 =200, are given Table 3.5. Also, the Standard Deviation Run Lengths (SDRLs) of 

MEC1 are given in Table 3.8. 

Table 3.4: ARL values for MEC1 scheme when k=0.5 
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λ=0.10         λ=0.25         λ=0.50          λ=0.75  

   δ        5h =38.57      5h =21.76       5h =12.20           5h =7.95 

0.00         197.97           201.43           199.51             197.51             

0.25           66.23             65.50             69.28               75.29             

0.50           33.83             28.97             27.17               27.57               

0.75           23.85             18.64             16.03               15.12               

1.00           19.11             14.11             11.44               10.31               

1.25           16.23             11.54               8.97                 7.82                 

1.50           14.34               9.95               7.50                 6.39                 

1.75           12.93               8.82               6.50                 5.43                 

2.00           11.86               7.97               5.76                 4.73                 

2.25           10.97               7.29               5.18                 4.19     

2.50           10.28               6.78               4.77                 3.82 

2.75             9.67               6.33               4.41                 3.50             

3.00             9.17               5.97               4.13                 3.24 

 

 

Table 3.5: ARL values for MEC1 scheme when k=0.5 and λ=0.25 

                p=2                  p=3                p=4 

   δ        5h =21.76       5h =28.31          5h =34.91 

0.00         201.43           199.05             203.98             

0.25           65.50             70.83               77.24             

0.50           28.97             33.08               37.60               

0.75           18.64             21.68               24.93               

1.00           14.11             16.47               18.96               

1.25           11.54             13.63               15.59                 
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1.50             9.95             11.70               13.45                 

1.75             8.82             10.33               11.84                 

2.00             7.97               9.33               10.64                 

2.25             7.29               8.54                 9.75     

2.50             6.78               7.96                 9.04 

2.75             6.33               7.39                 8.42             

3.00             5.97               6.96                 7.93 

 

 
Table3.8:SDRLs values for MEC1 scheme at ARL0=200 

 

38.57 21.76 12.2 7.95 

         δ λ=0.10 λ=0.25 λ=0.50 λ=0.75 

 0.00 163.03 180.90 187.62 191.11 

 0.25 37.13 44.86 55.34 65.26 

 0.50 11.56 13.30 15.78 18.63 

 0.75 5.73 6.29 6.99 7.81 

 1.00 3.57 3.69 3.98 4.30 

 1.25 2.49 2.49 2.63 2.76 

 1.50 1.93 1.87 1.92 2.00 

 1.75 1.55 1.47 1.47 1.53 

 2.00 1.29 1.19 1.18 1.21 

 2.25 1.08 0.99 0.96 0.98 

 2.50 0.95 0.86 0.82 0.83 

 2.75 0.84 0.76 0.72 0.72 

 3.00 0.75 0.68 0.64 0.62 

  

 

3.3.2 MIXED MULTIVARIATE EWMA-CUSUM CONTROL CHART 2 (MEC2) 

                Following the inspiration and guidelines of Section 3.1 we integrate MEWMA 

statistic in MC1 and nameit as MEC2 control chart. The MEWMA statistic 

  11i i iZ X Z     is transformed into the vectors of cumulative sums of MC1 (cf. 

Section 3.2, equations (3.5& 3.6)) as given below. The statistic iZ  is distributed with 
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mean of 0  and covariance matrix 
iZ defined as:  ( / 2 ) .

iZ      Let we define 

the vectors of cumulative sums as given below: 

0

1

( )
i

i

i i

j i n

S Z 
  

  (3.8) 

and the resulting statistic based on Si is given as:                   

  
1/2

' 1

12 max 0,
ii i Z i iMEC S S k n   (3.9) 

where     
1

' 21

1 1 0 1 0iZk k          for k>0. 

Also,   
1 11 2 0

1

i i

i

n if MEC
n

otherwise

  
 


 

The control limit, 6h , is given in  Table 3.6, and anytime 62iMEC h , the process is out of 

control. The ARL values of the MEC2 control chart for different values of   at ARL0 

=200 when p=2, are given in Table 6.The ARL values of MEC2 control chart for 2, 3 and 

4 correlated quality characteristics (p) at ARL0 =200, are given Table 3.7 at varying 

choices of . Lastly, the Standard Deviation Run Lengths (SDRLs) of MEC2 are given in 

Table 3.9. 

Table 3.6: ARL values for MEC2 scheme at ARL0=200 when p=2 

                  λ=0.10              λ= 0.25              λ=0.50               λ=0.75  

6h =1.81             6h =6.25            6h =6.50              6h =5.65 

δ           k1=2.18             k1=1.32            k1=0.87              k1=0.65
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0.00           201.29               200.56               203.30               202.04 

0.25             75.07                 85.63                 91.42                 92.73 

0.50             27.81                 30.39                 31.98                 31.97 

0.75             15.31                 15.39                 15.35                 15.17 

1.00             10.56                  10.18                  9.71                   9.46       

1.25               8.18                    7.77                  7.16                   6.87 

1.50               6.73                    6.40                  5.74                   5.39 

1.75               5.80                    5.56                  4.89                   4.54 

2.00               5.10                    4.92                  4.27                   3.90 

2.25               4.57                    4.45                  3.83                   3.45 

2.50               4.17                    4.09                  3.49                   3.12 

2.75               3.84                    3.79                  3.23                   2.85 

3.00               3.56                    3.54                  3.01                   2.62 

 

 

 

 

 

 

 

Table 3.7: ARL values for MEC2 scheme when λ=0.25 at ARL0=200 

                p=2                        p=3                 p=4 

δ               6h =6.25              6h =8.21          6h =9.91              

0.00           200.56                198.02            201.61 

0.25             85.63                  94.00            102.71 

0.50             30.39                  33.37              36.96 
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0.75             15.39                  16.89              18.38 

1.00             10.18                  11.31              12.00 

1.25               7.77                    8.64                9.24  

1.50               6.40                    7.10                7.67 

1.75               5.56                    6.19                6.70 

2.00               4.92                    5.52                5.94 

2.25               4.45                    5.00                5.40 

2.50               4.09                    4.59                4.99 

2.75               3.79                    4.28                4.62 

3.00               3.54                    3.99                4.35 

 

 

Table 3.9:SDRLs values for MEC2 scheme at 

ARL0=200 

 

λ=0.10 λ=0.25 λ=0.50 λ=0.75 

         δ h6=1.81 h6=6.25 h6=6.5 h6=5.65 

 0.00 190.40 196.82 200.92 200.28 

 0.25 64.93 79.37 85.81 88.57 

 0.50 18.75 23.59 25.99 26.33 

 0.75 7.83 9.06 9.94 10.10 

 1.00 4.21 4.54 4.93 5.06 

 1.25 2.73 2.74 2.95 3.08 

 1.50 1.94 1.86 1.97 2.05 

 1.75 1.48 1.41 1.47 1.53 

 2.00 1.19 1.11 1.13 1.18 

 2.25 0.97 0.90 0.90 0.94 

 2.50 0.84 0.79 0.77 0.80 

 2.75 0.74 0.70 0.66 0.70 

 3.00 0.65 0.61 0.59 0.62 

   

It is to be mentioned thatwe have used the Monte Carlo simulation approach to evaluate 

the ARL measures provided in this study. We have performed these simulations by 

developing a code in R language and executing ita reasonable number of times, say 

10
4
times (for a relevant discussion about the number of simulations needed in control 
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charting studies, one may see Kim (2005), Schaffer and Kim (2007), Mundform et al. 

(2011)). 

3.4 RESULTS DISCUSSION AND COMPARATIVE ANALYSIS 

 In this section, we provide a discussion about the performance of the two 

proposed MEC1 and MEC2 charts. We also provide comparisons of these proposals with 

their counterparts including MCUSUM, MEWMA, MC1 and Hotelling 2T /
2  control 

charts.For different amounts of shifts,  , the ARL values of the proposed charts and the 

other competing charts are provided in Tables 3.1-3.7. The SDRLs of the proposed charts 

are also given in Tables 3.8-3.9. These results are based on 10
4
Monte Carlo simulations, 

at each run, for our study purposes.For a comparative analysis of the proposed charts with 

their existing counterparts, we have listed the comparative results in Tables 3.10 and 

3.11. We have also created Figures 3.1 and 3.2 to serve purpose of ease in comparison 

and discussion.  

These results advocate that: 

 the proposals of the study are quite efficient at detecting smaller shifts in process 

location.  

 as the value of p increases, the efficiency of the chart to detect shifts in the 

process parameter reduces in general. 

 MEC1 is better than MEC2 if 0.25  for λ=0.10, when 0.50  for λ= 0.25 and 

λ=0. 50; and finally when 0.75  for λ=0.75. 
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 MEC1 chart is better than MCUSUM and MC1 when there are smaller shift in  

process mean(i. e. 0.50  ) for all values of λ except when it is very small (e.g. 

when λ=0.1). 

 MEC1 chart is also better than MEWMA when 0.25  for λ=0.10 , when 

0.50   for  λ= 0.25, when 1.25  for λ=0. 50  and  when 1.75   for λ=0.75. 

 MEC1 is better than
2  control chart for small and moderate shifts in the process 

mean for all value of λ. 

 MEC2 control chart is better than MEWMA and
2  control chart for small and 

moderate shifts in the process mean for all value of λ except when λ is very small 

(e.g. when λ=0.10). 

 MEC2 chart is better than MCUSUM and MC1 when 0.50  for λ=0.10 and

0.25   for 0.25  . 

  

 

 

 

 

Table 10:  Comparison of MEC1, MCUSUM, MC1, MEWMA and 
2 Control 

Charts 

               MEC1            MCUSUM            MC1            MEWMA           
2  

   δ          h5=12.20               h2=5.50            h4=4.75             h3=10.45      h1=10.60 



45 

 

0.00           199.51                201.00              195.49               202.99            199.59 

0.25             69.28                 83.53                 89.63               135.85            171.42 

0.50             27.17                  29.57                 30.95                 62.67           117.61 

0.75             16.03                  15.14                 14.83                 29.71             70.11 

1.00             11.44                    9.87                   9.40                 15.91            42.49 

1.25               8.97                    7.31                   6.68                   9.44             25.36 

1.50               7.50                    5.79                   5.22                   6.36             15.71 

1.75               6.50                   4.84                   4.31                    4.62             10.32 

2.00               5.76                    4.12                   3.69                   3.62               6.93 

2.25               5.18                    3.62                   3.22                   2.96               4.89 

2.50               4.77                    3.25                   2.88                   2.52               3.56 

2.75               4.41                    2.94                   2.62                   2.20               2.71 

3.00               4.13                    2.70                   2.41                   1.95               2.17 

 

 

 

 

 

 

 

 

 

 

Table 3.11:Comparison of MEC2, MCUSUM, MC1, MEWMA and 
2  Control 

Chart. 

MEC2         MCUSUM            MC1           MEWMA           
2  

δ            h6=1.81              h2=5.50             h4=4.75             h3=8.66          h1=10.60 
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0.00           201.29                201.00              195.49               201.51              199.59 

0.25             75.07                  83.53                 89.63                76.60              171.42 

0.50             27.81                  29.57                 30.95                 28.08             117.61 

0.75             15.31                  15.14                 14.83                 15.21               70.11 

1.00             10.56                    9.87                   9.40                 10.11               42.49 

1.25               8.18                    7.31                   6.68                   7.63               25.36 

1.50               6.73                    5.79                   5.22                   6.11               15.71 

1.75               5.80                    4.84                   4.31                   5.11                10.32 

2.00               5.10                    4.12                   3.69                   4.42                  6.93 

2.25               4.57                    3.62                   3.22                   3.88                  4.89 

2.50               4.17                    3.25                   2.88                   3.49                  3.56 

2.75                3.84                    2.94                   2.62                  3.18                  2.71 

3.00                3.56                    2.70                   2.41                  2.93                  2.17 
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Figure 3.1. ARL Curves of MEC1 and its counterparts at ARL0 =200 

 

 

 

 

 

 

 

 

 

Figure 3.2. ARL Curves of MEC2 and its counterparts at ARL0 =200 

 

3.5 ILLUSTRATIVE EXAMPLE 

Wind turbines are used in a lot industrial applications for instant, road signage, remote 

telemetry, mobile base stations and also marine applications, off-grid systems, and so on. 
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4.69

5.41

5.98

6.56



 
 
 
 
 
 

 .and 

2.89 2.90 2.81 2.69

2.90 3.01 3.01 2.96

2.81 3.01 3.13 3.16

2.69 2.96 3.16 3.28

 
 
  
 
 
 

 

The parameters above are used to monitor the subsequent observations.  

           We now try to monitor another sample of 120 observations, using the mean and 

covariance derived in phase 1, by the proposed charts and their counterparts. We have 

constructed all the control charts under discussion (using k=0.5, λ=0.25 where needed) at 

ARL0 =200. The resulting control charts are displayed in Figures 3.3- 3.7. Moreover, 

Table 3.12 provides the dataset and other related statistic for different charts.  

              The following detection abilities are examined for different charts used in this 

study: 

 Chi-square control chart gives only one out-of-control signal at sample point 105.  

 MEWMA control chart generates 29 out-of-control signals at the sample points 

27, 42, 76 and 95-120. 

 MC1 chart offers 26 out-of-control signals, at sample points95-120. 

 MEC1charttriggers 43 out-of controlpoints, at sample points 44-61 and 96-120. 

 MEC2 chart detects 38 out-of-controlpoints, at sample points 49-56 and 91-120. 

Table 3.12.     Numerical Example of the Proposed Charts and their Counterparts 

S/no WS10 WS20 WS30 WS40 MEC1i MEC2i      ᵡ2 Ti Vi 

1 5.4 6.5 7.5 8.5 0.57 0.00 2.62 2.62 1.12 
2 5.6 6.6 7.7 8.6 2.02 0.66 3.81 5.76 2.37 
3 6.2 7.1 8.1 9.2 4.66 2.48 7.83 12.49 4.43 
4 3 3.8 4.1 4.4 5.08 2.05 7.89 1.54 1.84 
5 3 3.7 3.9 4.3 4.35 0.40 6 2.8 0.56 
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6 2.6 2.9 3.6 4 3.63 0.00 9.16 2.38 0 
7 3.2 3.3 3.6 4.2 3.89 1.25 9.19 6.73 2.53 
8 3.6 4.6 5.5 6.2 4.92 1.78 1.89 3.94 1.55 
9 4 5.1 5.8 6.3 5.27 1.38 6 3.47 0.57 

10 3.8 4.9 5.8 6.6 6.14 1.23 1.96 4.5 1.02 
11 3.4 3.8 3.9 4.3 6.82 1.28 3.15 3.65 1.02 
12 3.1 4.2 5.2 5.6 8.77 2.43 11.44 10.25 2.9 
13 3.3 4.3 5.2 6 11.09 3.81 1.58 9.33 3.41 
14 3.3 4.4 5.4 6.5 13.21 4.90 3.21 7.69 3.53 
15 3.8 4.9 5.9 7 15.09 5.69 3.04 7.88 3.73 
16 4 5.1 6.1 7.1 17.00 6.50 2.06 8.72 4.19 
17 3.7 4.8 5.8 6.8 19.12 7.51 2.15 10 4.89 

18 3.5 4.6 5.5 6.5 21.46 8.77 2.51 11.31 5.71 
19 6.1 6.5 6.6 6.8 22.32 8.68 2.3 2.86 3.93 
20 6.6 7 7.1 7.3 21.85 7.33 2.73 0.73 1.99 
21 6.5 6.9 7.1 7.4 20.42 5.03 2.24 1.38 0.04 
22 6.5 7.1 7.3 7.5 18.64 2.40 3.09 3.53 0 
23 6.6 7 7.2 7.4 16.30 0.00 2.47 5.37 1.07 
24 6.9 7.2 7.4 7.6 13.27 1.52 3.73 8.06 2.45 
25 6.8 7.3 7.6 7.8 10.31 3.33 2.63 9.9 3.47 
26 6.8 7.2 7.4 7.5 7.76 5.54 3.43 12.65 4.77 
27 6.9 7.3 7.5 7.6 6.62 8.09 3.55 15.24 6.13 
28 3.3 4.4 5.1 5.7 8.09 9.20 5.57 8.12 4.99 

29 3.3 4.2 5 5.7 9.47 9.30 1.2 4.01 3.92 
30 3.3 4.3 4.9 5.5 11.26 8.93 4.19 5.76 3.48 
31 3.3 4.3 5 5.6 13.39 8.48 3.32 8.27 3.51 
32 3.5 4.4 5.2 5.8 15.46 8.05 1.77 8.05 3.45 
33 3.5 4.4 5.1 5.8 17.29 7.51 1.02 7.07 3.07 
34 3.3 4.2 5 5.8 18.64 6.57 1.04 5.67 2.28 
35 2.7 3.6 4.4 5.3 19.55 5.07 2.08 5.74 1.26 
36 2.7 3.6 4.4 5.3 20.29 3.26 2.08 6.74 0.48 

37 2.9 4 4.7 5.4 22.26 2.63 5.26 10.66 1.84 
38 2.6 3.5 4.3 5.2 24.01 1.87 2.2 10.61 1.55 
39 2.7 3.5 4.4 5.3 25.27 0.69 2.84 9.68 0.82 

40 2.4 3.2 4.1 5 26.39 0.00 3.11 10.97 0.57 
41 2.8 3.9 4.7 5.4 28.69 2.11 4.53 11.76 2.13 
42 3.3 4.3 5 5.4 31.87 4.37 6.91 14.02 4.04 
43 5.3 6.1 6.8 7.3 34.20 5.84 0.97 8.67 3.78 
44 5.1 6 6.8 7.3 36.24 7.06 2.1 8.17 4.09 
45 5.8 6.8 7.5 8 38.19 8.17 2.66 8.63 4.59 
46 6 6.9 7.6 8.2 39.59 8.83 1 6.58 4.24 
47 5.8 6.6 7.4 7.9 40.56 9.31 2.36 6.8 4.05 
48 5.9 6.8 7.4 7.9 41.57 9.82 1.52 6.78 4.24 
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49 5.8 6.7 7.3 7.9 42.44 10.16 1.01 5.84 4.08 
50 6.5 7.4 8 8.5 43.26 10.55 1.91 7.07 4.2 
51 6.1 7 7.7 8.4 43.74 10.66 1.08 6.03 3.65 
52 6 6.9 7.7 8.2 44.49 11.21 2.41 7.44 4.08 
53 7 8 8.7 9.2 45.61 12.23 3.47 10.61 4.77 
54 3.7 4.3 4.8 5.5 45.94 12.15 1.3 3.12 3.36 
55 3.5 4.2 4.7 5.3 46.19 11.71 0.74 1.07 2.93 
56 4.1 4.6 5.1 5.8 45.39 10.14 2.36 0.26 1 
57 4.5 5 5.5 6.2 43.72 7.70 2.52 1.84 0 
58 3.5 4 4.5 5.1 41.83 4.94 1.44 2.77 0.7 
59 3.3 3.7 4.1 4.7 39.54 1.64 2.62 5.17 1.8 
60 2.3 2.8 3.1 3.7 37.50 0.00 3.58 6.93 2.81 

61 1.6 1.9 2.2 2.7 35.59 2.06 5.18 11.48 4.51 
62 2.3 2.6 2.9 3.3 34.05 4.44 3.69 13.84 5.8 
63 4.7 5.9 7.1 8.4 32.84 5.88 6.55 9.35 5.37 
64 4.4 5.5 6.7 7.8 32.14 6.93 4.28 9.4 5.38 
65 4.4 5.4 6.5 7.5 31.86 8.00 3.25 10.76 5.73 
66 4.4 4.6 4.7 4.9 31.13 8.92 2.74 5.82 5.6 
67 4.5 4.8 5.1 5.2 30.39 9.25 3.77 4.73 5.24 
68 4.5 4.7 4.8 5 29.27 9.61 2.72 5.91 5.54 
69 4.6 4.9 5.1 5.2 28.30 9.73 2.94 7.28 5.5 
70 4.8 5.2 5.3 5.4 27.54 9.42 3.04 7.7 5.07 
71 5.1 5.4 5.5 5.6 26.86 9.23 2.62 9.57 5.2 

72 5.2 5.6 5.6 5.8 26.18 8.97 3.12 10.12 5.06 
73 5.1 5.5 5.6 5.7 25.99 8.84 2.89 11.91 5.18 
74 5.1 5.5 5.6 5.8 26.12 9.00 2.07 12.33 5.46 
75 9.5 10.6 11.3 11.9 25.06 7.50 9.4 9.46 2.92 
76 9.4 10.4 11 11.5 23.40 5.12 8.55 14.61 1.22 
77 5.8 6.8 7.6 8.4 21.93 2.71 1.34 10.17 0 
78 5.3 6.4 7.3 8.2 20.60 0.00 1.75 7.61 0.82 
79 4.6 5.7 6.7 7.4 20.26 1.20 2.71 6.37 1.54 

80 4.7 5.6 6.3 7.2 19.46 1.86 1.71 4.35 1.55 
81 4.9 5.8 6.5 7.3 18.58 2.39 0.76 3.96 1.76 
82 5.3 6.3 7.2 8.2 17.25 3.13 2.66 5.66 2.65 

83 5.1 6.3 7.2 8.1 16.75 4.36 2.61 7.33 3.56 
84 5.2 6.3 7.1 7.9 17.06 5.78 1.78 8.07 4.22 
85 4.8 5.9 6.7 7.8 17.42 7.54 4.62 11.26 5.53 
86 2.3 2.4 2.6 2.8 16.96 6.97 6.29 1.65 2.96 
87 6.5 7.6 8.4 9.1 17.33 7.15 2.69 2.33 3.45 
88 6.3 7.2 7.8 8.5 17.83 7.68 1.64 3.56 3.86 
89 5.2 5.9 6.3 6.9 18.22 8.01 0.95 3.41 3.74 
90 5.5 6.6 7.4 8.1 19.40 8.67 2.07 4.35 4.25 
91 5.2 6.5 7.4 8.2 21.64 9.92 4.66 8.18 5.44 
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92 4.3 5.4 6.4 7 24.02 10.81 4.39 8.75 5.54 
93 4.1 5 5.8 6.4 26.08 11.32 1.24 7.52 5.37 
94 4 5 5.9 6.4 28.32 11.67 4.49 10.69 5.6 
95 4.4 5.6 6.6 7.1 31.45 12.60 8.22 18.66 6.87 
96 4.1 5.3 6.2 6.8 35.23 14.25 5.79 22.97 8.29 
97 4.3 5.4 6.4 6.9 39.34 16.27 6.6 27.35 9.56 
98 4.5 5.6 6.6 7.1 43.75 18.73 6.42 30.97 10.97 
99 3.9 5 5.9 6.6 48.04 21.37 2.64 26.82 11.96 

100 3.1 4 4.9 5.6 51.65 23.49 2.02 21.04 12.22 
101 2.7 3.6 4.4 5 55.04 25.40 2.94 19.8 12.8 
102 2.3 3.2 4 4.5 58.60 27.37 5.38 22.92 13.8 
103 2.9 3.8 4.6 5 62.51 29.66 6.32 27.19 15.12 

104 3.6 4.8 5.6 5.9 67.78 33.27 15.28 40.16 17.97 
105 3.7 4.8 5.8 6.4 73.06 37.10 4.99 38.22 19.55 
106 3.9 5 6 6.7 78.03 40.82 3.12 32.87 20.74 
107 3.5 4.6 5.6 6.2 83.11 44.70 5.26 33.74 22.39 
108 3.6 4.8 5.7 6.3 88.46 48.93 6.54 35.69 24.35 
109 4.3 5.3 6.2 6.7 93.62 53.01 4.21 33.41 25.69 
110 4.3 5.5 6.4 7.1 98.63 57.04 3.97 30.6 27.11 
111 4.2 5.4 6.5 7.1 103.94 61.40 6.96 34.19 29.13 
112 4.5 5.8 6.8 7.5 109.35 65.93 5.88 35.01 31 
113 4.5 5.7 6.7 7.5 114.29 70.06 2.81 29.84 32.09 
114 4.8 5.9 6.8 7.6 118.49 73.51 1.5 22.85 32.62 

115 4.9 5.9 7 7.7 122.26 76.53 3.99 20.17 33.31 
116 4.6 5.7 6.8 7.5 126.05 79.56 3.92 21.34 34.49 
117 4.4 5.6 6.7 7.4 130.17 82.91 4.77 24.06 36.11 
118 4.4 5.4 6.3 7.1 133.57 85.57 0.95 17.76 36.34 
119 5 6.2 7.2 7.9 137.23 88.49 3.71 19.28 37.71 
120 5.4 6.8 7.8 8.5 141.54 92.07 7.86 24.72 39.78 

  
Control Limits 34.91 9.91 14.86 13.86 6.18 
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Figure 3.3. 
2  Control Chart when h=14.86 at ARL0 =200 

 

 

Figure 3.4. MEWMA Chart when h=13.86 and λ=0.25 at ARL0 =200 
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Figure 3.5. The graph of MC1 when k=0.5, h=6.18 at ARL0 =200 

 

 

Figure 3.6. MEC1 Chart when k=0.5, h=34.91 and λ=0.25 at ARL0 =200 

0

5

10

15

20

25

30

35

40

45

1 8

1
5

2
2

2
9

3
6

4
3

5
0

5
7

6
4

7
1

7
8

8
5

9
2

9
9

1
0

6

1
1

3

1
2

0

V

Sample Number

Vi

h

0.00

10.00

20.00

30.00

40.00

50.00

60.00

1 7

1
3

1
9

2
5

3
1

3
7

4
3

4
9

5
5

6
1

6
7

7
3

7
9

8
5

9
1

9
7

M
EC

1

Sample Number

MEC1i

h



54 

 

 

           Figure 3.7. MEC2 Chart when k1 =0.87, h=9.91 and λ=0.25 at ARL0 =200 

 

From the above analysis of detection abilities it is evident that the proposals of the study 

are quite effective at detecting shifts in process mean vector, especially of smaller 
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MEC1 and MEC2 control charts, to monitor changes in the process mean vector. The 

performance of the proposed schemes is evaluated in terms of ARL and compared with 

other competing charts like MCUSUM, MEWMA, MC1 and Hotelling 2T /
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The scope of this study may be extended to mixed EWMA-CUSUM control chart for 

monitoring process dispersion in the form of variance-covariance matrix. Moreover, non-

normal environments may be investigated in search of mixed robust design structures for 

mean vector and variance-covariance matrix. 

 

 

 

 

 

 

 

 

10 CHAPTER 4 

NEW MEMORY-TYPE CONTROL CHARTS FOR 

MONITORING PROCESS MEAN AND DISPERSION. 

 

Control chart is widely used to monitor the quality of the products of industrial or 

business processes. Max-CUSUM and Max-EWMA are based on memory-type control 
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charts that monitor the process mean and standard deviation simultaneously. This 

chapterintroduces seven new control charts that monitor the process mean and dispersion 

simultaneously. The proposed control charting schemes are compared with the existing 

counterparts including Max-EWMA, Max-CUSUM, SS EWMA  and SS CUSUM . A 

case study is presented for practical considerations using a real dataset. 

 

 

 

 

 

 

 

 

4.1 INTRODUCTION 

All the manufacturing and non-manufacturing processes are bound to vary. These process 

variations consist of two types, namely natural and special cause variations. The natural 

variation can be background noise, which cannot be controlled but the assignable cause 

variation is due to many artificial factors like faulty machines, operator mistakes, 

defective items and so on. Statistical Process Control (SPC) is a collection of useful 
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techniques that helps to differentiate between the two sources of variations. Control chart 

is a powerful tool of SPC to detect the special cause variation within a process. 

Control chart is divided into two types namely memory-less and memory type charts. 

Shewhart type control charts are memoryless control chart because it is based on only the 

present information. Shewhart (1931) introduced the fundamental control charts to 

monitor process behaviors in terms of location and dispersion parameters. X


chart is 

extensively employed in the industries to monitor process mean while R, S and 
2S  

control charts are used for monitoring process dispersion/variability. A major limitation 

of Shewhart control charts is that it is poor in detecting small and moderate shifts in a 

process parameter. Exponential weighted moving average (EWMA) and Cumulative sum 

(CUSUM) are the two examples of memory type control charts that use both the past and 

present information to detect small and moderate shifts in the process parameters. In 

EWMA charts the past observations are accounted for, but they are given a smaller 

weight as they become older, so EWMA chart applies the most weight to the current 

observations and geometrically decreasing weight to all previous observations. CUSUM 

charts also give memory by using the information of past history.  The basic structures of 

CUSUM and EWMA were presented bypage (1954) and Robert (1959) respectively.  

One popular approach of monitoring the process location and dispersion 

requiresdesigning two different charts separately. An alternative approach is in the form 

of Max chart developed by Chen and Cheng (1998). It can monitor both process mean 

and standard deviation in a single chart, but it has the deficiency of detecting small shifts 

in the process parameters.  Xie (1999) introduced Max-EWMA, SS-EWMA, EWMA-
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Max and EWMA-SC control charts to overcome this challenge. Following the inspiration 

of Xie (1999) for process monitoring, Thaga (2009) and Cheng and Thaga (2010) 

developed Max-CUSUM and SS- CUSUM respectively, which are also memory-type 

control charts. These control charts use both present and previous information about the 

process; they are very effective in detecting small shifts than Max-Chart. 

Sixnew charts are proposed in this chapter to aid in detecting small shifts than the 

existing memory-type univariate control charts that monitor both location and dispersion. 

Two of the proposed charts are based on combining the effects of Max-EWMA and SS-

EWMA respectively with Max-CUSUM and SS-CUSUM control charts. The other four 

charts are developed by replacing the statistic thatmonitors the process dispersion of 

Max-EWMA, Max-CUSUM, SS-EWMA and SS-CUSUM with the three parameters 

logarithmic transformation to 
2S which was suggested by Castagliola (2005).  

The organization to the rest of this chapter is as" Section 4.2 describes different 

memory-type control charts that monitor both location and dispersion simultaneously. 

Section 4.3 provides the design structure of the proposed control charts of this study; 

Section 4.4 offers comparisons of the proposals with the existing counterparts; Section 

4.5 includes a case study for our study purposes; Section 4.6 concludes the findings for 

the study.  

 

4.2.0 Memory Type Control Charts for Monitoring Process Mean and Dispersion 

In this section we provide a brief description of the design structures of some useful 

charts considered in this study. We focus on the structures of simultaneous control charts. 
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The commonly used memory-type univariate control charts for simultaneous monitoring 

of the process mean and dispersion are: Max-CUSUM, Max-EWMA, SS-CUSUM and 

SS-EWMA. The details of these control charts are given below one by one. 

4.2.1 Max-EWMA Control Chart 

Let 1 ,...,Xi i inX X , i=1,2,3,… represent a sequence of samples of size n.The samples are 

independent and identical normal distributed.  

Let 1( ... X ) /i i inX X n


    and 

2

12

( )

1

n

ij

j

i

X X

S
n











 denote the mean and variance for the 

thi  sample respectively. These two statistics are the minimum variance unbiased 

estimator of 0  and 2

0 correspondingly. Max-EWMA chart is defined by following 

statistics: 

𝑍𝑖 =  𝑛
 𝑋𝑖   −𝜇0 

𝜎0
                                    (4.1) 

𝑌𝑖 = ф−1  𝐻  
 𝑛−1 𝑆𝑖

2

𝜎0
2 ; 𝑛 − 1                                (4.2) 

In equation (4.2), 
1(.) represents inverse standard normal cumulative distribution 

function and (., 1)H n  is a Chi-square distribution function with n-1 degrees of freedom. 

The functions iZ  and iY  follow the standard normal distribution and are independent 

statistics. The two EWMA statistics derived from iZ  and iY  are given below: 

𝑈𝑖 =  1 − 𝜆 𝑈𝑖−1 + 𝜆𝑍𝑖                                             (4.3) 

𝑉𝑖 =  1 − 𝜆 𝑉𝑖−1 + 𝜆𝑌𝑖                                                     (4.4) 
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𝑀𝑖 = 𝑚𝑎𝑥  𝑈𝑖 ,  𝑉𝑖                                                          (4.5) 

The highest absolute value (𝑀𝑖  ) of both statistics 𝑈𝑖  𝑎𝑛𝑑  𝑉𝑖  is calculated and it is 

compare with the upper control limit (UCL) given in Equation 4.6. 

1 11 2 0

1

i i

i

n if MEC
n

otherwise

  
 


                  (4.6) 

The expected value and variance of iM  are derive through the numerical computation 

and they are given to be  iE M =1.12379 and  iVar M =0.363381 respectively. 

Therefore, UCL=1.128379+0.602811L. 

The ARL results for the Max- EWMA control charting schemes for various shifts in the 

process mean (a) and dispersion (b) are provided in Table 4.1. 

Table4.1. ARL values for Max- EWMA control charting schemes at 𝑨𝑹𝑳𝟎 = 𝟐𝟓𝟎,
𝑳 = 𝟐. 𝟕𝟖𝟓 𝒂𝒏𝒅 𝝀 = 𝟎. 𝟏𝟎 

     

a 

              b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 250.68 24.88 8.82 5.32 3.85 3.07 2.57 2.23 2.04 

1.25 17.70 13.20 7.88 5.27 3.86 3.10 2.60 2.27 2.06 

1.50 7.35 6.94 5.87 4.66 3.76 3.08 2.62 2.30 2.06 

1.75 4.80 4.66 4.32 3.87 3.38 2.95 2.57 2.27 2.05 

2.00 3.61 3.59 3.45 3.23 2.96 2.69 2.44 2.21 2.02 

4.2.2 Max-CUSUM Chart 

Max-CUSUM was developed by Cheng and Thaga (2010). The statistics of equation 

(4.1) and (4.2) are integrated in CUSUM statistics to monitor the process mean and 

variance as given in equations 4.5-4.8 below: 

𝐶𝑖
+ = 𝑚𝑎𝑥 0, 𝑍𝑖 − 𝑘 + 𝐶𝑖−1

+                          (4.7) 
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𝐶𝑖
− = 𝑚𝑎𝑥 0, −𝑍𝑖 − 𝑘 + 𝐶𝑖−1

−                                        (4.8)  

𝑆𝑖
+ = 𝑚𝑎𝑥 0, 𝑌𝑖 − 𝑘 + 𝑆𝑖−1

+                                         (4.9) 

𝑆𝑖
− = 𝑚𝑎𝑥 0, −𝑌𝑖 − 𝑘 + 𝑆𝑖−1

−       (4.10) 

where 0 0 0C S   are the starting points and k is the reference value.  Since iZ  and iY  

are both normally distributed, then we can combine the statistics , C , Si i i iC and S    ; and 

develop a new statistic that determine the highest value of the four. This new statistic is 

represented by 𝑁𝑖  as it is in equation 4.11 below.  

𝑁𝑖 = 𝑚𝑎𝑥 𝐶𝑖
+, 𝐶𝑖

−, 𝑆𝑖
+, 𝑆𝑖

−                         (4.11) 

Since the statistic 𝑁𝑖  is always positive then it has only the upper control limit, h. 

Whenever 𝑁𝑖 , exceeds the control limit h, then we say that the process is in an out-of-

control state, otherwise, it is in a good state. 

The ARL results for the Max- CUSUM control charting schemes are provided in Table 

4.2. 

 

Table4.2. ARL values for Max- CUSUM control charting schemes at 𝑨𝑹𝑳𝟎 = 𝟐𝟓𝟎,
𝒉 = 𝟓. 𝟎𝟓 𝒂𝒏𝒅 𝒌 = 𝟎. 𝟓𝟎 

     

a 

              b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 249.09 30.01 8.77 5.02 3.54 2.78 2.32 2.06 1.88 

1.25 18.10 13.25 7.55 4.91 3.57 2.83 2.37 2.08 1.86 

1.50 6.90 6.43 5.37 4.29 3.42 2.79 2.39 2.09 1.84 

1.75 4.34 4.25 3.93 3.50 3.06 2.63 2.31 2.04 1.83 

2.00 3.26 3.24 3.08 2.89 2.64 2.42 2.18 1.96 1.80 
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4.2.3   SS-EWMA Chart 

Base on the statistics in equation 4.3 and 4.4, SS-EWMA statistic is constructed; it is 

given in Equation 4.12. 

𝑆𝑆1𝑖 = 𝑈𝑖
2 + 𝑉𝑖

2  𝑓𝑜𝑟 𝑖 = 1,2,3,…(4.12) 

𝑆𝑆1𝑖 follows a chi-square distribution when, it is divided by 2

iU , since 

i

i

U

U


 and 

i

i

V

V


 are 

independent and identical standard normal distribution. 

2 2

2

22 2 2

1

i i i

i i i

U U U

SS U V


  
                                  (4.13) 

Based on the information of equation 4.11, the expected value and the variance of iSS  

are given by 

  21 2
ii UE SS                         (4.14) 

  41 4
ii UVar SS                              (4.15) 

Since 𝑆𝑆1𝑖   is always positive, therefore, it has only the Upper Control Limit (UCL). 

Now, the UCL is given by 

   1 1i iUCL E SS L Var SS                                    (4.16) 

By the substitution of equation 4.14 and 4.15 in the UCL, then, we have 

 22 1
iUUCL L                                          (4.17) 
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Since 
2

2iU








 for the steady case, therefore the UCL approaches asymptotically to: 

𝑈𝐶𝐿 =
2𝜆

2−𝜆
 1 + 𝐿                                              (4.18) 

The ARL results for the SS-EWMA control charting schemes are provided in Table 4.3. 

Table4.3. ARL values for SS- EWMA control charting schemes at 𝑨𝑹𝑳𝟎 = 𝟐𝟓𝟎,
𝑳 = 𝟑. 𝟔 𝒂𝒏𝒅 𝝀 = 𝟎. 𝟏𝟎 

          a         

          b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 252.32 25.67 9.14 5.56 4.06 3.23 2.70 2.34 2.10 

1.25 17.26 12.28 7.41 5.09 3.88 3.17 2.66 2.34 2.11 

1.50 7.24 6.62 5.37 4.33 3.52 2.95 2.58 2.29 2.09 

1.75 4.75 4.54 4.08 3.58 3.13 2.73 2.43 2.20 2.02 

2.00 3.58 3.50 3.30 3.06 2.76 2.50 2.28 2.09 1.93 

 

4.2.3 SS-CUSUM Chart 

SS-CUSUM is developed by Thaga (2009) and it is based on equations 4.7-4.10 in 

Section 4.2.2 above. Let iM  and iV  be the maximum values of the CUSUM statistics that 

monitor process mean and standard deviation respectively. 

𝑀𝑖 = 𝑚𝑎𝑥 𝐶𝑖
+, 𝐶𝑖

−               (4.19)       

𝑉𝑖 = 𝑚𝑎𝑥 𝑆𝑖
+,𝑆𝑖

−  (4.20) 

The SS-CUSUM is the sum of square of the maximum values of the CUSUM statistics 

that monitor both process mean and standard deviation and it is given by: 

𝑆𝑆2𝑖 = 𝑀𝑖
2 + 𝑉𝑖

2                                      (4.21) 
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𝑆𝑆2𝑖 is plotted against the control limit, h. 

The ARL results for the SS-CUSUM control charting schemes are provided in Table 4.4. 

Table4.4. ARL values for SS- CUSUM control charting schemes at 𝑨𝑹𝑳𝟎 = 𝟐𝟓𝟎,
𝒉 = 𝟐𝟕. 𝟗 𝒂𝒏𝒅 𝒌 = 𝟎. 𝟓𝟎 

          a         

          b 0 0.25 0.5 0.75 1 1.25 1.5 1.75 2 

1 250.53 26.011 8.16 4.9004 3.59 2.8908 2.45 2.1652 2.01 

1.25 56.4846 17.4071 7.3958 4.6527 3.4824 2.8343 2.4167 2.1713 1.9977 

1.5 22.96 11.8967 6.53 4.4188 3.35 2.752 2.40 2.1501 1.97 

1.75 12.0418 8.5539 5.5789 4.0462 3.2229 2.6885 2.3386 2.0929 1.9219 

2 7.44 6.1654 4.74 3.6821 3.00 2.5775 2.26 2.0267 1.87 

 

4.3.0 THE PROPOSED CONTROL CHARTS 

              In this section, we propose seven new memory type univariate control charts that 

monitor both process mean and standard deviation simultaneously. Two of these charts 

are based on combining the effects of max-EWMA, max-CUSUM, SS-EWMA and SS-

CUSUM charts. The inspiration of this approach is taken from Abbas et al. (2013 a&b) 

and Zaman et al. (2014). The remaining five proposed charts are the introduction of the 

three parameters logarithmic transformation to 
2S  which was suggested by Castagliola 

(2005) to the statistic that monitors the process dispersion of Max-EWMA, Max-

CUSUM, SS-EWMA, and SS-CUSUM. This section is divided into seven parts for the 

seven proposals separately. 

4.3.1 MIXED MAX EWMA-CUSUM CONTROL CHART 

Mixed max EWMA-CUSUM control chart (MMEC) is the integration of effects max-

EWMA statistics in the max-CUSUM. 
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Assume  2,ijX N    , for 1,2,3,... 1,2,3,..;n ii and j   where n i  is the sample 

size. Let 1( ... X ) /i i inX X n


    and 

2

12

( )

1

n

ij

j

i

X X

S
n











 be the sample mean and 

variance of the distribution respectively. These two statistics are the minimum variance 

unbiased estimator of 0  and 2

0  respectively. These statistics are standardizing into 

normal distribution given by 0

0

( )
i

X
Z n








   and 

2

1

2

0

( 1)
; 1i

i

n S
W H n




   

    
   

  

respectively. iZ  and iW  are not affected by the size of the sample and they are 

transformed into EWMA statistics below: 

1(1 )i i iU U Z                                                       (4.22) 

1(1 ) Vi i iV W                                                       (4.23) 

0 00 1;where V and U   are the initial values of i iV and U   respectively. The 

EWMA statistics are transformed into CUSUM statistics, as given in equation 4.24-4.27.  

1max 0,Ui i iC k C  


                                     (4.24) 

1max 0,i i iC U k C  


                                               (4.25)  

1max 0,Vi i iS k S  


                                               (4.26) 

1max 0,i i iS V k S  


                                             (4.27) 
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Since 
2 2

2i iU V


 


 


 then the reference value k 

 is given by 
i iU Vk k k    where 

k can be any values greater than zero, it is usually taking to be 0.5.  

2
k k





 


                                (4.28) 

Finally, we compute iMMEC  which is the maximum value of the four statistics in 

equation 4.22-4.25 and compare it with the control limit H. 

max( , ,S ,S )i i i i iMMEC C C                          (4.27) 

                                       𝐻 = ℎ 𝑉𝑎𝑟 𝑀𝑀𝐸𝐶𝑖 = 0.60281ℎ 
𝜆

2−𝜆
                                 (4.28) 

The ARL results for the mixed max EWMA-CUSUM control chart schemes are provided 

in Table 4.5. 

Table4.5. ARL values for MMEC control charting schemes at 𝑨𝑹𝑳𝟎 = 𝟐𝟓𝟎. 

    

a 

  

 

           

b 0.00 0.50 1.00 1.50 2.00 

H=59.51 1.00 247.93 17.22 10.68 8.26 6.97 

λ=0.10 1.50 16.09 14.58 10.68 8.32 6.99 

k=0.50 2.00 10.31 10.22 9.53 8.20 7.00 

H=38.6 1.00 250.48 13.48 7.78 5.92 4.95 

λ=0.20 1.50 12.37 10.92 7.77 5.96 4.95 

k=0.50 2.00 7.54 7.41 6.81 5.82 4.96 

H=28.51 1.00 249.40 11.72 6.40 4.78 3.98 

λ=0.30 1.50 10.64 9.14 6.41 4.81 3.99 

k=0.50 2.00 6.20 6.06 5.50 4.70 3.96 

H=18.40 1.00 251.00 10.04 4.98 3.58 2.97 

λ=0.50 1.50 8.86 7.35 4.97 3.63 2.98 

k=0.50 2.00 4.81 4.65 4.15 3.50 2.94 

H=11.17 1.00 249.20 8.99 3.94 2.69 2.10 
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λ=0.80 1.50 7.52 5.95 3.87 2.73 2.19 

k=0.50 2.00 3.75 3.55 3.10 2.59 2.16 

 

4.3.2 MIXED SUM of SQUARE EWMA-CUSUM CONTROL CHART 

Follow from the equation 4.24-4.27 in Section 4.3.1 above, a new statistic is constructed 

and it is named as Mixed Sum of Square EWMA-CUSUM Control Chart (MSSEC). This 

is the sum of square of the maximum values of the CUSUM statistics that monitor both 

process mean and standard deviation.  

Let iM  and iV  be the highest values of the CUSUM statistics that monitor process mean 

and standard deviation respectively. They are given as  max ,i i iM C C  and

 max ,Si i iV S  .   Therefore,     

2 2

i i iMECSS M V                                                  (4.28) 

iMECSS  is plotted against the control limit h, and the value of h is derived through the 

simulation.The ARL results for the mixed sum of squareEWMA-CUSUM control chart 

schemes are provided in Table 4.6. 

Table4.6. ARL values for MSSEC control charting schemes at 𝑨𝑹𝑳𝟎 = 𝟐𝟓𝟎. 

     
           a 

    

 
b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

 
1.00 252.05 31.87 17.84 13.35 11.04 9.60 8.55 7.82 7.19 

K=0.50 1.25 27.78 22.47 16.36 12.95 10.89 9.50 8.52 7.76 7.19 
H=77.5 1.50 16.27 15.47 13.64 11.79 10.32 9.20 8.34 7.66 7.11 
λ=0.10 1.75 12.53 12.28 11.47 10.51 9.57 8.74 8.03 7.47 6.98 

 
2.00 10.50 10.37 9.98 9.45 8.83 8.24 7.68 7.18 6.78 

 
1.00 247.95 27.44 13.72 9.85 7.99 6.86 6.06 5.48 5.05 

k=0.50 1.25 22.97 17.92 12.40 9.52 7.88 6.78 6.03 5.46 5.05 
H=66.25 1.50 12.29 11.59 10.07 8.58 7.42 6.55 5.90 5.39 4.99 
λ=0.20 1.75 9.15 8.96 8.30 7.55 6.84 6.20 5.67 5.25 4.89 

 
2.00 7.54 7.45 7.14 6.73 6.27 5.81 5.41 5.03 4.73 
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1.00 250.70 25.91 11.91 8.25 6.58 5.59 4.90 4.40 4.06 

k=0.50 1.25 20.97 16.00 10.65 7.96 6.49 5.52 4.87 4.40 4.05 
H=57.5 1.50 10.51 9.85 8.45 7.10 6.08 5.33 4.77 4.34 4.01 
λ=0.30 1.75 7.60 7.42 6.85 6.18 5.56 5.02 4.57 4.22 3.92 

 
2.00 6.17 6.09 5.81 5.47 5.08 4.69 4.35 4.03 3.79 

 
1.00 248.19 25.06 10.12 6.61 5.09 4.25 3.65 3.26 3.02 

k=0.50 1.25 18.88 14.05 8.86 6.34 5.02 4.19 3.65 3.27 3.01 
H=44.5 1.50 8.62 8.02 6.75 5.57 4.66 4.02 3.57 3.23 2.97 
λ=0.50 1.75 5.96 5.80 5.31 4.74 4.23 3.78 3.42 3.14 2.90 

 
2.00 4.72 4.65 4.42 4.13 3.82 3.51 3.23 2.98 2.79 

 
1.00 249.66 26.75 9.06 5.48 4.03 3.26 2.75 2.40 2.14 

k=0.50 1.25 17.77 12.88 7.64 5.19 3.97 3.21 2.74 2.40 2.18 
λ=0.80 1.50 7.23 6.64 5.53 4.45 3.62 3.07 2.68 2.38 2.18 
H=33.1 1.75 4.73 4.60 4.17 3.67 3.23 2.86 2.55 2.32 2.14 

 
2.00 3.61 3.56 3.39 3.14 2.88 2.61 2.40 2.21 2.07 

 

 

4.3.3 A newsum of square EWMA control chart for monitoring process mean and 

variance simultaneously. 

A new sum of square EWMA control chart for monitoring process mean and variance 

simultaneously (SS-EWMAVAR) is constructed by replacing the statistic that monitors 

the process dispersion in SS-EWMA control chart with the three parameters logarithmic 

transformation to 
2S  which was suggested by Castagliola (2005). 

Supposethat,𝑋𝑖𝑗 ~𝑁 𝜇, 𝜎2  , for 1,2,3,... 1,2,3,..;n ii and j   where n i  is the sample 

size. Let 1( ... X ) /i i inX X n


    and 

2

12

( )

1

n

ij

j

i

X X

S
n











 be the sample mean and 

variance of the distribution respectively. These two statistics are the minimum variance 
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unbiased estimator of 0  and 2

0  respectively. iX


is standardized into normal 

distribution and it is given by 
0

0

i

i

X

G n





 
 

 
  

Castagliola (2005) use the three parameters logarithmic transformation in order to 

monitor the process variance which is given below by: 

 2

i iT a bln S c     (4.29) 

Where a, b and c are constants that are greater than zero and they are defined below by 

 2

0 0( ), ( ) ( ) 2 ( )lb B n c C n a A n B n n     , where A(n), B(n) and C(n) are functions 

that depend on the value of the sample size (n).  Table 4.7 reproduces the values of 

( ), ( ), ( ), ( ) ( )T TA n B n C n n and n  for the sample size 3 up to 15. 

Table 4.7: Values of 𝑨 𝒏 ,𝑩 𝒏 ,𝑪 𝒏 ,𝝁𝑻 𝒏  𝒂𝒏𝒅 𝝈𝑻(𝒏) 

           n  A(n)   B(n)   C(n) μT(n) σT(n) 

3 -0.6627 1.8136 0.6777 0.02472 0.9165 

4 -0.7882 2.1089 0.6261 0.01266 0.9502 

5 -0.8969 2.3647 0.5979 0.00748 0.967 

6 -0.994 2.5941 0.5801 0.00485 0.9765 

7 -1.0827 2.8042 0.5678 0.00335 0.9825 

8 -1.1647 2.9992 0.5588 0.00243 0.9864 

9 -1.2413 3.182 0.5519 0.00182 0.9892 

10 -1.3135 3.3548 0.5465 0.00141 0.9912 

11 -1.382 3.5189 0.5421 0.00112 0.9927 

12 -1.4473 3.6757 0.5384 0.0009 0.9938 

13 -1.5097 3.826 0.5354 0.00074 0.9947 

14 -1.5697 3.9705 0.5327 0.00062 0.9955 

15 -1.6275 4.11 0.5305 0.00052 0.996 
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 In order to monitor the process variance, we will use the distribution iT ; and 

standardized it into normal so as to have the same distribution with iG , 

( (n))
(0,1)

( )

i T

i

T

T
F N

n








   

Now, iG  and iF  are transformed into EWMA statistics as below 

1(1 ) Ui i iU G                                                       (4.30) 

1(1 )Vi i iV F    (4.31) 

0 1where   . 

The initial values of i iU and V are      0 0U =0 =A +B ln{1+C }and V n n n  respectively. 

Base on the statistics in equation 4.30 and 4.31, SS-EWMA statistic is constructed; it is 

given in equation 4.32 below. 

2 2

i i iSSEW U V  𝑓𝑜𝑟 𝑖 = 1,2,3, …                            (4.32) 

It has been proved in Section 4.2.3 that iSSEW  follows a chi-square distribution and their 

expected value and the variance given by   22
ii UE SSEW  and   44

ii UVar SSEW 

respectively. 

Since iSSEW  is always positive, therefore, it has only the Upper Control Limit (UCL). 

Now, the UCL is given by 
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   i iUCL E SSEW L Var SSEW                                    (4.33) 

By the substitution of  𝐸 𝑆𝑆𝐸𝑊𝑖  𝑎𝑛𝑑 𝑉 𝑆𝑆𝐸𝑊𝑖 in the UCL, then, we have      

 22 1
iUUCL L   

Since 
2

2iU








 for the steady case, therefore the UCL approaches asymptotically to: 

 
2

1
2

UCL L



 


                               (4.34) 

Table4.8. ARL values for SS-EWMAVARcontrol charting schemes at 𝑨𝑹𝑳𝟎 = 𝟐𝟓𝟎. 

    
a 

      

 

      
b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

 
1.00 248.25 24.87 8.88 5.37 3.92 3.13 2.60 2.27 2.05 

L=3.55 1.25 13.85 10.13 6.39 4.54 3.54 2.89 2.48 2.20 2.00 

λ=0.10 1.50 5.57 5.17 4.38 3.63 3.03 2.61 2.32 2.07 1.89 

 
1.75 3.67 3.57 3.27 2.91 2.62 2.35 2.13 1.95 1.78 

 
2.00 2.81 2.78 2.65 2.48 2.29 2.11 1.94 1.79 1.67 

 
1.00 250.83 31.02 8.70 4.77 3.34 2.62 2.19 1.95 1.74 

L=3.99 1.25 14.89 10.46 6.08 4.10 3.09 2.49 2.11 1.85 1.65 

λ=0.20 1.50 5.36 4.93 4.05 3.27 2.67 2.26 1.98 1.75 1.57 

 
1.75 3.40 3.28 2.97 2.61 2.32 2.05 1.82 1.64 1.49 

 
2.00 2.52 2.50 2.37 2.20 2.01 1.83 1.67 1.53 1.41 

 
1.00 249.85 38.95 9.39 4.63 3.09 2.38 1.96 1.70 1.46 

L=4.15 1.25 15.54 10.92 6.05 3.91 2.87 2.27 1.89 1.62 1.43 

λ=0.30 1.50 5.22 4.80 3.86 3.06 2.45 2.05 1.77 1.55 1.38 

 
1.75 3.19 3.07 2.76 2.40 2.10 1.85 1.64 1.47 1.33 

 
2.00 2.30 2.30 2.16 2.01 1.83 1.65 1.52 1.39 1.29 

 
1.00 248.19 57.15 12.42 5.05 2.99 2.15 1.68 1.40 1.19 

L=4.24 1.25 17.05 12.06 6.46 3.88 2.70 2.03 1.64 1.38 1.22 

λ=0.50 1.50 5.18 4.71 3.71 2.87 2.22 1.83 1.56 1.36 1.22 

 
1.75 2.95 2.82 2.53 2.19 1.89 1.65 1.46 1.31 1.20 

 
2.00 2.08 2.06 1.94 1.80 1.64 1.48 1.37 1.26 1.18 

 
1.00 251.57 92.67 22.30 7.46 3.54 2.18 1.55 1.25 1.10 

L=4.267 1.25 20.34 15.12 8.16 4.48 2.87 2.00 1.53 1.28 1.14 

λ=0.80 1.50 5.69 5.17 3.95 2.99 2.20 1.76 1.47 1.27 1.16 

 
1.75 2.98 2.85 2.52 2.14 1.83 1.57 1.38 1.24 1.15 

 
2.00 2.00 1.99 1.87 1.72 1.57 1.42 1.31 1.20 1.14 
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4.3.4 A new maximum EWMA control chart for monitoring process mean and 

variance simultaneously. 

A new maximum EWMA control chart for monitoring process mean and variance 

simultaneously (Max-EWMAVAR) is constructed by replacing the statistic that monitors 

the process dispersion in Max-EWMA control chart with the three parameters 

logarithmic transformation to 
2S .  

Under the same assumption in Section 4.3.3 above, the statistics of equations 4.30 and 

4.31 can be combined in another form as 

 max ,i i iMEW U V  

𝑀𝐸𝑊𝑖  is plotted against the upper control limit (UCL) derived in Equation 4.6. 

Table4.9: ARL values for Max-EWMAVARcontrol charting scheme at 𝑨𝑹𝑳𝟎 =

𝟐𝟓𝟎. 

     
a 

     

 
        b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

 
1.00 250.29 24.54 8.73 5.26 3.84 3.07 2.55 2.24 2.03 

L=2.77 1.25 14.06 10.99 7.08 4.98 3.78 3.06 2.58 2.25 2.05 

λ=0.1 1.50 5.65 5.39 4.76 4.04 3.42 2.93 2.53 2.26 2.03 

 
1.75 3.69 3.62 3.42 3.22 2.94 2.63 2.38 2.17 2.00 

 
2.00 2.82 2.79 2.75 2.63 2.49 2.34 2.19 2.04 1.89 

 
1.00 251.18 30.54 8.43 4.62 3.23 2.53 2.13 1.89 1.67 

L=2.99 1.25 15.51 11.40 6.59 4.35 3.22 2.56 2.14 1.86 1.65 

λ=0.2 1.50 5.53 5.14 4.39 3.62 2.93 2.45 2.11 1.85 1.65 

 
1.75 3.46 3.40 3.15 2.83 2.54 2.25 1.99 1.80 1.61 

 
2.00 2.59 2.57 2.49 2.34 2.18 2.00 1.84 1.68 1.56 

 
1.00 251.4 38.3 9 4.46 2.98 2.29 1.89 1.63 1.38 

L=3.06 1.25 16.22 11.9 6.51 4.12 2.96 2.31 1.9 1.61 1.41 

λ=0.3 1.50 5.429 5 4.17 3.36 2.65 2.2 1.87 1.62 1.43 

 
1.75 3.276 3.19 2.94 2.58 2.29 2.01 1.76 1.58 1.42 
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2.00 2.388 2.38 2.28 2.13 1.96 1.79 1.64 1.5 1.38 

 
1.00 250.5 89.6 21.2 7.01 3.34 2.06 1.49 1.22 1.08 

L=3.12 1.25 21.88 16.7 9.11 4.83 3.01 2.04 1.54 1.28 1.13 

λ=0.8 1.50 6.205 5.62 4.39 3.31 2.41 1.89 1.54 1.31 1.18 

 
1.75 3.175 3.08 2.74 2.34 1.98 1.68 1.47 1.3 1.19 

 
2.00 2.131 2.11 2 1.83 1.67 1.5 1.37 1.25 1.17 

 

4.3.5 A new sum of square ofcumulative sum control chart for monitoring process 

mean and variance simultaneously. 

A new sum of square of cumulative sum control chart for monitoring process mean and 

variance simultaneously (SS-CUSUMVAR) is constructed by replacing the statistic that 

monitors the process dispersion in SS-CUSUM control chart with the three parameters 

logarithmic transformation to
2S .  

Following from the inspiration for section 4.3.3, the statistics iG  and iF are defined in the 

same way.The statistics of equation (4.1) and (4.2)  are integrated in CUSUM statistics to 

monitor the process mean and variance as given in equations 4.5-4.8 below: 

1max 0,Gi i iSSC k SSC 


                   (4.5) 

1max 0,i i iSSC G k SSC 


                                 (4.6)  

1max 0,Fi i iSSS k SSS 


                    (4.7) 

1max 0,i i iSSS F k SSS 


                (4.8) 

where 0 0 0SSC SSS   are the starting points.   
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Let 𝑀𝐶𝑖  and 𝑉𝑆𝑖 be the maximum values of the CUSUM statistics that monitor process 

mean and standard deviation respectively. 

 max ,i i iMC C C                                         (4.17)       

 max ,Si i iVS S                                             (4.18)       

The SS-CUSUM is the sum of square of the maximum values of the CUSUM statistics 

that monitor both process mean and standard deviation and it is given by: 

2 23i i iSS MC VS                                    (4.19) 

3iSS  is plotted against the control limit h. 

Table4.10: ARL values for SS-CUSUMVARcontrol charting schemes at 𝑨𝑹𝑳𝟎 =
𝟐𝟓𝟎, 𝒉 = 𝟐𝟕. 𝟔𝟔, 𝒂𝒏𝒅 𝒌 = 𝟎. 𝟓. 

     
a 

     

  
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

 
1.00 249.90 29.13 8.85 5.12 3.62 2.84 2.37 2.09 1.92 

 
1.25 16.41 11.98 7.03 4.75 3.50 2.80 2.37 2.08 1.88 

       
b 1.50 6.44 6.05 4.92 3.93 3.20 2.65 2.30 2.04 1.84 

 
1.75 4.15 4.02 3.63 3.21 2.80 2.46 2.17 1.96 1.77 

 
2.00 3.14 3.08 2.91 2.70 2.48 2.23 2.03 1.85 1.69 

 

4.3.6 A new maximumcumulative sum control chart for monitoring process mean 

and variance simultaneously. 

A new maximum cumulative sum control chart for monitoring process mean and variance 

simultaneously (Max-CUSUMVAR) is developed based on the assumption in Section 
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4.3.5 above. The statistics of equations 4.30 and 4.31 can be combined in another form 

as: 

max(MC ,VS )i i iMCVAR                                 (4.9) 

Since the statistic 𝑀𝐶𝑉𝐴𝑅𝑖  is always positive then it only has the upper control limit h. 

Anytime 𝑀𝐶𝑉𝐴𝑅𝑖 , exceeds the control limit h, then we say that the process is in an out-

of-control state otherwise, it is in a good state. 

Table4.11. ARL values for Max-CUSUMVARcontrol charting scheme at 𝑨𝑹𝑳𝟎 =
𝟐𝟓𝟎, 𝒉 = 𝟓. 𝟎𝟑𝟓, 𝒂𝒏𝒅 𝒌 = 𝟎. 𝟓. 

     
a 

     

  
0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

 
1.00 250.21 29.25 8.77 5.04 3.56 2.78 2.32 2.05 1.88 

 
1.25 17.09 12.70 7.43 4.91 3.58 2.82 2.37 2.06 1.85 

b 1.50 6.70 6.38 5.30 4.23 3.39 2.78 2.37 2.08 1.86 

 
1.75 4.32 4.24 3.89 3.47 3.02 2.64 2.31 2.05 1.84 

 
2.00 3.28 3.22 3.09 2.90 2.69 2.42 2.19 1.99 1.80 

 

4.4 COMPARATIVE ANALYSIS 

 In this section, we will compare the performance of the proposed with their 

counterparts includingmax-chart, Max-CUSUM, Max-EWMA, SS-CUSUM, and SS-

EWMA control charts.For different amounts of shifts in process mean (a) and dispersion 

(b), the ARL values of the proposed charts and the other competing charts are provided in 

Tables 4.1-4.11. These results are based on 10
4
Monte Carlo simulations, at each run, for 

our study purposes.For a comparative analysis of the proposed charts with their existing 

counterparts, we have listed the comparative results in Tables 4.12.  

These results show that: 
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 SS-EWMAVAR and Max-EWMAVAR are better than Max-CUSUM, Max-

EWMA, SS-CUSUM, and SS-EWMA at all shifts in the dispersion. 

 SS-EWMAVAR is better than Max-CUSUM , SS-CUSUM and SS-EWMA at a 

very small shift (𝑎 < 0.5) of the process mean. 

 Max-EWMAVAR is better than Max-CUSUM , SS-CUSUM at a very small shift 

(𝑎 < 0.5) of the process mean but slightly better and SS-EWMA all shifts of the 

mean. 

 SS-EWMAVAR,  Max-EWMAVAR and Max-EWMA have nearly equal values 

at all shifts in the process mean. 

 SS-CUSUMVAR and Max-CUSUMVAR have almost the same ARL values with 

Max-CUSUM, Max-EWMA, SS-CUSUM, and SS-EWMA at all shifts in the 

process mean. 

 SS-CUSUMVAR is slightly better than the performance of all its existing 

counterparts (except Max-Chart) at all shifts of the process dispersion. 

 Max-CUSUMVAR is slightly better than the performance of all its existing 

counterparts in small and moderate shift of the process dispersion. 

 SS-EWMAVAR, SS-CUSUMVAR, Max-CUSUMVARand Max-EWMAVAR 

are only performing better than Max-Chart at small and moderate shifts in both 

parameters. 

Table4.12: Comparison Table Between the Proposed Charts and their Counterparts 

    
SS-EWMAVAR 

   

 
L=3.55 λ=0.10 

  
         a 

         b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 248.25 24.87 8.88 5.37 3.92 3.13 2.60 2.27 2.05 
1.25 13.85 10.13 6.39 4.54 3.54 2.89 2.48 2.20 2.00 
1.50 5.57 5.17 4.38 3.63 3.03 2.61 2.32 2.07 1.89 
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1.75 3.67 3.57 3.27 2.91 2.62 2.35 2.13 1.95 1.78 
2.00 2.81 2.78 2.65 2.48 2.29 2.11 1.94 1.79 1.67 

    
SS-CUSUMVAR 

   

 
H=27.66 k=0.5 

  
         a 

        b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 249.90 29.13 8.85 5.12 3.62 2.84 2.37 2.09 1.92 
1.25 16.41 11.98 7.03 4.75 3.50 2.80 2.37 2.08 1.88 
1.50 6.44 6.05 4.92 3.93 3.20 2.65 2.30 2.04 1.84 
1.75 4.15 4.02 3.63 3.21 2.80 2.46 2.17 1.96 1.77 
2.00 3.14 3.08 2.91 2.70 2.48 2.23 2.03 1.85 1.69 

   
MAX-CUSUMVAR 

    

    
a k=0.50 H=5.035 

      b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 250.21 29.25 8.77 5.04 3.56 2.78 2.32 2.05 1.88 
1.25 17.09 12.70 7.43 4.91 3.58 2.82 2.37 2.06 1.85 
1.50 6.70 6.38 5.30 4.23 3.39 2.78 2.37 2.08 1.86 
1.75 4.32 4.24 3.89 3.47 3.02 2.64 2.31 2.05 1.84 
2.00 3.28 3.22 3.09 2.90 2.69 2.42 2.19 1.99 1.80 

    
MAX-CUSUM 

   

  
K=0.50 h=5.05 a 

      b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 249.09 30.01 8.77 5.02 3.54 2.78 2.32 2.06 1.88 
1.25 18.10 13.25 7.55 4.91 3.57 2.83 2.37 2.08 1.86 
1.50 6.90 6.43 5.37 4.29 3.42 2.79 2.39 2.09 1.84 
1.75 4.34 4.25 3.93 3.50 3.06 2.63 2.31 2.04 1.83 
2.00 3.26 3.24 3.08 2.89 2.64 2.42 2.18 1.96 1.80 

    
MAX-EWMA 

   

  
L=2.785 λ=0.10 a 

     b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 250.68 24.88 8.82 5.32 3.85 3.07 2.57 2.23 2.04 
1.25 17.70 13.20 7.88 5.27 3.86 3.10 2.60 2.27 2.06 
1.50 7.35 6.94 5.87 4.66 3.76 3.08 2.62 2.30 2.06 
1.75 4.80 4.66 4.32 3.87 3.38 2.95 2.57 2.27 2.05 
2.00 3.61 3.59 3.45 3.23 2.96 2.69 2.44 2.21 2.02 

    
SS-CUSUM 

    

  
k=0.5 h=27.9 a 

      b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 250.48 29.45 8.81 5.07 3.62 2.86 2.37 2.11 1.92 
1.25 17.32 12.52 7.17 4.74 3.54 2.82 2.38 2.09 1.89 
1.50 6.58 6.05 5.00 3.99 3.20 2.68 2.32 2.04 1.84 
1.75 4.18 4.05 3.67 3.21 2.82 2.47 2.18 1.97 1.77 
2.00 3.13 3.08 2.92 2.70 2.46 2.23 2.02 1.84 1.69 

    
MAX-CHART 

   

   
h=3.09 a 

       b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 249.79 130.10 37.96 12.40 5.01 2.57 1.65 1.26 1.09 
1.25 30.68 23.68 13.36 6.85 3.82 2.38 1.69 1.33 1.15 
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1.50 8.30 7.54 5.87 4.11 2.94 2.11 1.64 1.37 1.19 
1.75 3.86 3.66 3.24 2.70 2.23 1.86 1.55 1.33 1.21 
2.00 2.46 2.40 2.21 2.03 1.80 1.59 1.43 1.29 1.19 

    
SS-EWMA 

    

 
L=2.785 λ=0.1 

 
a 

     b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 252.32 25.67 9.14 5.56 4.06 3.23 2.70 2.34 2.10 
1.25 17.26 12.28 7.41 5.09 3.88 3.17 2.66 2.34 2.11 
1.50 7.24 6.62 5.37 4.33 3.52 2.95 2.58 2.29 2.09 
1.75 4.75 4.54 4.08 3.58 3.13 2.73 2.43 2.20 2.02 
2.00 3.58 3.50 3.30 3.06 2.76 2.50 2.28 2.09 1.93 

    
MAX-EWMAVAR 

   

  
L=2.77 λ=0.1 a 

         b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

1.00 250.29 24.54 8.73 5.26 3.84 3.07 2.55 2.24 2.03 
1.25 14.06 10.99 7.08 4.98 3.78 3.06 2.58 2.25 2.05 
1.50 5.65 5.39 4.76 4.04 3.42 2.93 2.53 2.26 2.03 
1.75 3.69 3.62 3.42 3.22 2.94 2.63 2.38 2.17 2.00 
2.00 2.82 2.79 2.75 2.63 2.49 2.34 2.19 2.04 1.89 

 

4.5 ILLUSTRATIVE EXAMPLE 

A practical example was taken from the book of Montgomery (2009), about the hard-

bake process with photolithography in semiconductor manufacturing. Twenty-five 

samples were initially used in phase 1 with the subgroup each of 5 sample size of wafers 

and they are all in a statistical process. Another set of twenty samples of wafers are added 

to be monitored in the phase 2.The output of the proposed charts and their counterparts 

are shown in Table 4.13 and; their graphical displays are shown in figure 1-7. The sample 

mean and variance are calculated to be 1.53184 and 0.1360771 respectively. 

The results show that: 

 There is large increased values in the process at the sample 41 through 45. 

 SS-CUSUMVAR and Max-CUSUMVAR detects 5 out-of-control signals at 

sample points 41-45. 
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 SS-EWMAVAR, Max-EWMAVAR, Max-EWMA, and SS-EWMAtriggers 3 out-

of controlpoints, at sample points 43-45. 

 Max-Chart gives only one out-of-control signal at sample point 45.  

Table4.13: Output of the hard-bake process for the Proposed Charts and their 

Counterparts. 

S/no Ni Mi SS1i SSEWi SS3i MCVARi MaxChat SS2i MEWi 

1 0.28 0.08 0.01 0.01 0.10 0.31 0.78 0.08 0.081 
2 0.10 0.09 0.01 0.01 0.01 0.10 0.60 0.01 0.09 
3 1.17 0.16 0.04 0.04 1.33 1.07 1.67 1.55 0.163 
4 0.92 0.25 0.07 0.07 0.94 0.92 1.00 0.99 0.247 
5 1.14 0.29 0.09 0.09 1.30 1.14 0.72 1.30 0.294 
6 2.00 0.40 0.16 0.16 4.00 2.00 1.36 4.00 0.4 
7 0.70 0.28 0.08 0.08 0.56 0.70 0.80 0.55 0.28 
8 0.16 0.25 0.06 0.06 0.03 0.16 0.37 0.03 0.248 
9 0.06 0.26 0.07 0.07 0.00 0.06 0.40 0.00 0.263 
10 0.07 0.27 0.07 0.07 0.02 0.15 0.57 0.00 0.267 
11 0.11 0.25 0.06 0.06 0.02 0.12 0.61 0.01 0.253 
12 0.49 0.23 0.07 0.07 0.28 0.53 0.87 0.24 0.233 
13 1.75 0.44 0.23 0.23 4.03 1.75 2.25 3.88 0.435 
14 1.35 0.40 0.17 0.17 1.88 1.35 0.69 1.85 0.401 
15 2.88 0.56 0.34 0.34 8.30 2.88 2.03 8.30 0.564 
16 2.33 0.50 0.39 0.39 9.36 2.33 2.23 8.99 0.503 
17 2.57 0.53 0.41 0.41 9.99 2.57 0.73 9.69 0.526 
18 3.29 0.60 0.47 0.47 12.77 3.29 1.22 12.66 0.596 
19 2.04 0.46 0.30 0.29 4.68 2.04 0.75 4.70 0.461 
20 2.13 0.46 0.42 0.42 8.69 2.20 1.89 8.39 0.457 
21 2.49 0.51 0.36 0.36 6.65 2.49 1.03 6.63 0.515 
22 1.87 0.45 0.24 0.23 4.59 1.87 0.94 4.36 0.451 
23 1.15 0.36 0.14 0.14 2.65 1.34 0.72 2.17 0.361 
24 2.75 0.26 0.09 0.08 7.05 2.65 2.10 7.57 0.264 
25 1.77 0.25 0.07 0.06 2.80 1.67 0.48 3.12 0.247 
26 2.26 0.27 0.10 0.10 4.95 2.23 1.00 5.13 0.275 
27 1.46 0.28 0.09 0.09 2.09 1.45 0.30 2.14 0.276 
28 0.71 0.25 0.07 0.07 0.52 0.72 0.25 0.51 0.247 
29 1.42 0.41 0.17 0.17 2.66 1.42 1.92 2.56 0.414 
30 1.28 0.41 0.17 0.17 2.22 1.28 1.24 2.19 0.409 
31 1.76 0.47 0.22 0.22 3.16 1.76 0.98 3.13 0.465 
32 1.30 0.42 0.21 0.22 2.88 1.30 1.32 2.74 0.423 
33 0.80 0.38 0.16 0.17 0.74 0.80 0.31 0.69 0.381 
34 0.28 0.26 0.08 0.08 0.08 0.28 0.78 0.08 0.265 
35 1.21 0.41 0.20 0.20 1.84 1.21 1.71 1.78 0.409 
36 1.52 0.45 0.21 0.21 2.40 1.52 0.81 2.39 0.45 
37 1.90 0.47 0.32 0.30 4.91 1.69 2.40 6.46 0.472 
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38 2.02 0.35 0.21 0.19 3.34 1.63 1.33 4.76 0.32 
39 2.37 0.23 0.06 0.04 5.75 2.37 2.04 6.09 0.202 
40 3.68 0.17 0.04 0.04 13.61 3.68 1.81 13.60 0.143 
41 5.48 0.35 0.13 0.12 30.17 5.48 2.30 30.14 0.345 
42 6.51 0.46 0.22 0.22 42.38 6.51 1.53 42.38 0.464 
43 8.72 0.69 0.51 0.50 76.55 8.72 2.71 76.50 0.689 
44 9.87 0.78 0.62 0.62 98.73 9.87 1.65 98.56 0.785 
45 13.28 1.10 1.21 1.21 176.86 13.28 3.91 176.83 1.098 
Control 
limits 5.05 0.644 0.484 0.479 27.6 5.035 3.09 27.9 0.642 

 

 

Figure 4.1. Max-Chart when h=3.09 at ARL0 =250 
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Figure 4.2. Max-CUSUM when h=5.05 and k=0.5 at ARL0 =250 

 

Figure 4.3. Max-EWMA when L=2.785 and λ=0.1 at ARL0 =250 
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Figure 4.4. SS-EWMAVAR when L=3.55and λ=0.1 at ARL0 =250 

 

 

Figure 4.5. SS-CUSUMVAR when h=27.66and k=0.5 at ARL0 =250 

 

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43

U
C

L

Sample Number

SS-EWMAVAR  Control Chart

SSEWi

UCL

0
20
40
60
80

100
120
140
160
180
200

1 4 7 10 13 16 19 22 25 28 31 34 37 40 43

h

Sample Number

SS-CUSUMVAR Control Chart

SS3i

h



83 

 

 

Figure 4.6. Max-EWMAVAR when L=2.77and λ=0.1 at ARL0 =250 

 

 

Figure 4.7. Max-CUSUMVAR when h=5.035and k=0.5at ARL0 =250 
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4.6 SUMMARY, CONCLUSIONS AND RECOMMENDATIONS 

 

In this study, we have proposed seven new control charts that monitor the process mean 

and dispersion simultaneously. We have investigated ARL properties of the proposed 

schemes and compared them with the existing counterparts including Max-EWMA, Max-

CUSUM, SS EWMA  and SS CUSUM . The comparisons showed that the proposed 

schemes are really perform better for the shifts in the process dispersion than the other 

existing schemes covered in this study. They have slightly the same ARL values  in the 

process mean with their counterparts. The scope of this study may be extended for 

monitoring process mean and dispersion simultaneously in the multivariate setups for an 

improved and efficient monitoring of process parameters. 
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11 CHAPTER 5 

MIXED MULTIVARIATE EWMA-CUSUM CONTROL 

CHART FOR MONITORING PROCESS MEAN AND 

STANDARD DEVIATION. 

 

Memory type control is very effective in detecting small and moderate shift in process 

mean and/or dispersion. Many charts have been developed to monitor the process mean 

and dispersion simultaneously in the univariate and multivariate control charts. 

In this chapter, we propose a new multivariate chart that mixes the effect of multivariate 

max-EWMA and multivariate max-CUSUM.  The proposed chart will be compared with 

its existing counterparts by their run length properties. 

 

 

5.1 INTRODUCTION 

Shewhart control chart is a memoryless chart which is effective in detecting a large shift 

in a process. It uses only the current information. Cumulative sum and exponential 

weighted moving average developed by Page (1954) and Robert (1959) respectively are 

the most memory type control charts that detect small and moderate disturbances in a 

process parameter. 
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          Sometimes, we are interested in monitoring more than one correlated quality 

variables like the hardness and tensile strength of steel; multivariate control charts are 

employed. Hotelling’s (1947) introduce a chart that monitors two or more correlated 

quality characteristics and named it Chi-squared control chart. It is an analog of Shewhart 

control chart in the univariate set-up.  Lowry et al. (1992), Pignatiello and Runger (1990), 

Healy (1987) and Crosier (1988) also developed some memory type multivariate control 

charts that use both previous and current information. These charts are good at detecting 

small and moderate changes in the process parameters. 

            Many control charts in the literature monitor a single parameter (location or 

dispersion). Some other control charts monitor both parameters on different charts. Max-

chart introduced by Chen and Cheng (1998) combines the statistics of both parameters 

and plot it against a control limit.  Following the inspiration from Max-chart which is a 

memoryless control chart, Xie (1999), Thaga (2009) and Cheng and Thaga (2010) 

developed new control charts that use both present and past information. The above 

charts are also developed in the multivariate set-up; Multivariate Max-CUSUM control 

chart by Cheng and by Thaga (2005); and Multivariate Max-EWMA chart by Xie (1999). 

Abbaset al. 

(2013a&b)usedtheideaofmergingthestructuresofEWMAandCUSUMchartsforlocationand

dispersionparameters.Later,Zamanet al. (2014)extendedthisideainareversemixingpattern.  

In this chapter, we introduced a new chart that combines the effect Multivariate Max-

CUSUM control chart and Multivariate Max-EWMA.In our current study, we have used 

Average run length (ARL) as a performance measure that is an effective measure of 

comparing the performance of the control charts.   
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Therestofthisstudyisorganizedas:Section5.2givesthebackgroundoftheexistingmulti

variatecontrolcharts monitor both parameters on a single 

chart.Section5.3presentsthedetailsofourproposedmixedmultivariate MaximumEWMA-

CUSUMcontrolcharts.Section5.4providescomparativeanalysisoftheproposalswiththeexisti

ngcontrolcharts.Finally, Section5.5containstheconclusionsfromthisstudy. 

 

5.2 Memory-Type Multivariate Control Charts that Monitor both Process 

Vector Mean and Dispersion. 

Background of some memory type multivariate control charts that monitor both mean 

vector and dispersion will be given in this section. 

5.2.1 A Multivariate Max-EWMA Control Chart 

Let  ,pX N   , where p is the number of correlated quality characteristics to be 

monitored simultaneously. Suppose that there are n sample size drawn from the process, 

that is, 1 2 3, , ,. . .,i i i inX X X X   for i=1,2,…, and iX


 represent the sample mean vector of 

the distribution. The in-control mean vector and the standard covariance matrix are 

denoted with 0 0and   respectively. 

In order to monitor the process vector, iX


will be transformed into the EWMA statistic as 

below: 

  1 01i i iZ Z X  




 
    

 
                                     (5.1) 
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The statistic that monitors the process mean vector is given as 

 

 
1 ' 1
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1
i p i ii

n
U H Z Z




 

 
   
   
    

                      (5.2) 

We can calculate the following statistics, given below, in order to monitor the process 

standard deviation. 

'
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                                 (5.3) 

     1
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Since i iU and V  are independent and normally distributed then we combine them 

together to form a new statistic given by 

 max ,i i iM U V  

iM  is compared with the upper control limit (UCL). The process will be in a control state 

in as much as iM  is below the control limit. The control limit is computed below as: 

   i iUCL E M L Var M   

The expected value and variance of iM  are derive through the numerical computation 

and they are given to be  iE M =1.12379 and  iVar M =0.363381 respectively. 

Therefore, UCL=1.128379+0.602811L. 
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The average run length (ARL) table of this scheme will be given in table 5.1. 

5.2.2 Multivariate Max-CUSUM Control Chart 

Cheng and Thaga (2005) developed the Multivariate Max-CUSUM Control Chart by 

combining the statistics of both process mean and dispersion which were introduced by 

Healy (1987). They evaluated the maximum values of the statistics and plotted them 

against the control limit. 

The following upper, iC  and lower, iC  , multivariate CUSUM statistics are calculated in 

order to monitor the process vector mean. 

 1max 0, 0.5i i iC Z D C 

   and  1max 0, 0.5i i iC D Z C 

     

Where '

0i iZ a X 
 

  
 

 and D is a non-centrality parameter which is defined as

   
' 1

1 0 1 0D         

For monitoring the process variability, Healy defined the following statistics 

 1max 0,i i iS Y k S 

    and  1max 0,i i iS k Y S 

     

Where     '1 1 ;i i iY H X X p       
 

; H(.;p) represents the Chi-squared 

distribution with p degree of freedom and 
1(.) represents inverse standard normal 

cumulative distribution function. 

Healy (1987) defined 
'a and k as below 
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1 0'

1
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1 0 1 0

a
 

   





 


   
 

  and 
   

   

' 1

1 0 1 0

1
' 21

1 0 1 0

0.5k
   

   





  


   
 

 

Cheng and Thaga (2005) combined the four statistics that monitor the process vector 

mean and dispersion and evaluated their maximum value, iM  as given below and it is 

plotted against the control limit, h. 

max( , ,S ,S )i i i i iM C C    . The ARL values of this chart is given in Table 5.2. 

5.3 THE PROPOSED CHART 

Let  ,pX N   , where p is the number of correlated quality characteristics to be 

monitored simultaneously.  

In order to monitor the process vector, iX


will be transformed into the EWMA statistic as 

below: 

  1 01i i iZ Z X  




 
    

 
                                     (5.4) 

The max-EWMA statistic that monitors the process mean vector is given as 

 

 
1 ' 1

02

2

1
i p i ii

n
U H Z Z




 

 
   
   
    

                                    (5.5) 

We can calculate the following statistics, given below, in order to monitor the process 

standard deviation. 
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                            (5.6) 

     1

1 1
1i i ip n

Y Y H W  

 
   
 

and 
 

2

2

1
i ii

V Y


 





 

We can integrate both i iU and V into multivariate CUSUM statistics to monitor process 

mean vector and standard deviation respectively. 

 1max 0, 0.5i i iMMC U D MMC 

    and  1max 0, 0.5i i iMMC D U MMC 

     

 1max 0,i i iMMS V k MMS 

    and  1max 0,i i iMMS k V MMS 

     

Where '

0i iZ a X 
 

  
 

 and D is a non-centrality parameter which is defined as

   
' 1

1 0 1 0D         and k is a reference value. 

We combined the four statistics that monitor the process vector mean and dispersion; and 

evaluated their maximum value, iMMM  as given below. It is plotted against the control 

limit, h. The ARL values of this chart are given in Table 5.3. 

max(MM ,MM ,MMS ,MMS )i i i i iMMM C C    . 

 

5.4 Performance Measures 

In this section, we will compare the performance of the proposed with their counterparts 

includingmultivariate Max-CUSUM and multivariate Max-EWMA control charts.For 
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different amounts of shifts in process mean (a) and dispersion (b), the ARL values of the 

proposed charts and the other competing charts are provided in Tables 1-9. These results 

are based on 10
3
Monte Carlo simulations, at each run, for our study purposes.These 

results show that: 

 The proposed chart is better than Multivariate Max-CUSUM in the mean vector at 

a small shift in the process (a<1). 

 It is better than Multivariate Max-CUSUM chart at all shifts of the process 

dispersion when the shift in the process mean is less that 1(i.e. a<1). 

 The proposed chart is performing poorer when compared to the changes in 

process mean vector and/or dispersion of the Multivariate Max-CUSUM chart. 

Table5.1: Multivariate Max-CUSUM Chart 

     
a 

     

 
b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

 
1.00 201.73 98.19 33.60 16.08 9.89 7.12 5.53 4.54 3.86 

H=4.8 1.25 75.01 50.97 25.73 14.51 9.50 6.99 5.51 4.54 3.88 
K=0.5 1.50 34.32 28.73 18.98 12.48 8.87 6.76 5.44 4.50 3.87 

 
2.00 14.40 13.53 11.46 9.28 7.44 6.12 5.10 4.36 3.78 

 

Table 5.2: Multivariate Max-EWMA Chart 

      
a 

    

 
b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

 
1.00 199.97 37.44 11.36 6.66 4.69 3.75 3.14 2.67  2.35 

L=2.8659 1.25 10.95 10.12 8.21 6.06 4.63 3.73 3.08 2.70 2.39 
λ=0.10 1.50 4.88 4.88 4.80 4.28 3.87 3.37 3.00 2.61 2.38 

 
2.00 2.57 2.61 2.56 2.54 2.47 2.38 2.33 2.20 2.11 
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Table 5.3: Multivariate Maximum Mixed EWMA-CUSUM 

     
a 

     

 
b 0.00 0.25 0.50 0.75 1.00 1.25 1.50 1.75 2.00 

k=0.5 1.00 204.54 36.35 17.24 12.30 9.90 8.51 7.50 6.73 5.98 
λ=0.10 1.25 16.80 16.29 14.49 11.85 9.81 8.48 7.53 6.66 5.90 
h=26.5 1.50 10.49 10.36 10.30 9.88 9.19 8.25 7.45 6.61 5.86 

 
2.00 6.88 6.89 6.89 6.86 6.83 6.68 6.50 6.05 5.64 

 

5.5 Conclusions 

We have proposed a new multivariate mixed maximum EWMA-CUSUM control chart, 

to monitor changes in the process mean vector and dispersion on a single chart. The 

performance of the proposed schemes is evaluated in terms of ARL and compared with 

other competing charts like multivariate max-CUSUM and multivariate max-EWMA 

control charts. The comparisons showed that the proposed schemeis really better than 

multivariate max-CUSUM for detecting the small shifts in the process mean vector 

and/or dispersion. 
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CHAPTER6 

CONCLUSIONS 

In this study, we have proposed some improvements on the mixed EWMA- CUSUM 

control charts with varying FIR features in the form of MECHS, MECFIR and 

MECFIRHS control charting schemes. We have investigatedARL properties of the 

proposed schemes and compared them with the existing counterparts including classical 

CUSUM, classical EWMA, FIR EWMA and FIR CUSUM. We have observed that the 

proposals of the studyimprove the detection ability of the mixed EWMA-CUSUM chart 

for the processes that are off-target at the start-up.The comparisons showed that the 

proposed schemes are really good at detecting shifts (especially of smaller magnitude) in 

the process relative tom the other existing schemes covered in this study.  

We have also proposed two multivariate mixed EWMA-CUSUM control charts,in the 

form of MEC1 and MEC2 control charts, to monitor changes in the process mean vector. 

The performance of the proposed schemes is evaluated in terms of ARL and compared 

with other competing charts like MCUSUM, MEWMA, MC1 and Hotelling 2T / 2  

control charts. The comparisons showed that the proposed schemes are really good at 

detecting the small shifts in the process as compared with the other schemes under study.  

We also proposed six new control charts that monitor the process mean and 

standarddeviation simultaneously in the univariate set-up. We have investigatedARL 

properties of the proposed schemes and compared them with the existing counterparts 
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including Max-EWMA, Max-CUSUM, SS EWMA  and SS CUSUM .The 

comparisons showed that the proposed schemes are really good at detecting shifts 

(especially of smaller magnitude) in the process relative tom the other existing schemes 

covered in this study.  

Finally, we proposed a new multivariate mixed maximum EWMA-CUSUM control 

chart, to monitor changes in the process mean vector and dispersion on a single chart. 

The comparisons showed that the proposed schemeis really better than multivariate max-

CUSUM for detecting the small shifts in the process mean vector and/or dispersion. 
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