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Abstract. An optimal approach reducing the population of ways which can mitigate unexpected radiation enhancement
MeV electrons in the magnetosphere is presented. Under & keep satellite systems less vulnerable.

double resonance condition, whistler wave is simultaneously Whistler waves can be ducted in an L-shell of the magne-
in cyclotron resonance with keV and MeV electrons. The tosphere to continuously interact with the energetic electrons
injected whistler waves is first amplified by the backgroundtrapped in the same L-shell. The motions of energetic elec-
keV electrons via loss-cone negative mass instability to betrons are adversely affected by the wave fields which scatter
come effective in precipitating MeV electrons via cyclotron some of them into loss cones (Helliwell et al., 1973). In-
resonance elevated chaotic scattering. The numerical resultfuced electron precipitation (Voss et al., 1984; Arnoldy and
show that a small amplitude whistler wave can be amplifiedKintner, 1989; Imhof et al., 1994; Pradipta et al., 2007) by
by more than 25dB. The amplification factor reduces only whistler waves has been observed. The Doppler shifted elec-
about 10dB with a 30dB increase of the initial wave inten- tron cyclotron resonance interaction (Kennel and Petschek,
sity. Use of an amplified whistler wave to scatter 1.5MeV 1966; Villalon and Burke, 1991; Albert, 2000) has been sug-
electrons from an initial pitch angle of 8616 a pitch angle  gested to be a likely electron precipitation mechanism. The
<50° is demonstrated. The ratio of the required wave mag-numerical results show that the electron cyclotron resonance
netic field to the background magnetic field is calculated tointeraction can diffuse energetic electrons, with their initial
be about & 104, pitch angles close to the loss cone angle, into the loss cone,
via small angle scattering process (Albert, 2000). However,
the number of electrons resonant with the wave at a given
frequency is small. Moreover, the resonance condition is
anisotropic, which makes it difficult to explain the observa-

In the magnetosphere, energetic electrons are trapped by tHi9N Of Precipitation events occurring simultaneously at ge-
Earth’s magnetic dipole field to undergo a bouncing motionMagnetic conjugate regions due to a single lightning flash

about the geomagnetic equator. Energetic electrons in théBUrgess and Inan, 1990). _ .

MeV range have a strong impact on passing satellite systems. 1he trajectories of trapped energetic electrons in the pres-
Satellites are designed to survive a certain amount of radia€nce of whistler waves can become chaotic, subject to that
tion (ionizing) dose accumulated during their lifetimes. Un- the whistler wave intensity (Faith et al., 1996, 1997a, b; Kuo
expected enhancement of the radiation fluxes caused by, fd¢t @l-, 2004) and/or the initial electron energy (Khazanov et
example, very strong solar storms, will significantly increase@!-» 2008) exceed threshold levels. Once chaos occurs, many
the total radiation dose to the satellites. Consequently, the ra@f €lectrons can wander into both loss cones. This chaotic
diation damage on active electronics and detectors of satellit§arge angle) scattering process precipitates electrons to both
systems will accumulate faster than that designed for. As thd0SS cones simultaneously. Cyclotron resonance can reduce

damage exceeds a threshold level, satellite systems beconige threshold wave field for the commencement of chaos in

incapable of performing their mission. It is essential to find the electron trajectories.
Magnetospheric energetic electrons have an anisotropic

velocity distribution, which is potentially unstable to elec-
Correspondence tdS. P. Kuo tromagnetic waves (Tsytovich and Stenflo, 1983). Indeed, it
BY (skuo@duke.poly.edu) has been observed (Helliwell et al., 1980; Helliwell and Inan,
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1982; Helliwell, 1983) that trapped energetic (keV) elec- sumed;w<Qq for whistler wavesw andQp=eBo/m are the
trons in the magnetosphere can significantly amplify whistlerwave frequency and the nonrelativistic electron cyclotron fre-
waves. The anisotropic relativistic plasma can also excitequency. For a smal, i.e.,w<Qqoly, the resonant electrons
electromagnetic instability through the electron cyclotron are moving oppositely to the wave propagation direction.
resonance interaction (Tsurutani and Smith, 1974; Nunn et Because of thes dependence, this condition leads to a
al., 1997; Trakhtengerts, 1999; Trakhtengerts et al., 2004)quadratic equation foP, as
VLF wave generation by energetic electrons is evidenced by
the natural event of chorus (Sazhin and Hayakawa, 1992) oct
s e o oo e s nete AZQ_0PIZC) ponciyk, and_ C=in/i
49(2)—@2(1+Pf/m2c2)]. This quadratic equation has

tell et al., 2008). The experimental observations also indicat . .
) P two real solutions P.=[—B+(B°-AC)Y/?]/A, subject to

some intrinsic differences between emission and amplifica—h dition B2>AC. The doubl Ui t that
tion processes. Chorus is basically discrete VLF emissionst € condition 55 =AL. The double solutions suggest tha

on the other hand, the amplitude of the amplified whistler]Ehe V\t/ave can l?e IS|TuItanec_)rL;]sly resﬁqqagi W'tg thof dif-
wave oscillates continuously in time. erent groups ot electrons. € coetliciemsan 0

The relativistic cyclotron resonance condition is athe quadratic equation are positive becaugke<1 and

quadratic equation in the electron momentum, thus, there exgzo/ylpw are considered; thus both, are negative, i.e.,

ists a double resonance situation (Kuo et al., 2007), namely, ah.fht;ﬁz gg)l;psm%f ngggi’é ‘t’(\;ht'ﬁg Cré:)n arezgg?r:jt!?/eg{g;ag;
whistler wave is simultaneously in cyclotron resonance with V! wave, move opposi propagati recti

the keV electrons and with the MeV electrons. This sug—the wave.

gests an optimal approach, which applies the chaotic scat-

tering process under a double resonance condition, for thg  ampilification of whistler waves

control of the population of MeV electrons trapped in the

magnetosphere. This approach first uses keV electrons (hawA/e are interested in wave amplification in time; moreover,

ing a loss-cone velocity distribution) to energize the incidentthe amplification mainly proceeds in the region near the mag-

whistler waves, which become more effective to precipitatenetic equator, inferred by the common static source region

MeV electrons into loss cones, via cyclotron resonance enof chorus to be near magnetic equator deduced from corre-

hanced chaotic scattering. lated chorus elements of different frequency/time character-
In this paper, the theoretical basis of this optimal approachistics measured by Cluster Wideband Data (WBD) receiver

is presented and the feasibility of the approach is examined(Breneman et al., 2007). Thus, the formulation can be sim-

In Sect. 2, the double cyclotron resonance mechanism is explified by assuming a local uniform magnetic fi@gd=Boz.

plained. In Sect. 3, the formulation of the nonlinear instabil- The electron plasma in the magnetosphere consists of three

ity theory is presented; a fifth order differential equation gov- components: 1) cold backgroung=£yp~1), 2) energetic (in

erning the temporal evolution of the whistler field amplitude keV range) electrons/=y1), and 3) very energetic (in MeV

is derived. Numerical results are also presented. Section fange) electrons{=y,). The background electron plasma is

devotes to the formulation and analysis of chaotic scatteringnonrelativistic ¢ ~1) and determines the propagation char-

An example of chaotic scattering under double cyclotron res-acteristics of the whistler wave, which has the dispersion re-

onances is given in Sect. 5. Summary is presented in Sect. fation

P?4+2BP,+C=0

o = Qoc?k?[w), 2)
2 Relativistic effect for double cyclotron resonances

wherew ,,=(4rnpe?/m)Y/?; ny, is the background cold elec-
Cyclotron resonance is an effective process to enhance thgon density.
interaction between wave and charge particles and is essen- Energetic electrons in keV range are weakly relativistic
tial to whistler wave amplification. Thus the possibility of a (e.g., y1~1.1 for 50keV electrons) and have considerable
double cyclotron resonance situation, under which the wavelensityn, to amplify whistler waves. These electrons have a
is simultaneously in cyclotron resonances with keV electrondoss cone distribution given by
for amplification and with MeV electrons to instigate precip-
itation, is explored in the following. The Doppler shifted Jfe(PL, P:) =27 PLFe(PL, P;)

cyclotron resonance condition in the relativistic case is given = ng(271_1/2/j!)(APj8)‘(21'+3) Pfj“
b
y exp— (P2 + P?)/APZ]
w=Qo/y +kP;/ym 1) =g fer (P1) fez (P) 3

where y=(1+P2/m?c?+P?im?c?)Y/? is the relativistic fac-  where A P;,=[mT,./(1/2+jI3)]¥/?; T,.>>T.;; subscriptse
tor of the electronP, =ymv,, P,=ymuv,, andk=zk is as-  andb stand for “energetic” and “background”, respectively.
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The distribution inP, is a Maxwellian having the form 30
fol(P) = n—l/ZAP];l exp(—PZZ/APjZS) (4) 80 e ..............
and the distribution in?; has a loss cone form 5.50 \ /\
fer (PL=(2/j)(AP;) "%+ P2+ exp— P2/ AP2) (5) 5601 \V/ \V/E

In the following, an instability process to amplify whistler 704
waves by keV electrons having a loss cone momentum dis-
tribution in the magnetosphere is studied. The relativistic ef- -80
fect, through the Doppler shifted cyclotron resonance (Eq. 1),
provides essential nonlinearity for the phase bunching (Kuo

and ?heo' 1_985) _Of those electrons in near cyclotron resoI':ig. 1. Temporal evolution of the amplitude of a whistler wave
nant interaction with the wave. The bunched electrons therbropagating in the magnetosphere.

excite the loss-cone negative mass instability for the wave

amplification (Kuo and Lee, 1986). Specifically, the reso-

nant interaction of a whistler wave with a particular group gq. (7) indicates that the mismatch frequen¢iw)| de-

of electrons in the magnetosphere will be formulated. Sincecreases as the wave amplitullg increases, a positive feed-
these electrons are practically collisionless, a single electromack for energy transfer from resonant electrons to the wave.
system will be considered to first derive the resonant trajec- The governing Eq. (C11) for the self-consistent field
tory equations for a single electron in the wave fields. Thisamplitude Eo(t) is now analyzed numerically. We first

derivation is presented in Appendix A. The results are themormalize Eq. (C11) to a dimensionless form by intro-
averaged over the electron’s random phase angle (with reducing  X=[eg(e,~1)(Awo)|  ldwyr0An.mc?Y2Eo (1),

spect to the wave field) to obtain the collective effect for wave ¢ =|(Awg)|r, and g:(ns/Ane)(8r+l)a)w127b/90(8r_1)

amplification, which is described physically in Appendix B. (Awo)2=(Ne/ Ang) (&, +1) @/ { Awo))2.
The collective result in electron-wave resonance i”ter'equation has the form

action can be demonstrated through a phase average on

Aw=Awg—(k2c2lw—wo) (Y1—y10)ly1, Where Awg=w—wg [d§—48Xfcd§+(1—|—bX2+48fSX)dg]X

is the initial mismatch frequency ansh=Q0/y10—kv.0. In 2 o2

carrying out phase average, energy conservation has to b?lG[l_g (X*=Xp)lfe ®)

satisfied. The energy conservation equation is given by whereXo=X(0); f.= fg X (£/)cosp (£, £')d&’ and

Anemc@d(y1)e/di + eol(L+ &)/21dEX0)/di =0 (6)  Ji==/o X(E)Sing(€, £NdE"; 0 (5, 8)=T,
- (1-26[X2(6")-X31}d&"; b=[4A w3 k2Ply10(e, —1)
where (), represents an average over the initial random (Awo) Poll(L+v.00/ke2) +3(@Q0/y10k2c2)—(914 )2
phases of those energetic electrons, which are invoIveL% k2 2)2];192[( 1)) (@102 )_0
In (near) resonant interaction with the wavesn =Ni— bwanc()jylgreccon;ant cf)reﬁici;r;tS' Ewy(18)aig S?Jl;'ected to the
=2 (T2 FL (P fe(Pa)— fer (PLO) L (Pa)] 208 Sy )
No=j el ™75 e (PLo) fe(PeD) = feL (PLa) for (Pra initial conditions: X (0)=Xo, ds X (0)=/3X0, d2X (0)=3Xo.
X (2yimAwo/ k)% dWl)gZ/dt:_d(Vl)Sl/‘zh (e, The background parameters givd§:1440 and
(CO8p),2=—(COSp)c1 is assumed); & =1+w, /w0 is ¢=2x10" (i.e., &~4 and(Awp)|/lwo~5x10"%); setting
the dielectric function of background plasma responding toX0:3 58<10-4, Eq. (8) is solved by an ODE solver. The re-
the Wh|s_tler wave and; (<<f15<<m’) is the net density of sult is presented in Fig. 1, showing the temporal evolution of
energetic elec_trons tr_ansfe_rnng energy to the_ wave t_hrOUQrfhe field amplitudeEg(r). The dB-scale plot in Fig. 1 is for
tEhe rgslone:jnttmteractmn with the wave. An integration Ofa direct comparison with the early Siple experimental result
a- (6) leads to (Helliwell et al., 1980; Helliwell and Inan, 1982; Helliwell
Anome? _ ——so[(1+¢,) /2] E2(1)— E2(O 1983). In Siple experiments (Helliwell et al., 1980), injected
eme ({Y1le—{¥10le) ol ¢ AE 1~ EoO)] Siple signals of 3kHz, propagating along thé=4 shell,
With the aid of this relation, the average of were often amplified by 10 to 30dB and oscillated in time.

0.0 0.5 1.0 1.5 20 25 3.0
t (seconds)

The normalized

Aw=Awo—(k?c?lw—wo) (y1—y10)/y1 becomes The numerical result presented in Fig. 1 also indicates that

) whistler wave amplitude can indeed be amplified more than

(Aw) = (Awo)+(w},,/ Q20)[e0(1+€/)/2y0 25dB by keV electrons through loss-cone negative mass
Ansmcz][Eg(t)—Eg(O)] @) instability, and also oscillates in time in a similar fashion.

A good agreement between the numerical and experimental
where the dispersion relatios}=(kc/w)? has been used; results is obtained. It is worth to point out that the wave
(Awo)=Yo ((Awo1)—(Awo2))~{Awpo1). Since (Awg) <0, amplitude oscillation feature observed in Siple experiments
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-20 dition, where the wave frequency is in the range to achieve
double cyclotron resonances. This is exemplified by con-
sidering a case with the following background conditions:
Qolw=8, y10=1.1, ands,=41; |( Awo)|/w~1.287x 102 and
v/¢=0.417; settingv, /c=0.32, leads tax(=0.173,»=428,
andg=1.06x10’. Presented in Fig. 2a are the plots of wave
intensity verse time for four different intensity levels of the
incident wave. As shown both the gain and the oscillat-
ing period of the wave intensity decrease as the initial wave
intensity increases. The gain functiah(/;,,) is plotted in
Fig. 2b, wherel;,, is proportional toEl.zn. It shows that with

a 30dB increase af,,, G reduces only about 10 dB; in other
words, the amplification process remains effective for a large

1

1.5 2 2.5 3 i .
¢t (seconds) increase of/;,,.
24 4 Formulation and analysis of chaotic scattering
process
22 ) )
o Interaction between trapped energetic electrons (hundreds of
3 a0 keV to MeV) and a large amplitude whistler wave is con-
] sidered. These electrons are trapped by the magnetic mirror
18 of the geomagnetic field and bounce back and forth about
the geomagnetic equator. Since these electrons are practi-
18 cally collisionless, single particle approach will be adopted.
To simplify the formulation while retaining the essential
14 - - - - - - physics, the magnetic dipole field is modeled by a parabolic
70 65 60 55 50 45 40 35 scalar potentialp=—mw?2z%/2e, superimposed over a uni-
(b) I;, (AB) form magnetic field Bo=Boz, wherez is the distance from

the equatorial plane. This parabolic potential characterized
by a bounce frequenay;, simulates the mirror effect of the
magnetic dipole field (Ho et al., 1994). Justification for this
simplification of the background magnetic field configura-
tion is given in Appendix D.

Fig. 2. (a) Wave amplitude verses time for four different incident
wave intensities andb) amplitude gain G of amplified whistler
wave verses the incident wave intensity.

L : N 4.1 Formulation
is different from the pattern of pulsations appearing in the

natur.al e\./en't of chorus, which 'has been S|mulateq by theI'he total vector potential in the system, contributed by both
quasi-periodic ELF/VLF generation model (Pasmanik et al.,the wave and static fields, is given By=A,,+5 Box, where

2004). ) A, the vector potential of the whistler wave fields, is ex-
The dependence of the wave amplitude g&in20 log pressed explicitly to be
(Eon/E;y) on the density of energetic electrons is through the
parameteg in Eq. (8), whereEq,, andE;, are the maximum A — (B /x)[# costkz — wt) + § sin(kz — wt)] 9)
amplitude of the amplified wave and the amplitude of the
incident Wave;gO((ng/Ang)(a)/(Aa)o))Zomg/An?/somg_z/S. With both of the potentials given and lgtbe the canonical
The numerical analysis shows thalof,/E;,)°cxn,, i.e., the  momentum, the electron relativistic Hamiltoniah(r, p), is
gainG increases linearly with the logarithm of the density of given by
energetic electrons.
It is noted that the field amplitudé;, of the incident  H — ¢[(p + eA)? + m2c?]2 — e (10)
whistler wave in Fig. 1 is rather low (to be consistent with
that of previous experiments (Helliwell et al., 1980)). In This Hamiltonian yields trajectories in a six-dimensional
practical application for achieving significant electron pre- phase space. However, it can be simplified to reduce the de-
cipitation, the incident wave field has to increase considergree of freedom. The y-coordinate is cyclie,=constant,
ably. Thus, it is important to realize how the gaihvaries  which can be set equal to zero without losing the generality.
with the incident wave intensity for a fixed background con- We next transform the canonical coordinatesy; ) to a new
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pair (Q, P) by introducing the generating function (Faith et 4
al., 1997a, b)

Fi(x, 0, 1) = LomQo(x% + Q?)cotwr — mQupx Qcscwt (11)

Equation (11) is applied for the canonical transformation:
px=0F1/0x and P=—3F1/3Q, to determine the new coor- Pz 0
dinates

P = p, coswt + mQox Sinwt,

0 = —(px/mS) Sinwt + x COswt (12)

and the new Hamiltonian -4

K=H+03F/dt = -10 0 10
c{P? + p2+ m200)? + mP? + (mu/k)? Z
+ 2m(Q21/k)[P coskz — mQ20Q sinkz]}l/2 Fig. 3. Surface of section plot from the trajectories of four electrons
—i—l/zma)fzz _ 1/2a)(onQ2 + PZ/mQ) (13) with initial energiesyp=1.2 (in blue), 1.5 (in green), 2 (in orange),

and 3 (in red), and with the same initial pitch anglg=60° and
where Q1=eB/m. From Eg. (13), the Hamilton's equa- wave amplitude21=0.08 in a system witlf2p=8 andw,=0.1. The
tions of motion, dr/d1=V ,K and dpldt=—VK, can be unper'turbed trgjectoriesz(L:O) represented by elliptical curves are
derived. Use of the normalizationst?K /mw?=K'— K,  Superimposedinthe same plot.
kQ=0'—Q,kP/mw=P'— P, kz=7'—z,
kp./mw=p.— p,, Qlo=Qy— Q0o, Q/lo=]—Q1,
wt=t'—t, andwp/w=w,— wy,, We arrive at the normalized
relativistic equations of motion convenient for later numeri-

project trajectories onto the—p, plane or graphically de-
picting the chaoticity of the system. It is noted that for a
given K, both P andd Q/dr are double valued. Hence, the

cal analysis: L .
surface of section is separated iat@ /dt <0 andd Q /dt>0
dP/dt = —Q0o(Q0/y2 — 1 QO + (Q0R1/y2) sinz (14)  cases. We choose only to present the/dt<0 case be-
cause the results of the two cases are mirror images of each
dQ/dt = (R0/y2 — 1)(P/R0) + (R1/y2) COSZ (15) other. Equations (15-17) are integrated in time using a fifth
order Runge Kutta ODE solver. When the signithanges
dz/dt = p:/y2 (16)  from positive to negative between two time steps, the tra-

5 , jectory between these two points is interpolated to @
dp./dt = —w2z + (Q1/y2)(P sinz + Qo0 cosz) (17) " Dlane, and the resulting point recorded. The time integra-
tion continues for about 1000 bounce periods. The initial
- 24 p24.20.02021.02 _
Wher?yz_(iu/l_w)[(kc/w) .+.P_+pz+QOQ +Ql+291(PC.O& conditions Qo, zo, Po, p;0) of Egs. (15-17) are determined
QoQsing)] 2, is the relativistic factor/ ke, the normalized a5 follows. Consider an electron having an initial energy
phase velqmty of Whl_stler wave, will be taken to Be in _ y20and pitch anglé,g at equator, wheréxo=tar1(Po/p.0),
e numertcal anayss | Ths value of e phase velociVand s g0, hence ao=taeeriy 2. W an
P q 9 P " then obtain the remaining two initial conditioﬂs):Z(yzzo—

Since K, as given by Eq. (13), does not dependrcex- ) . :
g v Eq. (13) P 1)Y/2sing20 and p.,=2(y2~1)"/%cos 0. The trajectories of

plicitly, it is a constant of motion, i.ed K /dt=9K /3t=0, - | i nitial .
which reduces the degree of freedom of the system by onelifferent electrons represented by different initial energies
o are examined by the surface of section technique. As

Thus the set of Egs. (14—17) describes trajectories in a threeZ2

dimensional space. A surface of section technique is use§€S€ €lectrons interact with the wave having normalized am-
to further reduce the three-dimensional continuous time sysP!itude €21, the behavior of each trajectory, which is regular

tem to a two-dimensional map, where we can examine th®' chaaotic, is expected to depend .strongly on two quantities,
chaoticity of the system graphically. the value ofy>g and the wave amplitude representedhy

We now use surface of section approach to characterize
4.2 Numerical analysis the interaction of a 3 kHz whistler wave with energetic elec-
trons inL=3.3 shell. The parameters of the system are nor-
The constant of the motiork’=constant, allows us to elim- malized to beQ2p=8 andw,=0.1. The dependence of the
inate one of the four variables in Egs. (14-17). In the fol- chaoticity of the system on the electron energy, gy, is
lowing analysis, we choose to eliminate the variaBld.e., examined by mapping the trajectories of four electrons hav-
Eq. (14). We also choos@=0 as the surface of section to ing y»0=1.2, 1.5, 2, and 3, in the same surface of section
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778 S. P. Kuo: Whistler wave-electron interaction in the magnetosphere

the bounce frequency of MeV electromé;(w HoQo) Y2 is

the index of refraction of the background coId plasma on the
whistler wave;L is the number of earth radii, i.€L, value of

a magnetic flux tubed;=tarr1(;)¥/2 is the initial pitch an-

gle of keV electrons which contribute to wave amplification,
thus cos91=1/(1+j)1/2; y1~1.1 is the relativistic factor of
~b50keV electronss is the initial pitch angle of MeV elec-
trons which are being precipitated; the normalized phase ve-
locity of the waveV =v,,/c=(Qolw,)& ~Y/?, wheret =Qolw.

With the aid of some known background parameters:
np~280cnT3 at L=4.9, By~0.25 Gauss atL=1, and
wpl20~(1/13)x10°2 for »»=3 and L=2, we can obtain
the functional dependence of the background parameters
on L asw,,=2r x1.63x 10P/L¥2, Q=21 x7x 10°/L3, and
wpQ0=(wplw)(Qlw)=7.07x10~3 (1, 2)"Y2/L. The
200 200 600 800 1000 resonance conditions (1) and (18) and the dispersion relation

time (x10% lead to

Equatorial pitch angle (%)

40
0

_ 2_1y1/2 e 2_1y1/2
Fig. 4. Temporal evolution of the pitch angle of a 1.5MeV elec- Qo/w=yztn(y;— 17" coshp=E =yr-+n(y; —1)*" cosy (19)

tron interacting with a whistler wave at Doppler shifted cyclotron
resonance. Plots A and B correspond to wave magnetic fiel
B1=7x10~% By and 8.1x10~*By cases, respectively.

=2.33L%2£Y2=2 33132 [ yp+n(y2-1)V/? costa]¥? (20)

Equation (19) leads tor=(yo—y1)/[(y?—1)/2cosh—(y2—
1)2cog,], which is then used to re-express Eq. (19) as

plot. Presented in Fig. 3 is the one correspondinge0.08 Qo/w— Qo = [),2(),12 — 1)Y2¢cosp; — yl(y22 — 12

(1% of the background magnetic field) and the same initial

pitch anglef20=60°. The elliptical curves in Fig. 3 represent costz1/[(yf =12 cosbr— (y; ~ 12 cost]

the unperturbed trajectories2{=0 case), which are super- Equations (19) and (20) are solved to yield

imposed in the plot for a comparison. As shown, the tra- 12

jectories forysg=1.5, 2, and 3 are mapped in a large phase €092 = Y2l(y{ — 1)/(v5 — D]

space region, suggesting the occurrence of significant chaotic x{(y2/y1 + 1) c0s81 — (y2/y1 — 1)[cOS 61

pitch angle scattering. Indeed, it is found that the electron —|—4y1/5.43L3(y12 — 113 (21)

equatorial pitch anglé, in the three chaotic cases, can be-

come as low as that less than°3However, the trajectory The normalized (tow) bounce frequency of electrons

in y20=1.2 case remains regular, demonstrating that the elecand normalized (toc) phase velocity of the wave

tron energy is important to the type of motion the electronare given by w,=7.07x10° (1-y, %)~ *2Qo/L and

undergoes. The wave amplitude required causing an elecy=0.432.— 3/29*1/2

tron trajectory to become chaotic is lower for those elec- \We now conS|der the,=4 case that precipitates 1.5 MeV

trons with energy-100keV. This confirms that one can use electrons. From Eq. (21)¢»,=86.5. We then have

the lower energy €100 kev) electrons to amplify whistler ¢,=8.6038, V=0.0517, andw,=2.945<10"2. Equa-

waves, which become more effective in precipitating highertions (15) to (17) are now integrated numerically to evaluate

energy 1MeV) electrons. the pitch angle scattering, resulting from the wave-electron
resonance interaction. Presented in Fig. 4 is a result that dou-

bl | f fect . ble resonance condition is satisfied.
5 Double cyclotron resonances for effective precipita- As shown, withQ;=6x10-3 (i.e.

. ) , the wave magnetic
tion of MeV electrons by whistler waves

field B1=7x10"*Byp), the electron trajectory is chaotic but

the pitch angle (plot A) of the scattered electron remains

larger than 60. However, as the wave magnetic fiek

increases slightly to 8:410~%Bg (i.e., 21=7x1073), sig-

w = Qo/v2 + k P2/ yom (18)  nificantly large pitch angle scattering occurs. As shown,
electron is scattered to a pitch angle50° (plot B),

We now find the initial conditions of electrons such that less than the loss cone angle. The required wave mag-

Egs. (1) and (18) can be satisfied simultaneously. The renetic field amplitude is calculated to be about 0.08% (i.e.,

lationships and notations to be applied are first introduced a$21/€2¢=0.007/8.6038=0.0008) of the background magnetic

follows: QoL =3; wppxL=%2; wpo(l—y, 2)"Y2Qo/Lis  filed. This is an example that a whistler wave, with proper

A wave resonant with MeV electrong £y») satisfies a res-
onance condition, similar to that given by Eq. (1),

Nonlin. Processes Geophys., 15, 7782 2008 www.nonlin-processes-geophys.net/15/773/2008/



S. P. Kuo: Whistler wave-electron interaction in the magnetosphere 779

parameters, can be amplified by the keV electrons and siare given by
multaneously scatters MeV electrons, both processes via the

cyclotron resonance interaction. The results show that cy-dr/df =p/yim
clotron resonant interaction reduces the required field ampli- N
tude, for achieving effective chaotic scattering, by a factordp/dt =—e[E+vx (B+2B0)] (A2)
more than 20. On the other hand, the reguwed mteractlonmczdyl/dt —¢E.v (A3)
time is also increased by an order of magnitude.

(A1)

where  y1=(1+p%m?c»Y2,  p=yimv, and the
whistler wave fields E and B are E=Eq(t)a and
6 Summary B=(k/w)Eo(t)d; a=[xcoskz—wt)—ysintkz—wt)] and

V=[x sin(kz—wt)+ycogkz—wt)]; w andk are related by the

Small pitch angle scatterings in cyclotron resonance interacwhistler wave dispersion reIatioaa:onZcZ/wib given in
tion with a whistler wave can diffuse MeV electrons, with EQ. (2);¢0 is the free-space permitivity.
pitch angles close to the loss cone angle, into loss cones (Al- When the wave frequenay is near the Doppler shifted
bert, 2000). On the other hand, it will need a chaotic scatter-€lectron cyclotron frequencyy=Qqo/y1—kv,, the electron
ing process to precipitate those deeply trapped electrons; thigajectory is mainly governed by the cyclotron resonance in-
wave field has to exceed a threshold (Kuo et al., 2004). teraction. After removing all the fast oscillating components

Amplification of whistler wave by (tens of keV) energetic in the Lorentz force, Egs. (A1-A3) reduce to a set of self-
electrons in the magnetosphere through loss-cone negativéonsistent governing equations for the slowly time varying
mass instability is studied. The theory is formulated and thefunctionsys, v, v; and® (Kuo and Cheo, 1985)
numerical result is shown to agree well with the experimental
result, both qualitatively and 3uantitatively. Such Fz)implifica- da/dt = —(k/S0)(eEo/m) (1 + kv;/w) COSp (A4)

tion reduces considerably the required field intensity of thed dt=—Aw+k/ Q) (eE 1+k ~Lgin A5
incident whistler wave for the purpose of precipitating MeV ¢/ o+ (k/Sko)eEo/m)(Ltkv; fw)o o (A9

electrons in the magnetosphere. dv, /dt=(Q0/k)(eEo/mc?)(a/yE) (kc? /w+v,) cosp  (AB)
The feasibility to invoke a double cyclotron resonance sit-
uation for an optimal approach to reduce the population ofdy; /dt = —(S0/k)(e Eo/mc?)(a/y1) COSP (A7)

MeV electrons trapped in the magnetosphere is then demon-
strated. In this approach, the wave is first amplified by (tenswhere a=kv /Qo and ¢=kzo+[Oo+P(1)]— [ Aw'dt’;
of keV) energetic electrons; once the wave field exceedsAw=Awo+Q0(y1—y10)/y1y10+k(V;—v20), Awo=w—wo,
the threshold for the commencement of chaos, cyclotronand wo=20/y10—kv0; @o:tan—l(vyolvxo), ® accounts
resonance-enhanced chaotic scattering can precipitate deeggr the phase shift in the electron gyration due to
trapped MeV electrons into loss cones. The numerical rednteraction with the wave fieldsyio is the initial rel-
sults demonstrate that a 1.5MeV electron can be scatteredtivistic factor of the resonant electrons.  The ratio
from an initial pitch angle of 865to a pitch angle<50° by ~ of Egs. (A6) and (A7) leads to an invariant relation
a whistler wave with the magnetic field amplitude of 0.08 % y1(kc2/w+vz):const.zylo(kczlaﬁvzo), which is used to
of the background magnetic field, which is about 20 timesobtain Aw=Awo—(k?c?lw—wo)(y1—y10)/y1. It is noted
smaller than that without invoking cyclotron resonance. Thisthat k%c?/w—wo>0 for whistler waves considered in the
percentage converts to about 3100 pTLaR, and 200 pT at  present case, i.eAw increases as electron loses energy to
L=5, which reduce to 550 pT and 36 pT, respectively, afterthe wave and vice versa.
taking advantage of the 15 dB gain.

Finally, it should be pointed out that this optimal approach, .

. . . - " Appendix B

relying on electron cyclotron resonance interaction, requires
that the wave have a broad frequency spectrum, so that a COR . lective effect
siderable fraction of the very energetic electrons can be pre-

cipitated simultaneously. The keV electron plasma has a loss-cone distribution given
by Eq. (3) and its distribution i®, is yet a Maxwellian given
by Eq. (4) and shown in Fig. B1. Only a fraction of total

Appendix A electrons, e.g., in the two shade regions in Fig. B1, are close
to Doppler shifted cyclotron resonance with the wave. In
Resonant trajectory equations fact, the wave is experiencing cyclotron damping to the elec-

trons which are initially at exact cyclotron resonance with the
The equations for the electron motion in a dc magnetic fieldwave, i.e. Awpg=0. On the other hand, the wave can exchange
zBo and right-hand circularly polarized wave fieldsandB energy with other electrons having a mismatch frequency
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where  J,c=—eAn.(Qo/k){(a/y1)c08p)c1=-P1(COSP).1,
and Jps=—e2n(Qo/ k){(aly1)sing)1=— P2(Sing).1;
ne=(N1+N2)/2 and P,=2n.e(Q20/ k) (cto/y10);
(sing) .2=(sing).1 is assumed.

Comparing Eg. (6) with the average of Eq. (A7), leads
to ((aly)cosp).=(k/An.eQo)[co(1+e,)]d; Eg, Which is ap-
proximated to be

ooz (P2)

(cosp)s = [eo(1+ &)/ P1ld; Eg

where P1=An.e(Q0/ k)(ao/yo) and the notatior,=d /dr is
used.

SubstituteE=Eq(t)z in Eg. (C1) and with the aid of
Eq. (C2) and the dispersion relatiop=1+w2/wQ=k?c?/w?,
Eqg. (C1) is reduced to

. (C3)
P,

Fig. B1. Momentum distribution of energetic electrons and the re-
gions close to cyclotron resonant interaction with the wave.

Awo slightly different from zero. Depending on the initial dton = —agl(dt Jpe — 0Jpy) (C4)
phases of those electrons, the interaction can cause them ei-
ther to gain energy from, or lose energy to, the wave, initially. w (1 + ¢,)d; Eg = —eal(d, Jps +0Jdpe) (C5)

In region 1,Awp1<0, one half of the electrons will lose en-

ergy to the wave initially, those electrons also reduce the misUsing the relation/,.=—zso(1+¢,) d; Eo, EQ. (C5) reduces
match frequency in the interaction (becayge-y10<0); it to d; J,s=0, i.e., ((d;¢)cosp).1=0, which, with the aid of
results in the increase of the interaction period of losing en-Eq. (A6), leads to the relation

ergy to the wave. The other half of the electrons, which gain ) -

energy from the wave initially, will increase their mismatch SEo(Sin2p)e1 = 2(Awp) {COSP)e1 (C6)

frequencies (because —y10>0) and reduce the interaction wheres=(k/ Qo)(e/m)(l+kvzo/w)a0_1, and Eq. (C4) reduces
period of gaining energy from the wave. Therefore, those

electrons withAwp1 <0 will lose energy to the wave on aver-
age.
For those electrons in region 2 withwp=Awg2>0, the

to J,y=—(e0¢,/w)d?Eo, which leads to

(sin@)e1 = (soe, /wP2)d?Eq (C7)

above dynamic interaction process is reversed; on averagé;urthermore, with the aid of Egs. (C7), (A4) and (A5) can be

those electrons will gain energy from the wave.
the definition Awg=w—wo=w—Qoly10tkv;0, Awori<Awoz
leads tov,01<v;02, Which indicates that there are more elec-
trons in theAwp1<0 region than in thé\wg2>0 region (i.e.,
Ni1> N> as shown in Fig. B1). Overall, the wave will gain
energy from electrons and be amplified.

Appendix C

Phase average relations and the governing
equation of the wave amplitude

The wave equation governs the self-consistent wave field
[c®9?/82% — 82/31*1E = 5 '3, + J,,) /0t (C1)

where J,=—enpv, is the linear current density induced
by the wave fields in the background plasma with
v,=—(eEo/mQ0)v andJ,, the induced polarization current
density associated with the resonant electrons, is given by
‘]p = —e[N1((Xv, + &vy»el + eNa((Xvy + &vy)>£2]
= —e{N1({ttv, cosp + dv sing})e1 + Na({@v, cosp
+ov sing}) .2}
= Jpe + 0J s (C2)
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Using combined to obtain

SEQ(COS 2)e1 = w(P2/ P1)(1 4 &) (sing)e1 (C8)

Jyc is the source current density of the radiation; it is usually

governed by a second order differential equation. Introduc-

ing the relation

d?((a/y1) cosp) = —([(a/y1)d?p+2d, () y1)d; ] SINg)
—([(@/y1)(d$)*~d7 (@/y1)] cos$)(C9)

With the aid of Egs. (A4—A7), the right hand side terms of

Eq. (C9) can be expressed explicitly in terms of the function
Eo(t) and its integrals and derivatives as follows

((a/y1)(d?) sing) = (Olo/)/lo)(S/Z){don(l — (cos 2p))
—(AoEo/2)(I.(sing) + I;(cosp))
+5[1+ (@3/2) (1 + v00/ kc®) E5(cosp) — [(Awo)
+ofo 1+ kvo/w) ] Eofsin2)}
(2Ld; (@) y1)1(dr ) SING)) = (ct0/2y10) (s — brcto/ Vi)
[2{Awp) EO(SiN 2p) + AgEo(I.(Sing)
+1,(cosg)) — s E§(cosg) |
((@/y1)(d$)? cos) = (ao/y10)
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{[(Awo)z + 52E2/4 + (A2/4) (12 + 12)](cosp) Appendix D
+(Ao/2)({(Aw) + (Awo)) I — (sAogEo/2)

: i Modeling a magnetic dipole field:
(Ic(sing) + I;(cos¢)) — s Eo{ Awo) (Sin 2p)

+(Awo) Ag(1,(COS 2) + I,(sin 24)))} The geomagnetic field localized around the electron guiding
center resembles a parabolic mirror field. This mirror field

([dtz(a/yl)] cos¢) = —(ap/2y10) {(s - bao/yfo) may be expressed in local cylindrical coordinate®( z) as
[diEo(1+ (cos 2)) + (AoEo/i)(Icz(Sin@ B, = Boll+ (2% = r2/2)/L2)3 — (Bozr/L?)F
+1(cosg)) — Ya(s — 10/ y{o) EG{COSH) . o

En(A ; 3424,2/2 where L is the scale length of the magnetic field aBd
+Eo(Awo)(sin2p)] + (3s“ap/2) satisfies bothV-B,=0 andV x B,=0 as required. The z-
1+ vzow/kcz)Eg(COqu)} (C10) component of the equation of motion of an electron gyrating

about the z-axis in this mirror magnetic field is given by
WhereA0=(w12,b/QO) (braolyy), b1=(Q0/ k) .
(e/mCZ); I'=f6 Eo(t')cos Ap(t—t'))s1dt’ and dv;/dt = dz/dt® = evg By /m = —0(uByg;)/0z
1=/ Eo(t)SI(AG(1—1"))e1d1t’; (AG(t—1"))e1= = —eBozrvg/mL? = —pBoz/mL? = —wjz
— [1{Aw(1))e1dT=—(Aw0) [}, {1+(@5,/Q0(Aw0))

[eo(1+e,)/2y10An.mc?] [ EX(1)-EZ(0)]}dt; the dispersion where u=mvj,/2Bo is the magnetic dipole moment of

) f . the electron; vgo=1v9(z=0) and B,,=Bp is assumed,;
2.2 ~ 2 . ' ] %4 =
relation k“c*/o—w=w?,, /0 is used; the higher order terms r=r.=(vpolve)rio is equal to the Larmour radius;

{cos¥)e1 and <,Sin3f’,)€1 are ne;glecied and the /approxi(;na— rro=mugole Bo is the electron Larmour radius at equa-
tions <COS,@_f).>51=COSE(¢_f )_>£l=cos(A/¢(’_f ))e1 a(r;_ tor; andw,=(uBo/mL?)Y/2 is the bounce frequency and is
(SIN@—¢"))c1=SIN(($—¢"))e1=SI(AP(1—17)) e @re Used I 55 med to be a constant. Thus a parabolic potential may be

the derivation. . L S
. . . used to simulate the mirroring effect of a magnetic dipole

With the aid of the phase average relations (C3) and (CG'fieId. The approximations that,=const. andB,.=Bo are
C10), the source terms on the right hand side of Eq. (C1) 8¢

N . ustified as long as the magnetic momenvaries slowly in
can be expressed explicitly in terms of the self-conmsten{ g g o y

. \ : e _ _ ime, andz2/L2 andr?/L%«1.
field amplitudeEq(¢) and its derivatives and integrations. In " <
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