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Abstract. In this paper, we discuss the existence of solutions for a four-point integral
boundary value problem of n-th order differential inclusions involving convex and non-convex
multivalued maps. The existence results are obtained by applying the nonlinear alternative
of Leray Schauder type and some suitable theorems of fixed point theory.
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1. INTRODUCTION

In this paper, we consider the following n-th order differential inclusion with four-point
integral boundary conditions

M (t) € F(t,z(t), 0<t<1,

z(s)ds, '(0) =0, z”(0)=0,...,z"=2)(0) =0, (1.1)

xz(s)ds, 0<&<n<l,

S Oy

where F: [0,T] x R — P(R) is a multivalued map, P(R) is the family of all subsets
of R and «, § € R.

Multi-point boundary conditions arise in a variety of problems of applied math-
ematics and physics. Nonlocal multi-point problems constitute an important class of
boundary value problems and have been addressed by many authors, for instance, see
[1,5-7,10,17,19-21,23, 26,27, 30, 31].

Integral boundary conditions have various applications in applied fields such as
blood flow problems, chemical engineering, thermoelasticity, underground water flow,
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population dynamics, etc. For a detailed description of the integral boundary condi-
tions, we refer the reader to the papers [2,11] and references therein.

Differential inclusions arise in the mathematical modelling of certain problems in
economics, optimal control, stochastic analysis, etc. and are widely studied by many
authors, see [3,4,8,9,14,28,29] and the references therein.

The aim of our paper is to establish some existence results for the problem (1.1),
when the right hand side is convex as well as nonconvex valued. The first result relies
on the nonlinear alternative of Leray-Schauder type. In the second result, we shall
combine the nonlinear alternative of Leray-Schauder type for single-valued maps with
a selection theorem due to Bressan and Colombo for lower semicontinuous multivalued
maps with nonempty closed and decomposable values, while in the third result, we
shall use the fixed point theorem for contraction multivalued maps due to Covitz and
Nadler. The methods used are standard, however their exposition in the framework
of problem (1.1) is new.

The paper is organized as follows: in Section 2 we recall some preliminary facts
that we need in the sequel and in Section 3 we prove our main results.

2. PRELIMINARIES
Let us recall some basic definitions on multi-valued maps [16,22].

For a normed space (X, || - ||), let Py(X) = {Y € P(X) : Y is closed}, Py(X) =
{Y e P(X) :Y is bounded}, P.,(X) ={Y € P(X) : Y is compact}, and P, .(X) =
{Y € P(X) : Y is compact and convex}. A multi-valued map G : X — P(X) is
convex (closed) valued if G(x) is convex (closed) for all z € X. The map G is bounded
on bounded sets if G(B) = (J,.5 G(z) is bounded in X for all B € P,(X) (ie.,
sup,episup{ly| : y € G(z)}} < o0). G is called upper semi-continuous (u.s.c.) on
X if for each zy € X, the set G(zp) is a nonempty closed subset of X, and if for
each open set N of X containing G(zg), there exists an open neighborhood Ny of
x such that G(Ny) C N. G is said to be completely continuous if G(B) is relatively
compact for every B € P,(X). If the multi-valued map G is completely continuous
with nonempty compact values, then G is u.s.c. if and only if G has a closed graph,
e, Ty = Tu, Yn — Ys, Yn € G(xy) imply y. € G(z4). G has a fixed point if there is
x € X such that € G(z). The fixed point set of the multivalued operator G will be
denoted by FizG. A multivalued map G : [0;1] — P, (R) is said to be measurable if
for every y € R, the function

t—d(y,G(t)) =inf{ly — 2| : z € G(¥)}

is measurable.

Let C([0,1],R) denote a Banach space of continuous functions from [0,1] into
R with the norm [|z]lec = sup;e(oy) [#(t)]. Let L([0,1],R) be the Banach space of
measurable functions z : [0,1] — R which are Lebesgue integrable and normed by

1
|z = fo l=(8)ldt.
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Definition 2.1. A multivalued map F : [0,1] x R — P(R) is said to be Carathéodory
if:

(i) t — F(¢,x) is measurable for each x € R,
(ii) @ — F(t,z) is upper semicontinuous for almost all ¢ € [0, 1].

Further, a Carathéodory function F is called L!-Carathéodory if
(iii) for each o > 0, there exists ¢, € L*([0,1],R*) such that

(8, @) || = supflv] : v € F(t,2)} < ¢a(t)

for all ||z||cc < v and for a.e. ¢ € [0,1].
For each y € C([0,1],R), define the set of selections of F' by

Spy = {ve L'([0,1],R) : v(t) € F(t,y(t)) for a.e. t € [0,1]}.

Let X be a nonempty closed subset of a Banach space E and G : X — P(E)
be a multivalued operator with nonempty closed values. G is lower semi-continuous
(Ls.c.) if the set {y € X : G(y) N B # 0} is open for any open set B in E. Let A be a
subset of [0,1] x R. A is £ ® B measurable if A belongs to the o-algebra generated by
all sets of the form J x D, where J is Lebesgue measurable in [0,1] and D is Borel
measurable in R. A subset A of L([0,1],R) is decomposable if for all z,y € A and
measurable J C [0,1] = J, the function xx 7 + yx -7 € A, where x 7 stands for the
characteristic function of 7.

Definition 2.2. Let Y be a separable metric space and let N : Y — P(L'([0,1],R))
be a multivalued operator. We say N has a property (BC) if N is lower semi-continuous
(Ls.c.) and has nonempty closed and decomposable values.

Let F:[0,1] x R — P(R) be a multivalued map with nonempty compact values.
Define a multivalued operator F : C([0,1] x R) — P(L'([0,1],R)) associated with F
as

F(x) ={w e L'([0,1],R) : w(t) € F(t,z(t)) for a.e. t € [0,1]},
which is called the Nemytskii operator associated with F.
Definition 2.3. Let F': [0,1] x R — P(R) be a multivalued function with nonempty
compact values. We say F is of lower semi-continuous type (l.s.c. type) if its asso-

ciated Nemytskii operator F is lower semi-continuous and has nonempty closed and
decomposable values.

Let (X,d) be a metric space induced from the normed space (X;| - ||). Consider
Hy:P(X) xP(X)— RU/{oo} given by

H,i(A, B) = max { Slelg d(a, B),igg d(A, b)}7

where d(A,b) = inf,e 4 d(a;b) and d(a, B) = infyep d(a;b). Then (P o (X), Hy) is a
metric space and (P (X), Hy) is a generalized metric space (see [24]).
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Definition 2.4. A multivalued operator N : X — P, (X) is called:

(a) ~-Lipschitz if and only if there exists v > 0 such that
Hy(N(x), N(y)) < 7d(z,y) for each z,y € X,
(b) a contraction if and only if it is v-Lipschitz with vy < 1.
The following lemmas will be used in the sequel.
Lemma 2.5 ([25]). Let X be a Banach space. Let F : [0,T] x R — Pep (X) be

an L'-Carathéodory multivalued map and let © be a linear continuous mapping from
LY([0,1],X) to C([0,1],X). Then the operator

©08p:C([0,1], X) = Pep o (C([0,1], X)), z+— (©0Sp)(x) =0O(Srs)
is a closed graph operator in C([0,1], X) x C([0, 1], X).

Lemma 2.6 (Nonlinear alternative for Kakutani maps [18]). Let E be a Banach
space, C a closed convex subset of E, U an open subset of C and 0 € U. Suppose that
F :U — Pgpo(C) is a upper semicontinuous compact map; where Pep (C) denotes
the family of nonempty, compact convex subsets of C. Then either:

(i) F has a fived point in U, or
(i) there isu € OU and A € (0,1) with u € AF(u).

Lemma 2.7 ([12]). LetY be a separable metric space and let N : Y — P(L*([0,1],R))
be a multivalued operator satisfying the property (BC). Then N has a continuous se-
lection, that is, there exists a continuous function (single-valued) g : Y — L*(]0,1],R)
such that g(z) € N(x) for every z € Y.

Lemma 2.8 ([15]). Let (X,d) be a complete metric space. If N : X — Py(X) is a
contraction, then FizN # (.

In order to define the solution of (1.1), we consider the following lemma.

Lemma 2.9. For a given y € C[0,1], the unique solution of the boundary value
problem
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s given by

p — s n—1
x(t) :/(t(n_)l)!y(s)ds+
0

3 s 1
+Lfa(n -0 -m) 0/ ( O/ O m)dm ) ds
+aﬁ§”/</ (S(n m)lr)b'_ly(m)dm)d af”/ (1( S)In)_!ly(s)ds}—&-
no0 0 (2.2)
-t P (s —m)n1t
+— [—a(l—ﬁ(l—n))o/(o/ ) ( )dm)d8+
B(1 = af) - y(m)dm )ds—
A ! )
—(1-af) y(s)ds
= g
where
A= aan (1-80-m)+1-ag)(1- M) 20, (2.3)

Proof. We know that the general solution of the equation (™) () = y(t) can be written
as

t

n 1
x(t) =c1 +cat + st + . e t" 4 / 1 s)ds, (2.4)
(n —
0
where ¢1,¢o,...,¢, € R are arbitrary constants. Applying the boundary conditions

for the problem (2.1), we find that ¢ =0,...,¢,—1 =0,
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and

0
0o ([ s | 25

where A is given by (2.3). Substituting the values of ¢y, ..., ¢, in (2.4), we get (2.2).
O

Definition 2.10. A function z € C™(]0,1],R) is a solution of the problem (1.1) if
there exists a function f € L'([0,1],R) such that f(t) € F(t,z(t)) a.e. on [0, 1] and

/t;_sl s)ds +

0

£ s .

s fa(n-sa-am) [ (S smdm)as +
0 0

+aﬂ§"/1(0/8(8(‘ C e fmdim)ds — o / O royas] +

-1 & n—1
S [a(i-sam) (S smdm)as+
0 0

18(1 - at / ( / (S(; T)ljl_lf(mdm)dw
n 0

)
0

~-ag) [ E20 s,

3. MAIN RESULTS

Theorem 3.1. Assume that:

(Hy) F:[0,1] x R — P(R) is Carathéodory and has convex values,
(Hs) there exists a continuous nondecreasing function ¢ : [0,00) — (0,00) and a func-
tion p € L'([0,1],RT) such that

B 2)|[p = sup{ly| : y € F(t,2)} <p()P([[zllec) for each (t,x) € [0,1] xR,
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(H3) there exists a number M > 0 such that

AN o1 1
— s (14 2 ) wllelllpl
where
01 = %(In—ml—n”)lﬂﬂ\ﬂ), (3.2)
and
b2 = [a(1 = B((1 =n)IE" + (18] + 1|1 — af]. (3.3)

Then the boundary value problem (1.1) has at least one solution on [0, 1].

Proof. Define an operator €2 : C([0,1],R) — P(C([0,1],R)) by

he C([0,1],R) :
(t—
0/ o= f(s)ds+
€ s _
+n1A[a(nﬂ(177n)>/(/(s(n T)l)! 1f( )dm)ds+
0 0
+aﬂ§” (/ (S(; m)lj' 1f(m)dm>ds_
w0
0 = 4 1y - _agn/(l( ;s):)—!lf(s)dsh
0
& s _
JrtAl [a(lﬁ(ln))/(/(s(nT)l)l 1f( )dm)ds+
0 0
1—oz£/ 0/ n_ln - f(m)dm) ds—
_(1—af) f(s)ds
i

for f € Sp . We will show that ) satisfies the assumptions of the nonlinear alternative
of Leray-Schauder type. The proof consists of several steps. As a first step, we show
that € is convex for each x € C([0, 1], R). For that, let h1,hy € Q. Then there exists
f1, f2 € S, such that for each ¢ € [0, 1], we have
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Let 0 < w < 1. Then, for each t € [0, 1], we have

¢ sn 1
oty + (1 = al(t) = [ (’} )
0

[wfi(s) + (1 —w) fa(s)]ds+

1)!
3
TN G >)/(/((n)) whi(m) + (1= w) fa(m)]dm ) ds+

sase (]2 i -
0

—_ s n—1
_ afn/ (l(n —)1)! whi(s) + (1= w) fals)]ds] +
0

1 & = n—1
[ a(1-s0-n) / ([ ohilm) + (1= ) falmldm) ds

0 0

8(1 - ag) / / 1(5) + (1~ ) fo(s))dm) ds—

1ag/
0

Since Sp, is convex (F has convex values), therefore it follows that
whi 4+ (1 —w)hg € Q(x).

- (wh(s) + (1 - @) alo)lds].
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Next, we show that  maps bounded sets into bounded sets in C([0,1],R). For
a positive number r, let B, = {z € C([0,1,R) : ||z]loc < r} be a bounded set in
C([0,1],R). Then, for each h € Q(z),z € By, there exists f € Sp, such that

t

_ ¢ .
e = [ (t(f)l),lf(s)ds " iA [o(n — 51— ) / (/S " m)dm) ds+
0

0
e (5
0

n

-1 & s n—1
+tA [_a(1_5(1_n))/(/(8(2m)1)! f(m)dm)ds+
0 0

H(O) < |5 [0 = B = 1) = (1 = (1~ m)e™]| x

3 s
(s —m)"~!
><0/ R |f(m)|dm)ds+

+ n%[ag’”rnl &) ] / / ( m)|dm)ds-+
n 0
+’;A[a£"+n(1—a£)t” '] /((n )) [f(s)lds+
0
(t—s)
/ 1) s)|ds <
{’n% n—pB(1-n") (15(177))tn1}’m€_711)!+
+ %[a—knl al)t" ] 7(n_11)!+
+ i (€™ + n(1 — a&)t" '] (nil)! + (nil)!}/p(s)w(HxHW)dSS
0

1

S(ﬁg! <1+51|Z|52) ()l )/ (s)ds <

1
1 01+ 62 /
<
= -1 ( A > pls
0
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where A, d1, and dy are given by (2.3), (3.2) and (3.3) respectively. Thus,

1
1Al < (ni o (1+ 61|Z<52) w(r)/p(s)d&
0

Now we show that © maps bounded sets into equicontinuous sets of C([0,1],R). Let
t',t" € ]0,1] with ¢/ < ¢” and = € B,, where B, is a bounded set of C([0,1],R). For
each h € Q(z), we obtain

[h(t") — h(t)] =

ng Y

= ‘0/%f(s)ds—o/(t;n__s)f)llf(s)ds—k

—1 Nn\n—1 5
G0 ;(t) |[_a(1_5<1_n))/(/(5(;m)1)!f(m)dm)ds-i—

o -ag) [ ([ fomdm)ds-
0

~ a9 [ S0
0

' ny

- ‘0/ (' —s)nt — (t’.’ — Syuf(s)ds _/(tll_s’)nlf(s)ds‘+

/ (n—1)!

n—1

—1 N\n—1 ’
+‘|(t )" — () |[_a(1_5(1_n))/(/<8(;m)1>!f(m)dm)ds—i—

Obviously the right hand side of the above inequality tends to zero independently
of x € B, ast” —t — 0. As Q satisfies the above three assumptions, therefore
it follows by the Ascoli-Arzelad theorem that Q : C([0,1],R) — P(C([0,1],R)) is
completely continuous.

In our next step, we show that Q has a closed graph. Let =, — z., h, € Q(z,)
and hy, — h,.. Then we need to show that h. € Q(z.). Associated with h,, € Q(zy),
there exists f,, € Sr, such that for each ¢ € [0,1],
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t

— s n—1
ha(t) :/(t(n_)l)!fn(s)ds—i—
0

13 s
+ niA la(n = 80— / (/ (s(n inl)! fu(m)dm)ds+
0 0
1

+a6£"/ (/(S_in)l:!_fn(t)(m)dm)ds—afn/mfn(s)ds]—k
0 0

(n

Let us consider the continuous linear operator © : L'([0, 1], R) — C([0, 1], R) given by
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Observe that

I t) = b0 = | [ S o) = £t
0
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Thus, it follows by Lemma 2.5 that © o Sg is a closed graph operator. Further, we
have h,(t) € ©(Spz, ). Since x,, — ., therefore, we have
t

n) =[S rds s
0

(n—1)!

gl =) [ (] S s

s Z( Oj< ot i) - /mmm} ;

L afa j [ s
1agln/0/ n_l . (m)dm) ds —
1-a0) [ L2 ]

for some f, € Sgq,.
Finally, we discuss a priori bounds on solutions. Let « be a solution of (1.1). Then
there exists f € L'([0,1],R) with f € Sk, such that, for ¢ € [0, 1], we have
¢

(t—s)" !
o) = [UZ poyds +
0/

(n—1)!
4 s .
woxa(n= =) [ ([ smdm)ds +
0 0
+apg" (/ (S(n m);;!lf(m)dm)ds—aﬁn (tnj):),lf(s)ds} +




218 Bashir Ahmad and Sotiris K. Ntouyas

In view of (Hz), for each ¢ € [0, 1], we obtain
lz(t)] < ’% [( —B(1—n™) —n(1-p5(1- n))tnle %
19 s .
L/ t/ Tl_l [F(m)ldm)ds +
0
: h s—m n—1
+ ‘nﬁA [a€™ +n(1 — af)t" '] /(/((n_)l)!f(m)dm)ds+
n 0
+ i [a€™ +n(1 — a)t" ] / (1(n—_8)1”)‘ F()lds +
0

t

+ [ s <
0

{ T;LA [(n —B(1—n") —n(1-p8(1- 77))75"_1] ‘ e

(n—1)!

IN

+

1
(n—1)!

+’Ti [a+n(1 —ag)t”_l} +

1

1 1
(n—1! - (n — 1)!}/|f(5)|d8 <

0

= [a€™ +n(l— a{)t”fl]

JrnA

1

oty (1 25 ) wllel) [ psyas

0

Consequently, we have
[
ey (1 2442 ) ellallo) Il
In view of (Hj), there exists M such that ||z||s # M. Let us set
U={ze€C(0,1],R) : ||z]loo < M + 1}.

<1

Note that the operator Q : U — P(C([0,1],R)) is upper semicontinuous and com-
pletely continuous. From the choice of U, there is no x € OU such that x € pQ(x)
for some p € (0,1). Consequently, by Lemma 2.6, we deduce that  has a fixed point
x € U which is a solution of the problem (1.1). This completes the proof. O

As a next result, we study the case when F' is not necessarily convex valued. Our
strategy to deal with this problems is based on the nonlinear alternative of Leray
Schauder type together with the selection theorem of Bressan and Colombo [12] for
lower semi-continuous maps with decomposable values.
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Theorem 3.2. Assume that (Hs), (Hs) and the following conditions hold:

(Hy) F:[0,1] xR — P(R) is a nonempty compact-valued multivalued map such that:
(a) (t,z) — F(t,x) is L ® B measurable,
(b) & — F(t,x) is lower semicontinuous for each t € [0,1],

(Hs) for each o > 0, there exists ¢, € L*([0,1],RT) such that

|E(t, z)||=sup{ly| 1 y € F(t,2)} < po(t) for all |z||cc < o and for a.e. t€[0,1].

Then the boundary value problem (1.1) has at least one solution on [0, 1].

Proof. Tt follows from (Hy) and (Hs) that F is of L.s.c. type. Then from Lemma 2.7,
there exists a continuous function f : C([0,1],R) — L!([0,1],R) such that f(z) €
F(x) for all x € C([0,1],R).

Consider the problem

=M (t) = f(z(t), 0<t<1,

z(s)ds, 2/(0) =0, z”(0)=0,...,2"=2(0) =0, (3.4)

xz(s)ds, 0<&<n<l.

Observe that if z € C?([0,1],R) is a solution of (3.4), then z is a solution to the
problem (1.1). In order to transform the problem (3.4) into a fixed point problem, we
define the operator (2 as

t

Qu(t) = / (t(n_S);' Fla(s))ds+
0

£ s .
-I-TLlA[a(n—ﬂ(l—n"))O/(O/ (S(n T)l)' f(a:(m))dm)ds—l—
+Ozﬂ€n/ (/ (S<n m)lr;!l f(x(m))dm)ds—afn/ (tnj):)!lf(:c(s))ds}—i-
n 0
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It can easily be shown that Q is continuous and completely continuous. The re-
maining part of the proof is similar to that of Theorem 3.1, so we omit it. This
completes the proof. O

Now we prove the existence of solutions for the problem (1.1) with a nonconvex
valued right hand side by applying a fixed point theorem for a multivalued map due
to Covitz and Nadler [15].

Theorem 3.3. Assume that the following conditions hold:

(Hg) F :[0,1] x R — P.,(R) is such that F(.,z) : [0,1] — P.,(R) is measurable for
each x € R,

(H7) Hy(F(t,x),F(t,z)) < m(t)|lz — Z| for almost all t € [0,1] and x,Z € R with
m € L1([0,1],RT) and d(0, F(t,0)) < m(t) for almost all t € [0,1].

Then the boundary value problem (1.1) has at least one solution on [0,1] if

1 01 + 09
1 1 1.
<n—1>!< Al >”m”L <

Proof. Observe that the set Sg, is nonempty for each = € C([0,1],R) by the as-
sumption (Hg), so F has a measurable selection (see [13, Theorem IIL.6]). Now we
show that the operator () satisfies the assumptions of Lemma 2.8. To show that
Q(z) € Py((C[0,1],R)) for each = € C([0,1],R), let {up}tn>0 € Q(x) be such that
U, — u (n — 00) in C([0,1],R). Then u € C([0, 1], R) and there exists v, € Sg, such
that, for each t € [0, 1],

t

(t—s)m 1t
up(t) = —————wv,(s)ds +
/

(n—1)
—I—i {a(n—ﬂ(l —Un)> j (Z(S(; T);;!_lvn(m)dm)ds—&—
+apen j ( O/ mvn(m)dm)ds_agn 0/1 (l(n_s)ln)llvn(s)ds] +

-1 & n—1
+tA [_a(l—ﬁ(l—n))/(/(s(;in)l)!Un(m)dm>ds—|—
o 0
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As F has compact values, we pass onto a subsequence to obtain that v, converges
to v in L1([0,1],R). Thus, v € Sp, and for each ¢ € [0, 1],
t

(t—s)" !

un (t) — u(t) = / Wv(s)d5+
0

¢ -1
+ i [a (n - B(1 - n")) / (/mv(m)dm)ds—k
0

0
Jrozﬁf”/(/(s(n m)lr;' v(m)dm)ds aﬁ”/ (ij):)'lv(s)ds}Jr
n 0
-1 P s—m)" 1
+tA {_a(l_ﬁu_n))o/(o/ ( (n_)l)' o(m)dm) ds+
B(1 — «f) n/ O/ n—l m)dm)ds (101{)0/(1( _S)ln)'lv(s)ds}

Hence, u € Q(x).
Next we show that there exists v < 1 such that

Hy(2(z), (7)) < v||lx — || for each z,z € C(]0,1],R).

Let 2,z € C(]0,1],R) and hy € Q(z). Then there exists vi(t) € F(t,z(t)) such that,
for each ¢ € [0, 1],

— 3 n—1
ha (1) :/(t(n_)l)!vl(s)ds
0

o+

n—1

€
+nlA{04(nﬂ(1n”))/(/(s(nT)l)!Ul(”ﬂdm)d‘f+
0 0
1

0

n 0
— 5 s n—1
+tA1 [a(lﬂ(1”)>/(/(s(;in)1). vl(m)dm)der
0 0
+ﬂ(1—af)/<0/%vl(m)dm)ds—(l—af)o/mvl(s)ds}

By (Hr7), we have
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So, there exists w € F(t, z(t)) such that
lv1(t) — w] < m(t)[z(t) — 2(t)], t<]0,1].
Define U : [0, 1] — P(R) by
U(t) = {w € R: vy (t) — w| < m(t)]z(t) — Z(t)[}.

Since the multivalued operator U (t)NF(t, Z(t)) is measurable (|13, Proposition I11.4]),
there exists a function v (¢) which is a measurable selection for V. So va(t) € F (¢, Z(t))
and for each ¢ € [0, 1], we have |vy(t) — v2(t)] < m(t)|z(t) — z(t)|.

For each t € [0,1], let us define

(t—s)"
/ =1 s)ds+
0
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Thus,
o) = (0] < [ S 6) = (s
0
£ s _
2 o= 90 -m) [ ([ St - tmpam) s
0 0
vase [ -
! -1
— ag” (1(715)17')' v (s) 2(s)|d8]
1 & s n-1
i [—a(1—5<1—n>)/(/<5(;T)1) () — va(om)dm ) s+
0 0
1 s
B(1 —af) / / " |v1(m) ( |dm)d8—
- (1-af) |'U1() va(s)|ds| <
JEE—
= (nil)! (” 61252> O/m“)'xx”ds'
Hence,

1 01446 _
I =t < oty (14 27 ) Dol o = ol

Analogously, interchanging the roles of x and Z, we obtain

Ha(2(x), (7)) <7l — 7l <

1 01 + 62 _
< — 1 — .
< ey (14 ) Il o - ol

Since (2 is a contraction, it follows by Lemma 2.8 that 2 has a fixed point x which is
a solution of (1.1). This completes the proof. O
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