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Abstract
In the previous paper [7], we proposed the two-dimensional con-
tinuous quaternion wavelet transform (CQWT). In the present paper,
using the orthogonality of harmonic exponential functions we give an
alternative proof for inner product relation property of the CQWT.
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1 Introduction

The quaternion Fourier transform (QFT), which is a nontrivial generalization
of the real and complex Fourier transform (FT) using quaternion algebra has
been of interest to researchers for some years (see e.g. [3, 5]). It was found
that many F'T properties still hold but others have to be modified. Based on
the (right-sided) QFT, one can extend the classical wavelet transform (WT) to
quaternion algebra while enjoying the same properties as in the classical case.
In [10], using the (two-sided) QFT Traversoni proposed a discrete quaternion
wavelet transform which was applied by Bayro-Corrochano [2] and Zhou et al.
[11]. In [6, 8], we introduced an extension of the WT to Clifford algebra by
means of the kernel of the Clifford Fourier transform [4].

The purpose of this paper is to provide an alternative proof for inner prod-
uct relation property of the two-dimensional continuous quaternion wavelet
transform (CQWT), which was recently studied in [7]. This property is very
important to derive the inversion formula for the CQW'T.

2 Basic Concept

In this section, we briefly review some basic ideas on quaternions, the (right-
sided) QFT and the similitude group STM(2).
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The quaternion algebra over R, denoted by H, is an associative non-commutative
four-dimensional algebra,

H={¢=q +in +Jje+ks|w ¢ ¢ 0 cR} (1)
which obey Hamilton’s multiplication rules

ij=—ji=k, jk=-kj=1, ki=—ik=j, i =j5'=k*=1ijk=—1.
(2)

The quaternion conjugate of a quaternion ¢ is given by

q=qo—tq — Jjg2 — kqs, Q0. 41,42, 93 € R, (3)
and it is an anti-involution, i.e.
qp = Pq. (4)

From (3) we obtain the norm of ¢ € H defined as

\qIZ\/Q‘=\/q8+qf+Q§+Q§- ()
It is not difficult to see that

lgp| = lqllpl,  Vp,q € HL. (6)

It is convenient to introduce the inner product of two quaternion functions,
f,g:R? — H, as follows:

(f, 9) e / e (7)

In particular, if f = g, then we obtain the associated norm

/2
Py O ) | ®
Based on quaternions we can define the (right-sided) QFT.

Definition 2.1 The QFT of f € L*(R?*;H) is the function F,{f}: R*? - H
given by

FifHw) = Jlw) = | fajetomedn da, (9)

where * = r1€1 + T2€y, W = wie; + woesy, and the quaternion exponential
product e~ *1%1e=3%2%2 s called the quaternion Fourier kernel.
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Theorem 2.2 Suppose that f € L*(R* H) and F,{f} € L*(R* H). Then
the QFT of f is an invertible transform and its inverse is given by

— L w ejwzwzeimm 2(.0
@) = 5 | FAH) P (10)

As in the classical case, we obtain Plancherel’s formula, specific to the (right-
sided) QFT [3, 5],

1

(f, g)LQ(RQ;H) = W(fq{f}>fq{9}>L2(R2;H)' (11)

In particular, if f = g we get Parseval’s formula,

1
1122 oy = W\!fq{f}Hiz(Rz;m- (12)

Following Antoine et al. (see [1]), we consider the similitude group SIM(2)
denoted by G on R? associated with wavelets as follows.

G=R"x SO(2) x R* = {(a,r9,b) | a € R" 7y € SO(2),b € R*},  (13)

where SO(2) is the special orthogonal group of R?. The multiplication defined
by (13) follows the group law

{a,b,re}{d’, b ,rg} = {ad', b+ argb’ g9} (14)
The rotation ry € SO(2) acts on & € R? as usual,
ro(x) = (11 cos6 — x98in 6, 1 sin b + x5 cos h), 0<6<2r. (15)
The left Haar measure on G is given by

d\(a,0,b) = du(a, 0)d>b,

where du(a,0) = 4% and df is the Haar measure on SO(2). For the sake of
simplicity, we write du = du(a,d) and d\ = dX\(a, 0, b).

3 Construction of 2-D Quaternion Wavelets

Based on quaternions and the (right-sided) QFT, one can extend the real (or
complex) wavelet transform to a quaternion wavelet transform. This section
briefly introduces the basic facts of the two-dimensional continuous quaternion
wavelet transform (CQWT).
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3.1 Admissible Quaternion Wavelet

In the following we introduce the admissible quaternion wavelet.

Definition 3.1 (Admissible quaternion wavelet) Let AQW denote the
class of admissible quaternion wavelets ¢ € L*(R?;H) which satisfy the follow-
ing admaissibility condition, i.e.

[ e sfwpp™® (16
50(2) JR+

is a real positive constant independent of w satisfying |w| = 1. Denote by Cy,
the real positive constant.

Notice that according to (5) Cy is an invertible real constant. Using (1)
we may decompose 1 € AQW into the following form

Y(x) = to(x) + 11 (x) + Jibo(z) + kibs(z), (17)

where ¢, € L*(R%R) for s = 0,1,2,3. Using (9) and the linearity of the
(right-sided) QFT we may write (17) in the quaternionic frequency domain in
the form

Flv}(w) = /R (Wo(@) + ity (@) + Jun(@) + kin(a) e T e
= FAvo}(w) + iF {1 Hw) + §F {2} (w) + kF, {13 }Hw),(18)

where we assume that F,{¢s} € L*(R%;R) for s =0, 1,2, 3.
Like for classical wavelets [9], the zero th moment of ¢ € AQW vanishes,

[ v@)o = [ (@) + (@) + dial@) + kis@) Pe =0 (1)

It means that the integral of every component 1, of the quaternion mother
wavelet is zero

Yo d’x =0, s=0,1,23. (20)
R2
Definition 3.2 For ¢ € L*(R*H),a € R*,b € R?, and ry € SO(2), we

define the unitary linear operator

U,op ¢ L*(R*H) — L*(G; H),

a,

as

(V@) = Vupla) = 50 (0 (37)). 1)
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The family of wavelets ¢, are called daughter quaternion wavelets where

a is a dilation parameter, b a translation vector parameter, and § an SO(2)
rotation parameter.
By straightforward calculations we obtain the following lemma (see [7]).

Lemma 3.3 Let ¢ be an admissible quaternion function. Daughter quater-
nion wavelets (21) can be written in terms of the (right-sided) QFT as

fq{Qﬂa’e’b}(W) - &67%1[]1 {%(ar,e(w)) + i@;(ahe(w))} E*jwzbz

+a eiwlbl {j@(ar_g(w)) + k;qj/);(ar_e(w))} e_jw2b2_ (22)

3.2 2-D Continuous Quaternion Wavelet Transform

Definition 3.4 (CQWT) The CQWT of a quaternion-valued function f €
L?(R?; H) with respect to 1 € AQW in two dimensions is defined by

Ty : L*(R:H) — L*(R*H)
f = wa(aa 97 b) = (f7 waﬁ,b)LQ(RQ;H)

_ /R @) éqﬁ (7’_9 (w - b)) . (23)

The following results can be found in [7], which will be necessary to prove
the main theorem.

Lemma 3.5 Suppose that p € AQW . If ¢ € L*(R* H), then the CQWT

(23) has a quaternion Fourier representation of the form

a
(27)2 R2

x [dalar_o(@)) et + dularp(w) e ] dw,  (24)

where @(ar_g(w)) and QZIZ(CLT_Q(LU)) are defined by

T, f(a,0,b) = F(w) eJta

duar-o(@)) = dolar—o(w)) + it (ar_p(w)
bular—g(w)) = gia(ar—g(w)) + kis(ar—g(w)). (25)

Lemma 3.6 Lety € L*(R? H) be a quaternion valued wavelet. If F, {1y} =
Fo{to} + kF {3}, then equation (24) can be expressed as

Ty f(0,0,6) = 7, (af()do(ar—o())) (0) + 7, (af (Vs (aro())) (~b).
(26)
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The following proposition is a particular case of the above lemma.
Proposition 3.7 Let ¢ € L*(R%* H) be a quaternion valued wavelet.

(1). If F v} = F{o} € R, then equation (24) has the form

A

T, f(a,0,b) = [l )b(ar_g(w)) edtezetien 2, (27)

(27T )?
Or, equivalently,

Fy(Tyf(a,0,.)) (@) = af (w) d(ar_o(w)). (28)

(ii). If FAv} = kF {5}, then we may rewrite equation (24) in the form

~

Tuf(0.0.0) = s [ F@)ilarw)) edme i fo. - (20)
Or, equivalently,
Tyf(a,0,6) = (af()b(ar () (~b). (30)

4 Reproducing Formula
In an attempt to reconstruct a original signal f from its CQW'T, we have the

following result. Using the orthogonality of harmonic exponential functions
we give an alternative proof of this fundamental property.

Theorem 4.1 (Inner product relation) Suppose that ¢ = 1y + T +
Jo + ks € LA(R%H) € AQW be a quaternion admissible wavelet which
defines the CQWT (23).

(i). Assume that F{v} = F{tbo} € R, then for every f,g € L*(R*H) N
L'(R?; H) we have

(waa ng)LQ(g;H) = Cw(fa g)LQ(RQ;H)a (31)

(ii). Assume that F{v} = kF, {3}, then for every f,g € L*(R*H) N
LY (R?*H) we have

(Tyf, Tyg) 2w = Cy(f, 9)2@2m - (32)
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Remark 4.1 It is easy to see that the above theorem is not valid if F, {1} is
full quaternion. It is worth noting here that if f = g, then Theorem 4.1 takes
the form

1Ty fz2gm = Coll fllzzmem- (33)
Proof. Compare to the proof of Theorem 2 in [7].

(i). To prove this theorem, we note that since F,{¢)} = F,{¢o} € R, then
(24) becomes (27). By inserting (27) into the left side of (31), we imme-
diately obtain

(Tyf, Tyg) L2g:m)

[ o i (L[t nion
X /R2 {g(w’)eﬂbww( L(w!))e iblwi}dzwl] de) dn. (30

Since ¢ (ary *(w)) is a real valued wavelet, then equation (34) reduces to

(T f, Ty9) 2(g:m)

3 Jbows ) -1 Thiws 12
/SO /R+ 27T (/R2 l - f(w)e w(m“@ (w))e dw

[ g e I Gl | b ) da (39)
R2

Notice that ) (ary *(w))i(ar; (w')) € R. Hence,
(Tyf. Ts9) 12(g:m)

/ / (/ / f ]bgwg 'I,b1w1 f'lb1w1
so() Jr+ ( 2m)* \Jre Jr2 Jae

< Plary (@) (ary (@)e I Gl P 'd%d%)du. (36)
Furthermore, we get

(Tyf, Tyg)r2g:m)

A

/ / f &7"9 ( ))eijWQ eibl (U.)l 7wi)d2b
R2 JR2Z JR2

X e’]bwéﬁ(ar;l(u} Ng(w)d?w' d*w ) du. (37)
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It follows, therefore, from the orthogonality of harmonic exponential
functions we easily obtain

X /R2 dlw—w )ﬂ(argl(w’))g(w’)de’ de) daade
(271T)2 /50(2) (/R+ flw)dary ! (@)

< [ o @) )
a7 J ) \(/50(2) |ty @) d“ade)me) r

Cy is areal constant

ﬁaﬁ /R2 flw)g(w) d?w
. f(@)g(x) d’x
Cy(fs 9)r2@m - (38)

In the third equality we applied Fubini’s theorem to reverse the integra-
tion order. O

(ii). From the assumption of F,{¢} = kF, {3}, then (24) becomes (29). By



Quaternion algebra-valued wavelet transform 3539

inserting (29) into the left side of (32), we immediately obtain

(Typf, Tpg)12(G:m)

= F jb2w2# —Tbrwy 2
/SO /R+ 27)" (/Rz{mf(“’)e dlargt(w))e 1 Pw

< {g( >e9b%me-ibwi}d2w’} de) au

- f lar=L()) *jb2w2 *'iblwl 2
/SO /R+ 2m)4 (/R2 l Rgf(“’)w(are (w))e e d*w

< [ {g(aa'w(ar@1<wf>>e—jbwée—ibwa}w] #6) i
R2

- / ettt ﬁ(aww'))mfw'] )

SO R+ R2 R2

/ e—ﬂbwéwar;l(w'»md%'d?w) by
- L. / 5 ([ Heitary @)

3w’ — w)i(ary (W) 3w d* d2“’)

- @ LS o (/ o o ) )

J/

~
Cy isareal constant

= Cy f(%‘)@d%
= Cw(fa 9) L@, (39)

where in the second equality we have used the fact that eJ bQ“’?@/A) =
1 e=1%2%2(¢h) = kap3). This proves the theorem. 0
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