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Abstract We study the windowed Fourier transform in the framework of Clifford analysis, which
we call the Clifford windowed Fourier transform (CWFT). Based on the spectral representation of the
Clifford Fourier transform (CFT), we derive several important properties such as shift, modulation,
reconstruction formula, orthogonality relation, isometry, and reproducing kernel. We also present an
example to show the differences between the classical windowed Fourier transform (WFT) and the

CWFT. Finally, as an application we establish a Heisenberg type uncertainty principle for the CWFT.
Keywords Multivector-valued function, Clifford analysis, Clifford Fourier transform, uncertainty
principle
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1 Introduction

The classical windowed Fourier transform (WFT) was originally introduced by Gabor [1], which
may be called the Gabor transform. He concluded that the WFT is a powerful tool for the
analysis of signals. The effectiveness of the WFT is a result of its providing a unique representa-
tion for the signals in terms of the windowed Fourier kernel. Recently, some authors [2-7] have
extensively studied the WFT and its properties from a mathematical point of view. Nowadays
the WFT has effectively been applied in many fields of science and engineering, such as image
analysis and image compression, object and pattern recognition, computer vision, optics, and
filter banks (see e.g. [6, 8, 9]).
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The WFT on n-dimensional Euclidean space of a function f € L?(R") with respect to the
window function g € L2(R") \ {0} is given by

1
G, 1w.0)= o1, [ (@) gusla) e (11)
(2m)™ Jgn
where the window daughter functions g., 5 are called the windowed Fourier kernel defined by
Ju (@) = g(x — b)e¥ 1=, (1.2)

Clearly, the window function g is first translated by the parameter b and then modulated by the
complex Fourier kernel eV=1«Z_ In the case if the window function g is the Gaussian function,
we obtain complex Gabor filters. These complex Gabor filters are fairly successful for many
applications because they were well localized in both the spatial and frequency domains.

In this paper, we construct higher dimensional windowed Fourier transform in the framework
of Clifford analysis. This generalization enables us to establish the Clifford Gabor filters [10-12],
which can extend the applications of the complex Gabor filters. Based on the basic properties
of Clifford algebra and its Fourier transform, we demonstrate the properties of the CWEFT. We
subsequently apply some of these properties and the uncertainty principle for the CFT [13, 14]
to establish a generalized CWFT uncertainty principle.

This paper is organized as follows. In Section 2, we briefly review the basic knowledge of
the Clifford algebra and its Fourier transform used in the paper. In Section 3, we construct the
CWFT and derive some of its important properties. We then give an example of the CWFT to
show the differences between the CWFT and the WFT. In Section 4, we formulate and prove
a Heisenberg type uncertainty principle for the CWFT. The proof of this principle involves the
properties of the CWFT and the uncertainty principle for the CFT.

2 Preliminaries

Let {e1,ez,€e3,...,e,} be an orthonormal vector basis of the real n-dimensional Euclidean
vector space R™. Clifford algebra (see [15-17]) over R™ denoted by G, then has the graded

2™-dimensional basis
{1a €1,€2,...,€,,€12,€31,€23,..., Zn =e€e1€eg--- en}a (21)

where i, is called the unit oriented pseudoscalar. Observe that i2 = —1 for n = 2, 3 (mod 4).

The associative geometric multiplication of the basis vectors is governed by the rules:

ere=—ee, fork#1l, 1<kl<n,

ei=1 for1<k<n. (2.2)
We may decompose G,, as the sum of an odd part G, and an even part G, i.e.,
Gn =G &G,. (2.3)

It is straightforward to verify that G is closed under multiplication, but G, is not. For this

reason gj is often used to represent a rotation-dilation in n-dimensions.
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The general elements of Clifford algebra are called multivectors. Every multivector f € G,

can be represented in the form

=Y faea, (2.4)
A
where fg4 € R, €4 = €q,05-a;, = €a,€05 " €q;, a0d 1 < a3 < ag < -+ < a < n with
a; € {1,2,...,n}. For convenience, we introduce (f) = Z|A\:k faea to denote the k-vector
partof f (k=0,1,2,...,n), then
k=n
F=Y =D+t Dt + (a, (2.5)
k=0

where (---)g = (---).
According to (2.3) and (2.5), a multivector f € G,,n = 2 (mod 4) may be decomposed as
a sum of even part foyen and odd part foqq. Thus

f = feven @ fodda (26)

where

foven =)+ {(f)o+-+{f)r, 7=28,5€N,5< Z,

Joad = (1 +(flas+--+(f)r, 7=2s+1,5€eN,s< ;l (2.7)

Later, we shall see that the distinction between even and odd grade multivectors is very impor-
tant, because the even multivectors commute with 4,, but the odd multivectors anti-commute
with 4,,.

The reverse f of a multivector f is an anti-automorphism given by

k=n

F= (—DFED(, (2.8)

k=0

which satisfies E = gf for every f,g € G,. The multivector f € G, is called a paravector
if (2.5) takes the form

F=N+n=rf+d fie. (2.9)
=1

From Equation (2.9) it is not difficult to check that the geometric product f f is scalar valued.
The scalar product of multivectors f, g is defined as the scalar part of the geometric product

fg of multivectors

(fG) = F*g=")_ faga, (2.10)
A
which leads to a cyclic product symmetry

(par) = (grp), Vp.q.r € Gn. (2.11)

In particular, if f = g in (2.10), then we obtain the modulus (or magnitude) | f| of a multivector
f € G, defined as

fP=f«f=> fi (2.12)
A
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Definition 2.1 Let G,, be the real Clifford algebra of n-dimensional Fuclidean space. A Clif-
ford algebra module L*(R™;G,,) is defined by

L*(R™;G,) = {f ‘R" — Gp,x — ZfA(w)eA
A

1 fllz2rnsg,) < OO}. (2.13)

It is convenient to introduce an inner product for two multivector functions f,g : R" — G,

as follows:

Rn

(f; 9 r2@®ng,) = /R f@)g(x) d'w =) esep | fa(@)gp(z)d"=. (2.14)
" A,B
Thus for f = g we obtain the associated norm

11220 = (s P iaaengny) = /R P

= | fla)* f@)dre P20 / Y fi(e)d . (2.15)
R R™
As an easy consequence of the inner product (2.14) we obtain the Clifford Cauchy—Schwarz
inequality
1/2 1/2
‘ . fgd'z| < (/}R |f|2d":c> (/Rn |g2d%) , VfigeL*(R™G,). (2.16)

In the following, we introduce the Clifford Fourier transform (CFT). For the detailed dis-
cussions of the properties of the CFT and their proofs, see e.g. [12-14].
Definition 2.2 The CFT of f € LY(R";G,) is the function F{f} : R™ — G,,n = 2,3 (mod 4)
given by

F{fHw) = fw) = - flx)e e d", (2.17)

with x,w € R™.

—ipWw T

The Clifford exponential e is often called Clifford Fourier kernel. For the dimension
n = 3 (mod 4) e~ "“® commutes with all elements of G,, but for n = 2 (mod 4) it does not.
As we will see later, the different commutation rules of the pseudoscalar i,, play a crucial rule
in establishing the properties of the CWFT.

Theorem 2.3 Suppose that f € L?*(R";G,) and F{f} € L*(R™G,). Then the CFT of

f € LA(R™;G,,) is invertible and its inverse is calculated by
— 1 Ipw T Jn
FUAN@ = 1(@) = o1, [ FUN @ dw, (218)
(2m) Jo

For the sake of simplicity, if not otherwise stated, n is assumed to be n = 2, 3 (mod 4) in
the rest of this section.
3 Construction of WFT in Clifford Algebra G,,
In [12-14] the CFT has been introduced. This enables us to establish the CWFT. We see that

some properties of the WFT can be established in the new construction with some modifications.
We begin with the definition of the CWFT.
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3.1 Definition of CWFT
Definition 3.1 A Clifford window function is a function ¢ € L*(R";G,) \ {0} such that
||/ 2¢(x) € L*(R™;G,). Denote

buwp(x) =" Tp(z — b), (3.1)
which are called the Clifford window daughter functions.

Lemma 3.2 For ¢ € L?>(R™;G,,), n = 3 (mod 4), the CFT of (3.1) can be represented in the
form
Flowp}Hw') = e i@ =) g — ), (3.2)

and for n = 2 (mod 4) its CFT takes the form
f{ﬁbw,b}(w/) _ qz,;(w' + w) e(w/+w)~b + e*in(w’fw)b (b/ev?n(w/ - w)7 (33)

where Goven(Podd) s the even (odd) grade part of ¢.
Proof We only prove (3.3) of Lemma 3.2. Taking its CFT we have

Flowp} () = Fle"“®p(z — b)}(w)
= F{e"“®(doaa(z — b) + deven(@ — b)) }(w')
= F{oda(x — b) e T} (W) + F{peven( — b) T (). (3.4)
Application of the shift and modulation properties of the CFT to (3.4) finishes the proof of
equation (3.3). O
Lemma 3.3 For ¢, p € L*(R™;G,,), we have
19a.6l172@r:g.) = ISI1Z2 @rsg..)- (3-5)

Proof Note that i2 = —1 for n = 2, 3 (mod 4) and i, w - ¢ = w - T i,,. Furthermore, we may

apply the generalization of the Euler formula for Clifford algebra (see [17, 18]) to get

Gabll72@nig,) = e d(@ = b)||72(n.g.)
= ||¢(x — b) cos(w - @) + iy sin(w - x)p(x — b)H%z(Rn;g”)
- [ S Awiy.  y-o-b (3.6)
"A
Applying (2.15) to the last line of (3.6) proves the lemma. O

Example 1 Consider the Clifford Gaussian window ¢ € L?(R?; G,) given by
d(x) = (14 2e1 — ey + e10) e~ #iH73), (3.7)
Thus we obtain the Clifford window daughter functions (3.1) of the form:
Puwp(@) ={(1+ ejp)el2@rmteara) 4 (90, _ e) e_iQ(‘””ﬁ””?)}e_((wl_b1)2+(m2_b2)2). (3.8)
According to (3.3) we easily get
(@' —w) _ (@' tw)

F{pwp} (@) =(1+ep)me” 4 e i2(@ —w)b | (2e; — eq)me 4 e_iZ(“’/“’)'b, (3.9)

where w = wie] + woes, w’ = wie; + whey and b = bye; + baes.
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Definition 3.4 (CWFT) Denote the CWFT on L*(R";G,) by Gy. Then the CWFT of
f € L?(R™;G,) is defined by

f(@) — Gof(w,b) = (f, dwp)L2(rn:G,)
= [ f(x) {e"“%p(x—b)}~ d"=x

R
= f(x) o(x —b)e T x. (3.10)
R
It should be remembered that the order of Equation (3.10) is fixed because of the non-

commutativity of the product of Clifford algebra.
Lemma 3.5 Forn =2 (mod 4), f,¢ € L*(R";G,,), the CWFT (3.10) has a Clifford Fourier

representation of the form

_ 1 £ro = / —ipw' b —i,w-b
GalwD) = b, [ F) ol + )
+ even (@ — @) P T OY g, (3.11)
and for n = 3 (mod 4) we have
1 A = Sy )
Gof(w,b) = fW)p(w — w')einw beminwd gny,/ (3.12)
(27’1’)“ Rn

Proof A simple calculation gives

Gyf(w,b) = (f, dw,b)r2(®m0,)

= (271r)” (F, P L2(6,)
& (Qi)n f(wl){aodd(wl + w)e*in“’”b o—inw-b
+ ;Z/)\even(w/ — w)e*inw’-beinw-b}Ndnw,
- (271r)n & f(w/){godd(wl + w)e in@ beTinwb
Gy — w)ein b e ine by~ gy (3.13)

where P. T. denotes the Plancherel theorem for the CFT. From (3.13) it is easy to see that
equation (3.12) holds. O

With the inverse CFT, equation (3.12) becomes

Gof(w,b) = F e F()h(- — w) } (b), (3.14)

or equivalently

F(Gof(w,b))(w) = e P f(w)o(w' —w). (3.15)

Next, we discuss the following consequences of the above definition:
(1) For a fixed b, we have

Gof(w,b) = F{fo(x)}(w), (3.16)
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where fp(x) = f(w)q{)(;\jb) It thus means that the CWFT can be regarded as the CFT of
the product of a multivector-valued function f and a shifted and Clifford reversion version of
the Clifford window function.

(2) The energy density is defined as the modulus square given by

2
f(x) p(x —be T d"x| . (3.17)
Rﬂ,

|Gy flw,b)]> =

Equation (3.17) is often called a spectrogram which measures the energy of a Clifford-valued
function f in the position-frequency neighborhood of (w, b).
(3) Applying the Clifford Cauchy—Schwarz inequality (2.16) to (3.17) yields

G o f(w, b)H%Z(R";Qn) = ((f, Puwb) L2(Rr:6,))° < Hf||2L2(R";gn)||¢w,b| 2L2(Rn;gn), (3.18)

which shows that the CWFT is a bounded linear operator on L?(R";G,,).
(4) Taking the Gaussian function as the Clifford window function of (3.1), then for w = wq
fixed we obtain Clifford Gabor filters, i.e.

1
2m)m

ge(x,00,00,...,00) = ( einwo'iﬂe—[(zl/Ul)2-‘:-(I2/02)2-"--“"-(93"/f7n)2]/27 (3.19)

where 01,09, ...,0, are standard deviations of the Gaussian functions and the parameter b = 0.
In terms of the CFT, equation (3.19) can be expressed as
1

. —é[(O’f((—u’l_u01)2+0'§(UJ2_u02)2+"‘+0'i(LUn_UO'n)”]. (320)
(2m)201-- 0y

e

F{ge}(w) =

From Equations (3.19) and (3.20) we see that the Clifford Gabor filters were well localized in
both the spatial and Clifford Fourier domains.

For illustrative purpose, we shall discuss a simple example of the CWFT. We then compute

its energy density.
Example 2 Consider the Clifford Gabor filters (see [11]) defined by
) = 7= o, (3.21)
Obtain the CWFT of f with respect to the Clifford Gaussian window function given by
plz) =Ce™™ (3.22)

where C € G,, is a multivector constant.

First, if C € G,,, n = 3 (mod 4) then by the definition of the CWFT (3.10) we have
Gyof(w,b) = / e @ Finwom (g~ (@=b)* g —inwmgng, (3.23)
Putting « = y + b/2 and applying the fact that C commutes with the Clifford Fourier kernel
ein®o'® we can rewrite (3.23) in the form
Gyf(w,b) =C o~ (WHb/2)? +inwo (y+b/2) .~ (y—b/2)* (—inw:(y+b/2) d"y
R7

_ Ce—b2/2/ e—2yze—inw-y einwo-ydny e in(w—wo)-b/2
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_ 0(71_/2)71/2 efb2/2 ef(wfwo)z/S efin(wfwo)Ab/2. (324)
Second, if Cy € G, n = 2 (mod 4), then the definition of the CWFT (3.10) gives

Gof(w,b) = / o™ Hinwo (Ceven + Coaa) e~ (@0 gminwm gy

— even/ e % 2 4i,wo- zef(z b) 7zﬂ,w<m "z

+ Codd/ e —z?—i,wom 7(m b)? e Inw T N (325)
where we have used that Coqq anti-commutes with e*»«0'® ie.
Coaa enw'® — gTinw odd, VCoad € LQ(Rn; gn) (3.26)

Next, we follow the steps of (3.24), then we immediately obtain
Gy f(w,b) = (77/2)"/2 e_b2/2{Ceven e~ (W=w0)*/8g—in(w—wo)-b/2
4 Coqq e (@WFwo)*/Bg—in (wtwo)-b/2} (3.27)
According to (3.17), we easily obtain the energy density of (3.23)
|G f(w,b)[? = ko(m/2)" e /2 o= (wmw0)*/2, (3.28)
where ko = C' = C' is a scalar constant. Similarly, the energy density of (3.25) is
Gy f(w,b)[? = (7/2)" e 012 ke (W@ /4 | ppe—(wrwo)®/4y (3.29)
where k1 = Coven * Coven and ko = Cyqq * Coqq are scalar constants.

3.2 Basic Properties of CWFT

In this subsection, we will discuss the properties of the CWFT (compare [7, 19]). We find
that many of the properties of the WFT are still valid for the CWFT, however with certain
modifications.

Proposition 3.6 Let ¢ € L?(R";G,,) be a Clifford window function.
(i) (Left linearity)
[Go(Af + pg)l(w,b) = AGy f(w, b) + pGog(w, b), (3.30)
with Clifford constants A\, p € Gy,.
(ii) (Parity)
Gp¢Pf(w,b) = G¢f(—w,—b), (331)
where P is the parity operator defined by Pf(x) = f(—x).
(iii) (Delay property)
GyTx, f(w,b) = (Gyf(w,b—xp)) e e @0, (3.32)

where the translation operator is given by Tx, f(x) = f(x — x0).
(iv) (Modulation property) Let ¢ be a Clifford window function in L*(R"™;G,),n = 3 (mod
4). If wg € R™ and fo(x) = f(x)e“0®  then

Gyfolw,b) = Gy f(w — wy, b). (3.33)
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For n =2 (mod 4) the modulation property takes the form
Gofo(w,b) = Gy, f(w — w0, b) + Gy f(w + wo, b). (3.34)

Theorem 3.7 (Orthogonality relation) Let ¢ € L?(R";G,) be a Clifford window function. If
two Clifford functions f,g € L*(R™;G,,), then we have

/n [ Gof(w.b) Gog(w, b)d"w d"b = (20)"(f(, &) 286, ), 9) L2 (G- (3.35)
Proof We first notice that
Gof(w,b) = F{fo(x)}(w) = F{f(®)ds(z)}(w), (3.36)

where ¢p(x) = (b(;\jb).
Next, the Plancherel theorem for the CFT (see [13] for more details) gives

[ Guf(e,b) Gaglw,b)d"w = (FLfop), Flotu) iz,
= (2m)"(féb, 9Pb) L2 (R":G,.)
= on)" [ J@)ol@ b - bgl@)d'z. (330)

If we assume that f¢ and ¢g are in L2(R";G,), then integrating (3.37) with respect to d"b
yields

/n / G f(w,b) Gog(w, b) d"w d"b = (21)" / f@) | ole—b)oe - bg(x)d"zd"b
=@ [ @) [ @) ras@ e, (339)

where we have used Fubini’s theorem to interchange the order of integration. This proves the
theorem. (]

The scalar part of Theorem 3.7 gives us the following corollary which will be necessary to
prove the uncertainty principle for the CWFT.

Corollary 3.8 If f,¢ € L2(R";G,,) are two Clifford-valued signals, then
[ (Get@.bF @bdro = 07 (F. Diowgn G Dpaae. (339)
Rn n

Especially, if we assume that C; = (¢, é)Lz Rn:g,) 5 a multivector constant, then (3.39) will

reduce to
A / |G¢f(w,b)‘2dnbdnw = (27‘1’)”6‘55 * (f~, fT)Lz(Rn,;gn).

:(27T)n<cz/3>\|f||%2(uan;gﬂ) (2m)™(C > <(f~ f)LQ(]R" Gt
+o o (2m) (O )n * ((F, P L2 @nign)ne (3.40)

Theorem 3.9 (Reconstruction formula) Let ¢ € L*(R";G,,) be a Clifford window function.
Then every Clifford signal f € L?>(R™;G,,) can be fully reconstructed by

1

f(m)((;~5 QE)L2(R” 3Gn) (271')”

/ Gy f(w,b)pup(x)d"bd"w. (3.41)
R JRn
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Assuming that C; = (¢, q{))Lz(Rn;gn) is an invertible multivector constant, then (3.41) becomes

1

Proof Direct calculation gives for every g € L2(R™;G,,)

/ G f(w,b) Gog(w, b) d"w d"b
-

/ Gof(w,b)dwb(T) 04.:1 d"bd"w. (3.42)
R JR™

- [ ] cotemrimi roibes

_ ( / o f(w,b)dp dw d"b, g) . (3.43)
nJR® L™ (R™;Gn)
Applying (3.35) of Theorem 3.7 to the left-hand side of (3.43) gives for every g € L*(R™;G,,)
R @D ey = [ [ Gl boupdodt.g) C(344)
R " L™ (R™;Gy)

Taking the scalar part of (3.44), we obtain
(2m)™(£($,0)L2(rniG,)» 9) L2(R16,))

= < (/ Gyof(w,b)pwpdwd™b, g> > (3.45)
™ JR™ L2(R™;Gy)
Because the inner product identity (3.45) holds for every g € L%(R™;G,,) we conclude that
- - 1
1@ 1wnc = gy, [ ] Col@.bibwp@) b, (3.46)
or equivalently, because of the assumed invertibility of C 3
1 —1 gn m
flx) = (2m)n /Rn . Gy f(w,b)ow () C(; d"bd"w (3.47)
which concludes the proof. O

Theorem 3.10 (Reproducing kernel) Let ¢ € L*(R™;G,,) be a Clifford window function so
that Cj = (¢, (];)LZ(R”;QW) is an invertible multivector constant. If

1 _
Ky (w, b0, b') = (2m)n (¢w,bC$ Y Gur b ) L2(R:G) s (3.48)

then Kg(w, b;w',b') is a reproducing kernel, i.e.
Gof(W',b) = / Gof(w,b)Ky(w,b;w', b)) d"w d"b. (3.49)
n RTL

Proof Substituting (3.42) into the definition of the CWFT yields

P

Gof @/ 0) = | f@)bwr (@) d'a

= / ((271r)" / - Gof(w,b) ¢ p(T) C;ld"bd”w) b v (T)d" T

- / g G110V (/ - (2i)n¢w,b(‘”) G l%ub/(w)d"w) d"bd"w

:/ / Gof(w, b)Ky(w, b;w' b)) d"bd"w, (3.50)

which completes the proof. O
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4 Uncertainty Principle for CWFT

Let us now formulate an uncertainty principle for the CWFT, which involves a Clifford-valued
function and its CWFT simultaneously. From a mathematical point of view this principle
describes how a Clifford-valued function relates to its CWFT.

Before going on the main theorem, we rewrite the uncertainty principle for the CFT (see [13]
and [14] for more details) as we will use it to prove the uncertainty principle for the CWFT.
Theorem 4.1 Let f € L*(R™;G,,) be a multivector-valued function such that xf € L?(R";G,,).

Then we have inequality

Vn(2m)™/?
o MlZe@nig,): (4.1)

Substituting the Parseval theorem for the CFT into the right-hand side of (4.1) we get

vn
~ 2(2n)
Theorem 4.2 (CWFT uncertainty principle) Let ¢ € L?>(R"™;G,,) be a Clifford window func-
tion such that wGyf € L*(R™;G,). Then the following uncertainty inequality holds

2 fllL2®nig,) lwF{f}HL2®ni6,) >

e F LN 2 @rigoy loF{F H L2 enign) = w2 IFU I s, - (4.2)

- - P 1/2
(6, @) L2 (mrmsc,) * (a;f,gaf)LQ(Rn;gn))”2 (/R / |wGy f(w,b)|* d"w d”b)

> o Doty (3. Dzngy. (4.3

To facilitate the proof of Theorem 4.2 we need to introduce the following lemma.

Lemma 4.3 Under the assumptions of Theorem 4.2, we have

(6926, * (@D i60 = s [ [ BF GBI PR (0)

Proof Using the cyclic product symmetry (2.11) we have

(8, ®) L2(rn G, * (ﬁva)w(n@n;g") = | (x — b)p(z —b)d"bx* / 22 f(x)f(x) "z
= / / z2f(z)p(x — b) d"b x ¢(x — b) f(z) d"x
= / /anf x)p(x — b)d"bx* {f(x)p(x — b)}~ d"x
Fi . x) * !
/ N (GorC-B) ) 0,
1{G¢f( )}( )|~ d"x d"b,
which was to be proved. O

Remark 4.4 It is important to notice that if the Clifford window function ¢ is a paravector-

valued function, the above lemma will reduce to

1 — mn 3
60 s 10 a6y = gmyan [ [0F (Gl COIE Pmas. (45)
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Let us now begin with the proof of Theorem 4.2.
Proof Replacing the CFT of f by the CWFT of f on both sides of (4.2) we obtain

— n n
||.’13.7: 1[G¢f(w7 b)} HLQ(R";QH) |wG¢f(wa b)HLQ(R";g”) el 2( \/)n/Q / ‘G¢f(w7 b)|2 d"w. (46)
Integrating both sides of (4.6) with respect to d"b yields

{Ilw}' (G f( D) (@)l L2 @ni6,) [wCGo f(w, b) | L2@nig,,) } d"b

> G b)|* d"w d"b. 4.7
> ome [ Got b (17)
Now applying the inequality of the Cauchy—Schwarz for multivector functions (2.16) to line 1
of (4.7) we further get

1/2
</R |w]-'—1[G¢f(-,b)]||%2(R";Qn)d”b) (/ lwGo f(w, )32, d" b>

\/n 2 m
2 o2 /R/ Gy f(w, b)|2 d"w d"b. (4.8)

Inserting Lemma 4.3 into the first term of (4.8), we have

1/2

o 1/2
nsT — 1/2 n
(21" (8.8) 26,y * (@Fo ) paggmicy) < [ 1eGafw e, d b)

vn / / 2
> G b)|“d"wd"b. 4.9
= 2(27T)"/2 ar Jan | ¢f(w’ )l w ( )
Finally, substituting (3.39) in Corollary 3.8 into the right-hand side of (4.9) we see that

- _ 1/2
(0. Dngy  @haDenon) ([ [ wGaf( b dwds)

Vi >
Z 2(271_)3”/2 (f7 f)LZ(R";gn) * (¢’ ¢)L2(R";gn)7 (4']‘0)
and this proves the theorem. O

The following result is a straightforward consequence of the previous theorem.

Corollary 4.5 If the Clifford window function is a paravector-valued function, then equa-
tion (4.3) takes the form

1/2
2 fllL2®n:6,) (/R /R |WG¢f(w,b)|2d”wd”b)

Vn 2
= 2(27T)3n/2 ”fHL?(R";gn)H¢||L2(Rn;gn). (4.11)

In a similar way we can prove the following uncertainty principle, its proof is omitted here.

Theorem 4.6 Let ¢ € L*>(R";G,),n = 3 (mod 4) be a Clifford window function such that
bGyf € L2(R";G,). Then the following uncertainty inequality holds

.. 1/2
(¢, @) L2 g, * (w ’f w/f)LZ(Rn G.)) /2 (/ / bGof(w,b)" d"w dnb)

vn

2 2(27‘_)3”/2 (f~ f)L2(R";gn) * (gg (E)Lz R":Gy)- (412)
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The following lemma is useful to prove Theorem 4.6.

Lemma 4.7 Under the assumptions of Theorem 4.6, we have

|1 FGat @ 00,y 0" = (3. D)1o(angy * (@ roiangy (413)

Proof We first observe that

[ 1! PG @} e, 07
= [ [ W G0+ FlGo e, ) 7
(3. 15)/ / 2 o inW: bf( ) (w _w) { 7inw~bf(w/)g(w/_w)}~ A" d"w

~

= ¢(w — W)W — w) d"w * / w” 7\(c.u') (W) d"w'

R n

= (6, 0) 2@,y * (W' fo W' f)L2@n.g,)- (4.14)

Applying the Plancherel theorem for the CFT to the last line of (4.14) finishes the proof of
Lemma 4.7. O

Acknowledgements This paper was written while the first author was a postdoctoral fellow

at the Universiti Sains Malaysia, Malaysia. He thanks Professor Ryuichi Ashino and Professor

Eckhard Hitzer for much of their helpful guidance.

References

1]
2]
[3]

[4]

(10]

(11]
(12]
(13]

(14]

Gabor, D.: Theory of communication. Journal of the IEEE, 93, 429-457 (1946)

Thangavelu, S.: Harmonic Analysis on the Heisenberg Group, Birkhauser, Boston, 1998

Grochenig, K., Zimmermann, G.: Hardy’s theorem and the short-time Fourier transform of Schwartz
functions. J. London Math. Soc., 2(63), 205-214 (2001)

Cordeo, E., Grochenig, K.: Time-frequency analysis of localization operators. J. Funct. Anal., 205(1),
107-131 (2003)

Weisz, F.: Multiplier theorems for the short-time Fourier transform. Integr. Equ. Oper. Theory, 60(1),
133-149 (2008)

Grochenig, K.: Foundation of Time-Frequency Analysis, Birkhauser, Boston, 2001

Zhao, J., Li, H.: Weyl transforms associated with the Hankel transform in Clifford analysis. Math. Meth.
Appl. Sci., 29(7), 839-851 (2006)

Zhong, J., Zeng, H.: Multiscale windowed Fourier transform for phase extraction of fringe pattern. Applied
Optics, 46(14), 2670-2675 (2007)

Debnath, D.: Wavelet Transforms and Their Applications, Birkhaduser, Boston, 2002

Biilow, T'., Felsberg, M., Sommer, G.: Non-Commutative Hypercomplex Fourier Transforms of Multidimen-
sional Signals, Geometric Computing with Clifford Algebras: Theoretical Foundations and Applications in
Computer Vision and Robotics, Springer, London, 2001, 187-207

Bahri, M., Hitzer, E.: Clifford algebra Cl3 o-valued wavelet transformation, Clifford wavelet uncertainty
inequality and Clifford Gabor wavelets. Int. J. Wavelet, Multires. Inf. Proces., 5(6), 997-1019 (2007)
Brackx, F., De Schepper, N., Sommen, F.: The Clifford Fourier transform. J. Fourier Anal. Appl., 6(11),
668-681 (2005)

Hitzer, E., Bahri, M.: Clifford Fourier transform on multivector fields and uncertainty principle for dimen-
sions n = 2 (mod 4) and n = 3 (mod 4). Adv. App. Cliff. Alg., 18(3-4), 715-736 (2008)

Hitzer, E., Bahri, M.: Uncertainty Principle for the Clifford Geometric Algebra G,, n = 3 (mod 4) Based
on Clifford Fourier Transform. In: Wavelet Analysis and Applications, Springer (SCI) Book Series Applied



518 Bahri M., et al.

and Numerical Harmonic Analysis (Qian, T., Vai, M. I., Yusheng, X. eds.), Birkhauser, Bessel, Switzerland,
2006, 45-54

[15] Brackx, F., Delanghe, R., Sommen, F.: Clifford Analysis, Pitman Publisher, London, 1982

[16] Hestenes, D., Sobczyk, G.: Clifford Algebra to Geometric Calculus, Kluwer Academic Publisher, Dordrecht,
1984

[17] Hestenes, D.: New Foundations for Classical Mechanics, Kluwer, Dordrecht, 1986

[18] Hitzer, E., Ablamowicz, R.: Geometric roots of —1 in Clifford algebras Cl, 4 with p+ ¢ < 4, Submitted to
Adv. App. CUff. Alg., May 2009

[19] Bahri, M., Hitzer, E., Adji, S.: Two-Dimensional Clifford Windowed Fourier Transform, Applied Geometric
Algebras in Computer Science and Engineering (G. Scheuermann, E. Bayro-Corrochano eds.), Springer
London, 2010, 93-106




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [510.236 793.701]
>> setpagedevice


