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Abstract. This paper presents a construction of the n = 2 (mod 4) Clif-
ford algebra Cl,, o-valued admissible wavelet transform using the admis-
sible similitude group SIM(n), a subgroup of the affine group of R". We
express the admissibility condition in terms of the Cl,, o Clifford Fourier
transform (CFT). We show that its fundamental properties such as in-
ner product, norm relation, and inversion formula can be established
whenever the Clifford admissible wavelet satisfies a particular admissi-
bility condition. As an application we derive a Heisenberg type uncer-
tainty principle for the Clifford algebra C1,, o-valued admissible wavelet
transform. Finally, we provide some basic examples of these extended
wavelets such as Clifford Morlet wavelets and Clifford Hermite wavelets.
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1. Introduction

Recently it has become popular to generalize classical wavelets to Clifford al-
gebra. The generalization can be found in several publications. These publica-
tions deal for example with the discrete Clifford wavelet transform [5, 16, 18]
and the continuous Clifford wavelet transform [4, 6, 20]. Their approaches use
the classical Fourier transform (FT) to investigate some properties of these
extended wavelets.

In [9, 10, 15], the Clifford Fourier transform (CFT) on Cl,, o for n = 2,
3 (mod 4) has been introduced. Based on the basic concepts of Clifford alge-
bra and its Fourier transform, we constructed Clifford algebra Cl3 o-valued
wavelet transform'. The commutativity of the n = 3 (mod 4) Clifford Cl,, o
Fourier kernel with every element of Cl, o is a unique advantage over the

*Corresponding author.
IBased on Clifford algebra and its Fourier transform, we can easily generalize Clifford
algebra-valued wavelet in Cl3 o to Cly o for n = 3 (mod 4).
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n = 2 (mod 4) Clifford Cl,, o Fourier kernel. Therefore, the construction of
the n = 3 (mod 4) Clifford algebra Cl,, o-valued wavelet transform is simpler
than the n = 2 (mod 4) Clifford algebra C1,, o-valued wavelet transform.

The main aim of this paper is to expand the generalization of the Clifford
algebra Cl3 o-valued wavelet transform in [17] to Clifford algebra C1,, o for n
= 2 (mod 4) using the admissible similitude group SIM(n). We investigate
the properties of the extended wavelets using the CFT. Special attention is
devoted to inner product, norm relation, and inversion formula. We show
that these fundamental properties can be established whenever the Clifford
admissible wavelet satisfies a particular admissibility condition. We apply the
uncertainty principle for the CFT and properties of the Clifford algebra C',, o
wavelets to establish a Heisenberg type uncertainty principle for the n = 2
(mod 4) Clifford algebra Cl,, o-valued admissible wavelet transform.

2. Preliminaries

This preliminary section introduces the basic knowledge [1, 3, 8, 14] of Clifford
algebra Cl,, ¢ and its Fourier transform. We also recall the similitude group
SIM (n) and its properties from the viewpoint of wavelets.

2.1. Clifford (Geometric) Algebra

Let {ej,es,e3,...,e,} be an orthonormal vector basis of the real n-
dimensional Euclidean vector space R™. The Clifford algebra over R" de-
noted by Cl, o then has the graded 2"-dimensional basis

{l,e1,e2,...,en,€12,€31,€23,...,0, =€1€3---€,}, (1)

where i, is called the unit oriented pseudoscalar. Observe that i2 = —1 for
n =2, 3 (mod 4).

The associative geometric multiplication of the basis vectors is governed
by the rules:

e.e = —e e for k #1, 1<k, 1 <n,
for 1<k<n. (2)

|
—

e

We may express Clifford algebra Cl,, o as the sum of an odd part C1,, o
and an even part C’l;’;o, ie.

Clno = Clf & Cly . (3)

It is straightforward to verify that C’l;:o is closed under multiplication, but

Cl;, o is not. For this reason O is often used to represent a rotation-dilation
in n-dimensions.
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The general elements of Clifford algebra are called multivectors?. Every
multivector f € Cl, o can be represented in the form

f=3_faea, (4)
A
where fa € R, e4 = €nj0001, = €a1€ay " €ay, a0d 1 < a1 < ag <
- < ap < nwith a; € {1,2,...n}. For convenience, we introduce (f), =
EIAIZk faea to denote k-vector part of f (k=0,1,2,...,n), then
k=n
F= M=+t Pt + (5)
k=0

where (...)o = (...).
According to (3) and (5), a multivector f may be decomposed as a sum
of even part feypen and odd part f,qq. Thus

f = feven@fodda (6)
where
feven = (Y +{(fla+ -+ (e TZQS,SEN,SS%,
Joaa = (f)1+(f)s+ -+ {f)r, r:23+1,s€N,s<g. (7)

Later, we shall see that the distinction between even and odd grade multi-
vectors is very important, because the even multivectors commute with i,
but the odd multivectors anti-commute with i,,.
The reverse f of a multivector f is an anti-automorphism given by
N k=n
f=> (=002, (8)

k=0

which satisfies E = gf for every f,g € Cl,, 9. The multivector f € Cl, ¢ is
called a paravector if (5) takes the form

f:<f>+<f>1:f0+z:fiei- 9)

From equation (9) it is not difficult to check that the geometric product ff
is real valued.

The scalar product of multivectors f, g is defined as the scalar part of
the geometric product fg of multivectors

(f3) =f*g=>_ faga, (10)
A

which leads to a cyclic product symmetry
(par) = (qrp), Vp,q,7 € Clyp. (11)

2In the geometric algebra literature, multivectors are represented in capital letters, but in
this paper we adopt small letters to represent multivectors: f for a multivector and f(x)
for a multivector-function.
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In particular, if f = g in (10), we obtain the modulus (or magnitude) |f| of
a multivector f € Cl,, ¢ defined as

fP=f«f=> fi. (12)
A

It is convenient to introduce an inner product for two functions f,g
R" — Cl,, o as follows:

(f, g)LQ(R";Cln,o) = /Rn f(w)gf(;) d"x = Z esep ’ fa(z)gp(x) d"x.

One can check that this inner product satisfies the following rules:

(fg+h
(f; Mg
(fA g £ 9N 2@t )

(f, 9, F) L2 @01, 0> (14)

where f,g,h € L?(R™;Cl,, o) and multivector constant A € Cl,, 9. In partic-
ular, if f = g, then we obtain the associated norm

L2R"iClyo) = ([s @) L2 @®nict,.o) + (fs ) L2@nsct, o)

L2®";Cln o) = ([, 9)L2®rcL, 0))\

)z (
) (
)L2(RCl, 0) = (
9) (9. F

9)L2(R™;Cl,,0) =

et = (. Dzt = [ 10"

i@ f@ae [ 3 p@ae 1)

Definition 1. Let C1,, ¢ be the real Clifford algebra of n-dimensional Euclidean
space. A Clifford algebra module L*(R"™; Cly, o) is defined by
L*(R™; Clpo) ={f : R" — Clng,@ — Y _ fal@ea | | fllr2@nict, o) < 0}
A
(16)

As an easy consequence of the inner product (13) we obtain the Clifford
Cauchy-Schwarz inequality

1/2 1/2
[ sawals ([ 1meaa) ([ aPae) L v e 2@ cn).
Rn n n
(1)

2.2. Clifford Fourier Transform (CFT)

It is natural to extend the classical Fourier transform to Clifford algebra
Clyno, n =2, 3 (mod 4). This extension is often called the Clifford Fourier
transform (CFT). For detailed discussions of the properties of the CFT and
their proofs, see e.g. [9, 10, 15].
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Definition 2. The CFT of f € L*(R";Cl, ) is the function F{f}: R" —
Cl,, 0 given by

F{fiw) =fw) = [ fl@)eTde, (18)
Rn
where we can write in component

w=wie; twres + - +wpepand w- & = w1xy + woko + - + wpxy. (19)

The Clifford exponential e~ %% is often called Clifford Fourier kernel. It
should be remembered that

d"x

_ 1 N\ 5132'/\ N dx : (20)

in
is scalar valued (dx) = dxrer, k = 1,2,...,n, no summation). For the di-
mension n = 3 (mod 4) e~"“® commutes with all elements of Cl,, o, but
for n = 2 (mod 4) it does not. As we will see later, the different commuta-
tion rules of e~»%% play a crucial rule in establishing the properties of the
Clifford algebra Cl,, o-valued wavelet transform.

Theorem 1. Suppose that f € L?*(R™; Cl, o) and F{f} € L*(R";Cl, o). Then
the CFT of f € L*(R™;Cl,, o) is invertible and its inverse is calculated by
— 1 i . n
FUAN@ = f(@) = e [ U@ dw. (2)
(271') R™

For the sake of simplicity, if not otherwise stated, n is assumed to be n = 2
(mod 4) in the rest of this section.

2.3. Similitude Group
We consider the similitude group SIM (n) denoted by G, a subgroup of the
affine group of motion on R™ associated with wavelets as follows

G =R*' x SO(n) x R" = {(a,7g,b)la € RT,rg € SO(n),b e R"}, (22)

where SO(n) is the special orthogonal group of R". Instead of (a,rg,b) we
often write simply (a,8,b). More precisely, we represent SO(n) of R™ by
rotors R in the spin group, i.e.

Spin(n) ={R € Cl:,mRR =RR=1}

SO(n) = {r|r(z) = RxR, R € Spin(n)}, (23)
where r(x) denotes the rotation of a vector & € R™. We observe that
SO(n) = Spin(n)/{£1}. (24)

Clearly, the group G includes dilations, rotations and translations. The
representation defined by (22) is consistent with the group action of dilation,
rotation and translation (a, 8,b) on R™ as follows

(a,0,b) : R" - R"
x — aR(0)xR(0) + b. (25)

The above leads to two important propositions.
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Proposition 1. With respect to the representation defined by (22), G is a non-

abelian group in which (1,1,0) and (a=*,7~, —a~'r~1(b) = —RbR/a) are
its identity element and inverse element, respectively.
Proposition 2. The left Haar measure on G is given by
dX\(a,0,b) = du(a,0)d"b,
dad@
du(a,O) = W, (26)

where d@ is the Haar measure on SO(n) (see [11]).

We often abbreviate dy = du(a, 8) and dA = d\(a, 0,b). Similar to (13),
the inner product of f,g € L?(G;Cl, ) is defined by

e~

(F.9)126ct, o) = /g £(a,0.b)g(a, 0,b) d, (27)

and its associated scalar norm

—~

||fHL2(g;Cln,o) =((f, f)L2(g;Cln,U)> = [; f(a,0,b) * f(a,0,b)d\. (28)

3. Construction of Clifford Algebra-Valued Wavelet Transform
in Cl,, 0, n = 2 (mod 4)

This section extends classical wavelet transform to Clifford algebra C1,, o, n =
2 (mod 4) using the admissible similitude group SIM (n). Using the spectral
representation of the CFT, we investigate some of its fundamental properties.
Due to the non-commutative multiplication rule of Clifford algebra, a number
properties of classical wavelet transform are modified in the new construction.
In particular we look at the admissibility condition, inner product, norm
relation, and inversion formula.

3.1. Clifford Admissible Wavelet and its Wavelet Transform

Definition 3 (Clifford admissible wavelet). A Clifford admissible wavelet is a
multivector function 1 € L?(R™; Cl, o) which satisfies the following admissi-
bility condition, i.e.

[ @) w)
O fo el T 29

such that Cy is an invertible multivector constant.

Similar to classical wavelets in [7, 12], the zero th moment of the Clifford
admissible wavelet 1) € L?(R™; Cl,, o) vanishes

Y(x) d"x = Ya(x)eyg d"x =0, (30)
R" R™



Vol. 21 (2011) Clifford Algebra-Valued Wavelet Transform on Multivector Fields 19

where 4(x) = 1) x €4 are 2" real-valued functions. Thus, the integral of
every component 14 of the Clifford mother wavelet is zero:

Ya(x)d"x = 0. (31)
R’!‘L
If ¥4 # 0, then it is a real valued admissible wavelet. With the help of
equation (5), we can decompose (29) to the following form3
Cyp = (Cy) + (Cyp)1 +(Cy)a+ -+ (Cy)n, (32)
where 9 determines the nonzero and zero terms.

Definition 4. For ¢y € L*(R";Cl,0),a € R*,b € R", and 8 € SO(n). We
define the unitary linear operator

Ua ob: LQ(R”; Clny()) — L2<g§ ClmO)a
given by

(Uo000) =vo0p@ = 5o (g (50)). @)

The family of wavelets ¢, g p are so-called daughter Clifford wavelets with
a as the dilation parameter, b as the translation vector parameter, and 6 as
the SO(n) rotation parameters.

Lemma 1. If ¢ € L*(R™;Cl,, ), then the norm of Y. ob € L2(R™; Cly, o) is
independent on a, equivalently,

1Y4.0.bll22®nC100) = [Vl L2R7 01, 0) - (34)
Lemma 2. For 1 g p € L*(R";Cly ), we have

F{, 0 pHw) = afd(ary! () e 0w, (35)

Definition 5 (Clifford admissible wavelet transform). Let 1) € L*(R™;Cl,, )
be the Clifford admissible mother wavelet. The transformation T, given by
Ty : L*(R™; Cly0) — L*(G; Cly o)
fr—Tyf(a,0,b)
= ([,Y,.0.0) 2R ClL.0)

ool () e

1s called the Clifford admissible wavelet transform.

Please note that the order in (36) is fixed because of the non-commutativity

of the product of Clifford algebra. Since e~inbW does not commute with any
element of Cl,, o we get the following result (compare to [17]).

Jn LD gn

31t is obvious that Cy = é:p Therefore, we can also write Cy, = ]
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Lemma 3. The Clifford admissible wavelet transform (36) has a Clifford
Fourier representation of the form

Ty f(a,0,b) = ﬁ /}Rn f(w)ei"'b'wa% {@(arél(w))}N d"w. (37)

By reversing to (37) we obtain

Ty f(a,0,b) = ﬁ /n Q%J(arél(w))e#"b'w }A(w) d"w. (38)

Remark 3.1. Note that formula (37) can not be written in the form

F(Tyf(a,0,)(w) = a? f(w){(arg" (@)} (39)
However, formula (39) is valid if the Clifford mother wavelet ¢ is the even
grade multivector.

If the CFT of a multivector f € L?(R";Cl,, ) is the odd grade multivector,
then equation (38) can be expressed as

Tyf(a,0,b) =

=7 {at Blarg @) Fw) ) ). (40)

Or, equivalently,

F(TyF(a.8,)(w) = a¥ dlary' (@) f(w): (41)
3.2. Its Properties

Let us start this subsection by listing the properties of the Clifford algebra
Cl,, o-valued wavelet transform, which correspond to classical wavelet trans-
form properties

Proposition 3. Let v and ¢ be two Clifford admissible wavelets. If f and g
are two Clifford module functions belong to L?*(R™;Cl, ). Then for every
(a,b) € RT x R

(i) (Left linearity)
[Ty(Af + pg))(a, 8,b) = ATy f(a,0,b) + nTyg(a, 0,b),

where X and p are multivector constants in Cl,, .
(ii) (Translation covariance)

[T’l/Jf( - 330)](&, 07 b) = T¢f(a, 0; b— $0),
for any constant xy € R™.
(iii) (Dilation covariance)

(T (e))(@,0,6) = Ty fac, 0, be),

where ¢ is a real positive constant.
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(iv) (Rotation covariance)

[Td,f(rgo.)](a7 0.b) =T, f(a, o, roob),
with rotors RG' = RBORG'
(v) (Parity)
[Tp¢Pf](a, 07 b) = Tﬂ’f(aa 05 7b)7

where P is the parity operator defined by P f(x) = f(—x).
(vi) (Antilinearity)

[T)\w+u¢f](a’7 07 b) = T’Llif(aa 0a b) 5‘ + T<Z>f(aa 0; b) ﬁ?

for any multivector constants X, p in Cl,, .
(vii) If we introduce the translation operator Mg,y (x) = ¥ (x — xo), then

[TMmwa](a, 0, b) = wa(a, 0, b + SEQCL).
(viii) Consider the dilation operator D) (x) = Cinz/J (%) ,c>0. We have
1
[TDCT,Z)f] ((L, 0, b) = Wwa(aC’ 0, b)
Proof.

(v) Direct calculations give for every f € L?(R™;Cl, o)

(TpyPf](a,8,b) = L( )aeb( x)d"

[ oot o) e
el o

and the proof is complete. O
(vi) Application of Definition 5 and the inner product (14) gives

[Trpiuo fl(a,0,0)= (f, X\, g p+10, 0 p)r2®RClL0)
= (/i M, 9 p) 2@t 0) T (o 10, 9 b) L2 @ C1L o)

=(f,Y,0.b) 2@ czw))\-F(f,ufﬁagb) ROl o) (42)

This finishes the proof. O
(vii) Equation (36) gives

Trig,of1(a.0.8) = | f(@){v, g (e —a0)}" d'
= [ @ o (' )] ra
ot o ()

which was to be proved. O
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(viii) Equation (36) gives again

(T, f1(a,0,b) = f<w>cin{waﬂ,b<m/c>}~d"w

R

i )
c”/Q/ f(@ n/z P(”é*macb))} "z,

which completes the proof.

O
The proof of the remaining properties in the above-mentioned proposition
was verified by straightforward calculations and exploited in [17]. Now we
study the differences between the Clifford and classical continuous wavelet
transforms.

Theorem 2 (Inner product relation). Let ¢ € L*(R";Cl, ) be a Clifford
admissible mother wavelet and let Cy be the admissibility condition defined

- (Plary (@)}~ dlary (@) d"w ) BP0 w1,
/SO(n) /R+ ( R™ ) a
(43)

and (43) is independent of w.
() If {¢(w)}~(w) is an even grade multivector for all w € R™, then for
any multivector functions f,g € L*(R"; Cl,.0) we get
(Tyf, Tpg)L2(g:ctn o) = (fChepens 92 @501 0) (44)
where for all r = 2s,s € N;s <n/2
(fCrpens D 2®niCln.0) = (Co) (s ) L2 ®rsct,.0) + (F(Cp)2, 9)L2mnici, o)+
(f{Cy)as g)r2®nicl, o)+ (f{Cy)rs @) 2®nicin o)
(ii) If the CFT of a Clifford mother wavelet 1 € L*(R";Cl, ) is the odd

grade multivector, we obtain

(Ty £, Tpg) 12(G:C10.0) = (FCus 9)L2(®n:CL, o) (45)
where Cy = Cy,,., or Cy = Cy, .



Vol. 21 (2011) Clifford Algebra-Valued Wavelet Transform on Multivector Fields 23

Proof.

(i) Suppose that {J(w)}wz/ﬂ(w) is an even grade multivector. Then, by in-
serting (37) and (38) into the left-hand side of (44), we immediately
obtain

(T f, Typg)12(6;01,.0)

B /SO<n> /R+ % </R [/R fl@)e < i arg! (@)} d'w
{3w)e b {arg @)Y~} d"w’] dnb) au
- /so<n> /R (2fr)2 [ Fw@)e O {d(arg (W)} (ary (@) d"w
X / ’ei"b'w/g/(_\/u.v’)d"w'} d"b> dp

/SO(n /RJr 2n ( nf(w){q/;(arél(w))}wiﬁ(arél(w’)) /n pinbw

x eminbwW gnp / md”w’d"w) dp

% (27T)n /n efinb(w’,w)dnb /n g/(_\/uﬂ)d"w' dnw> d,u
(46)

Second, from assumption we obtain the admissibility condition (43) is
an even grade multivector, then application of the orthogonality of har-
monic exponential function of the above equation leads to

(Tlllfv ng L2(G;Clp.0)

g /So(n) ([ fritrg @nr

dlarg! (W)’ — w)j(e) "’ d”w) daade

R
B =LV A e | 2240
SO(n) JR* ( Rnf {w(ar ( ))} w(are (‘-‘-’))g(w)d w) ‘
(29 . R
- (277) f( )Coheren G(w) d"w

Plancherel Th. TN

A f(@)Cy,,., 9(x)d"x

= (fcwe'uen7g)L2(Rn§Cln,0)' (47)

Hence, by applying the linearity of the inner product (14), the identity
(44) follows immediately. O
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(ii) Assume that ¢ € L*(R"; Cl, ) is the odd grade multivector. Then

(Typf, Tyg)r2(g:c1, 0)

/SO(n) /1R+ 27)2n ( o [/Rn 1"bw{1/}( (W)}~ d"w
<[ e b i arg! ))}N}Nd”w’] o) iy
- /SO(n) /]R+ (2a

( [ w){t(arg!(w ))}Ne_i"b'wﬁ}(argl(w’))d”w

% / e—znbw ( )dn /:| dnb> d,U,

oo L o ( [ Folbterg @)y e [ et

Horg! @i ' ' ) dy (49
R™
Here we have used the fact that ¢ anti-commutes with einbw (see [10] for
more details), i.e
Peinb@ = mnbWG e LA(R™ Cly). (49)

Next, we follow the steps of the proof of (47) by replacing Cy,,, with Cy,
then we arrive at equation (45). d

Taking the scalar part of Theorem 2, for f = g we immediately obtain
the following corollary.

Corollary 1 (Norm relation). Let ¢ € L?*(R™;Cl, o) be a Clifford admissible
mother wavelet.

(i) Under the assumptions stated in the first part of Theorem 2, we get
1Ty FlI32 (601, 0) = Coteven * (s P2t o)-
= (Co)I 72 @n.cu, o) + (Cuda * ((f, Frz@rict, )2

o+ {Cyp) % <(f’ f‘)LQ(Rn;Cln,U)%’r =2s,s € N,s <n/2.
(50)

(ii) With the assumptions as the second part of Theorem 2, we obtain
1T flI 22601, o) = Cos * (F, D r2@nicin o) (51)
By reversing to (51) we have
||wa||%2(g;czn,o) = ((f, fCy)L2rr:cl,.0)) = Cy * (f, ]?)L2(Rn;czn,o)- (52)

Corollary 2 (Inversion formula ). Let 1) € L*(R"; Cl, ) be a Clifford admis-
sible mother wavelet.
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(i) Under the assumptions in the first part of Theorem 2, any
f € LA R"™;Cly ) can be decomposed as

flx) = /g(ﬁ U0 0.6) 120l V0 0b Cy AN, (53)

where the equality holds a.e. and Cy = Cy,, ., -
(ii) With the assumptions as the second part of Theorem 2, any
f € LA R™;Cly,0) can be decomposed as

flx) = /g(ﬁ U 0.b) 20l ) V00b Co AN, (54)
where the equality holds a.e. and Cy = Cy,, ., or Cy = Cy,_,,-

Proof. The proof of this identity is the same as that of Theorem 3. 7 in the
paper [17]. O

Theorem 3 (Reproducing kernel). Let ¢ € L?(R™;Cl,, o) be the Clifford ad-
missible wavelet. If

Ky (a,8,b; a, o, b/) = (wa’e,bcizl; wa/ﬂ',b')Lz(R”;Cln,o)' (55)
Then Ky(a,0,b;a’,0',b") is a reproducing kernel in L*(G,d)N), i.e.

Tyf(d,0',b) = /gwa(a, 0,b)Ky(a,0,b;a',0",b") dA. (56)
Proof. Substituting (54) into Definition 5 yields
T 0) = | @), g (@ da
= /n (/g(f, V0 0.b)12(R:Cly o) Y0 0 b AN C¢1> %,;:b/'(w) d"z
— [ Tor@00) ([ v.0p@0 w0 @) ) an

— [ Tuf(a.b. 00K (0.6.b:0. 6 8) dn (57)
g

This achieves the proof. O

4. Uncertainty Principle for Clifford Algebra Cl, , wavelets

The classical uncertainty principle of harmonic analysis states that a non-
trivial function and its FT cannot both be simultaneously sharply localized
[19]. In quantum mechanics an uncertainty principle asserts that one cannot
at the same time be certain of the position and of the velocity of an electron
(or any particle). That is, increasing the knowledge of the position decreases
the knowledge of the velocity or momentum of an electron. This section
extends the uncertainty principle which is valid for the CFT to the setting
of the Clifford algebra Cl,, o-valued wavelets.
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Let us now formulate an uncertainty principle for Clifford algebra C1,, o-
valued wavelets. This principle describes how the reversion of the Clifford
algebra Cl,, o-valued wavelet transform relates to the CFT of an odd grade
multivector function.

Theorem 4. Let 1) be a Clifford admissible wavelet that satisfies the admis-
sibility condition (43). If the CFT of a multivector f € L*(R™;Cl,, o) is the
odd grade multivector, then we have the inequality

e~

1
~. T 2
167, 7 (@ 0.5 2, o <Cw ¥ <wf,wf>L2(Rn;mn,o)) (58)

_ VAo

= D) {Cw * (JE, f)m(Rn;Cln,o)] .

In order to prove this theorem, we need to introduce the following
lemma.

Lemma 4.
Lo e FEF@O N B amoscn g die = Cox (@F P aencn, o
SO(n) JR*
(59)
Proof. We observe that
[ e A0 e e,
50(n) JR+
(15) — e~ n
D[ T P @ dud
n J50(n) JR+
(1)/ / / a"w@arilw ~Aw *]?w {b\arflw Ndenw
[ L e dtarg e « floptitorg @) e 5

(11) W (ar= (N~ D (ar=] dadB* = Sord
- /So(n)/]R+ {¥larg (@)} (arg () /nf(“’) (w) d"w

=

a

= Cly * (wﬁ wf)L?(Rn;Cln,g)- (60)

Let us now begin with the proof of Theorem 4.

Proof. Using the uncertainty principle for multivector functions (in Theorem
5. 5 of [10]), we get

—_~—

[Hszpf(avgv')||2Lz(Rn;czn,o)] X [||w ]:{wa(a>9,')}H%%Rn;czn,o)

V/n(2m)™/? _—
S TOX R (R o1

1
2
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Now we integrate both sides of (61) with respect to Haar measure du, we

obtain
. !
/ / <|:|bT¢f(aa05')|%Q(R”;Cln,o)}
SO(n) JR+

[Hw F{Tyf(a,0, -)}Ilizm;ozn,w} ) i

Vn(2m)™/? —
25 ot Jus ||wa(a»97')||%2(Rn;czn,0) dp.
(62)

By applying the Clifford Cauchy-Schwartz inequality (17) into the left-hand
side of (62). We see that

( Lo oy TG0 e du)

( Lo o oo @0 e o, du)

JA(2m)? —~
2 2/50( )/]R<+ 1Ty f(a, 0, )1 728n.cu, o) it

(63)

1
2

(NI

Then by inserting (59) into the second term of (63), it follows that

( S, o 19T @0 e du)

n(2r)"/? a6
2 % /so( )/JR+ 1T f (@, 0, )2 s, o) b
(64)

We recognize that the first and third terms of (64) are the L?(G; Cl,, o)-norms.
This implies that

1
2

<Cw * (wf, w]?)L2(R";Cln,o)>

1
2

P

1
—~. T 2
6Ty f(a, 0,b)|L2(g;c1,.0) (Cw * (wfawf)H(R";an,o))

Vn2mn? —
fHwaH%?(g;czmo)- (65)

Substituting (52) into the right-hand side of (65) we finally get

>

N

16T, 7 (@, 0.5) | o, <Cw . (@], wf)y@gn;czn,o))

n/2 N
> \/ﬁ(%ﬂ [Cw * (fvf)L2<R";Clnv°)] ’ 0

which concludes the proof of Theorem 4. 1
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5. Examples of Clifford-Valued Wavelets

In this section we discuss the examples of Clifford admissible wavelets on
multivector fields.

5.1. Clifford Morlet Wavelets

Recall that the two-dimensional complex (2D) Morlet wavelets which are
sometimes called Gabor wavelet are defined by

Wy = eilvorertuose) = (eh4as) (67)

We extend the 2D Morlet wavelets into multivector fields by replacing the

complex kernel e*(vo1#1+40222) i (67) with the Clifford Fourier kernel e?r®"®

(compare to [17]) . So let wg = ug1e1 + ugz€2 + - - + upn e, be an arbitrary

frequency vector and &(x) = e~ 3% ¢=3% g correction term in order for

equation (30) to be satisfied (see [2]). Then multivector-valued wavelets are
given by

ve(@) = (e i) — (a). (68)

Applying the shift and scaling properties of the CFT, we can rewrite the

Clifford Morlet wavelets (68) in terms of the C1i,, ¢ Clifford Fourier transform
as

FlHw) = et (@1muon)  +wa—uoa) -+ wn—uon)®) _
e~ 3 (Wi +ud )+ (@i +uds)+t(wh +ug,)) (69)

We see that F{1°} is a real positive scalar constant or the even grade mul-
tivector. Hence, the first part of Theorem 2 holds.

The representation of the Clifford Morlet wavelets (68) show that they
are formally analogous to the n-dimensional Morlet wavelets. We can apply
the Euler formula to the Clifford exponential (see Hestenes [1]) to express
(68) in the form

Pe(x) = e 2% cos(wg - ) + iy, e 2% sin(wp - ) — &(x)
= (¥°) + (¥ )n. (70)

This shows that the resulting wavelets consist of a real scalar and pseu-
doscalar parts, respectively. Since the equation (69) is a real-valued function,
the admissibility condition (43) has to be real-valued too.

5.2. Clifford Hermite Wavelets
Let us now introduce the Clifford Hermite wavelet (see[4]) as follows:
2 on 2
Unl@) = (=% ) Halw) = (-1)" 5 (%), (71)
Oz
where H,, is the radial Hermite polynomials in R™ given by

Hy(z) = (—1)" (67%2) %; (e*%z) . (72)
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Depending upon n, the Clifford Hermite wavelets (71) are alternately real or
vector-valued. Their Clifford Fourier transform is given by

Fln} (@) = 772(—ip) " (e_sz) . (73)

So we can now see that in Clifford domain, the Clifford Hermite wavelets are
alternately real-valued or pseudoscalar-valued. In particular, for n = 2 (mod
4) it is not difficult to see that F{t,} is a real-valued so that the first part
of Theorem 2 holds too.
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