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Notation and Terminology

The d-dimensional Euclidean space

The Borel o-algebra of subsets of R?

The set of bounded B(IR?)-measurable functions on R*

The set of bounded continuous on R*

The set of continuous functions on R? with compact support

The sup norm of f € B(RY), ||f|| £ sup, ga|f(%)]

The set of finite measures over B(IRY)

The set of probability measures over B(IR%)

The integral of f € B(R?) w.rt. u € Mp(RY), u(f) = [ga f(x)p(dx)
The expectation operator

The L! norm, || f||1 = E|f|

The 12 norm, || = E[f?

The prediction measure conditioned on Yo 1, 7:(f) £ E[f|Yo4—1 = Yo:t_1]

The update measure conditioned on Yo, 7;(f) £ E[f|Yo:t = o]

We endow Mp(RY) and P(RY) with the weak topology (Royden, 1988, page 236-237), saying
that if (y,)5_ is a sequence of finite measures, we have the following types of convergence to

n e MF(IRd).

Hn > i

if nf —uf VfeGCRY)

o == i gf S pf Vf € Cy(RY)

Elim

. L!
o == if paf —puf V€ Cy(RY)

We also denote by L, the convergence in distribution and by ,(x) the delta-Dirac mass located

in a.



Markov Chains and Transition Kernels

Let (), F,P) be a probability space and X = {X;,t € IN} be a stochastic process defined on
(Q, F,P) taking it’s values in R?, where d is the dimension of each variable X(t). Let X be the
c-algebra generated by the process up to time t i.e. FX = 0(X;,s € [0,¢]). Then X; is a Markov
chain if, for all t € N and A € B(R?),

P(X41 € A|FX) = P(Xpq € A|Xy)  as..

The transition kernel of the Markov chain X is the function Q;(,-) defined on R? x B(IR¥) such
that for all t € N and x € RY,

Qt(x, A) = P(XH_] S A’Xt = .X).
The transition kernel Q; satisfies the following properties
e Qi(x,-) is a probability measure on R? for all t € N and all x € R?

e Qi(,A) € B(RY) forall t € N and all A € B(R?).

The distribution of X is uniquely determined by its initial distribution and its transition kernel.
If we denote by g; the marginal distribution of X;

gt = P(X; € A),

then we can deduce from the previous that g; satisfies the recurrence formula g;1 = 4:Q; where
q:Q¢ is the measure defined as

(@Q)(A) 2 [ Qi A)gi(dx).

Hence, g; = q0Q0Q1---Qt-1-
We say that the transition kernel Q; satisfies the (weak) Feller property (Meyn and Tweedie,

1993) if, for all t > 0 the function Q;f : R? — R defined as

Quf(x) 2 [ FW)Qi(xdy)

is continuous for every f € C,(IR?). If Q; satisfies the Feller property, then Q;f € C(R?) for all
f € Cy(RY).



Bayesian Filtering

Many data analysis problems within science or engineering involve estimation of unknown
quantities based on some given observations. Very often we have some prior knowledge about
the phenomenon being modelled. This will allow us to formulate Bayesian models based on
prior distributions for the unknown quantities and likelihood functions relating these to the
observations. All inference in this setting will then be based on the posterior distribution obtained
from Bayes’ theorem. In many settings the observations arrive sequentially in time and it is therefor
necessary to update the posterior distribution in order to perform on-line inference.

In the situation when the data are modelled as a linear Gaussian state-space model, it is
possible to obtain an exact analytic expression for the posterior distribution from the well known
Kalman equations. There are other situations where it is possible to derive analytical solutions,
however in most situations, where we have neither linearity nor Gaussian processes we cannot
derive analytical expression due to complex high order integrals. In these settings we have to use
approximating solutions.

In this thesis we will mainly focus on the approximations obtained from Sequential Monte Carlo
methods (SMC). The SMC are simulation based methods which provide an easy-to-implement
approach to compute the posterior distribution. These methods are usually based on two models,
the first describing the evolution of the unknown quantities and the second relating these quantities
to the observations. Over the past years, several closely related algorithms has been proposed
under different names such as the bootstrap filter, particle filters, Monte Carlo filters, interacting
particle approximations etc.

This thesis will mainly focus on the theoretical aspects of the filter methods, however we will
present a few trivial examples.



1.1 Problem statement and its conceptual solution

To define the nonlinear filtering problem we introduce the target state vector and the observed
state vector. The unobserved signal {X;}ien, Xi € R, is modelled as a (possible) nonlinear
Markov process with initial distribution p(xo) and 1-step transitions p(x;|x;_1). The observation
process {Y:}en, yr € R7 are assumed to be conditionally independent given the process {X;},
with marginal distribution p(y:|x;), where we denote p(-) as the probability density function with
the argument of the function indicating the random variables under consideration, at least when
there is no danger of confusion, i.e p(x;|y;) = Px, v, (xt|yt)-
In other words, the entire model is described by

p(xo0)
p(x¢|xi—q) , for t > 1
p(yi|x:) , for t > 0.

Let us denote Xg; 2 (X, ..., X;) and Yot = (Y, ..., V), the signal and the observations up to
time ¢

We are interested in estimating recursively in time the posterior distribution p(xo.t|yo:t) (or
p(xt|yo:)), and the expectations

pf = E[f(Xor)lYosl £ [ flxor)p(dxoslyon)

and its marginal E [f(X;)|Y0.], for some function f integrable with respect to the density of Xo.
The problems and solutions in Chapter 1 and 2 are discussed in Doucet, de Freitas and Gordon
(2001) and Ristic, Arulampalam and Gordon (2004)
Very often such a model is described by the state and observation equations

Xt =ki—1(X4-1, Vi1) Y = he(Xe, We) (1.1)

for some nonlinear functions k and /, where we assume that V;_; and W; are independent. The
model is fully described by the densities, p(xo), p(x¢|x:—1) and p(y:|x;). The posterior pdf is given
by Bayes’ theorem at any time t,

_ p(yo]xo:) p(xo:t)
paoalyos) = [ p(yo:t|xo.) p(xo:) dxoy 12




It is possible to obtain a recursive formula for this joint distribution.

P(XO:t-i-l;yO:t—i-l)
P(yo:t+1)
_ (e, Ve xor, Yot p (X0, Your)
P(Yr1lyo:) p(yo:r)
_ P(yt+1|x0:t+1/y0:t)l7(xt+l|x0:t/]/0:t)l7(x0:try0:t)
_ (1.3)
p(Ye+1ly0:) p(vo:t)
_ Pealxin) p(xsalxe) p(xo:e [yo:r) p(vo:t)
P(Ye1lyo:) p(yo:t)

p(Wer1|xes1) p(xesa]xe)

p(Yi1lyo:r) '

P(XO:t+1 \yO:tH) =

= p(xo:|vo:t)
We also have some recursive formulae for the marginal distribution p(x;|yo:)

prediction : p(x¢|yo.r—1) = /p(xt,xt,lly(]:t,l) dx;q
= / p(xt|xt—1, Yoir—1) P (Xe—1|Yo:e—1) dxs (1.4)

= /p(xt’xt—l)r’<xt—1‘]/0:t—1)dxt—1

p(vo:t)
_ PWelxe, you—1) p(xelyo—1) p(Yo:t—1)
p(yilyo:r—1)p(Yo:t-1)
_ pyelxe) p(xelyo:—1)
[ p(yelx) p(xelyoe—1) dxe

updating : p(x¢|yo.) =

(1.5)

The problem with these equations are the calculation of the normalising constant p(yo.;) and
the marginals of p(xo.t|yo:t) since these may require the evaluation of complex high-dimensional
integrals. To solve these problems we need to use numerical approximation methods. Throughout
this thesis we will study some of the Monte Carlo approximations proposed over the years.
However, there are certain cases where it is possible to obtain optimal algorithms for recursive
Bayesian state estimation.

1. In the linear-Gaussian case the functional recursions becomes the Kalman filter.

2. If the state space is discrete-valued with a finite number of states. This is called grid-based
method.

3. For a certain class of nonlinear problems, discovered by Benes$ (1981) and Daum (1986), it is

possible to formulate exact analytical solutions, but these will not be discussed in this thesis.



The Kalman Filter

The Kalman filter is a recursive algorithm for finding the best (in terms of mean square error)
linear estimates of the state-vector X; in terms of the observations Yy.; (or Yp.:—1) To apply the
Kalman filter to our problem, we must assume that the posterior density at each time step is
Gaussian and therefor completely characterised by it’s mean and covariance. If p(x;_1|y1.1—1) is
Gaussian, it can be proved that p(x;|y;) is Gaussian, provided that certain assumptions hold:

K.1 Vi_1 and W; are Gaussian.
K.2 ki—1(X¢-1,Vi—1) is a linear function of X; 1 and V;_1.
K3 hi (X, Wy) is a linear function of X; and W;.

In other words (1.1) can be written as
Xy =Ki1Xp1+ Vi Yy = H: X; + Wi

where K;_; and H; are matrices defining the linear functions. The noise V;_; and W; are mutually
independent zero-mean Gaussian with covariances Q;_; and R;. The Kalman filter will then
consist of the following recursive relationship

p(xi-1lyor) = N<xt—1;Xt71|t71/]Pt71\t71)

p(xelyo.—1) = N (xt; Xt\t—lflpﬂt—l)
p(xelyor) = N (x; Xy, Pyye),

where )A(t‘t is the filter estimate of X; given Y., and Py, is the error covariance matrix

E {(Xt — X)) (X — Xt‘t)T]. We will not go into details here, but present the recursions for
computing the mean and covariances:
Start by the initial condition Xo=EXyand Py = E [(XO — XQ) (XO — )A(O)] and then continue by
induction on t.

Rijim1 = K1 X1

Py =Qr1+ ]Kt—llptfﬂtfl]KtT—l
]Pt\t = IPt|t71 - ]DtStIDLT/

where
S = HiPy,_1H] + R

is the covariance of the innovation term I; = Y; — ]Htf(” i1, and

D, = 1Pt|t—1]HtTSff_1



is the Kalman gain. This algorithm is a combination of the Kalman prediction and Kalman filter
equations (Brockwell and Davis, 2002). Under the assumptions K.1-3, the Kalman filter provides

the best linear prediction/update in terms of Yp.;—1 and Y.
Proof: see Brockwell and Davis (2002, page 271-277).

1.1.1 Grid-based methods

If the state space is discrete and consists of a finite number of states, then grid-based methods
provide the optimal solution of the filtering density p(x¢|yo:). Let {s()}Y | be the states of the
state space. Given the measurements up to time ¢ — 1, let us denote wt( )1| 1 = p(x;_1 = si|y0;t,1).
The posterior pdf at time ¢ — 1 can now be written as

N )
p(xi—1|yo:—1) = wai)l‘t,15s<i>(xt71)- (1.6)
i=1
Substituting (1.6) into (1.4) and (1.5) we get the following equations for the prediction and
updating.
p(xt|yo:t—1) Zwt“ 10400 (xr)
xtlym Zwt‘t o(i xt
where

O av= () : :
Wy = Ewt] 1)t— pxe = W1 = 1)

(i) & wt(|lt)—1p(]/t‘xt = s(0))

Yt wt({t)flp(yt\xt = s(1))

Now if the density and likelihood functions p(x; = s®|x;,_; = s)) and p(y;|x; = s()) are
known, we have the optimal solution to our problem



1.1.2 Multiple switching dynamic models

Nonlinear dynamic systems that are characterised by some modes or regimes of operation is very
common in engineering. These problems are often referred to as jump Markov or hybrid-state
estimation problems. They involve a continuous-valued target state and a discrete-valued regime
model. The system is described by the following

X =ki—1(Xe—1,18, Viz1)

Y = he(Xs, 10, We),

where 1; is the effective regime during the period (#;_1, f;]. Usually the regime is modelled as an
s-state time-homogeneous Markov chain with transition probabilities

pi 2 P(ne=jln1=i) (i,j€S),

where S £ (1,2, ...,s). The corresponding transition probability matrix (TPM) P = [p;j] isans x s
matrix with elements satisfying

s
Pij >0 and Zpl] =1
j=1

for each i,j € S. We also denote y; = p(r1 = i) as the initial regime probabilities, such that

S

u; >0 and Zyizl.
i=1
(Notice that if s = 1 we are back to our intital problem in equation (1.1)).
By conditioning on X;_; and r; and using the law of total probability we have the following
generalisation of (1.4);
Prediction:

p(xt,1e = jlyoe—1) = ZPij/P(xt|Xt—1/7’t = j)p(xi—1,1e—1 = i|yo.—1) dxs_1. (1.7)

Update:

p(xt, 7t = j,Yo:t)
p(yo:t)
_ pelxe e =, you—1)p(xe, 1t = j, Yor—1)
p(Welvo.—1)p(Yo:t—1)
_ p(yelxe, re = j)p(xe, 1t = jlyo—1)p(Yo:r—1)
p(ytlyo.t-1)p(vor-1) '

p(xe, 1t = jlyos) =




Again conditioning on x;_1 and r; and using the law of total probability we obtain a generalisation
of (1.5)

p(elxe, re = j)p(xe, e = jlyoe—1) (1.8)

X, e = jlYop—1) = : ; .
pletre = jlyos-1) Yo [ pelxe, re = i) p(xe, e = ilyos—1) dxs

In the next chapter we will discuss numerical solutions to these filtering problems but our main
focus will be on the problem stated by (1.1).



Particle filters

2.1 Monte Carlo methods

With the increasing computational power since the late 80’s, there has been devoted a great effort
to approximate integrals with Monte Carlo methods. These methods do not require any linearity
or Gaussian constraints on the model and have nice convergence properties. (Unlike numerical
methods, the rate of convergence does not depend on the dimension of the integrand, although
methods like importance sampling are usually inefficient in high-dimensions).

In this section we start by showing that if one has a large number of samples from the posterior
distribution of interest, it is not difficult to approximate the desired expected value.

2.1.1 Perfect Monte Carlo sampling

Assume now that we are able to draw N independent and identically distributed (iid) ran-
dom samples, called particles, {Xélz fi 1 according to p;(xo:¢|yo:r). An empirical estimate of this
simultaneous distribution is given by

1 N
pN (dxo.|yor) = 25 (gz(dxox)-

From this, a natural estimate of p;f is

Ng_ N _ 1t > (i)
prf = [ Froa)p™ (dxodlyos) = 5 Yo F(xE):

10



This estimate is unbiased, and if the posterior variance UJ% < oo, the variance of pN(f) is equal to

0';'/ N. From the strong law of large numbers we have

Pf\]f NuTsoo’ pi(f)-

Also if 0'% < o0, then the central limit theorem holds and

VN [pNf = pef] 2 N(0,02).

2.1)

(2.2)

This procedure is however very troublesome. Since p(xo.|yo.t) is multivariate and known only

up to a multiplicative constant (see 1.3), it will be almost impossible to draw from. One can apply

MCMC methods, but they are unsuited for recursive estimation procedures.

2.1.2 Importance sampling

An alternative solution to our estimation problem is the classical method of importance sampling.

For a given distribution function q(xo.¢|yo:)
(or possibly g(xo.+)) with supp(q) 2 supp(p:) we have the identity

pif = /f x0:t) P(X0:|Yo:¢ ) dxo:

where

This can be written as

An estimator for p;f is given by

P f =

I f(xo.)w (XOt) (x0:¢|yo:t) doxo:
f w{ Xo: x0t|y0t)dx0t

P(XO:t’yO:t)
Q(XO:t ’]/O:t) ‘

w(xp) =

==, ]

wt

N Zi:l (X(()?) i=1

L f(Xgw(Xg) 5 A

(2.3)

11



where

Xé’fi ~ q(xotlyor), i=1,...,N
)

The distribution function g, which we draw our sample from, is called the importance function
and the sample (X(()fz,i =1,..N) we will be our particles. The estimator in (2.1.2) is biased (the
ratio of two estimators), but asymptotically (2.1) and (2.2) holds. Also we m need to know
p(x0:t|yo:t) up to a normalising constant. Although this method is simple with nice convergence
properties it is not recursive. In general at time ¢ + 1, y;11 becomes available, then we have to
recalculate all the importance weights over the entire state sequence. This is time demanding and
becomes more and more complex as time increases.

Sequential Importance sampling

We will now try to modify the importance sampling method in such a way that we can compute
the estimate at time t without modifying the particles and weights obtained at time t — 1. That is,
we want to compute our estimate at time ¢ with the help of the particles (X(()fg_l,i =1,..,N)and
the importance weights (zb(()iz 1)- If we can choose the importance function in such a way that we
may draw new particles at time ¢ from the particles at the previous step, then we can simple set
(Xéi,z =1,..,N) = (X(()fg_l,X( )) This can be done by choosing q(xo.t|yo:¢) so that it satisfy the

following recursion

q(x0:t|yo:t) = q(xt|x0:4-1, Yo:t )9 (X0:-1]Y0:6-1)- (24)
This will allow us to evaluate the weights recursively in time. From (1.3), (2.3) and (2.4) we have

p(xo:t|yo:t)
W) = q(x0:|yo:t)
o PGt lyor ) p(yelx) p(xe|xi1)
(xt|x0t 1/y0t)Q(x0:t—1’y0:t—l)
pe(yelxe) p(xe|xi—1)
(xt’x0t 1,y0t) '

A
wy =

(2.5)

:wi’

If q(x¢|x0:4—1, Yoit) = g(x¢|x¢—1,y¢) then the importance density depend only on x;_1 and y;. This
case is very useful when we are interested in the filter estimate p(x;|yo.t). Algorithm 2.1 gives a
description for carrying out an SIS system.

12



Algorithm 2.1: The SIS algorithm
Initialisation t = 0;
fori=1: N do
‘ Sample X(()Z) ~ p(xo);
end
fort=1:T do

fori=1:Ndo

Sample Xt(l) ~ p(xt!Xt(l,)l) ;

Evaluate the importance weights wt(l) = p(yt|Xt(l)) ;
end

. (i)
Normalise the importance weights ?Z)El) = ;{}7’5(])
Lt W

7

end

2.1.3 Selecting importance density

The most critical issue in constructing a sequential importance sampling design, or even an
ordinary importance sampling, is the choice of the importance density g(xo.|yo:) In view of (2.4)
we want the optimal choice of q(x¢|xo.t—1, Yo:t)-

Optimal choice

If we choose the importance function g such that g(x¢|xo.t—1, yo:t) = q(x¢|xt—1,y¢), (this is a smart
choice since we only have to store one set of variables) then the optimal choice of importance
density function, the one that minimises the variance of the importance weights conditioning
(@)

upon X,

; and v, is

g (x| X ye)apt = (e X, ye)
_ plylx)p(xl X)) (2.6)
p(yi| X))

13



Proof: From (2.5) we have

(i)

; X X¢| X

Var, (")  Var, (w J p(ye| Xe) p(Xi| t—l))
q(Xe| X}y, yr)

i [ [ elbpeal X2 o(elx e 2]
= (w;) [/ ) dx; (/P(EM Dp(x|Xi ) d t>
= ()2 | [ plorlepelXi0) diplelXi0) = [pCarlXE) P

= (@ D2 ([pi Xi_y)]? — [Pyl Xi_y)]?) = 0.

—

Substituting (2.6) into (2.5) yields

w; ol plyl x;)
saying that the importance weights can be computed before the particles are propagated to time .
However, as often, the optimal solution is rarely possible. In order to use the optimal importance
density we have to be able to;

1. Sample from p(x;|X! |, 1)
2. Bvaluate p(y:|X! ;) = [ p(ye|x:)p(x¢|Xi_;) dx; up to a normalising constant.

Generally (1) is not straightforward, and (2) may be difficult to compute.
However, in certain special cases, it is possible to use the optimal importance density, an example
is when p(x:|X!_;,y:) is Gaussian.

Suboptimal choice
A particular case arise when we use the prior distribution as importance function.

t

q(xo:t|yo:t) = p(xos) x0) [ T p(oxklxe—1) (2.7)
k=1

This is an 1mportant case that satisfies (2.4). The importance weights now satisfy

(i) (i)

w;” o< w,’p(y |X ) The problem now is that as t increases, the distribution of the weights
becomes more and more skewed. It can be shown (Doucet et al., 2000) that the variance of the

weights is non-decreasing over time. After a few time steps most particles will have zero weight.
To avoid this problem and still use (2.7), we introduce the SIR(bootstrap) filter, in this procedure
all the particles will have uniform weights after a resampling step.

14



2.2 The SIR filter

The SIR filter is an easy way to avoid the problem with skewness of the importance weights. We
want to multiply the particles with large weights and get rid of the ones with small welghts The
idea is to attach to each set of particles X(() 2 (or X, ( )) a random number N @ such that ZN Z) =N
and then use as an empirical estimate of the posterior distribution

N .
PN (dxot|yor) = N Z Nt(z)5x(()2 (dxo:t)

so that the new set of particles have weights equal to 1/N To obtain this we introduce the
resampling step.

At each time step we resample N new particles with replacement from the particles (Xéfz,i =

1,.., N) with weights wgi) o« p(y: \xgi)) to obtain a new set of particles (}A(((JZZ)ZZ\L ; This will give
us two sets of random samples, (X(()lz X (Z))ZN 1 who’s empirical distributions will approximate

p(x0:t|y0:+—1) and a second set (Xé 2) iv, that will approximate p(xo.|yo.) (or their marginals).

In other words we simulate sequentially in time particles according to the law of the process
{X;} conditional on the sequence {Xy.t—1,Yo:t—1} and at each time t we introduce the resampling
intermediate step to select the particles that fit our new observation y;. This will give us both
marginal and simultaneously solutions to the filtering problem. Details about convergence of the
algorithm is discussed in Chapter 4. Algorithm 2.2 describes how to implement the SIR filter, note
that if we are only interested in X; we do not have to store the variables )A(éfz_l. In the rest of this
chapter we will focus only on filtering X;.

Algorithm 2.2: The SIR algorithm
Initialisation t = 0;
fori=1:Ndo

‘ Sample X((]i)
end

fort =1:T do

fori=1:Ndo

Sample X() ~ p(xt]Xt 1)
Set X(()g = (X(()lz_l,X( )) Evaluate the importance weights wt( )= (yt|Xt(i) )
end

~ p(x0);

. . . (i w
Normalise the importance weights w((f) = ﬁ ;

Lj=1 W
Resample with replacement N particles {}A(t(i)} from the set {X N | with propabilities
{wt ;\I 1

end

15



Example 2.1

In the first example we present, we want to estimate EX; of a stationary AR(1) model
X =0X, 1 +Vi, Vi~ N(0,02), 6] <1
where the observed process {Y;} is given by the equation
Yi =X +W;, Wi~ N(0,03).

In this example we let 02 = 1 and 02 = 0.6 and ¢ = 0.7. Using R we have carried out a filter
scheme according to algorithm 2.2 for ¢t = 1 : 50. First using N = 30 and then N = 1000 particles.
Since this model is linear and Gaussian we have also run the Kalman filter to compare with the
SIR filter. Figure 2.1 and 2.3 show the filter update and Kalman update for the state process X
compared with the value for the ‘true” X process. while in figure 2.2 and 2.4 we have used kernel
estimation in R to estimate the posterior densities for t =1 : 15 in the SIR filter. As we see from
figure 2.1 and 2.2 the the SIR filter performs well and is close to the optimal solution attained
from the Kalman filter (in the limit they will be the same). Not surprisingly the density estimates
are quite poor when we use only 30 particles, but when we increase the number of particles to
1000, the estimated densities looks more Gaussian, as they should be.
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Figure 2.1: SIR filter with N=30 particles
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Figure 2.3: SIR filter with N=1000 particles
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2.2.1 Improving diversity

The SIR filter was introduced to avoid the degeneracy problem in SIS method with a simple
resampling step. However, we may encounter a different problem if the importance weights are
skewed before the resampling step. The particles with high importance weight are statistically
selected many times. If only a few particles have importance weight that is significantly different
from zero we may have a rapid loss of diversity in our particles. Another problem is that due
to the mixture form of the approximation, we need outliers to well approximate the tail of the
posterior density function, no matter how large we choose N. One way of dealing with these
problems is to introduce a regularisation step.

The regularised Particle filter

In the filters described above, our resample comes from a discrete approximation of the posterior
density. Our aim is to draw from a continuous approximation to avoid the degeneracy problem.
The regularised particle filter (RPF) is a method based on regularisation of an empirical measure,
so before we dive in to the RPF we need the following.

Regularisation of an empirical measure

Regularisation of an empirical measure is a method that approximates a discrete measure by
a continuous one. Let v be an empirical measure, v = YN, w@(sx(,.)(x) on RY, where @) are
normalised weights, and let x be a continuous function on R?. We say that x a regularisation
kernel if

o [k(x)dx=1
o [xx(x)dx=0
o [lx]jx(x)dx < co.

For any x € RY and any h > 0 we define the rescaled kernel

s ()

Definition: For any empirical measure v on R?, where d is the dimension of the X vector, the
regularisation of v is the absolutely continuous probability distribution «j, * v with probability

distribution J
W20 () = [ e~ ww(a),

where * is the convolution operator. The raw filter estimate of p(x¢|yo;) given by

(i)
=) " 6,0 (%)
i=1 t
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should be smoothed if the intention is to estimate the density function. The new estimate
) ()
pn(xtlyor) = Zwt kn(x — X;) (2.8)
i=1

is a weighted kernel estimate based on the observations {Xt(i)}, where & is chosen to minimise the
mean integrated square error between the posterior density and the corresponding regularised
empirical representation in (2.8)

MISE(p) = E [ [ o lye) — pCalyon) P dxi|.

It is worth noting that the approximation becomes increasingly less appropriate as d, the dimension
of the state, increases. It can be shown (Wasserman, 2006) that under the special case of an equally

weighted sample, the optimal choice of the kernel is the Epanechnikov kernel

CE2(1 — ||x[|?) if ||| < 1
Kw{%d( IxI?) i | 29

0 otherwise,

where ¢ is the volume of the unit hypersphere in IR“. In the case where the underlying density is
Gaussian with unit covariance matrix, the optimal choice if the bandwidth is (Wasserman, 2006)

1
hopt = AN~ with A = [Sd’l(d + 4)(zﬁ)d} " (2.10)

The results of (2.9) and (2.10) are optimal only under some very special cases, however, these
results can be used in more general cases to obtain a suboptimal filter. Generating particles from
the Epanechnikov kernel (2.9) consists of generating /B T where B follows a beta distribution
with parameters (d/2,2) and T is uniformly distributed over the unit sphere in R¥. This is
computationally expensive so it is common to generate samples from a Gaussian kernel to reduce
the cost. The optimal bandwitch in this case is (Wasserman, 2006)

hopt = AN with A = [4/(d +2)]#.

The RPF differs from the SIR filter only in additional regularisation after the resampling step.
We also compute the empirical covariance matrix S; of the particles prior to the resampling, so
that S; is a function of both {Xt(i) N, and {wfi) }N | The main step is then to move the resampled
values by

X = X9 4 hypDie, (2.11)

where IDtIDtT = 5 (Cholesky decomposition) and ¢ () follows the Epanechnikov/Gaussian kernel.
This will lead to diversion in our particle, but we are no longer guaranteed that these will
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asymptotically approximate those from the posterior. Another way of improving the diversity
is to perform an MCMC step. Under certain conditions the new particles will converge to the
posterior distribution of interest. The MCMC step will be discussed in Chapter 5. The algorithm
for the RPF differs from the SIR only by an additional step as described in algorithm 2.3

Algorithm 2.3: The RPF algorithm
Initialisation t = 0;
fori=1:Ndo

‘ Sample X((JZ) ~ p(x0);
end
fort=1:T do

fori=1:Ndo
Sample Xt(l) ~ p(xt’Xﬁll)‘) ;
Calculate wgl) = P(yt|Xt(l)) ;
end

. (i)

Normalise the importance weights ZTJt(Z) = ;()7’5(])
L= W,

N

Compute the empirical covariance matrix S; of {Xt(i), W, bty
Compute D; such that IDt]DtT =5;;
Resample with replacement N particles {}A(t(i) }N | from the set {Xt(] ) } ]I\i , with propabilities
{wt(j) jl\il;
fori=1:Ndo
Sample ¢() from the Epanechnikov/Gaussian kernel;
Set X7 = X 4 oDy
end

4

end
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2.3 The ASIR filter

Another way to avoid degeneracy is the Auxiliary SIR (ASIR) filter introduced by Pitt and Shephard
(1999) as a variant of the standard SIR filter. The idea is to use the measurement available at time ¢

to perform resampling at time t-1, before the particles propagate to time t. '
The ASIR filter introduce an importance density q(x;, i|yo.:) which samples the pair { Xt(] ), i) i1

where i) refers to the index of the particle at time t — 1 (note that p(i|yo.;_1) = wﬁi)).
From Bayes rule

p(xt ilyo.r) o< p(yelxe) p(xe, il yo.e—1)
= p(ye|xe) p(xeli, yo.r—1) p(ilyos—1) (2.12)
= p(yelxe)p(aelx .

If we now obtain a sample from the joint density p(xt,i|yo+) and omit the i in each of the

pairs (Xt(] ), i) we are left with a sample {X,’ }]I\L , from the marginal distribution p(x¢|yo.t). The

importance density used to draw the sample (Xt(j ), i) ]Ii ; in the ASIR filter is defined to satisfy

q(xt,ilyos) o p(yil ) p (x| Dwl”,, (2.13)

where ygi) is a characteristic of X; given Xt(i)l, for example the mean IE[Xt]Xfl_)l] or a sample

}lt(i) ~ p(xt\xfgl). We may also write

q(xt,ilyor) = q(ilyo.t)q(x¢|i, your) (2.14)

and defining

q(x¢li, you) £ p(xtlx&) (2.15)

we have, according to (2.13), (2.14) and (2.15),

9(ilyo.) o plyelp)ywl,.

The ASIR filter evolves by sampling the set {i!/ }]]\i | from the set {i}}, with probabilities
p(yt\ygi)) and then drawing Xt(j) according to q(x;|i¥),yos) = p(xt\)Xt(i)l The weight of the
sample {xt(j),i(j)
and (2.13):

is according to (2.5) proportional to the ratio of the right hand side of (2.12)

j=1

wt(j) o wt(if) p(yt|X£])')p(X§])’X§l_)l) _ P(yt‘Xfi)).
a(x}",i0|y1) p(yelui”)
Compared to the SIR, the ASIR filter has the advantage that it naturally generates points from the

sample at time t-1, which conditioned on the current measurement y;, are most likely to be in a
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region of high likelihood. The ASIR resamples at the ‘previous’ time step based on some point
(i)

estimate y,’ that characterise p(x; ]Xt 1) This works really well if p(x; ]Xt 1) is well characterised

(i)

U, that is if the process noise is small. If the process noise is large, however, the ASIR filter can
in fact degrade the performance, but this may be corrected with a final resampling step, as in the
SIR filter, to obtain a final equally weighted sample.

Algorithm 2.4: The ASIR algorithm
Initialisation t = 0;
fori=1:Ndo

‘ Sample X((]Z)
end
fort=1:Tdo
fori=1:Ndo

Calculate ygl) ;
Calculate wgl) = P(yt‘ﬂgl))?
end

~ p(x0);

j w
Normalise the importance weights zbt(l) = t

ZJN 1 wt(j) ’
Sample N integers {il } V| with replacement from the set {i} ; with probabilities wE ),
forj=1:Ndo ,
Sample X,/ ~ p(x|x"));

. ()
Calculate ng ) = p(th(j));
p(yelpe”)

end

Normalise the weights zbfj ) = L(.);
T w
(Optional)

Sample {X } ', with replacement from the set {X } j—1 with probabilities {wt }.:1

end
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2.4 Multiple model particle filters

The MM particle filters are sequential Monte Carlo approximation of the conceptual solution
given by 1.7 and 1.8 to solve the problem given by

Xt = ktfl(thlzrtr thl)
Yy = ht(Xt/ rt, Wt),

where 7; is assumed to be discrete with Markov transitions p;; = P{r; = j|r; 1 = i}i,j=1,..,s
Let us then define the augmented state-vector Z; = [XtT , rt]T. We assume that the initial densities

p(xo) and p(r1) = Yj_q pidé(r1 — i) are known. We denote by {ij),ng)}N a random measure

()

that characterises the posterior density p(z:|yo.:) such that each particle Z,’ con31sts of the two

components, X,/ U) and r( ) The first step of the MMPYF is to generate a random set {r }N based

on the set {rt 1} ', and the transition probability matrix IP = [p;], (i,j) € S. The next step of
the MMPF is to perform a regime conditioned SIR filter described below. The optimal regime
conditional density (Ristic, Arulampalam and Gordon (2004)) is given by

q(xtIXfi_)l,rt(i),yt)opt = p(xthfi)l,rt(i),yt),

but the most popular choice appears to be the transition prior

a(xe| X200 ye) = p(al X2y,

Algorithm 2.5: Regime conditioned SIR algorithm

Initialisation t = 0;

fori=1:Ndo
Sample X[()i) ~ p(xo);
end
fort=1:T do
fori=1:Ndo
Sample rt(i) according to P (p(r1) for t =1);
Sample Xt() ~ p(xt\Xt 1 ());

Set Zt(i) = (Xt( ),rt( )),
Calculate wg) = p(yt\Xt(l),rfl));
end
Normalise the importance weights zbfi) = ;
N 0
Y Wy
Sample {Z } ', with replacement from the set {Z } ', with probabilities wt( ),

end
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Example 2.2

In the second example we study a regime model, the signal process {X;} evolves according to
Xy =nrXi1+ V4, Vi ~ N(0,1)
and the observation process {Y;} is given by the equation
Yy =X + W, Wi ~ N(0,1)
where {r;} is a discrete Markov chain with states s = 0, 1,2, transition probability matrix IP

1/2 1/2 0
P={1/3 1/3 1/3
1/4 1/2 1/4

and with initial probabilities po = (1/3,1/3,1/3). We have then carried out a particle filter
according to algorithm 2.5 with T = 50 and N = 1000. The results are shown in figure 2.5

Figure 2.5: Multiple model particle filter
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We will also include a regularisation step (as described in algorithm 2.3) at time ¢ = 50. However,
in this case we will re-run the algorithm with only 100 particles to see the effect. Figure 2.6 shows
the histograms of X[50] from the regime filter and the regularised particles from equation 2.11
where &) is drawn from a Gaussian kernel and the bandwith h is chosen as in equation 2.10

Figure 2.6: Histograms of the particles
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2.5 Combined parameter and state estimation

Throughout this chapter we have studied simulation-based methods for filtering time-varying state
vectors, however, in many situations we need more general algorithms that deal simultaneously
with both fixed model parameters and state variables. West (1993a) presents an algorithm that
solves this problem.

2.5.1 Framework

Consider again a Markovian dynamic model for sequentially observed data vectors Y;, (t =
0,1,...) (again with yo = 0) in which the state vector at time ¢ is X;, and the fixed parameter
vector is 0. As we have seen before, the state dynamics evolves according to the density p(x¢|x;—1,6)
and the observation according to p(y:|x;,6), where Y; is conditionally independent of the past
states and observations given X; and 6, and X; is conditionally independent of past states and
observations given X; 1 and 6. The aim is to use Monte Carlo methods to sequentially update
Monte Carlo sample approximations of sequences of posterior distributions p(x¢, 0|yo.t), where
Yot = (Yo, - - -, y¢) is the available information at time t. The case where 6 is known, or when there
is no fixed parameters in the model, has already been discussed in this chapter. In this section we
will use the ASIR filter (algorithm 2.4) developed by Pitt and Shephard (1999)

2.5.2 Filtering for states and parameters

In the general model with fixed parameters, we extend the sample-based framework developed
for state filtering to both state and parameter. At time ¢, we then have a sample {Xt(j ), Gt(j ) =1
with associated weights {zbt(] ) } ]Ii ; Tepresenting an importance sample approximation to the time
t posterior p(xt,0|yo:) for both parameters and state. Note that the index ¢ on the parameter
indicates that it comes from time ¢ posterior, not that it is time-varying. As time evolves to t + 1,
Yi+1 becomes available, and we want to generate a sample from p(x;;1,0|yo.t+1). Bayes theorem

gives us that

p(xe41,0|Y0:6+1) < p(Xe41,0, Yoe41)
o p(Ye411Xe41,0, Yot ) P (xe4116, ot ) p(0]yo:t) (2.16)
= p(Yet1|xe+1,0) p(x1+1160, yot ) P (O] Yo:t)-

As we see from equation (2.16), the density p(6|yo.) is an important ingredient in the update.
There are several historical approaches to address this problem, we will review two of them.
Artificial evolution of parameters

In dealing with time-varying states, one approach to reducing degeneracy in the sample, as we
have seen, is to add small noise disturbance to state particles between time steps (Gordon, 1993).
This idea has later been extrapolated to the fixed model parameters. One version of these methods
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has the interpretation of an extended model in which the model parameters are viewed as if they
were in fact time-varying, -an ‘artificial evolution’. In other words, we consider a different model
where 0 is replaced by 6; at time ¢, and simply include 6; in the augmented state vector. Then we
add an independent zero mean Gaussian increment to the parameter at each time ¢ i.e

01 = 0 +Cr1
Gi1 ~ N (0, W)

for some specified covariance matrix W;,; and where 6; and ¢;; are conditionally independent
given Yp.;. With the model recast we can now carry out filtering methods such as the ASIR filter.
However, as stated in the beginning, the fixed model parameters are fixed. Pretending that they
are time-varying implies an artificial loss of information between time points.

An inherent interpretation in terms of kernel smoothing of particles leads to a modification
of this artificial evolution method in which the problem of information loss is avoided. We first
discuss the basic form of the kernel smoothing.

Kernel smoothing for parameters

To approximate the required density p(6|yo.) in (2.16), West (1993b) developed kernel smoothing

methods that provided basis for rather effective adaptive importance sampling techniques.

At time ¢, suppose that we have current posterior parameter samples Ot(] ) and weights @;(j),

(j=1,...,N) providing a discrete Monte Carlo approximation of p(0|yo.). Define 6; and S; as
the Monte Carlo posterior mean and covariance matrix of p(6|yo.t), computed from the sample

Ht(j ) with weights ng ) that is

N .
p(6lyoe) = Y @ N (0lm,1?S,), (2.17)

where we define the following components: N (-|m,S) is the multivariate normal density with
mean m and covariance matrix S, h is chosen as a slowly decreasing function of N such that
the kernel components become more and more concentrated about their location mgj ) as N
increases. The kernel locations m! are specified using a shrinkage rule introduced by West
(1993a), West (1993b). Standard kernel methods would suggest mEj ) = Gt(j ) 50 that the kernels are
located about existing sample values. Assume now that we choose to approximate p(6|yo.¢) by
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YN, zbfi)./\/(9|0t(j),h2$t), then, if we denote f; = N(0|9t(i), h?S;) we see that

However,

N
I
—_

= Y @ (Ei007) — 2Ei[6)6] + 6,07 )

N o o
=Y @ (s + o 0/"" — 2000 + 8,07 )

i=1
= (1+H)S; > S,

and we see that the resulting mixtures of Normal densities leads to an over-dispersed approx-
imation of p(6|yo:). If we instead take mgl) = a@t(l) + (1 —a)f;, where a = \/1+ h?, the same
calculations as above shows that the resulting normal mixtures retains the mean ; but the variance

is now trivially corrected to S;.

A general algorithm for state and parameter estimation

If we now return to the filter problem in (2.16) we have available the Monte Carlo sample

(Xt(j ), Gt(] )) with corresponding weights wg ), (j=1,...,N) representing the discrete approximation
of the posterior p(x;,0|yo.t). we use the kernel from equation (2.17) as the marginal density for
the parameter. We can now apply an extended version of the auxiliary particle filter algorithm,
incorporating the parameter with the state.

Also we may add a final resampling step to obtain an unweighted sample, this is smart if the

observation noise is quite large.
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Algorithm 2.6: Combined parameter and state estimation

Initialisation t = 0;
fori=1:Ndo

Sample Géi) ~ p(0);

Sample Xéi) ~ p(xp);

end
fort=0:T—1do

forj=1:Ndo
() () (j)) where

evaluate the prior point estimates of (Xf] ), 0,") given by (u,";,m
uh = EXea X[, 0]

may be computed from the state evolution density and mgj ) = a@t(j )4 (1—a)f; is the jth

kernel location from equation (2.17);

(/) (/) ()

Calculate g,//; = w, P(ytJrl‘VEQl’mt );

end

. ()
Normalise the importance weights g"t(] )= St ;
' i=18t )
Sample N integers {i/ }]Z\i , with replacement from the set {i}} ; with probabilities ZDSZ);

forj=1:Ndo
()

1 from kernel component number il,

Sample 0
| )
09, ~ N (-|m"), 128);

sample X}, ~ p(xia|X{"), 0], ,);
(1) a0
. X/.,0
Calculate ng) [ Pyl (tz.;r)l t(j),
p(yt+1|.”t+1'mt )

end
0 w
Normalise the weights @,” = ﬁ}

i=1 W

end
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Example 2.3

In example 3 we present the following scenario
Xy =sin(X;—1) + V4, Vi ~N(0,1),;
and the observation process {Y;} is given by the equation
Y = ¢pXi + W, W ~ N(0,1),

where ¢ ~ N(0.5,0.1?) is unknown and needs to estimated along with the X process. Figure 2.7
shows the results with N = 500.

Figure 2.7: Combined parameter and state, phi unknown
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Next we assume that the variance of W; is an unknown parameter o2 with initial condition
N(2,0.32). ¢ is still unknown. From figure 2.8 we see that uncertainty in ¢ increases over time.
In figure 2.9 we have increased the number of particles from 500 to 5000 and we see that the
uncertainty in ¢ has decreased.
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Figure 2.8: Combined parameter and state, phi and sigma unknown, N = 500
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Figure 2.9: Combined parameter and state, phi and sigma unknown, N = 5000

a—update

Sigma-update

phi-update

04 ol 02 1o

o0z

an




Posterior Cramer-Rao bounds

If we are interested in solving the filter problem E|[x;|yo.] we will also be interested in computing
the information matrix. In this chapter we will derive at a formula to compute the information
matrix for the particle filter sequentially, that is we, compute the prediction error recursively. This
method is presented by Tichavsky, Muravchik and Nehorai (1998) and also discussed in Ristic,
Arulampalam and Gordon (2004). The prediction error matrix is the right lower block of the
information matrix for the whole trace (X,)i—1.n-

3.1 General case

Let X represent a vector of measured data and let ® be an r-dimensional estimated random
parameter. Denote by px o(x,6) the joint probability density of the pair (X, ®) and let ¢(X) be the
function of the measurements X that estimates ®. The Posterior Cramer-Rao bounds (PCRB) is

P2E|(3(X)-0)(3(X)-0)| =17, (3.1)

where J is the r x r Fisher information matrix with elements

_ 82 logpx,@(x,(?) L.
Jii=E [— 891-89]- } i,j=1,.,r

(assuming that the expectations and derivatives exists). The inequality in (3.1) means that the
matrix P — J~! is a positive semidefinite matrix, saying that there exist at least one x such that
xT(P -] Hx =0.

34



Let V and A be operators of the first and second order partial derivatives.
I ] ’

VG - I:agl,..., 8797

A = VyV].

With this notation we can write JJ as
J=E {—Ag log pX,@(x,H)} (rxr)

By re-writing px,e(x,0) as pxje(x|0)pe(0), we can decompose J as Jp + Jp where

Jp=E [—Ag log px|@(x,9)] (rxr)

and
Jp = E |~Ajlog pe(6)] . (r x 1)

The interpretation is that we have decomposed the information into two blocks, the data informa-
tion from Jp and the a priori information from Jp.

On the other hand we also have pxe(x,0) = pex(0|x)px(x). Since px(x) is an integral of
pxe(x,0) over 6, it does not depend on 6 so

J = E | -A§log poyx(6])]

For example, in the linear Gaussian case, when the posterior distribution of ® conditioned on
the data vector X is Gaussian with mean 8, and a covariance matrix X, then the information
matrix is given by

J=Ex;’

If ¢(X) = E[@|X] is used to estimate ® we have equality in (3.1). This is exactly the case of the
Kalman filter.
1T

Let us now assume that © is decomposed into two parts, ©® = [@],® g|" with the corresponding

decomposition of the information matrix J

Do Haﬁ

Jga Jpp
In this case the covariance, IPg, of the estimation of Op is bounded by the right lower block of 7L
To derive at the expression for this matrix we need to solve

A B I o
0 I

BT C

[Haa Haﬁ
Jga Jpp
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w.r.t. C. The solution is well known from general matrix theory

C = [ps — VpaTunTap) - (3.2)

Analog to (3.1) we now have an expression for the lower bound of the covariance of the estimation
of @’5

Py 2 E [(5(X) ~©) (500 ~@)"] = (I ~JsJillip)

3.2 PCRB for the nonlinear filter problem
Let us now consider the nonlinear filtering problem

Xt =ki—1(X¢—1, Vi1) (3.3)
Yt - ht(Xt/ Wt)l

where V; and W; are independent white processes. Let d be the dimension of the state vector X;
We also assume that Xj has a known probability density function p(xp). (3.3) and (3.4) together
with p(xp) will determine the joint probability density of Xo.; and Yo

t t

p(xo:t, yoir) = p(xo) [ [ p(welxe) T T p(xelxi-1) (3.5)
j=1 k=1

The information of Xo.t, J(Xo:), is the (td x td) matrix derived from the joint probability density
function (3.5) However we are interested in the information submatrix for estimating X;, denoted
J:, which is given as the (d x d) inverse of the right-lower block of J~!. The matrix J; ! will give
us a lower bound for the mean square error of estimating X;.

In the following we will denote p(xo., yo.t) as pr for brevity.

If we decompose Xo.¢ as Xot = (Xo.t—1, X¢) with the corresponding decomposition of J(Xo.)

At lBt
B! C;

E [~Ax  logp:] E[-AY,  logp:]
E [ xo”logpt] E [— A} log pi]

A

]](XO:t) —

From (3.2) we have
J; = C; — Bl A 'B,. (3.6)

If we want to compute J; at each time step t we would have to compute the inverse of the
(t —1)r x (t —1)r matrix A; (or J(Xo:¢)). We now present the main result of this chapter, which
will allow us to evaluate the information matrix sequentially in time.
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Proposition 3.1

In the filter problem described by (3.3), the information submatrix J; for estimating the state

vector X; satisfy the following recursions

Jir1 = D — D (J; + DY) 'D}?,

where
DY = ]E[_Aii;j log p(x41]xt)] if 2<i+j<4
t N i . . .
E[—AY) log p(xea|x)] + E[—AY log p(yealxn)] if i+ =4

Proof: The key is to re-write the joint probability density function of (Xo.t+1, Yo:t+1) as

Pr+1 = P(Xo:t+1,]/o:t+1)
= p(Yes1|Xe+1, X0:, Yot ) P(Xet1 | X0:t, Your ) P(X0:t, Yoit )

= p(rs1lxes1) p(xesa|xe) pr.

Now if we decompose Xo.t11 into Xo.t+1 = (Xoi—1, Xt, Xt+1), J(Xo:4+1) can be decomposed as

Apr Biyr L

J(Xot+1) = | Bl Ci1 Gina
lLtTH GtTH Fi

Let us analyse each submatrix.
A = —E [ log pran]
= —IE [Ay;;; (log pr + log p(xe1|x:) +log p(yeta|xi41))]

= —E [Ay; logpi] +0+40
= A

Bii1 = —E A}, (log pi +log p(x141]x) + log p(yr1|x1:1))]
= —E [}, logp] +0+0

X0:t—1

= By.

This implies that IBtT = lBtT.
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Ci1 = —IE [A} (log pr + log p(x¢11]x:) 4 log p(yes1|xi41))]
= —E [A}log pi] — E [Aflog p(xi41|x:)] +0

t t

= C;+ D}

Ls1 = —E [AY! (log pr + log p(xs1|xt) +10g p(yes1|xr41))]
=0.

Again this implies that L], ; =0

Gi1 = —E [Ay" (log pr 4 log p(xe41]x:) +1og p(yer1]xri1)]
= —E [A¥* log p(xi41|x:)] = D}?

T _ 2l
and G, ; = Dj".

Finally

Fr = —E [A)!, (log pt +1og p(xer1|xt) +log p(yes1]xi41))]
= —E [Ay7} log p(xiqa]x:)] — E [AY7] log p(yeralxesn)]
= D7

We have now derived at an expression for J(Xo.t+1)

A B; 0
J(Xo441) = |Bf C;+D}!' D}?
0 D! DP

From (3.6) we get

-1

A B (oD}

:DZZ_ 0][)21
D1 i — (0D} Bl C,+D!

Since the right lower block of

-1

A B _
t : =[G+ D} — B/ AB] ™,

Bf C;+Djf!
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also remembering that JJ; = [C; + B A, 'B;]~! we finally arrive at
Jis1 =DF —DP'[J; + D} D

with initial matrix
Jo=E [-AYlogp(xo)] .

3.3 Special Cases

The first case is when the initial distribution is Gaussian, that is p(x9) = N(xo; po, Pg) Then

Vi 108 p(x0) = Vi { = (3 = ) Py (30 = )] | = Py’ — o)

where c is a constant. Now straightforward matrix algebra and using the fact that the covariance

matrix Py and it’s inverse are symmetric matrices, we deduce that

Jo = E | P5" (X0 — io) (Xo — o) "[P5 )"
=P,'E [(Xo — po)(Xo — VO)T] Py’
=P, ' PP, = P,.

The next special case is for the additive Gaussian noise case.

3.3.1 Additive Gaussian noise
Let us once again consider the filtering problem

Xiv1 = k(Xe) + Vi
Yie1 = h(Xit1) + Wiga,

and let us now assume that the noise sequences V; and W;;; are mutually independent , zero
mean Gaussian variables with covariances Q; and IR; 1. We also add an additional condition that
the matrices are nonsingular such that there exist a unique inverse. Under these assumptions we

have

2
= [VakT (30)] Q7 s — k(x1)],

1
V., log p(xis1|x1) = Vi, [— (te1 — k()T Q7 (41 — k()
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and in the same way

Vi log p(yiv1]xii1) = [mehT(xtH)} R4 i1 — hesa (xei)] -
Matrix D}! simplifies as follows
D}! = —E |V, [V, log p(xi41 /%))
= E | [V, log p(xt11]2)] [V, log p(xps1]x)]]
= E | [V k" (X0)]Q7 1[xt+l — k(Xe)] [ X141 = K(Xe)] Q7 [k (X)) |
' — k(Xe)][Xi1 = K(Xe)]TQ [V kT (X)) X4

where

Ky = [V k" (x)]"

is the Jacobian of k(x;) evaluated at the true value of x;. In much the same way one can show that

D2 = —E []Kﬂ Q! (3.7)
D? =Q; ' +E {HtH]Rtﬂ]HHl] (38)
where
H; 1 = [fo+1htT+1(xf+1)]T

is the Jacobian of h;,1(x;41) evaluated at the true value of x;,1.

Usually it is the expectation operator E that causes problems in the calculation of the PCBR. A
Monte Carlo approximation can be applied to address this problem. One creates an ensamble of
state realisations and use the average over these ensambles as an estimate for the theoretical value.
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Convergence

4.1 Introduction

In this chapter we will look at some of the theoretical aspects of particle filters. We start with
some convergence theorems under the assumption that both X and Y take values in the Euclidean
space, and that the joint and conditional densities exists at each time step t. Further on we deduce
some convergence properties in a more general situation. We will need some properties of the
conditional expectations and probabilities (Appendix). This surrey is based on Crisan (2001) and
Del Moral and Jacod (2001)

4.2 The filtering problem

Let X = {X;, t € N} be an R%-valued hidden Markov process with a Feller transition Q;.
(Q¢ is the transition from X;_; to X;). The observed process, Y = {Y;,t € N} is an R7-valued
stochastic process and defined by,

Y: = h(t, X¢) + Wi, t >0 (4.1)

with Yy = 0.
In(4.1), h: N x R? — IR is a Borel-measurable function with the property that k(, ) is continuous
on R? for all + € IN. The noise process {W;} is independent of {X;} and for each t, W; has a
bounded continuous density g;.

Our aim is to compute sequentially in time the conditional distribution of the signal given
the c-algebra, F;, generated by the observation process up to the current time. That is, we are
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interested in the random probability measure ﬁtY ot

() 2 E | f(X)| 7| (42)

~Yo:t

for all f € B(IR?), and the deterministic probability measure 7;

A (f) £ E [f(Xe) Yo = you] 4.3)

which we from now will denote only as 7;. In the same way we introduce the prediction distribu-

Yo:t-1 Yo:t—1
; .

tion for t > 0 by 1, and

e (f) = B [f(X0l A

7" (f) = E[f (X)) [Yor-1 = you-1] -

We have a recursion formula, analog to (1.3) and (1.5), for these probability measures in the
following lemma

Lemma 4.1

The probability measures introduced satisfies the following recursions

Yi t
~ Yo, X " . X
o= =S Do [ =500
M8t &t
M1 = 1:Qt+1 Mt+1 = 1:Qu+1,

where g/' is defined by g7* = g:(y: — h(t,-)) and since Yy = 0, 779 is the law of X.
Proof: for proof see Appendix.

4.3 Convergence of measure-valued random variables

When we consider algorithms with sequential Monte Carlo methods that solves the filtering
problem, the result is essentially a random measure which approximates 7;. In order to establish
any results about the convergence of the algorithms, we must define in what way a sequence of
random measures can approximate another measure.

Let (Q), F, P) be a probability space and (uN)%_, a sequence of random measures, u¥ : Q —
Mp(R?) and y € Mp(RRY) is deterministic. (N will typically denote the number of particles in
the algorithm). We will study two types of convergence

L limy—oo| [V f = ufll1 = 0Vf € Cy(RY)

2. limy_ouN =, P—as,
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where ||[uNf — ufl1 £ E [uNf — uf|. The first type we will denote by Elim. If [;N1| is dominated
by an integrable random variable Z, (2.) implies (1.) by the dominated convergence theorem. This

condition is trivially satisfied if (4™)%_; is a sequence of random probability measures since
uN1 =1 for all N.

Example
Suppose that X, ..., Xy is a sample from F with empirical distribution Fy, then

Elim
—

Fy F

by Chebyshev, and
FN a.s. F
N

Suppose that X7, ..., X}; is a bootstrap sample from Xj, ..., Xy, then

Eli
Fy —%F F-—as.
N

where ‘Elim’ is with respect to the sampling.

Theorem 4.2
If uN Klim, 1 then there exists a subsequence N such that uNe &% ¢,

Proof: :

Since R? is a locally compact separable metric space, there exists a countable set ) C C;,(IRY)
which is dense. Le. if YN, N = 1,2.... and v are finite measures and limy_,c vV f =vf forall
f € Y then limy_c vN = v. Since Elimy_,c #¥ = p for all f € Y and ) is countable there
exists a subsequence Nj such that with probability 1, limp, e ™! fi = pf1. Also there exists
a subsequence N, of Nj such that u™2 f, converges P- a.s to 1 f,. However, this subsequence
will also converge almost surely for f; being a subsequence of N;. Continuing this way we
get the following scheme

11 21 31

weous o converges a.s for f;
12 9,22 .32 f
e opT U converges a.s for fi, f>
ptk 2k sk converges a.s forfy, fo, ... fi
The diagonal process ykk will converge almost surely for all f € ). 0

If the rate of convergence of ||uN f — pf]|; is known the sequence can be explicitly specified.
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Example

Assume that for all f € Y, E[uNf — uf| < ¢/N =3, Then by Markov’s inequality for any given
€>0 :
00 . © - <N4>7§ Cr 2@ B
ZP(|HNf_ﬂf‘Z€)§Ef7:lZN2
N=1 N=1 € € N=1

Since this series converges, a Borel-Cantelli argument (Williams, 1991) assures us that

lim yN4 = u, P-as.

N—oo

If Y is the set defined above then

—V
dy(p,v) & |pl —vi[+ ) %Hf ka| (4.4)
frey k

is a metric on Mr(IR?) (or P(IR?)) which generates the weak topology

Iim vy =v & ]\1]11’11 dy(VN, 1/) =0.

—00

Using dy, the almost sure convergence (2.) is equivalent to
2! Z\llirn dy(uN,u) =0, P —as..
Also, if |uN1| is dominated by an integrable random variable Z then (1.) implies

1/ lim E [dy(‘uN,y)] =0.
N—c0
A stronger condition (such as tightness) is needed in order to ensure that (1.) is equivalent to
(1.)). The same definitions are valid in the case when the limiting measure y is a random measure
u: Q2 — M p(]Rd). The same implications are valid under the same assumptions as before.

The limiting measures in the filtering problem is ﬁty %" and 7j; (with the observations fixed), hence
we have one random and one deterministic probability measure, however we will only focus on
the deterministic one.

4.3.1 Convergence theorems for the fixed observation case

We now assume that we have observed values of the observation process up to time T, that is we
have yo.r where T is finite but large. We also assume that all the recurrence formulae in lemma
4.1 holds true for this particular value for all 0 <t < T. Based on lemma 4.1 we see that in any
algorithm we need an intermediate prediction step.

-1 — Ny — 1.
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Let us denote by (7N)<_, and (7N)S_, the approximating sequence for 7; and 7; and assume
that A and 7)Y are random measures (not necessarily probability measures) and non-trivial i.e.
AN #£0, 4N # 0and nNg/' #0,forall N > 0and 0 < t < T. Let us define by 7} a random
probability measure absolutely continuous w.r.t. 7N for t € N and N > 1 such that for A € B (R?)

“N N gt
M (A) =1 ( 1A>/ (4.5)
: " \nNg

where ¢; = g/ and 14 is the indicator function for the set A.

We are now able to state the following theorem which gives us necessary and sufficient
conditions for the convergence of 7N and 7" to 7; and 7;

Theorem 4.3

The sequence 77} and 7} ,defined by (4.2) and (4.3), converge to #; and 7;, with convergence
taken to be of type 1. if and only if the following three conditions are satisfied.

al.For all f € C,(R?), nliIIOIOHﬂé\If— noflli =0
bl. For all f € Cy(R?), ,}Lrglo\!n?’f —N1Qiflli =0
cl.Forall f € Cy(R?), lim [[7"f — 7" f[|l1 = 0.

Proof:  The sufficiency is proved by mathematical induction. The theorem holds true for t = 0
by al. Next we assume that 7~ ; and A ; converges to 7;_1 and #;_1. Then, since 7; = 7j;_1Q;
we have for all f € C,(IRY)

' f = mef | < I f = Qef 1+ 104 Qef — -1 Qef- (4.6)

By taking expectations on both sides the first term on the right side converges to 0 by b1 and
the second term by the induction hypothesis since Q;f € C,(IR?) by the Feller property of
the kernel. Next we use lemma 4.1, (4.5) and the triangle inequality

N
N F — nef| = | f& _ nifg:

nNgr Mgt
ntfee  ulfel |\ nfse  wifs
< | +
1N 8t N8t N8t N8t 47)

ntfge-mge  ntfge -l
NN Mg Mg NS

£l ~ 1, N
< U0 - +— -
< iz 11 gt — migi| e 1t fgr — e f 8|

1 N
o 1t & — e f gt
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hence
N oa I 1 N
e f=eflln < ' ge — me&elln + — e f8e — e f 8l (4.8)
&t 8t

Since ¢ and g;f are continuous and bounded both terms converge to zero from (4.6).
Finally ,

AN f = deflln < AN F =i flla + 1Y f = Aef | (4.9)

The first term on the right hand side of (4.9) converges to 0 from c1. and the second term
converges to 0 from (4.8). O

Next we prove the necessity part.
Assume that for all t > 0 and for all f € C,(IRY),

Jim ([ f = f [l =0
Jim [[95°f =i f 1 = 0.

Then al is trivially satisfied. Next, from (4.8) we have that ||;jN f — 7|1 = 0, and since

19 f =i flle < W f = eflla + e =i flls

cl is obtained. Finally, using once again that 77; = 7;—1Q; and the Feller property of Q; we have
for all f € Cp(RY)

1N f =N Qeflln < I f = meflla + (1Ae-1Qef — Hro1Qif |

which implies b1. O

We also have a corresponding theorem for the almost sure convergence of 7V, 7N to 77; and 7;.

Theorem 4.4

Let t be fixed. The sequence 7Y, 7N converges almost surely (in the weak sense) to 7; and #;
if and only if the following three conditions are satisfied;

a2. I\llim =m0, P—as.
b2. I\ljim dy(nN, 7N 1Q1) =0, P —as.

c2. lim dy(AN,i1N) =0, P —as.
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Proof: The sufficiency part is proved in the same way as Theorem 4.3.1 using mathematical
induction and inequalities (4.6), (4.8) and (4.9) (without the expectations). Now the necessity
part.

Assume that for all t > 0 7" and 7" converges almost surely to 7; and 7;. This implies
that 7™, Q; converges a.s. to f;_1Q; = 1, and from (4.7) we get that 7j)¥ converges a.s. to 7
According to 2" we then have almost surely limy_..o dy (7N, 7:) = 0, imy_. dy (AN, %) = 0,
limy_oo dy (N Q1 7:) = 0 and limy_. dy (7N, A:) = 0, where dy is defined as in (4.4). We
now obtain b.2 and c¢.2 by the triangleinequalities o

dy (i, 48 1Q1) < dy(, me) +dy (e, 11 1Qr)
dy (A, 1) < dy (A, f:) + dy (fe, 177 ).

O
Let us assume that we conduct a particle filter scheme for X; according to algorithm 2.2, where we

use Q as the importance function so that the weights are proportional to g;. We will now prove
the convergence of the random measures prodeuced by the algorithm

F=vc (Xs(i), %

Theorem 4.5

Let (7)) 3_, and (7N)_, be the measure valued sequences produced by algorithm 2.2 and
let T be a finite time horizon. Then, for all 0 < t < T, we have

N Elim ~N Elim .
e —— e ——

Proof: We apply Theorem 4.3

Since al. is clearly satisfied (X(()i) ~ 1j0) we only need to show b1. and c1. If f € C; (R?)
then,

E [f(Xt(i)”ﬁt)il} = Qtf(Xt(i)l) = /Qt(f(t(i)l,dx)f(x), i=1,...N,

47



48

hence E[yN f|FX,] = AN ,Q:f, and using the independence of the particles,

2
E{(nﬁf—ﬁfv@tf)ﬂﬁfil]z [(;i( ~Qf (R )) 75

i=1

i(m[ NP - (B sz

o (era? (Qtfo?f?l))z))
N

i=1
2
i (Qf? - (Qtf)z) <

Then, by taking the expectation on both sides we obtain
2 2
B | (n'r - atae) | < ]

and b.1 is satisfied. Next we have i = L ¥V, ngi)éxm, where ngi) is the number of offsprings

produced by particle number i in the resampling sttep.'Since the resampling step is carried

out using a multinomial model, we have IE[ngl)] =N zT)gl), such that
N L N f(x 50 £(x Dy _ aN
[ tf|ft}_NZNwt fX) =@ f(X7) =7 f
i=1 i=1

E| (ir - s) 17 =5

(i)

since YN, @,” = 1. Taking expectations on both sides ¢.1 is satisfied. O



Theorem 4.6

Let (7)) N = 1% and (/))},_, be the measure-valued sequence produced by
algorithm 2.2 and let T be a finite time horizon.
Then, for all 0 < t < T, we have

. N _ B : AN — 5 —
1\1{131011{ =1 P—as. 1\11112077* i, P—as.

Proof: We apply Theorem 4.4.

Let M € C; (R?) be the countable convergence determining set of functions described in
the previous section. Since E [f (Xt(l)) \]:?El] = Qif (X;_1(i)) and {Xt(i)}fil are independent

given FX | we have
4
]E[(ﬂth—’?tNQtf) ’7:551} =E

4
(R0 - () 172,

Next, using the independence, all the crossproducts of the expectation involving first power

terms will be equal to zero and we are left with

{( Y- as) 125 = g D () - @urs) 1£2)

+ﬁ L IEkf(Xt(l)) Qif(X t( )( X] —Qf(X >>2|ﬁt}il]

1<i<j<N
- 1e]f]* . 32[|f[* N(N — 1)
- N3 N4 2
_ 1efif* i lo| fI*(N—1) _ 16|f]*
N8 N3 N2

i=

By taking expectations on both sides we obtain [E [(qtN f—aNQ f)ﬂ < 161‘\';;“4 and via a

Borel-Cantelli argument we have that imy_.c|7Nf — N Qif| =0 P —as. forall f € M
so that limy_co dpq (7Y, AN ;Qt) = 0 and b.2 is satisfied. In much the same way one can show

that, for all f € M,
4 4
AN N x| < I/
E[(’?tf"?tf) ‘}—t}ﬁ N2

which implies that limy_.. dr (7, 7)) = 0 and .2 is satisfied. O

Note that the rate of convergence is N ~2. We now turn our focus to a little more general particle
filter.
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4.4 Interacting particle filters with discrete observations

In this section we will consider a pair of processes ({X:;}, {Y:}), where {X;} is the state of a
system and {Y;} is the observations. X take it’s values in an arbitrary measurable space (E, &)
while Y take it’s values in IR7 for some g > 1. We shall assume that the pair (X, Y) is Markov, and
the basic assumption is that the pair (X, Y;);en is a (possibly non-homogeneous) Markov chain.
In the sections below, we will focus on the nonlinear filtering problem (NLF). In other words
we want to find the one step predictor conditional probability given for each ¢t € IN and each
measurable function f on E such that f(X;) is integrable by

My f = E[f(X)| 7]

(where 79y is the law of Xp) and the filter conditional distribution

ey f = E[f(Xe)[Yo:t]

With the notation Yy, = (Yo, Y3...Y%). For fixed observations Y; = y;,t € IN we write #; and 7;
instead of 7, and 7j;,. We want to investigate theoretical aspects of an interacting particle system
(IPS) for numerical computations of 7; and 7; in two cases.

Assumptions A

In case A we consider the following system:

A.1 The state signal (X;);en is an E valued non-homogeneous Markov chain with 1-step
transition probabilities (Q¢)senN (i-e. Q; is the law X;_1 — X;) with initial law 7.

A2 The observations (Y;):eN is given by
Y = hy( Xy, Wy)

for some measurable function H; from E X F into RY (with (F, F) an auxiliary measurable
space).

A3 For any x € E and Vt, the variable h;(x, V;) admits a strictly positive density y — §:(x,y)
w.r.t. the Lebesgue measure on R7.
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Assumptions B

In case B we assume

B.1 The signal/observation pair (X, Y) is an E x R7- valued non-homogeneous Markov chain
with 1-step transition probabilities (P);>1 and initial law yg on the form (dy denotes the
Lebesgue measure)

#o(dxo, dyo) = 170(dx0) Go(yo|x0) dyo
Pi(x,y;dx’, dy’) = Qi(x, dx") G (y'|x, y, x") dy/,
where Q; is transition kernels and 7 is a probability. The conditional distribution of X;

given X;_; is independent of Y;_;.

B.2
p (Yt € dy/| (Xt/ Xt,l,Yt,l = (x/, x/y))) = Gt (y/|x1y/ xl) d]//,

where G; is bounded.

The simultaneous distribution is

P (Xo: € dxot, Yor € dyo:e) = P (Mg ((Xi, V) € (dxge, dyi)))
t

= po(dxo, dyo) T T Pe ((x1-1,y1-1), (doxx, dyx))

k=1
t
= 10(dx0)Go (yolxo) [ | Q¢ (xe—1, dx) G (Y| xe—1, i1, xx) dyi
k=1
t
= P (Xo € dxo:t) [ [ Gk (vielxu—1, k-1, xx) dy
k=0

=P (XO:t S de:t) P (YO:t S dyO:t‘XO:t S xO:t) .

The first idea is to consider the equations that sequentially update the distribution #7; : t > 0
which are of the form

e = Di(171-1) (4.10)

with continuous mappings ®; on the set P(E) of all probability measures on E. The NLF problem
will then be reduced to the problem of solving a dynamical system taking values in the infinite
dimensional state-space P(E). In this sense it is natural to approximate #; for t > 1 by a sequence
of empirical measures

1 N
=5 0 4.11)
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, where J, is the Dirac measure at a € E, associated with a system of N interacting particles
X = (X; SR Xt(N)) moving in the set E. In view of (4.10) it is natural to construct the sequence
{X }N | as a Markov chain taking values in EV, starting with the initial distribution 7y and
1-step probabilities Q; given by

N
= H 1o(dxP),

(z,dx) H ®;(m(z))(dxP)

, where dx = dx() x ... x dxN is an inﬁnitesimal neighbourhood of the point x = (x(l), oy x(N )) €
EN,Z = (zM..zN)) ¢ EN and where m(Z) = N Zl 10, is the empirical distribution associated
with the variable Z. The reason for this is that 7} is the empirical measure associated with N
independent variables with common law ®; (1Y ;), so as soon as 7", is a good approximation of
1i—1 then, by (4.10), 7Y should be a good approximation of 7;.

4.4.1 General facts about nonlinear filtering

In this section we will give a quick introduction to some general facts about nonlinear filtering
that we will need in the following.

We use the traditional notation for transition kernels; if P and Q are two transition kernels, y is
a measure and f is a measurable function (all on (E, £)) then we have another transition kernel
PQ (usually the product or composition), a function Pf, a measure P and a number yPf. Again
we denote P(E) the set of all probability measures on E.

Recall that the observations o, ;... are given and fixed, and let

Gi(x,x") = Gi(ye|x, yi-1,X). (4.12)

(This is well defined even for t = 0 since Go(y'|x,y, x’) does not depend on y).
Let us start by studying the marginal distribution of Yo,

P (YO:t S dyO:t) == / P (XO:t S de:t/ YO:t S dyO:t)

P (Xos € dxoy) HGk (YklXk—1, Yk—1, X)) Ay

><\><

T

P (Xo:t € dxo:) H Gy (xk—1, xx) dy
k=0

t

H G (kall Xk)

k=0

=E dyO:t
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which has density
t

[16G (Xe1, X)

k=0

P (YO:t S dy():t) = dyO:t-

Define

f(Xt) ﬁ Gr (Xi—1, Xx)

k=0

9f £ E

which could be seen as
E [f(X:)1(Yo:r = Yout)]

so that

= E[f(X)[Yor = yos] = 7:(f)-
It follows that t
310 = [ moldxo) [T Qelrio1,d)Gi (31, x0) £ (x:)
k=0
In the same way we may define
t—1

FX)TTG (X1, Xi)

k=0

1(f) =E

so that for any ¢ > 0 and fixed observations yo.; we have (analog to (1.2) and (1.4))

) o )
"= 5w =50

for any measurable function f such that the following expression makes sense

1:(f) =E (f(Xt) ﬁ Gk(Xkerk)>

k=0

H(f) = E (f(xo 11 Gk<xk1,xk>>

k=0

(4.13)

(4.14)

with the convention [l =1 (Notice again that Go(x, x") does not depend on x so X_; does not

appear in the product.)

7+ and §; can be considered finite positive measures since G; is bounded by hypothesis. Also
we have 79 = 79 and we have seen that §:(1)(yo.) is the density of (Yj./) w.r.t. to the Lebesgue

measure on R7(+1),
Let us now introduce the function L;f(x) = [ Q:(x,dz)G(x,z)f(z).
From this and (4.14) we get

t-1(Lef).

3)
Il
>

(4.15)
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Next we define the kernels for 0 < p <t
By = Lyirlpio s
and then using standard Markov notation
Yif =nolgLa -+ - Lif = n0(GoLo,tf)
since §o(f) = 10(fGo). From above we then get
$1(f) = p(Lpif)-

It now follows from (4.13) and (4.15) that

F(1)
_ T=1(Lef)
Fe-1(Le1)
again from (4.13) we get
oo fea(Lef
Wt(f) ﬁtfl(it].
In other words we have .
. . L
i = H1li-1) where () () = 2
17Lt1

By the Markov property of X we obtain for ¢ > 1:

t—1

Y(f) = E | f(Xe) [ [ Gre(Xk—1, Xi)

k=0

t-1
=FE |E

i k=0
[t—1

= E | [T Ge(Xi1, X [£(X0)| 75,

k=0
(11
=E | ] Ge(Xe—1, Xi) Qe f (Xi-1)

k=0

= ’?t*thfl

and by (4.16) we get
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ﬂo(f) if t=0
- . (4.19)
) {ﬂo(GoLo,tthf) ifr> 1

More facts about case A

Clearly all the above remains true under case A with G = g+ and we set

gt(x) = &t(x,yt)

(4.14) is now reduced to

k=0

t—1
1:(f) =E (f(Xt) Hgk(Xk)>

t (4.20)
7(f) =E <f(Xt) Hgk(Xk)> :
k=0
Next L f of (ﬁ) becomes Q;I,, f. So that
Tf = /Uo(dxo)go(xo)Ql(xo, x1)g1(x1) - Qe(xe—1,dxe)ge(xt)

- UOIglelgl e Qtlgtf-
For < we can set

Lyt = Lpy1Lpio...Ly, where Lif(x) = g;—1(x)Q:f (x) (4.21)

for 0 < p <t with the convention L;; = Id, we get from (4.19) that vy = 7o, and

Ye(f) = vi-1(Lef),

where Qo(x_1,dxg) = 70(dxo). We easily see that ; = 7L, . Also by the definition of 4;f and
v:f we have §;f = v:(fg:) and we end up with

Yo = 1o
Yt = YpLpt (4.22)
Iif = 1e(fge)-
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Next we introduce the mappings (¥;);>0 and (®;);>1 from P(E) into itself by

Fy(n) () = ”E{gﬁ”,
(4.23)

@) = (@ = 1

and we get the following lemma

Lemma 4.7

The prediction and filter measures 7; and 7; satisfies the recursions

e =Ye(nt)
N1 = Popa (1)

Proof:

e W _ m(fg) _ m(fg) _
nef = o g, s Ye(ne)(f),

N1 f = 0(Qef) = ¥e(11:) Qef = Prya () (f)-

O
Now in view of (4.18), (4.22), (4.13) and using that Q;1 =1, we get
Yer1l = Yl = 18 = m&e1el,
and for > 0 we finally have
t—1
vl =T 1(npgp)
S (4.24)
vif = (ef) T T (negp)-
p=0
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4.5 An interacting particle system under case A

Subcase A1

We now turn to a special case of A, the one where we know all the densities g; (hence all functions
gt) as well as 779 and Q;, and we also assume that we now how to draw random variables according
to the laws 79 and Q; Vx € Eand all t > 1.

In this situation we actually have two particle systems, each of size N, at time t. First we have
the N random variables {X{}Y | to approximate 7; by means of the empirical measure 7Y given
by (4.11). Next N random Var1ab1es {X:}N | are used to approximate 7;. The mechanism of these
particles can be decomposed into two separate mechanisms X; — Xi — Xiy1.

Let us also define, as before, FX to be the o-field generated by the variables X,, p < t and X,
for p < t, while X is the o-field generated by X, and X, for p < t.

The first step is to draw the variables X} independently according to the initial law 79.The
mechanism then proceeds, for all ¢, according to the following two steps Markov rule.

Mutation/Prediction

P(X;s1 € dz1, ..., dzn | FX) = 1‘[ Qi1 (X7, dz,).
p=1

Selection/Updating

()
P(X; € (dxy, ... de]}"X H Z gt(X ) 5X<,-)(dxp).
p=li= 12] 1gf( ) '

In the selection step at time t, we update the positions of the particles according to the fitness
function g;. This is done by resampling, were we draw randomly from the set X; = (Xt(l), ...Xt(N)),
with probability

P(XY = x| FX) = g“‘(){)
Z;‘\Izl gi(X,")
for 1 <i < N. In other words we reproduce our sample by selecting the most fit individuals
corresponding to the observation y;.

In the mutation step we allow the particles to move according to the given transition probability
kernel.

The selection and mutation steps approximate the two step iterative structure of the conditional

distribution of X; given Y.

updating , prediction
e — Mt — Ml

by a two step Markov chain taking values in the set of finitely discrete probability measures

N _ 1

Ur: TN O

M=

selectzon 1 mututzon
v 25 25

I
—_

i
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In view of (4.23) and Lemma 4.7, we have

(i)>

N g N "
=) ())5X/ = <N25X§,> ¥:(yN) e FX, (4.25)

=1 2]N18t(

so conditional on FX the variables {X } ¥, are iid with law ¥;(7}Y).

Lemma 4.8

In our sampling procedure we have the following expectation and variances with respect to
Fit

DE[F(G)IFEL] = Quf (K.

. i)y 2 o (i o (i) \\2

i) Var[f(X)I 7] = Quf(%%) = (Qf (R)°,

if) Var[ £, 7)) = B Var [£(G7) 17,

Proof: By the sampling procedure X ~ Qt( P 1, -) given FX | and (1)-(ii) hold. Since the
particles at time ¢ are conditionally independent given .7-?5 1, (iii) is true. O

Also note that from (4.25) 7j;_1 is F* -measurable.

Lemma 4.9

In our sampling procedure we have the following expectation and variances with respect to
FXy

D) E[f(X7)|FX )N Qif
if) Var[£(X}") rftX = A0 = (1 Qef)* = AN Qe(f = AN, Qi)
iii) Var[ TN, F(XI)|FX ] = 2N Var[f(xX7)FX ] = NaN Qi (F — N, Qif) %

Proof: By the sampling procedure Xt(i) ~ Qt(f(t(i)l, ) given FX | and

A (l ~N
Xi2 ~ 1

given ]-"t)i ;- Thus

E[f(X\")|FX] = E[Quf (X )IFX]
:ﬂtletf

so that (i)-(ii) hold.

Since the particles at time t are conditionally independent given FX |, (iii) is true. O
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Lemma 4.10

The empirical measures 7N and 7 satisfy

D1 (1) = 71 Q.

Proof:
Wg\] e, Q41
NI 1
I
’7 Igt
—/m (d)g(x) Qi (x, )

Dryq () =

=1 [ ]Qt+1

= Zwt Qt+1 , )

= 7:Qt+1,

where §(x) = ng\t’(lj,)l' O

Since 77; € F; we have using Lemma 4.10

E [ 7] = E[@ ()| 7] = @ (). (4.26)
The variables {X!_;}N, are iid given F¥ with law @1 (7)), hence, if we define
5N

Naf =0 f — @) f

we have from (4.26) and Lemma 4.9 for t > 0:

E [51?1\-5[-1](“’{?(} =0,
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E (0N fPIFE] = B [ f — @t 1) )2 F]

1 N . 2
=FE [(N Zlif(Xffﬁl) —q>t+1(’7tN)f> | FX

( Z]E{ t+1 — @1 (7 )f|.7:X]> (4.27)

N’?t Qtﬂ((f cI>t+1(’7t )f) )

_ %%lw )(f — @i (yN)F)2).

Similarly if we define &) = ) f — 10 f we get:
E(5'f) =0
B F)2) = x5m0((f ~10(/)?)

Due to the linearity of <4, it is easier to study the behaviour of these as N — oo,for the asymptotic
evaluation of our IPS.
Starting with ;7)Y above, we can introduce a natural approximation of <y; from (4.24)

’)’t = H 77t (8p)
(4.28)

= H 77;:\](810)-
p=0

Recalling (4.22) for any bounded measurable function ¢, with the conventions 7Y, = vy = 1y,
Lo = Id and ®o(17"}) = 10 we see that

1 =19 = {70 — 1y Lpe} + {11 Lpe — vp-1Lpe}
= {7,%) — 1L} + {1y 1Ly — 7oLy 1Lp@} + {7 oLy 1Lp@ — vi2Lp 1Lye}

= 2{7;7 Lyq9) 72]71(LPLP/11§0)}-

Also from (4.28) we get 'y;;] (Lpg)e = 17’1;] (Lp,q)qo)'y;,\] (1) using this along with Lemma 4.10 and

that ®;(7Y,) = 7o we have

75 () — Z 7 () (1) (Lyg@) — @p(1)1) (Lpg9))-
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Now choosing ¢ = L, f, we can define

Mé\](f): N( qtf)_ ( q,tf)
= Z 'Yp b (Lpif) — p(’?;la\jfl)(Lp,tf»r

and from (4.27) we see that

q
E |7 = wf 17 = LB [ ()0 (Lpef) = @p () 0) (Lpaf)IF] =0

p=0

so that M, (f) is a martingale.
Anglebracket is the sum of successive conditional variance contribution and since

t—1
11 =T1ms) € Fle,
k=0

we get

q

DE A0 (L) = @ 131) ()P
9
N Lo

1))2®@p (11y"1) (Lptf = @p(1,71) (Lpif))?),

so that Mf]\’ (f) is a martingale with anglebracket

M) = g L P 0 (L =) L)),
Taking expectations on both sides of (4.29) and (4.30) with g = ¢ we get
E |7Vf] = mf,
E[(V)'f —nf)]
- prZlE [y (1)) () (L f = @ (1) (L))

Theorem 4.11

For any f € B(E)
the rate of convergence of 4N f to 7:f is N -1,

(4.29)

(4.30)

(4.31)
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Proof: Denote a; =supnorm of g;, and || f|| to be the sup norm of f Then (4.21) gives us

t—1
ILpfll < TTakllf]
k=p

and (4.24) gives

Finally we have

E[(r¥(F) - (1 ) ﬁak 212 H ))

p=0 k
= ([Law?l1P)
= — ap)” |l f
N p=0 i (432)
1 —1 ) )
N(t+1)(Hak> 1
k=0
2
i
where C; = (++ 1)(TT,_f ax)*. O

The above inequality can be used to prove the following results.
Proposition 4.12

There exist constants Ctl, Ctz, Cf’, which depend on t and on the observed values yy, ..., ¢, such
that

E|yNf - pf] < c}\”/ﬂ

N 1 £l
E|7Y f — fief| < N

P(Ilf —nif| > €) < Crexp —

Ne?

C?Hsz

2

IIfHZ'

P(IA)f = fitf| > €) < Clexp — SIE

Proof: see Del Moral and Guionnet (1998)

The constants above are important when we look at the rates of convergence. In (4.32) we have a
precise estimate of C;, which is quite bad. Unfortunately the constants in proposition 4.12 are even
worse. However, these estimates were obtained using very course majorations The estimate of the
error may be better represented by central theorems. A full discussion will not be given here but
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in view of (4.31) it may be reasonable to assume that if we define UN(f) = /N (yNf — :f), the
sequence of random variables U] (f) converges in law, as N — oo, to a centred Gaussian variable
U;(f) with variance

E [U:(f)*] = Z(J(')’p(l))zﬂp ((Lpaf = mpLpsf)?)
=

for any f € B, (E) (the set of all bounded measurable functions on (E, £). However the errors of
yNf —nif and AN f — 7, f are of more interest to us. Therefor we can define a sequence of random
variables

WY (f) = VN (7 = 1pe).
Now by (4.13), (4.23), Lemma 4.7 and (4.22) , we have that

1
Wi (f) = muy(f— 7:(f))

and
1

AN (£ A ANy g _
WN(f) £ VN @F (F) = () Vg

Since yN(1) and N (gt) converges in probability to (1) and 7:(g;) the above convergence of

W (g (f = 1 (F))-

UN(f) gives us the following central limit theorems.

Theorem 4.13

For any bounded measurable function f, the sequence of random variables W (f) converges
in law to a centred Gaussian variable W;(f) whose variance is given by

EW;(f)* = i (7;7(1))2’7 (Lpi(f = m:()))?) - (4.33)
p=0 'Yt(l) : P

Also, the sequence of random variables WN(f) converges in law to the variable

A 1

W) = s Wil = 1), (@34

For more details see Del Moral, Jacod and Protter (2001) and Del Moral and Ledoux (2000) Now
let us try to present the variances of W;(f) and W;(f) in a more tractable way that will com in
handy when we study case B. First we recall (4.21). Then by (4.13) and (4.22) we have for 0 < p <t

1(1) _ 1p(Lpil)
’)’p(l) 'Yp(l)

= Wp(Lp,tD
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so that (4.33) may be written as

2 ! Mp ((Lp,t(f_ 77t<f)>)2)
BT = pz=0 (mp(Lps1)) .

Also from (4.23) and Lemma 4.7 we have that #;:(g:(f — 7:(f))) = 7:(f — 7:(f)) = 0. Now by (4.17)
and (4.21) we have Ly (gtf) = gpLpi(f), thus

(4.35)

5 L, L
(Lpsl) = Tp(8plprl) _ 1p(Lpi8t)
Tp(8p) 1p(8p)

_ @) me@)re(M) _ me(gr) 7p(Lp1).

B Yp(8p) B 1p(8p)rp(1)  1p(8p)

Finally we can deduce from (4.34) and (4.35) that

1t(8t
_ i 1 iy (Lps(8e(f = 7:(f)))?)
a0 11(81)? (17p(Lp,1))? (4.36)

My ((gptp,t<f_ ﬁt(f)))2>
=0 (1p(gp)? (Ap(Lpe1))”

4.5.1 Subcase A2

Subcase A2 is the situation in case A when all the main ingredients, g, 770 and Q; are not known
and/or when we cannot simulate random variables exactly according to the laws 7 or Q;. It is

quite obvious that we in this situation will replace these with approximated quantities ggm), qém)

and ng) such that these are known and we are able to simulate exactly from the laws qém) and
ng). The index m (integer) is a measure of the quality of the approximation. In the IPS below, m
will depend on the number of particles.

In this case we have to operate with two filter schemes. The first is related two the original setting
with our prediction and filtering measures 7; and 7j;. The other is related to the approximations
( ggm), qém), ng)) with corresponding prediction and filter measures nt(m) and ﬁt(m). We will not go

into the details of this case, so for a thourough investigation of this case see Del Moral and Jacod

(2001). However we will state a proposition under the following three assumptions.
Assumption C.1 There exist a finite signed measure 7 and a constant C such that

m C
g™ = 10) = Nl
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Assumption C.2 For all t there exist a measurable bounded function g} on (E, ¢) and a constant

C; such that
Ci

(g™ (x) = g1(x)) = gh(x) |<

Assumption C.3 For all t there exist a finite signed transition measure Q; from (E, £) into itself
and a constant C; such that

| m(Q™ (x, ) — Qu(x, ) — Q) flws =

m

Proposition 4.14
Assume that C.1, C.2 and C.3 are satisfied and suppose that we conduct our IPS system with
the approximating quantities (ném(N)), g;m(N)) , Qt(m(N) )) where m(N) = [v/N ], then there exist
a constant C(t) such that

Elie'f —mf = CU)\”/J;,J/ E|f — i f| < C(t)\H/J;\]J.

Proof: see Del Moral and Jacod (2001)
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4.6 An interacting particle system under Case B

4.6.1 Subcase B1

As in case Al we introduce case B1, which means that we know the densities G; (and all functions
Gt of (4.12)) as well as the initial conditions 7, jio and the transitions P; and Q, all connected
by assumption Bl. Also we assume that we are able to simulate exactly according to 7y and
Pi(x,y;-) forall x € E,y € R7 and t > 0. In this section we will introduce a filtering scheme as
described in Del Moral and Jacod (2001). The main idea is to expand the state space and make

an approximation scheme that fits case A. That is, we want to reduce case B to case A. The IPS
system will then be easy to implement, and we will take advantage of the convergence properties
developed in the previous section. We start by looking at a a new variable X; = (X;, Y;) where X;
has the same law as X; and (X;, Y;) the law of (X}, Y;) conditioned on the observation y; 1. Then
we add some noise hv; to the process Y; that is independent of X}, V; = Y; + hv;, and assume that
our observations yo. are realisations of the process {);}. We now carry out a particle scheme as
in case A. Then as i — 0 we have particles {A?t(i) }N | with high weights given the observations
Yo:+ and the first component {f(t(i) }N | will then be set of particles with the same marginal law as
X; and with high importance weights given our observations. In other words we will study the
filter scheme

the state process X; = (X;, Vi) (4.37)

the observation process yfh) =Y + hy,

where the v4’s are i.i.d. g-dimensional variables, independent of X and with distribution 6(y) dy.
Let us introduce some notation and explain mathematically the idea.

* Let us denote by &; = (Xt, Yt), t > 0 the time in-homogeneous Markov chain with product
state-space E x R, with initial law p( and transition kernels {Q;;t > 1} given by

po(dx, dy) = no(dx)Go(x,y) dy

o AVa. / / / (4'38)
(%), d(x,y)) = Qi(x,dx')Gi(y'[x, yr—1,x") dy.

Note that Q;(x,y; -) does not depend on y.

 Let 6 be a Borel-bounded function from R7 to (0, c0) such that

/G(y) dy =1, /yH(y) dy =0, / [yPPo(y) dy < .
Then we set for any h € (0,00) and (x,y) € E x RY

g (e y) =h70 ((y —yi) /h).
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Under some regularity conditions on the functions G, h-approximating measures for y; and
of 4.20 are the marginals ,th) and '75}1) on the first components of the measures vt(h) and ﬁt(h) on

E x RY defined for any ¢ € B,(E x R7) by formulae

h
v (g) = E
k=0

t—1
GD(Xt)IHg;Eh)(Xk)] , 1"(9)=E
=0

o(X) li[g,ﬁh)m)] , (4.39)

where []; = 1. If we denote by v(f ® 1) the function evaluated on the first component of v, we
have for any f € B,(E)

YW =vP(ren, 4P =" (Fer)

Next we introduce the prediction and filtering measures associated with the scheme (4.37) with
respect to the observations vy, ..., y; for the true model, that is for any measurable function ¢ on
E x RY, we set

(h)
ygh)((p) -k [(P(Xt)‘y(g;ht)_l = yO:t—l] = Ut(h)<(f),
. (h) vi ) (4.40)
A (9) = E [p(a) ) = you] = Z®)
07 (1)

(h) (h)

The first marginals of these measures, the ones that we are interested in, denoted by 1, and 7,/
defined for any f € B, by

() NG
() ¢y — () _ v ) ey o) _ ()
n (f) =wu (f®1) ’yt(h)(l) n(f) =n " (f®1) ’?t(h)(l) . (4.41)

Note that v(()h) = yéh) = po and néh) = 1.

We will now proceed as in section 4.5, but we will only consider the marginals of E of the
various transition kernels and measures on (E x IR7). We remind the reader that if ¢ as function
on (E x R7), then Q;¢ can be considered a function on E as well as on (E x RY).

As in (4.15) Del Moral and Jacod (2001), define the kernels on (E x R7) by

1f = ag" (o) = [ @ d)Giy/ Iy, gl )y @42)

and their iterates ﬁgft) for0 < p <tby

h)

- s(h)  +(h) #(n
L =1l LW LY =1a (4.43)
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Note that igh)q) = Qt(gt(h) (¢)). We also defined

Gy (x /Goxygé)(x y) dy.
Observe that

v (@ (F©1) = E o [8” (5 1) f ()]

We can now deduce from (4.17) and (4.19)

vl = law of Xy = law of (X, Yo) = po,
08" (@) = po(" ),
(
Vi
o (h)
t

(4.44)
( ) = 770 (GOLOt 1Qt(P>
(9) =" (5" 9) = m0(Gol) 9).
This gives us the marginals on E
% =,
A0 ey — (n) 1) = no(GU
o (f) = mo(gy" (f @ 1)) = 10(Gg" ),
) NG (4.45)
Vi (f) = O( Otletf)/

A(h
A = o (GVL £).

We now study the convergence of this scheme, that is we evaluate the errors we get by replacing
the original scheme by (4.37) in terms of /. To do this we need some regularity assumptions on G;.

R.1 The function y — Go(x,y) is three times differentiable, with partial derivatives of order 1,2
and 3 uniformly bounded in (x,y)

R.2 Setting Lif(x,y) = [ Qi(x,dx’)f(x")Ge(y|x,yi—1,x") for each t > 1 and each bounded
measurable function f on E, || f|| < 1, the function y +— L;f(x,v) is three times differentiable,
with partial derivatives of order 1, 2 and 3 uniformly bounded in (x,y).

R.2 is satisfied if the functions y — G;(y|x,y;_1,x’) are three times differentiable, with partial
derivatives of order 1, 2 and 3 uniformly bounded in (x,x’,y) for each t > 1. We denote the
second order partial derivatives of the functions y — Go(x,y) and y — L;f(x,y) with respect to
the components y/ and y* by G0 (x,y) and LY, ixf (x,y) the second order partial derivative of the
functions y — Go(x,y) and y — L;if(x,y) w1th respect to the components y/ and y* and let us
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define the finite kernels L; and function G on E by

9 . )
Lif(x) = 5 Z L;fﬂf(x,yt) ./G(Z)Z]Zl dz

1 & .
Gy(x) = 5 3 Clly(xo) [ 0(2)272! dz.
jl=1

Now remembering that L, is defined by (4.15) We have the following lemma:

Lemma 4.15

Under the regularity assumptions R.1 and R.2 we have the following estimates, where C;
denotes a constant that depends only on t and the observations yo.;, and f is a bounded
measurable function on E

LY f(x) = Lef(x) = L1 ()| < G £ (4.46)
\Ggh)(x) ~ Go(x) — hzcg(x)( < i (4.47)
11Qu((2")2) (%) — uLef (x)| < Chl £, (448)
where
u= /G(y)zd

We will give the proof when g = 1 for simplicity.
Proof: Since [6(y)dy =1 and

Lif(x) = [ Qulx,dx)Gulwelyis, ¥)f (<) = Lif(e,e) = [ Lef (x,0)6(y) dly
we have

LY F(x) = Lif (x)
= [ ] F6)Qi(x ax) Gyl yis, g (¢ ) dy = [ Life)

—//f )Qi(x, dx") G (y|x, ys—1, X' )1~ 9<y yt) /Ltfxyt
_ / </f(x’)Qt(x,dx/)Gt(yt+hy!x,yt_1,x’)> 0(y) dy
- / (Lef (s + hy) = Lef(x, ) 0(y) dy.
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Next, by a third order Taylor expansion on the function y — L;f(x,y) around y;.

Lof(oy) = Lof (vy0) + L Coe) = o) + o LEF (o) (v = 02+ L Foy) (v — o)

and from this we can deduce that

o [ (Laf o)+ Lif e, y0) )+ 311 o)y + L1 ) () ) )ty
= Lofloy) + L)+ [ L FCeyyoy) dy

such that
/ (Lef(x,ye +hy) — Lif (x,y0)) 0(y) dy ~ W°Li £ (x) + h; / LY f(x,yo)y’6(y) dy,

so that

N

3
LY £(3) — Luf () ~ WL )| < |22 o) [ o)
< IPCf]

since L} f(x, ;) is uniformly bounded and [ y°6(y) dy < oo.
The proof of (4.47) is similar since Go(x) = Go(x,y0) and

G (x) = Go(x) = / (Go(x,y0 + hy)h* — Go(x, o)) 6(y) dy

we get the result by a third order Taylor expansion.of Go(y|x,y;—1,x") around v;.

Finally,
1O ((g")2f) (x) — ulef (x)
=1 [ Qulx,dx)Culyl, i1, x') 20 (y;y) dy — ul.f(x)
= / (Qt(X, dx’)Gt(yt + hx, yt_pX’y)f(X’) - itf(xryt)) G(y)z dy

:/(Lf(x,ytJrhy)—I:tf(x,yt))f’(y)zdy-
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So that (4.48) follows from a first order Taylor expansion of L;f(x,y) around y,

hOU(s!" 1)) = ubef ()] = | [ (LirCe ) o002

< [ |Lif (e ye)ve)?| dy
< hG|f]]-

O

Next we define the kernels I:;/t for 0 < p < t and the measures v}, 4;,1; and 7} on (E,£) by

q=p+1
. . H 1(1) — ¢ ()7
7100 =m0 (GLYL + Golor)Qif) () = L)
fort >1and 75 =0=7;and fort >0
ok _ w7 ( 7 * Ak _ ﬁ’?(f)?t(l) _,?;k(l>/)>f(f>
() =m0 ((GSLY) + Goon) ), #7(f) = G

We now have the following proposition

Proposition 4.16

(4.50)

Under the assumptions R.1 and R.2 we have the following estimates, where C; denotes a

constant that depends only on t and the observations y., and f is a bounded measurable

function on E:

~(h a Ay

L f(x) = Lyaf(x) = L5 f0)| < CPlfl 0<p<t
h % A~ h ~ Ak

Iy =y =iyl < Cl |9 = 4 — K247 < G

h 3 A h A Ak
" ==yl < G (19" — h — 1247 < G

(h
pt’
forward by induction, assume that the inequality holds for p 41 that is

Proof: For p = t the inequality in (4.51) is trivial by the definition of L.

ig-s-l,tf = t‘P+1,tf+ hzf-';gﬂ,tf‘i‘ O(h?))r

(4.51)

(4.52)

(4.53)

) ﬁp,t and ﬁ;",p. Now
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and by (4.46) we have ﬁgﬂlf =Lypf+ hzﬁ;Hf + O(h) so by the definition of igft) we have

p(h) g 7(h) 7(h)
Lp,tf - Lp+1Lp+1,tf
s o (h fx 2 (n
= Ly L f+ 120 (L) f+oan)
ey z’erli‘lH’l,tf + hztp+1 t;+l,tf + h2t2+1 i;p+1,tf + O(h3)
= LyuaLpiref + 12 (Lpialyns + LpaLpinef ) + O0F)
= Lpif + 1L, f+O(1).
The first estimate of (4.52) is trivial for t = 0. For t > 1, comparing with (4.19) and (4.45),
gives
1Qtf) 170(GoLo—1Qtf)

) = n(f) = mo(G§PL
1o ( Ot 1Qtf> +1o (GO( (()Z)—l _tO,t—l)Qtf>

such that, by (4.46) and (4.47),

ﬁ%ﬁ—%uww%wv

=10 ((G(()h) Go)L§ 0f— 1Qtf> + 1o (GO( (() ) - to,t—l)Qtf)

— 120 ((GSLG), + GoLiy 1) Q:f)

=To ((G(()h) —Go — hZGS)t(()Z)—thf) + 10 (G()(t‘(()l:lt)—l - I:0,t71 - hztat—l)Qtf)
< G| f].

The second inequality in (4.52) is proved similarly using (4.17) instead of (4.19). For (4.53), in

view of (4.52), we assume that ’)/t(l),')fgh) (1),4:(1) and '?_tmr(l) are bigger than some €; > 0



and we prove the estimate for small enough h. From (4.13),(4.41),(4.51) and (4.52) we have

i (F) = me(f) = i ()

_ ) nl) e (1O - O
n'a ) (r(D)?

1

- ) t 2 t t t(h)
I e O e = m

- m( )%(f) (V) = m) =i (D)
— 1 (i () = Wi (H) (n() =1 (W) ).

Finally, the second inequality in (4.53) is proved similar using the second inequality of (4.52)
and (4.50), (4.13) and (4.41).

OJ
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4.6.2 The interacting particle system

We can now carry out an IPS for the scheme (4.37) for any given N and & > 0. The problem of

choosing h = h(N) will be addressed later. ‘

As in case A we now have two particle systems. First we have N particles X; = (Xt(l)) *, at time ¢,
(h)

who's empirical measure ) are used to approximate y; , then, after the next step we have N
particles X; = (Xt(’)) Y, which are used to approximate yg ) All these particles take their values
in E x RY and we single out their components Xt( " and Yt( Y for Xt(i), and Xt(i) and Yt(i) for Q?t(i),
taking their values in E and RY.

The motion of these particles are again defined on an auxiliary probability space, where we denote
by G; the o —field generated by the variables (X,si))fi  forp <tand (22}”),%; | for p < t and G the
o—field generated by the variables (Xlgi))f\i ; and (/'\A’t(i))f\i , for p < t. At the initial step, t = 0, the
variables (Xt(i))fi ; are drawn independently according to the initial law g of (4.38). Then the
mechanism proceeds, by induction on ¢, according to the following two step Markov rule.

Mutation/Prediction

N
P (X1 € (dz1...,dzy)[C;) = [] Qe (Xt(p),dzp> : (4.54)
p=1
Selection/Updating
N (h) ¢ (@)
N X,
P (X; € (dzy,...,dzn)|Gt) _HZ 8t ( L )(]) 8 - (4.55)
p=li= ‘: gt (Xt )

For all t > 0 we have approximating measures ) and 5} for ,u§ ) and nt(h),

1Y N
BRI O b P ILNTE

And then, comparing with (4.25), we get the following approximating measures for ﬁgh) and ﬁt(h)

h i h i
O S 1.0 B SNIE J CD B
h P o h '
AT g @) AL () "

4.6.3 Convergence study

In Del Moral and Jacod (2001) we are presented with a central limit theorem to assert the quality

of the IPS system. For each & > 0 we have theorem 4.13, which we now recall for the marginals
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mN and ﬁtN . Then we set
W) = VN (N ()~ 0" ()

and

WY () = VN (N () =2 () -

If h > 0 is fixed, theorem 4.13 then assures us that as N — oo the sequences <WtN Ah) (f )) and

(VA\/tN AAh) (f )) converge to centred Gaussian variables Wt(h) (f) and Wt(h) (f) with variances given by

(recall 4.35 and 4.36)

(1) ( (o)1 () () ( £yy)2
t M (8p 'Lyi 1 Qe(f =17 (f)))
EW" () =y = ( p(h) p'(h)lA o g ) (4.56)
p=0 (.”p (8p (Lp,tfl(l))))
and
O (O ) .
S L N CC (+57)
p=0 <Vp(gp )) (ﬁp (Lp,t1>>

If we now let i — 0, both quantities (4.56) and (4.57) increase in a way that is controlled by lemma
4.15 and proposition 4.16 , take for example the summon number p in (4.56). For the denominator,
we may wright according to (4.40),(4.42),(4.43),(4.44),(4.45) and (4.52)

v (1)
()
_r () (D) 2
=30y " mm O

Next, by (4.47), (4.51) and (4.53), we can replace Géh), I:gl;fl, ﬁg/lt)fl and nt(h) by Go, to,p—lz ﬁp,t,1
and 7; to obtain a relative error of size O(h).
Then using (4.48) we see that

N 2
o (20,0 =" ())
W
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converges to
u

——=110 (GoLo,p ((Lpi—1Q:(f —1:(f)))?))
Yp(1)
as h — 0. From (4.13) and (4.17) we finally see that

fim 1 (W1 7)< 1 (7(11))2%}(1)170 (GoLoy ((hatLyeQu(f = m(£))?))
=

7p(1)
1(1)?
p(1)

u

< =

0 w iy ((Epe 1 Qi(F = 1:(F))?).

N

Ap (Lpr1Qe(f — m(F)))?) (4.58)
1)2

In a similar way we may obtain

B 2 = 1 T (L~ 0)) (459

Also if we replace ﬁ(()ht)_l and ﬁ(()ht) by ﬁOt 1 and I:()t in (4 49) and (4.50) we obtain the new measures

YE(F), 45 (F), 7 (f) and 7;*(f), all with a relative error of O(h2), and then by (4.53) we see that

1
VN’
since h2n} (f) = h?n/*(f) + O(h*), and a similar expression is valid for AN (f) — 7:(f). Now it
is obvious i = h(N) should depend on N. The first term of the right hand of (4.60) is of order

1/+/Nh(N)7 by (4.58), such that the MSE is of order 1//Nh(N)7 + h(N)* and optimising the
choice of /1(N) then leads to

N (f) =i (f) = —=W M () + 12 (f) + O () (4.60)

B(N) =0 (N"@a). (4.61)

Finally we have the following theorem by Del Moral, Jacod and Protter (2001).
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Theorem 4.6.1

Assume R.1 and R.2, and take i = h(N) as given by (4.61) in the procedure given by (4.55)
and (4.54). Let f be any bounded measurable function on E.

1. The sequence of variables

WY (f) = N%3 (g (F) = m(f))

converges in law to a Gaussian variable with mean #;* and variance given by (4.58).

2. The sequence of variables

WY (f) = N3 (9N (F) = (f))

converges in law to a Gaussian variable with mean #;* and variance given by (4.59).
g 1y g y
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A more general filter problem

In this section we will introduce a more general particle filter with corresponding convergence
theorems (Crisan and Doucet (2000)). We remove the Markov assumptions on the signal process

and the assumption that the observations are conditionally independent upon the signal. The
importance sampling step is done using a general transition kernel which can depend on both
the observations and the current MC approximation of the posterior distribution. The conditions
imposed on the resampling step are also less restrictive. . This method also includes an additional
MCMC step in order to address the problem of sample depletion. The convergence results are
given on the path space, that is, we prove the convergence to the posterior distribution of the
whole trajectory of the signal and not only to the posterior distribution of the current state of the
signal.

5.1 Problem statement

Let (Q), F,P) be a probability space where we define two vector-valued stochastic processes
X ={X;,t € N} and Y = {Y;,t € IN}. As before, the X process is the the signal process and Y
is the observation process. We also remember that 4 and g is the dimension of the state space X
and Y and that we denote by X;; and Y;; the path of the signal and of the observation process
from time i to time j and by x;;; and y;;; generic points in the space of the paths of the signal and
observation process. The signal process X satisfies Xy ~ 7 and evolves according to the equation

P (Xt € AlYoi4—1 = Yoit—1, Xo:st—1 = X0:4—1) = /Akt(]/01t711x0:t71/dxt)
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where k; is a probability transition kernel defined on (]R(d“?)t, B (IRd)> .
ke: P (RY) — P (R
The observation process Y satisfies
P (Y: € B|Yo:—1 = Yo:t—1, Xot = Xo:t) = /Bgt(y():t|x0;t) dy,

where B € B(IR7). We assume that Yo.; = yo. is fixed and we let 77; and 7j; be the probability
measure of Xo. given Yp.s—1 = yo.t—1 and Yo = Yo+ respectively. We also assume that the sequence
(¢, M) satisfies the following recurrence formula.

5.1.1 Bayes recursions

Forallt > 0and A; € B(R%),i =1,..t Agy = Ag X Ay X ... X A;, we have

Prediction  #7:(Aot) = /A ke (Yo:t—1, Xo:t—1, A) -1 (dxo:t ) (5.1)
0:t—1

Updating  7;(Aot) = ¢; ! /A 8t (Yo:t, Xo:¢) 17 (dxose ), (5.2)
0:¢

where c; is the normalising constant

cr = . Qe (Yo:t| x0: )17 (dxo:e ).

Remembering the following notation
If 1 is a measure, f is a function and K is a Markov kernel then,

,uf /fdy,yK /ydx K(x,A), Kf(x /dez

Using this notation, if f : R¥(+1) — R, then the recurrence formula (5.1) and (5.2) implies that,
forall t € N

Prediction ; f = 7kt f
Updating 7t f = 1¢(fg1) (11:81) ™"

Remark Let us assume that X is a Markov process with respect to the filtration ]:tX’Y £

o(Xs,Ys, s € {0,t}) with transition kernel

Qi(x;—1,A) 2 P(X; € AlXi_1 = x41) A€ B(RY), x,_1 € R?
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and that P(Y; € dy| FX VvV FY ) = P(Y; € dy:|X;), where FXV FY £ 0(X;, Ys,s € {0,t — 1}, Xy),
and for all x; € R?, the conditional distribution of Y; given the event {X; = x;} is absolutely
continuous with respect to the Lebesgue measure, in other words there exists g(y:|x;) such that
for all x;_; € R?

P(Y; € dys|X¢) = g(ye|xt) dys,

then the sequence (7, 7;) satisfies the Bayes” recursions

5.2 Sequential MC methods

In this section we will present a sequential MC method that at each time t generates N particles
{Xé’g}fi , with an associated empirical measure 7},

N
AN - )
rlt (deit) N Z 5A :

that is close to 7. The algorithm evolves sequentially in time, producing { X(()ZZ} using the observa-
tions obtained at time t and the previous set of particles {}A((()li_l}fi 1 produced at time t — 1 that is
close to 7;_1.

We also introduce a transition kernel T¢(yo.t, Xo.t—1, f1—1,dx0;t) which is used to obtain an
intermediate set of particles {X(()ZZ N | and we denote by 7j; the resulting importance distribution

it = G111

We assume that 77; << 7j; and let ; be the strictly positive Radon Nikodym derivative Z% =hy,

where () = hi(Yot, -1, -). Since 7y << 1 by (5.2), 1 << 7; and since (5.2) implies that Z—Zi x g,

we have

dﬁt dﬁt dﬂt
—— = — — x gihy. 5.3
dﬁt d’7t dﬁt g1y (5.3)

Another important assumption is that we now how to sample exactly according to 7o at time
t = 0. The algorithm then proceeds as described below.
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Algorithm 5.1: General particle filter algorithm

Initialisation t = 0;
fori=1:Ndo
‘ sample X(()l) ~ 1o;

end

fort=1:Tdo

forj=1:Ndo
sample Xélz ~ Ft(yozt,Xéfzfl,ﬁﬁl,dXO:t)}
Compute w," o g (yoe| X)) e (o, 1Y 1, X515

end

, (i)
Normalise the importance weights u”)t(z) =0 ;
Z]I\L 1 w(])
Sample {)A(t(i)}fil from the set {Xt(i) N | with probabilities {wfi) N
end

We will later on also include a MCMC step, but first we present an example and then we
discuss step 1 and step 2 more in detail and prove the convergence of this scheme to the posterior
distribution of the filtering problem.

Example 5.1

The dynamics of the system in this example will fit case b. We will use both the method described
by Del Moral and Jacod (2001) and the more general algorithm presented by Crisan and Doucet
(2000) where we use the laws of X as the importance function, and the selection step is performed
by resampling. The system {(X;, Y;)} evolves simultaneously as a Markov chain, and {X;} as a

marginal Markov chain according to

Xy =05X;1+ 7, Vi ~ N(0,1)
Y: = X; |Xt—1| + Y Wy W~ N(O,l)

In figure 5.1 we have plotted the results from the two particle filters and their difference for
N = 1000. We see that both algorithms seems to work well for this case.
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Figure 5.1: The particle filters, N=1000
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5.2.1 Importance sampling step

In algorithm 5.1 we obtain our new set of paths by sampling from I't(yo., )A((()fz_l, ﬁtj\i 1, d%o.+) which
depends on ﬁg, the observations yo.; and the current paths {}A(éfz_l }i=1.n- The new paths {Xo.} fi 1
are then distributed approximately as 7j;. The only restrictions on the choice of I’y is that the
weights wt(i) are well defined and can be computed analytically. However, most algorithms that
are presented are such that I'; (yo;t, Xéf?_l, ﬁtl\il,dfo;t> = 5)((()’) 1(dfo;t,1)1"f (yO;t,l,ﬁgz_l,ﬁf\il,dfO,

that is we obtain the new path Xélz by keeping the current path Xj; 1 and adding a new particle

X;. We discussed earlier that a good choice for the importance function is the one that minimises
the conditional variance of the importance weights at time ¢ given )A(éfz_l and yo.;. Following this

strategy, the optimal choice is P(d%:|yo:t—1, 328371) (Doucet et al., 2000) the proof is analog to the

one on page 14.
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Optimal sampling distribution

If we sample X ((” = ()A(élz I,Xt(i)) according to

Py XS yor-1,d%0) P(d%yor1, XD )P yos 1)
(yt’yO:pl,Xégq) (yOt 1,x(()2 )
o gt(]/O:t/ X(()fi—l’ jif)kt‘(j\((gfi)g_lr]/O:t—lzdxt‘)

P(yilyos—1, X1 1)

Since 7j; o gik; by (5.2) the importance weights are equal to

iy _di
wE)OCdZNi(XP(thO:tl %50 1)

—/P yt|X0t 1, Y0:t— 1, %) P(d%¢|yos-1, X((JE )
= /gt yO:trXéi,l/ft)kt(yo:t—llfé;%,l/dft)'

If this integral does not admit an analytical expression or if we are unable to sample from
P(dZ¢|yo., X(()fz_l), one has to use other alternatives.

Prior distribution

A popular choice for the importance function is the prior distribution ‘
ke(Yo:t— 1, th 1,d%;). If we use this then /i; « 1 so the importance weight wt(z) is proportional to
St (y0t|X0t 17 X( )) The weakness of this method as discussed in (Pitt and Shephard, 1999) is

the sensitivity towards outliers. As an alternative one might use the Auxiliary particle filter in

algorithm 2.4, or as we now propose, the likelihood distribution.

Likelihood distribution

If we assume that the likelihood g (yo.¢| X (()2 , %) is integrable in the argument ¥, that is if
/gf(y&t’x(()fi)&—l’ft)dff <

then we can sample %; according to

Ty (o, X9 aN L, dzy) o« gi(you| R %)
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d11t Ut—lkfgf

and
an N g

so that the importance weights are proportional to k;,

This is method provides good results when the observation noise is very low as the likelihood is
then usually very peaked compared to the prior distribution.

There are several other alternative sampling distribution (Doucet, Godsill and Andrieu (2000),Pitt
and Shephard (1999)) but we will now turn our focus towards the resampling step of the algorithm.

5.2.2 Resampling step

As we have discussed earlier, the aim of the selection/resampling step is to multiply the particles
with large weight and get rid of those with small weights to obtain an ‘unweighted” sample.
Next we present three different ways to perform this step, the first has already been discussed in
previous chapters.

Sampling Importance Resampling

The SIR or multinomial sampling procedure is the most popular one. We have already discussed
it in previous chapters. We sample N particles {Xé?} with replacement from the particles X(()iz,
that 1s we sample independently N times from 7N (dxo.). This is equivalent to jointly drawing
{N }N 1 according to a multinomial distribution of parameters N and wg ) In this case we have
]EN() ng) and VarN() N (i) (1 — wg )).

Residual Resampling

This method, dlscussed 1n Carpenter, Clifford and Farnhead (1999) and Higuchi (1997), starts
by setting N, 0 = [Nw ] (where [a] denotes the greatest mteger smaller then a2 € R) then

perform an SIR procedure to select the remaining Ny = N — YN, N, samples with new weights
wﬁ?:zvt (@, 7N — N( )) and add the result to the current N( ) In th1s‘ case ]EN( ) = Nt( 2 t( )N =
N+ N Nt( Y(w f)N Ny = Nol”, but VarN" = Nta';t( >(1 ).

Minimal variance sampling

In this procedure a set of U of N points is generated in the interval [0, 1], each of the points a
(i)
ZZ 1 wt‘ and Zf w ) . This method includes the Tree Based Branching algorithm presented in

distance N~ ! apart. The number N, is taken to be the number of points in U that lie between

Crisan (2001) If we denote {N W, } N w( ? — [N wt( )], then the variance of all the algorithms in
this class is equal to {Nwt H1—{Nm ~t })
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5.3 Convergence study

In this section we first study the convergence of the mean square error of the sequential MC
algorithms described in the previous section. That is we will find the rate of which, for any
f e B (R NaNf — i fl|3 = E[(Nf — itf)?] converges to zero under certain conditions
(where the expectation is over all realisations of the random particle methods).After that we focus
on the almost sure convergence of 7} to #; under more restrictive conditions. (As before, the
almost sure convergence of a random measure y" to the measure  means that for all f € C;(R%),

limy o uNf = uf as.)
In the following we assume that the observation process is fixed to a given observation
Yo.t = yo.t, t > 0. All the convergence results will be proved under this condition.

5.3.1 Bounds for the mean square error

Let us consider the following assumptions.

Importance distribution and weights

i) i1 is absolutely continuous w.r.t 7; = nye
and for all u € P(R%) the function g;(vo.¢|%o)h:(Zo.t, Yo, 1) is a bounded function in
argument o € R4 (1),

The identity in equation (5.3) becomes for all f € B(RRY(+1))

o Te(fgih)
= e (giht)

where ¢:(+) = gt(yo:|) and he(+) = he(your, He—1, ). M u, v € P (IRdt), we define

I“f = I'; (yO:t/ X0:t—1, Mo dfo:t)

I_‘lt/ £ rt (yO:t/ X0:t—1,V, dﬁO:t)
hy () = he(you 1, *)
h?() = ht(]/o:t,V, )

ii) There exists a constant d;, such that, for all f € B (]Rd(f“)), there exists f € B (R") with
ILF'l < [ £II such that Vi, v,

I(TF = TOfIN < dil (= v)f'].

iii) There exist fy (independent of y, v) such that

gt — geht|| < |ufo — vfol
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and a constant ¢; such that for any x¢.; € R4+ and Vt > 0

|1y (x0:6) — hf (x0:4) | < er (f (x0.6) A BE (x0:t))-

Resampling/selection scheme

iv) {Nt(i) }N | are integer valued random variables such that

N . )
13 (N = Na) g3 < N max g2

for all N-dimensional vectors g = (1,4, ...,q™N)) € RN and YN,

N =N.

The first assumption states that the importance function should be chosen such that the corres-
ponding importance weights are bounded above and that the sampling kernel and importance
weights depend continuously on the measure variable. The second assumption ensures that the
selection step does not introduce to strong discrepancy. The following establishes, at each time
step, a mean square error of order 1/N between the empirical measure of the particle filter and

the posterior distribution.

Lemma 5.1
Assume that for any f € B (R%),

2
194f - 1 < el 20

Then, after the first step of the algorithm, for any f € B (IRd(tH)) ,

2
I17f ~ 13 < a2

Proof: Let }A"t)f ; be the o-field generated by {XOzt,l}iZ\L 1, then

RN AN
E [Nl F5 ] = ol (0] o)
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and using the independence of the motion of the particles we have (analog to the proof of
theorem 4.5)

Var [ I = B [ (7N — ol (o] ) 217K

N . AN (i 2 ~ ]
-1k [(lef(fféfbff”f( éf£_1>) Fzs

1 (i) o V) Ax
ZW;IE (f( Ot) Iy f( O:tfl) | Fita
1Y =1 2 i () 2
:N2<r ) — (T 8 )))
i=1
1 AN
N < r’lr 1f (r?tlf)2)>
f 2
SN
From (ii)
} N 11,17t lf ﬁt 1r77t 1f‘ t 11—|’7r 1f 1—"7t 1f‘
< (@ -l
< de (s = 1e-0)f'],
hence

N i N )
IANAT T f = ATV f 15 < a2l Ao f — feaf]13

12 2

o P L g WP

Then, letting T'; = F?H,

AN sN
T F =i f ] < AN F = ARy FL 4+ [T f = AaTef] + AT
and from above we get

AN
VAN f = el < 1N F = AT flla + 18T f = AN Tflls + 18X ATof = AioaTof s

— || fl
S\/EW,

where Cr = (1 —|—dt1/Ct_1 + \/Ct—1 )2. ]
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Lemma 5.2

Let us assume that for any fcB (IRdt) and f € B (Rd(t+1)>

2
IYf ~ 11 < o AT,
2
1%~ mfl < el
Then, for any f € B (]Rd(t“)),
LF1?
7 f = fllz < ey
. Let N — 51t _ mplici : N g T (fgh)
Proof: Let h,Y = h,'"" and g; = g for simplicity. Then using the fact that 7," f = 7 (ghN) and
defining t t
| (fehY) N (fghlY)
i (ghy') i (8h)
we have
o RGN GO — )] _ | G~ )
i (gh! )iy (gh) i’ (ght)
3 1 1 17N (g (hN—ht))\
< N(g(hN —h — ’ :
Then using (iii)
1 1 lght” — ght|
A< flle h — = S =
Il () | s m(gh>‘ =
y he) — 7 (ght)| 17N fo Ni-1fo]
< e N h ’rlt (g t t—1
< ﬁt‘@lt) (ex|7t" (ghe) — e (ghe) | + [ 4 fo —ﬁt71f0|)-
Hence,
1AL, < M @l + VT Ifol) 64

7it(ghe) VN
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Again using (iii),

11| e — b))
7 (ghy) gl (gh) | AN (ghi)a (ght)
< ei(gh)
— AN ()N (ghe)
et

7t (gthN)

and defining
_ | (feh)  aN (fghtY)
N (fghs)  f(fght) |

we see that
7N (ghe) — 71 (ghe) | 7N (fgh)]
B = —
7it(ght) i (ght)
7Y (ghe) = 71:(8h)| | N, o N 1 1 1
— - )| = - + -
ngh Oy~ e N )
|’7tN(8ht)_’7t(8ht)‘ N N 1 1 ’ﬁt (ght)
< — h - — =
7t (ght) 757 (fgh) N (gh) 7N (ghY) Wt(ght)m(ght
[N (ghe) — e (ghe) | | e 7N (ghe) — 7t (ghe) |
= 7t (ght) ‘mN(fghN)‘ﬁN(ghN) * tﬂt(ght)ﬂt (ght) 72" (F&he)|
7N (ghe) — it (ght)|
< (e 41 k
(et )Hf” Ut(ght)

We also have, again using (iii),

|f] ‘8}1?7 - ght\)
7t (ght)

7t (ght) 7t (ght)

AN (fghY) (g | _ 7

<l

N1 (fo) — D1 (fo)]

7t (ght)

and since

it (fght) it (fghe)

AN N (fgh)

7t(ght) fit(ght) | —

7 (fght) 7t (fght)
L 7t (feht) il (fght)

7t (ght) ’7 (8ht)
N i (fght) — i (fght)
7t (ght)

“~Nf hN)‘
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we finally arrive at

1

( ghN ghN)>2]
m (8ht)
( (fghY) ght)ﬂ
7t (ght) ’7t (ght)
i (fght) — 7t (fght)
F ( 7t (ght) )]
V& llgh] )
F’? (ght)
Vet llfoll
VN 7 (ght)
41 Nghellver lIght I/
VN 7jt(ght)

_ WA +2) v lIghi| + et lLfoll)
7t (ght) VN

E

(ﬁf\](fgh{\]) (fght) )
i (ght) 7t (ght)

< (ee + IS
Il

Now combining (5.4) and (5.5),

(mN (FehY) N (Fehp >>] :
avghy) N (gh)
(mN(fghN) - ﬁt(fght)>2 :

i (ght) 7it(ght)

_ Wfll ey lighell + verlifll)

it (gh) VN

o A1 (e 2) V& llghll + /a1 fll)
i (ght) VN’

E [(ﬁtf— ﬁtf)z} % <E

+E

This is equivalent to

ik
1987 = f13 < el

(2(er+1) Ve || ghll++/er 1 HfoH) 0
e (ght)?

and the proof is complete with ¢; =

90



Lemma 5.3
Assume that for any f € B (R?)

2
I7f — 1 < el L

Then, after the selection/resampling step of the algorithm

2
R < Hf||
1A f = fefll5 < e N

Proof: We have

ANF =] < [N F = aNf| + |7 f -]

and

AN f = defllz < AN F = A fllz + 135 f = Aef |2

The last term is less or equal f il by lemma 5.2 and from (iv) and then we have

L& 0 (0 ) i
NZ(N;% — Nw;")f

i=1

(L

=1

3 < VENIfl = vE UL,

N|—

17 f = fieflla = E

1
=—E
N

~~
Z
|
zZ
IS
A
=
N—r
=
N
=
~_
N
[T
L8]

hence

e H2

138 f = 7ef 5 <
withét:(\/Ct +ﬁ)2 ]

Now since we have assumed that at time ¢t = 0 we are able to draw N iid particles according to
o, we have

2
In'f — mofl3 < L.

If we combine this with Lemma 5.1,Lemma 5.2 and Lemma 5.3, we have proved the following
theorem.
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Theorem 5.4
For any t > 0 there exists a constant c;, independent of N, such that for all f € B (Rd(”l))

2
18N f = 7ief 3 < ce Hﬁ' .

Next we turn our focus to the almost sure convergence

5.3.2 Almost sure convergence

In this section we present the proof of the almost sure convergence of AN to #; (Crisan and Doucet,

2000) under the following assumptions.

Importance distribution and weights
1) Tt (Yo:t, X0:t—1, Ar—1, d%o.t) is a Feller Kernel.

ii) 7; is absolutely continuous with respect to 7; £ -1l

and for any pu € P (R%),
<(x0:t, Yot )i (X0:4, Yor, #) is @ bounded continuous function.

iii) If y,v € P (IRdf ), there exists a constant d; such that for all f € B (Rd(t“)) , there exists
f" € B(R™) with || f'|| < ||f] such that

ITEf = TVFIN < defuf” = vf'].

iv) There exists fy (independent of y,v) such that

Igeht — gih¥ |l < |pfo — vfol.

Selection scheme

V) Nt(i) are integer valued random variables such that there exists p > 1 and i < p — 1 such that

P
E (Nfl) - Nwt(l)) g ] < CN" max )q(”

.....

N
)

1

for all N-dimensional vectors g = (3", q,...,q™)) and YN, Nt(i) =N.
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AN
Once again we let ¢ = g; and hN =" .
Lemma 5.5

Let 7V | be a sequence of random approximations of #;_; such that

A

~N as.
-1 — Mt
-1 N Ui

Then, after step 1 of the algorithm,

=~
§z

Proof: Let FX | be the o-field generated by {X, (()2 N, and feC (Rd(”l)). Then,

E [iN K] = alario g (5.6)
and using the independence of f((():lt), Xé?, " Xéi]) given .7:"35 1 we have
~ 4,
E | (1f - ElnfI5]) 125

i=1

N , N L
~E [(;2 (f(XéiZ) ~T] ARG ) 75,

L ¢ 0y e ) 5.7)
=1 L E (f( o) — I f(XO:t1)> | FiZ4 :
i=1
2 2
+m1 L E| (&) i) (s - ) mﬂ]
<i<j<
clIfIE
N

for a constant C independent of N.

From (5.6) and (5.7), we get that

E | (s - i'arl5) ] <clff

and then using a Borel-Cantelli argument, we have

hm 1 7; Nf— qtflfj?ﬁlf =0as.. (5.8)
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From: (iii),

R AN R
Uﬁlrtt i ﬂthilrtf

< rffor
<0 f =T f

< di| o f = e f

and the inequality
SN iR
Ay =T f

N Y
fif — AT f|+

ﬁtf—ﬁﬁlrtf) <

together with the assumption that 7} | % i—1 gives us that almost surely
lim 7 f — AT f =0
ym 7 f — 21 f = 0.

forall f € C <]Rd(t+1)>.
From the Feller property of I';, I'; f is a continuous function so
limy_eo fi—1T¢f = -1+ f a.s. and together with (5.8) we have

itf % fi1lf = 7t f.

Lemma 5.6

Let 77N be a sequence of random approximations of 7j; such that

_N as. -
LN
Ul N U

Then, after the resampling/selection step of the algorithm, almost surely

AN 4.5 A
H t‘
1t N Ui

AN
Proof: Again we let b = h?f‘l and g; = g. From our definition of 7; we have that for any
feq (Rd(t+1)>
it (fght')

= 7+ (ghl)
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Since, limy .« it = i a.s. and by assumption (ii) gh is a bounded continuous function we
have that

Jim 7 (fghi') = 7ir(fght')
(5.9)
Jim 7 (ghe) = 7:(ght’)-
We also have the inequalities from (iv)
Hﬁf\’(fghf\]) - ﬁt(fght)H < I£I1#1fo — ﬁtflfo‘
|7 ey = (o) || < |1 fo = -1
and since imy_.c 7Y ; = ;1 a.s. we then have
lim 7 (fght') = 7:(f8ht) as.
(5.10)

Jim i (ghlY) = 7ii(ght) as.

since gh; is bounded and continuous by assumption. Combining (5.9) and (5.10) we have for
all f € C, (Rd<f+1>)

. it (fght)
lim aNf— TtU8h) _
A T f = gy S

for all f € C,, (IR"Z(tH)) and therefor limy_ 7, = 7j;. From (v) we have

1 i) ool (), ol
- 2 (NOFEED - Nal f(RED)

i=1

E (i -af|] =

7

1 & (i ’ 5.11
<E||L L (N7 =Nal) £l ] G0
i=1
1 n_ CllfIIP
< lfrent = =L,

wheree =p—h—1>0.
From (5.11), again via a Borel-Cantelli argument, we have limy_. ' f — 7' f = 0 a.s. for all

feg, (Rd(t“)) and since almost surely limy_., 7 = 7; we finally arrive at
Jim AN =fras.
O

If we combine Lemma 5.6 and Lemma 5.8 with the fact that almost surely limy_.c Y = 10, we
have proved the following theorem.
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Theorem 5.7

For all t > 0 we have

=

—Z
zl;ﬁ

S)

An additional MCMC step

We have already discussed the MCMC step in chapter 2 as a method to avoid degeneracy in
the particles. If the distribution of the importance wights is highly skewed then we will select
a few number of particles many times. To attain more diversity among the particles and still
have asymptotic convergence of the empirical measure to the posterior distribution, we apply
to each particle 3?(()12 a Markov transition kernel Kt(ﬁ(()l;z, d¥p;) of invariant distribution 7;(dx.),
that is [ Ki#j¢ = 7. The new set of particle {x(()lz}fi , are still distributed according to the posterior
distribution of interest, but will with probability one consist of N different paths in the state
space. One can allow the Markov transition kernel to depend on the whole population of particles

{félz}fil as long as it satisfies

N ‘
/Kt ({2 1 dxox) [ T e (d2)) = A (dxos)-
i=1

That is as long as 7j; is the invariant measure for K;.

Algorithm 5.2: An additional MCMC step
At time ¢£;
fori=1:Ndo
Sample X(()z ~ Ki ({XOt}] 1/d5C.O:t);
Let 7j; denote the associated empirical measures;

end
Sett«— t+1;

We have already proved the mean square convergence of /N f to 7;f and with the same
assumptions about the importance function and selection/resampling steps we will now prove
that this remains valid after the MCMC step.
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Lemma 5.8

Assume that for any f € B (]Rd(fH))

2
wwf—mﬂ@gaﬂﬁﬁ

Then, after the MCMC step of the algorithm

2
nﬁ?—mﬂ@saﬁy.

Proof: Let FX be the o-field generated by {}A(ézz N |, then
IE [U?{f’ﬁtx] = N Kif,
and we have using the same calculations as in the proof of lemma 5.1,
E | (i f - E [} fI7Y] ) 217

—E[(i'f VK f) 4]

Then, using what we already know about 7 and the fact that #;K;f = #;f, we have for all
f cB <]Rd(t+l)>
liief = Aefllz < 1 f = 28 Keflla + 107 Ke f = 1eKef |12

g¢ay%,

with & = (1 + &)>. O
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To prove the almost sure convergence of 7jl¥ we need to add an extra assumption to the ones we
already have.
The MCMC step

i) K; is a Feller kernel.
We are now ready to prove the following lemma.
Lemma 5.9

Let AN be a sequence of random approximations of #; such that almost surely

a.s

~N N
Ur Mt

z |

then after the MCMC step of the algorithm we have almost surely
iir

The proof of Lemma 5.9 is identical to the one in Lemma 5.5

Proof: Let G; be as it was defined in the proof of Lemma 5.8, then

E [iiMf10| = iNKif. (5.12)
We have seen that there exists a constant C, independent of N, such that
51\4 | 4 4
E [(ﬁth —EiMf16]) |gt:| < C”I{]! . (5.13)
From (5.12) and (5.13) we then get

E [ - ) | < oL

and once again via Borel-Cantelli argument, we have, almost surely
Jim iNf—GNKif =0P —as. (5.14)
forall f € C, (IRd(t“)). By the inequality
N = dukef| < [N f = ANKef |+ | VK — ikt (5.15)

and since K;f is continuous by the Feller property of K; and, almost surely, limy . 7 = 7;
we have using (5.14) and (5.15)

Jim N f = Ko f = e f
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forall f € C, (Rd(t“)), hence

zl;
>

~
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Discussion

In chapter 4 and 5 we studied the convergence for different types of particle filters to the posterior
distribution. The rate of convergence is 1/+v/N however the constants we have to drag with us
are not always explicitly but even so they are obtained using very coarse majorations and will
necessarily give us a good indication on the prediction error. The constants also depend on t. (For
a uniform convergence theorem see Del Moral (1998)) However, as we discussed in Chapter 3,

we can estimate a lower bound for the prediction error recursively as we carry out one of the
algorithms. In our linear Gaussian examples, as we pointed out earlier, the PCRB is asymptotically
equal to the prediction error of the Kalman filter, which is optimal.

The most crucial choice of all these algorithms is the choice of the transition kernel. We pointed
out in Chapter 5 that most algorithms presented in literature are recursive, that is we use the
current particles {X(ng—l}zz\i , and sample a set {Xt(i) }N | from our transition kernel to obtain the
new set {X(()lz N . If we choose the transition kernel such that we have to draw a whole new
set {X(()ZZ}ZI\L ; at time t, it will become too time demanding as t becomes large. We have seen
several proposals for the transition kernel, and although it is not optimal, using the marginal
distribution of X; we get a system that is easy to implement and an approximation for the
prediction distribution, which may be of interest. In Chapter 5 we let the kernel I'y depend on
the previous measure I';(-,-, 7Y ;,-). In my opinion this is just to make the theorems as general
as possible, and the algorithms will get overcomplicated when you try to implement it on your
computer. The proof of convergence in chapter 5 would be easier if we dropped this dependence
and we would also use fewer assumptions.

When it comes to the Case b situation in Chapter 4, where (X,Y) is Markov and X is a
Markov process itself, we have seen in example 5.1 that the h-approximation method proposed by
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Crisan (2001) and the more general scheme by Del Moral and Jacod (2001) worked well and gave

approximately the same results. According to Crisan (2001), reducing case b to case a leads to a
filter scheme which is easier to implement, that may very well be so, but in this algorithm one
also has to simulate the Y process and is more time demanding then the algorithm proposed by
Del Moral and Jacod (2001)

Tracking applications is perhaps the biggest area for particle filter methods. In these scenarios

we often have the situation where X is Markov, and the observation Y is a function of X with
some independent noise. Particle filters for this problem was the main focus in Chapter 2 and
4. From point of view, taking into account the problem of diversity and outliers, the ASIR filter
(Section 2.3) should be implemented, when possible, to solve this problem.
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Conditional expectations and probabilities

A.1 Conditional expectations and probabilities

In this section we study briefly some definitions and results that we need in the Chapter 4. The

results are taken from Crisan (2001). The section is included to justify why 7/ and 7; as defined

in (4.2) and (4.3) are in fact probability measures and why we have 7;(f) = E[f(X;)[c(Yo.)] and
7" (f) = E[f(X¢)|Yox = yo:]- Also included are some results on conditional probabilities and
expectation that we need to prove the recurrence formula in lemma 4.1.

Let (), 7, P) be a probability space and let G € F be a sub-c-algebra of F. The conditional
expectation of an integrable F -measurable random variable ¢ given G is defined as the integrable
G-measurable random variable, denoted E[¢|G], with the property

| eap = | Eiziglap, (A1)

for all A € G. Then E|[{|G] exists and is almost surely unique. We now state some properties of
the conditional expectation.

1. If a1, € R and &4, & are F-measurable, then
IE[DQ(:l + Déz(:;(2|g] = (XﬂE[Cﬂg] + 6(2]E[€2|g], P —as..

2. If £ > 0then E[|G] >0, P —as.

3.1f0< ¢, / ¢ then E[Z,|G] / E[¢|G], P —as.
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4. If H is a sub-c-algebra of G, then E [E[¢|G]|H] = E[¢|H], P —a.s.
5. If { is G-measurable, then E[¢7|G] = CE[t|G], P —as..
6. If H is independent ¢ (¢(¢), G), then E[¢|c(G, H)] = E[E|G] P —a.s..

The conditional probability of a set A € F with respect to the c-algebra G is the random
variable denoted by P(A|G) defined as P(A|G) £ E[I4]G], where 14 is the indicator function of
the set A. From (A.1) we deduce that

P(ANB) :/BIAdP:/I;IE[IA|B]dP:/BP(A|Q)dP

forall B € G.Let 11, 1, . . ., Tx be F- measurable random variables, then the conditional expectation
of ¢ with respect to 7, 1o, ..., T, E[{|T1, T2, . . ., T], is the conditional expectation of ¢ with respect
to the o-algebra generated by 7, 1, ..., %, i.e, E[¢|t1, T, ..., %] = E[¢|o (T, ..., T)] and we have
the analogue definition of P(A|T, ..., ), the conditional probability of A with respect to 74, ..., T.
The fact that P(A|G) is not pointwise uniquely defined, only almost surely, may be troublesome.
It implies that for all A € B (R?) 7;(A) is not pointwise uniquely defined.

If Aj,Ay,---€ B (IRd) is a sequence of pairwise disjoint sets, then , by properties 1 and 3,

i (UAn|g> =Y 7(AulG), P—as.

Definition A.1.1
Let (O, F,P) be a probability space, (E,£) a measurable space, X : O — E be an £/F-
measurable random element, and G s sub-c-algebra of F. A function Q(w, B) defined for all
w € O and B € £ is a regular conditional distribution/probability of X with respect to G if
(a) for each w € O, Q(w, ) is a probability measure on (E, &)
(b) for each B € F, Q(+, B) is G-measurable and Q(-,B) = P(X € B|G), P-as..

Definition A.1.2

A measurable space (E, £) is a Borel space if there exists a one-to-one mapping f : (E, &) —
(R, B (R)) such that f(E) € B(R), f is £-measurable and f~! is B (R) /£-measurable.
We state the following theorem without proof.

Theorem A.1

Let X = X(w) be a random element with values in a Borel space (E, £). Then there exists a
regular conditional distribution of X with respect to G.
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Since (R?, B (IR?)) is a Borel space, there exists a regular conditional distribution of X; with
respect to o(Yp.). Therefor, if A € B (IR?), we assign 7;(A) the value Q(-, A) ,(since it is defined
only almost surely) where Q is the regular conditional distribution of X; w.r.t. (Y. ). Then 7; is a
probability measure.

Remark If 7}; is defined as above, then the identity in (E) holds true , P-a.s., for all B (IRd)-
measurable functions f.

Proof: If f = Ip where I3 is the characteristic function of any Borel set, the required formula
holds by definition (A.1.2b). Consequently it holds for simple functions. Let f > 0 be an arbit-
rary non-negative function and let 0 < f,, /* f, where f, are simple functions. Using property
3. of conditional expectations we have E[f(X;)|o(Yo.t)] = limy e E[fu(X¢)|0(Yo:)], P-ass.
but since 7; is a probability measure for all w € () we also have by the Monotone convergence
theorem E[f(X;)|0(Yo:t)] = limy—o E[fu(X¢)|o(Yo:t)] = limy—oo :(f) = 7:(f). Hence the
identity holds for non-negative measurable functions. The general case is now proved by
representing f as f = f+ — f~. O

Let ¢, T be F-measurable functions Since E[¢|7] is a ¢(7)-measurable random variable, there
exists a function m = m(y) : R — R such that m(7) = E[¢|7] We denote m(y) by E[¢|T = y] and
call it the conditional expectation of ¢ with respect to the event {T = y}. Then, via the change of
variable formula, we have, for all A € B(R),

/{w:TeA} Glw)Pldw) = /{WE gy M (@))P(dew) = /A m(y)Pr(dy), (A2)

where P: is the probability distribution of 7. We can use (A.2) as the defining formula conditional
expectation of ¢ with respect to the event {7 = y}. That is, [E[¢|t = y] is the B(R)- measurable
random variable such that

J ey 3P = [ ElEIT = ylPe(dy)

holds true for all A € B(R). Again this is Pr-almost surely unique. If we know E[¢|T = y], then
we can deduce E[¢|7] and vice verse. The expectation E[¢|7] satisfies the following identity P.-

a.s.
Egf(Dlt =yl = f(WE[E]T =yl
for all f € B(R). Moreover if ¢ and 7 are independent and ¢ € B (R), then Pr-a.s.

E[g|t = y] = E[]

E[g(¢, 7)T =yl = B[g(&, y)]. (A3)
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The conditional probability of the event given by A € F under the condition that {t = y}

(P(A|t =y)) is defined as E[I4|t = y]. P(A|T = y) is the B(R)-measurable random variable such
that

P(AN{T=y}) = [ P(AlT = )Pe(dy) (A4

for all B € B(R).

Now if #}; is the regular conditional distribution of X; with respect to Yp., then, forall A € B (R?)
fit(A) is Yo measurable. Hence, there exists a function m = m(a, Yo.t) : B (R?) x Im(Yp) — R
such that, pointwise

1t(A)(w) = m(A, Yo (w)).

Since for all w € Q, 7:(-)(w) is a probability measure, it follows that for all yo; € Im(Yo.),
m(-,yo) is a probability measure on B (RY). Then, as above, we assign to #{*'(A) the value
m(A,yo.) and we have that ;" is a probability measure and #{™ (f) = E[f(X;)| Yo+ = yo] for all

feB(RY.

A.2 The recurrence formula for the conditional distribution of the signal

We will now prove the formula in lemma 4.1, but first we need the following lemma.

Lemma A.2

Let Py, € P (Rq(t*S“) be the probability distribution of Y;.; and A the Lebesgue measure
on (]Rq(t“’“), B (]Rq (t*s“)> ) Then for all 0 < s < t < oo, Py,, is absolutely continuous with

respect to A and its Radon-Nikodym derivative is

dPy.,
d;j (ySt ySt A{dt o11) ng l X ) s:t(dxs:t)-

Proof: Let Csy = C; x - - - X C;, where C, are arbitrary Borel sets, C, € B (R7) foralls <r < t.
We need to prove that

Py (Cst) = P({ Yoy € Css}) = /C Y(yer) dy .- dye (A5)

By the vector analogue of (A.4)

P({Yor € Caal) = [ P(Yer € CatlXea = Xer) P, (), (A6)
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and using the fact that X; and W; are independent and the fact that W, - - - , W; are independ-
ent, we have from (A.3)

P(Ys:t S Cs:t|Xs:t = xs:t) =E

Hl{c,v} ((hi(Xi) +Wy)) [Xs:t = xs:t]

t
=E [ [ Ly (hi(xi + W)
c (A7)
= TTE [Icy (hi(x:) + W)
i=s
3
= H/C 8i(yi — hi(xi)) dy;.
i=s i
By combining (A.6) and (A.7) and applying Fubini, we get (A.5). B

Proposition A.3
The conditional distribution of the signal (given the observations .;)
satisfies the following recurrence relations, for ¢ > 0:

Y; !

~ Y. X it 7 ad

M) = =8 Dy [ = S0
Nt8; M8t

Mes1 — ﬁth Ni4+1 - ﬁtQt/

where ¢/™ £ ¢(y; — hi(+)) and the recurrence is satisfied Py, -almost surely, or equivalent,

A-almost surely.

Proof: We first prove the second identity since it is the simplest of the two. For all f € B (le),
we have, using the Markov property of X, E[f(X;+1)|FX] = E[f(Xi+1)|X:] = Q:f(X;). Then
using property 6. of conditional expectations, and the fact that Wy is independent of Xp.t1,

E |f(Xe2)|FXV A = B [f(Xe)l 7]
Hence, using property 4. of conditional expectations

N1 (f) = E [f(Xe41)[You]
= E [E[f (X)) |75 v 7))
= [Qif (X)| 7
= 17:Qtf,
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which implies that ntyitl = ﬁty % Q. We will now prove the first identity. Let Co.t = Co X - - - X Cy,

where C, are arbitrary Borel sets, C, € B (IRY) for all 0 < r < t. We need to prove that

yOt 1
Ao ( Jagl'(x (dxy) _— N
/C /COt fIRd gt 0.[,1 (dXt) Yg;t( yO;t). ( . )

By (A.4), the left hand side of (A.8) is equal to P({X; € A} N {Yo; € Co.t}), so we need to
prove that this is true also for the right hand side of (A.8). Since o'(Xo.t, Wo:t) D o(X, Yo.) we
obtain, using property 4. of then conditional expectations

P(Y; € A¢|Xt, Yoir—1) = P (P(Yr € At Xot, Wor—1)| Xe, Yoir—1), (A9)
and using property 6. of conditional expectations

P(Yt € At|X0:t/ WO:t—l) = P(Yt € At‘XOZt)
= P(Yo+ € (RT) x A¢|Xp:t) (A.10)

= /At gt(yr — he (X)) dys.

From (A.9) and (A.10) we get P(Y; € A¢| Xy, Yor-1) = fAt eyt — (X)) dyy which gives us

P(Yt € At|Xt =X, Y041 = yo:t—l) = /A gi’*(xt) dyt/ (A.11)

hence
Py,,(Aot) = P({Y; € A} N {X; € RY} N {Yo—1 € Aps1})

= (Rix Agy 1} Atgt( )Utym 1(dxf)PY0:t—1(dy0:i71) (A.12)

= [ ROl Gy (@) Py, (s ),
0:¢
where we have used the identity

Px, You 1 (dxt, dyo—1) = 77 (dxt) Py, , (dyo:—1), (A.13)

which is a consequence of the vector analogue of (A.4). From (A.12) we see that

Py, (dyo.t) = /]Rd g7 (x)n!™ (dx;) dyi Py, , (dyo:t—1)-

Hence, the right hand side (A.8) is equal to

Fé/c /Agi/t(Xt)ﬂi/O:til(dxt)PYOIFl(dyO:t—l)’
0:t
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which, in turn, using (A.11) and (A.13)

I = Yt ) d yU:t—l(dxt)P dves
AXCoi_1 ( C 8 (xt) }/t) i Yo;zq( Yo:t—1)
— P(Y: € Ci|Xs = x¢, Yo—1 = You—1)Px, vy, , (dxe, dyo.r 1)
AxCop

= P({X; € A} N {Yox € Cos}),

and the proof is complete.
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