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Abstract

We establish some strong sufficient conditions that the inequality fs4(z,y,z) > 0 holds for all nonnegative
real numbers x,y, z, where fy(z,y, ) is a cyclic homogeneous polynomial of degree four. In addition, in the
case f4(1,1,1) = 0 and also in the case when the inequality f4(z,y, z) > 0 does not hold for all real numbers
x,y, z, we conjecture that the proposed sufficient conditions are also necessary that fi(x,y,z) > 0 for all
nonnegative real numbers x,y, z. Several applications are given to show the effectiveness of the proposed
methods.
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1. Introduction
Consider first the third degree cyclic homogeneous polynomial
fa(z,y,2) = Zx?’ + Bxyz + CZny +D nyz,

where B,C, D are real constants, and »_ denotes a cyclic sum over z, y and z. In [6], Pham Kim Hung
gives the necessary and sufficient conditions that f3(x,y,z) > 0 for any nonnegative real numbers x, y, z.
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Theorem 1.1. The cyclic inequality f3(x,y,z) > 0 holds for all nonnegative real numbers x,y, z if and only
if
f3(17 17 1) >0

and
f3(x,1,0) >0

for all nonnegative real x.

Consider now the fourth degree cyclic homogeneous polynomial

fa(z,y, 2) :Z:c4+AZx2y2+BmyzZaz+CZx3y—|—Dny3,

where A, B,C, D are real constants.
The following two theorems in [4] express the necessary and sufficient conditions that fy(x,y,z) > 0 for
any real numbers z,y, 2.

Theorem 1.2. The cyclic inequality fi(x,y,z) > 0 holds for all real numbers x,y, z if and only if
fat+kE+1,kt+1)>0
for all real t, where k € [0, 1] is a root of the equation
(C—D)E*+(2A—B—-C+2D—4)k* —-(2A—-B+2C -D - 4)k+C — D = 0.

Theorem 1.3. The cyclic inequality
f4 (l’, Y, Z) > 0

holds for all real numbers x,y, z if and only if g4(t) > 0 for all t > 0, where

git) =324+ A-C-D)t' —Ft? +34—-B+C+D)t* +1+A+B+C+D,

F=./27(C-D)2+E?, E=8-4A+2B-C—D.
In the particular case f4(1,1,1) = 0, from Theorem [1.3| we get the following corollary (see [I] and [3]):

Corollary 1.4. If
1+A+B+C+ D=0,

then the cyclic inequality fy(x,y,z) > 0 holds for all real numbers x,y, z if and only if
3(1+A)>C?*+CD+ D>

The following propositions in [4] give the equality cases of the inequality fi(x,y,z) > 0 in Theorem
and Theorem respectively.

Proposition 1.5. The cyclic inequality fi(x,y,z) >0 in Theorem becomes an equality if

XT _ Yy . z
t+k k+1 kt+1

(or any cyclic permutation), where k € (0,1] is a root of the equation
(C-DEk*+(2A-B—-C+2D—4)k* -~ (2A-B+2C-D-4)k+C—-D=0

and t € R is a root of the equation
fat+kE+1,kt+1)=0.
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Proposition 1.6. For F' > 0, the cyclic inequality fi(z,y,z) > 0 in Theorem becomes an equality if
and only if x,y, z satisfy

(C=D)z+y+z)z—y)y—2)(z—=x) >0
and are proportional to the real roots w1, we and ws of the equation
2F
w3—3w2+3(1—t2)w+?t3+3t2—1 =0,
where t is any double nonnegative real root of the polynomial gy(t).

The following theorem in [5] expresses some strong sufficient conditions that the inequality f4(z,y,z) >0
holds for any real numbers x, v, z.

Theorem 1.7. Let

G=V1+A+B+C+D,
H=2+4+2A-B-C—-D-C?>-CD - D?

The cyclic inequality fa(x,y,z) > 0 holds for all real numbers x,y,z if the following two conditions are
satisfied:

(a) 1+ A+B+C+ D >0;

(b) there exists a real number t € (—/3,+/3) such that f(t) >0, where

f(t) =2Gt* — (6 +2A+ B +3C +3D)t* +2(1+C + D)Gt + H.
In this paper, we will establish some very strong sufficient conditions that the inequality

f4($,y,Z) >0

holds for all nonnegative real numbers x, y, z.

2. Main Results
The main result of this paper is given by the following two theorems.
Theorem 2.1. The inequality fi(x,y,z) > 0 holds for all nonnegative real numbers x,y, z if
1+A+B+C+D>0
and one of the following two conditions is fulfilled:
(a) 3(14 A) > C? + CD + D?,
(b) 3(1+A)<C?*+CD+D? 5+ A+20+2D >0, fi(x,1,0) >0, hg(z) >0 for all z >0, where
ha(x) = (44+C+D)(a* +1)+ (A+20C - D —1)z* + (A—C +2D — 1)z
Theorem 2.2. The inequality fi(x,y,z) > 0 holds for all nonnegative real numbers x,y, z if

1+A+B+C+D>0

and one of the following two conditions is fulfilled:
(a) 3(14 A) > C? + CD + D?
(b) 3(1+ A) < C? + CD + D? |, and there is t > 0 such that

(C+2D)t? + 6t +2C + D > 24/ (t* +12 + 1)(C? + CD + D? — 3 — 3A).



Y. Zhou, V. Cirtoaje, J. Nonlinear Sci. Appl. 6 (2013), 74-85 7

Remark 2.3. If the sufficient conditions in Theorem or Theorem are fulfilled, then the following
sharper inequality holds for all z,y,z > 0:

fa(@,y,2) > (1+ A+ B+ C+ D)zyz ) w.

This claim is true because B > —1 — A — C — D and, on the other hand, Theorems [2.1] and [2.2] remain valid
by replacing B with —1 — A — C' — D. Therefore, if

1+A+B+C+D>0

and the other sufficient conditions in Theoremor Theorem are fulfilled, then the inequality f4(z,y, z) >
0 becomes an equality only when one of x,y, z is zero; that is, for x = By and z = 0 (or any cyclic per-
mutation), where 5 is a double positive root of the polynomial f4(z,1,0) (see the proof of Theorem [2.1))
or

hy(t) = [(C + 2D)t? + 6t + 2C + D]? — 4(t* + > +1)(C? + CD + D? — 3 — 34)
(see the proof of Theorem [2.2).

Remark 2.4. Consider the main case when
1+A+B+C+D=0.

In the case (a) of Theorem and Theorem the inequality f4(x,y,z) > 0 holds for all real num-
bers x,y, z, and the equality conditions (including the case x = y = z) are given by Proposition and
Proposition

In the case (b) of Theorem and Theorem the inequality f4(z,y,z) > 0 holds for all nonnegative
real numbers x, ¥, z, but does not hold for all real numbers z,y, z. Equality holds for x = y = z, and for

x = By and z = 0 (or any cyclic permutation), where 3 is a double positive root of the polynomial f4(z,1,0)
(see the proof of Theorem or hy(t) (see the proof of Theorem [2.2)).

Conjecture 2.5. If 1+ A+ B+ C+ D = 0, then the conditions in Theorem and Theorem [2.3 are
necessary and sufficient to have fy(x,y,z) >0 for all x,y,z > 0.

Conjecture 2.6. If the inequality fi(x,y,z) > 0 does not hold for all real numbers x,y, z, then the conditions
mn Theorem and Theorem are necessary and sufficient to have fy(x,y,z) >0 for all z,y,z > 0.

3. Proof of Theorem [2.1]
Let us define
(z,y,2 Zaj —i—AZl’ —|—A+B+C+D)mysz+CZx3y+Dny3.

Since

f4(x,y, z) > f4(wa Y, Z)

for all z,y,z > 0, it suffices to prove that fi(z,y,2) > 0. Assume that x = min{z,y, 2z}, and use the
substitution y = x + p, z = ¢ + ¢, where p,q > 0. From

> ot =32t +4lp+ )2 +6(0° + )2 + 400" + *)w +p* + ¢,
Y 2y =32t +A(p+ @)z + 2(p + 0)*” + 2pg(p + Q) + P,
wyz Y w=32"+4(p+ @)z’ + (0° + 5pq + ¢*)2* + pg(p + q)z,

> @ty =32 +4(p+ )2 + 3007 + pg + ¢*)a” + (0* + 3p%q + ¢*)x + P,
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>y’ = 32" +4(p+ 9)2® + 300" + pa + ¢*)a® + (0 + 3pa” + ¢*)x + pe’,
we get ~
fa(z,y,2) = Ai(p,q)2” + Bi(p, Q) + Ci(p, @) == h(x),

where
Ai(p.q) = (5+ A+2C +2D)(p* — pa + ¢°),

Bi(p,q) =4 +C+D)p*+¢*)+ (A+2C — D —1)p*q+ (A= C + 2D — 1)pg?,
Ci(p,q) = p* + Cpq + Ap*¢* + Dpg® + ¢

As we have shown in [3], the inequality h(x) > 0 holds for all real x and all p,q > 0if 3(1+A) > C?+CD+D?.
Assume now that 3(1+ A) < C? + CD + D?. Clearly, the inequality h(z) > 0 holds for all nonnegative real
x if A1(p,q) > 0, Bi(p,q) > 0 and Cy(p,q) > 0 for all p,q > 0. Clearly, these inequality are respectively
equivalent to 5+ A+ 2C' 4+ 2D > 0, hg(xz) > 0 for all x > 0 and f4(z,1,0) > 0 for all z > 0.

4. Proof of Theorem [2.2]
(a) By Corollary if
3(1+A4)>C*+CD + D?
and
B=-1-A-C-D,
then f4(z,y,z) > 0 for all real numbers z,y, z, so the more for all nonnegative real numbers z,y, z. Since
the polynomial f4 is increasing in B, the inequality f4(z,y,z) > 0 holds also for all B> —-1—- A —-C — D.

(b) The main idea is to find a sharper cyclic homogeneous inequality of degree four

ot + A1) a4 Biuayzd x4+ Cr1Y aPy+ Dy ay’ >0,

such that
1+A1+B1+Ci+D; =0.

Let us define

f4(377y72) = f4(.’13,y,22) —g(m,y,z),

where
9(z,y,2) = y2(pz + qy — qtz)* + 22(py + gz — qtz)? + zy(pz + gz — qty)?,
with
t>0,
VCW+CD+Iﬂ—3—3A
q = > 0,
tr+12+1

p=q(t—1)+V1+A+B+C+D.
Since g(z,y, z) > 0, it suffices to prove that fy(z,y, z) > 0. We can write f4(z,y, z) in the form

fa(z,y,2) = Z$4+A1 29022/2 +Blmyzz$+012$3y+Dlzxy37
where
Ay =A+2¢t, B =B-p(p+2q—2qt),
C,=C—¢* D, =D-— ¢t
Since
1+A1+B1+Ci+D1=1+A+B+C+D—(p+q—qt)* =0,
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according to Corollary it suffices to show that 3(1 + A;) > C% + C1D1 + D%. Write this inequality as

1
(C+2D) +6t+2C+D > @t +t° +1) + - (C*+ CD + D* — 3 — 34),
q

(C+2D)t* + 6t +2C + D > 2/ (t* + 12 +1)(C? + CD + D? — 3 — 3A).
By the hypothesis in (b), there is ¢ > 0 such that the last inequality is true. Thus, the proof is completed.

5. Applications

Application 5.1. Let x,y,z be nonnegative real numbers. If k > 0, then ([2] and [7])

Zx4 + (K* - 2) ngyz +(1-— k2)xyzZ:c > Qk(z 2y — nyg)
Proof. Write the inequality as fi(x,y,z) > 0, where
A=k -2 B=1-k, C=-2k, D=2k, 1+4A+B+C+D=0.
First Solution. We will show that the condition (b) in Theorem [2.1}is fulfilled. Since
C?+CD+D*-314+A)=k+3>0

and
5+A4+20+2D =k +3>0,

we only need to show that f4(x,1,0) > 0 and hg(z) > 0 for all z > 0. We have
fa(x,1,0) = 2 — 2ka® 4+ (K — 2)a® + 2kx + 1 = (2% — kx — 1)? > 0,

ha(x) = 4(x® 4+ 1) + (k* — 6k — 3)x* + (k* + 6k — 3).

For 0 <z < 1, we get
ha(z) = 4(2® + 1) + (k* — 3)z(1 + z) 4+ 6kz(1 — ) > 4(z® + 1) + (k* — 3)z(1 + )
>4(2® +1) —4o(l+2) =4(x+ 1)(z — 1) > 0.

Also, for z > 1, we get

hy(x) = 4(x — 1)% + (k — 3)%2® + (k> + 6k — 15)2 + 8

=4z — 13+ (k=3)%(x - 1) +3(k—1)2z — k> 4+ 6k — 1
=4(z— 13+ (k=3) %z —1)> +3(k — 1)%(x — 1) + 2(k* +1) > 0.

M;Qﬁ. Therefore, according to

k+Vk?+4
2

The polynomial fy(x,1,0) has the double positive real root g =

Remark equality holds for x = y = 2z, and also for z = 0 and v_ (or any cyclic
z

permutation).

Second Solution. We will show that the condition (b) in Theorem is fulfilled. Since
C?+CD+D*-3(1+A) =k +3>0,

we only need to show that there exists ¢ > 0 such that

kt> + 3t —k > \/(k2 + 3)(t + 12 + 1).
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This is true if
kt? +3t—k>0

and h4(t) > 0, where
ha(t) = (k2 43t —k)? — (K2 +3)(t* + 2 4+ 1) = —(t* — kt — 1)2.

Clearly, for

Lk VR
=0,

we have h4(t) = 0 and
kt? +3t —k = k(kt +1) + 3t — k = (k> 4+ 3)t > 0.

VkZ+4
Since the polynomial h4(t) has the double positive real root g = %, according to Remark
k+Vk*+4
2

equality holds for x = y = 2z, and also for x = 0 and v _ (or any cyclic permutation).
z

Remark. For k£ = 1, we get the inequality
gt byt ay? 2% 20 > 2(aby + yPe + Br — oy — y2d — 2ad),

1+V5
2

with equality for z = y = 2, and for x = 0 and v _
z

Also, for k = v/2, we get the inequality

(or any cyclic permutation).

et oyt bt —ayz( 4y + 2) > 2V2@3y + Pz 4 2B — ay® — g2 — 2a2d),

V2 + 6

5 (or any cyclic permutation).

with equality for z = y = 2, and for x = 0 and g =
Application 5.2. If x,y, z are nonnegative real numbers, then ([2])

oyt 2+ 523y + P2 + 2Br) > 6(a%y? + 222 + ).
Proof. Write the inequality as fy(x,y,2z) > 0, where

A=-6, B=0, C=5 D=0, 1+A+B+C+D=0.
First Solution. We will show that the condition (b) in Theorem is fulfilled. Since
C?+CD+ D*-3(1+ A) =40

and 5+ A+ 2C + 2D =9, we only need to show that f4(z,1,0) > 0 and hs(x) > 0 for all x > 0. We have

fa(z,1,0) =2 + 523 =62+ 1= (z — D+ 2(32 — 2)2 > 0

and
hy(x) = 3(32> + 2% — 4z + 3).

For 0 <z <1, we get
32° + 2% —4x +3> (v — 1)(z — 3) > 0,

and for x > 1, we get
323 + 22 —dx4+3>4da(zr—1)+3>0.
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Since the polynomial f4(z,1,0) has no double positive real root, equality holds only for x = y = z (see
Remark .
Second Solution. We will show that the condition (b) in Theorem is fulfilled. Since
C? +CD+ D* - 3(1 4+ A) = 40,
we only need to show that there is ¢ > 0 such that

1062 + 6t +5 > 2,/40(t* + 12 + 1)

Indeed, for t = 3/2, we get
10t + 6t 4+ 5 — \/40(t4 + 12 4+ 1) = E—\/133 S > 0.
2 2(73 + 21/1330
According to Remark equality holds for z =y = z.

Application 5.3. If x,y, z are nonnegative real numbers, then
3(zt +yt + 2Y) +A(zyd +y2d 4 223) > 723y + 32 + 2B2).
Proof. Write the inequality as f4(z,y, z) > 0, where

4
A=0, B=0, C:—g, D:§7 1+4A+B+C+D=0.

First Solution. We will prove that the condition (b) in Theorem [2.1]is fulfilled. Since
10

9
and 5+ A+ 2C + 2D = 2, we only need to show that f4(z,1,0) > 0 and hz(x) > 0 for all x > 0. We have

C?4+CD+D*-3(1+A)=

13\* 11
f4(:c,1,0):x(x+1)(3x—5)2+5<x_10) Ll

and
hy(x) = 323 — 7% + 4z + 3.

4
For()gxglandng,weget
303 — T2? +dx +3 > 32% — 72 +do = x(x — 1)(3z — 4) >0,
3
andforlg:zgi,weget

32° — Tz’ +4x +3> -4z’ + 4z + 3= 22+ 1)(3 - 2z) > 0.

Since the polynomial f4(z,1,0) has no double positive real root, equality holds only for x = y = z (see

Remark [2.4).
Second Solution. We will prove that the condition (b) in Theorem is fulfilled. Since

10

C?+CD+D*-3(1+A) = 5
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we only need to show that there exists ¢ > 0 such that
t2 4+ 18t — 10 > 2/10(t4 + 12 + 1)

Indeed, for t = 2, we get

609
218t —10— V10 + 2+ 1) =30 -2V210 = ———— > 0.
( ) 30 + 2v/210

According to Remark equality holds for x =y = z.

Application 5.4. If x,y, z are nonnegative real numbers, then ([1l])

4 4
4., .4 4 3 3 3
T4y +2+ —1)zyz(z+y+2) > °y +y°z+ 2°x).
y ({*/ﬁ ) yz(z +y )—é/ﬁ( y+y )
Proof. Write the inequality as f4(z,y, z) > 0, where
4 4
A=0, B=—-=-1, C=—-—-—=, D=0, 1+A+B+C+D=0.
27 27

First Solution. We will show that the condition (b) in Theorem is fulfilled. Since

16
C?’+CD+D*-3(1+A)=—=-3>0,
( ) 3V3
and S
54+A+20+2D=5——— >0,
21

we only need to show that f4(z,1,0) > 0 and hs(z) > 0 for all x > 0. We have

4 2 1
2,1,0) = 2% — 2 +1= :c—\4/§2<:v2+ ;1:—|—>>0
f4( ) ﬁ ( ) 427 \/g =
and 4
ha(z) =423 —2? — 2+ 4 — 22 4+ 222 —x +1).
Since
P42 —r+1>22—2+1>0
and
4 <9
V27 5
we get

5ha(z) > 5(4a® —2® —x +4) — 9(2® +22% —2 4+ 1) = 112 — 2322 + 42 + 11

3\ 2 83 83
:11x<x—2) +10m2—zx+11210x2—zm+11

The polynomial f4(z,1,0) has the double positive real root 3 = v/3. Therefore, according to Remark
equality holds for x = y = 2z, and also for x = 0 and v _ V3 (or any cyclic permutation).
z
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Second Solution. We will show that the condition (b) in Theorem [2.2|is fulfilled. Since

16

C?+CD+D*—-3(1+A)= —
( ) 53

—-3>0,

we only need to show that there exists £ > 0 such that

—2t 4 327t — 4 > \/(16 —OV3)(t4 + 12 + 1).

This is true if
—2t2 4+ 32Tt —4>0

and hy(t) > 0, where
ha(t) = (=262 + 3v27t — 4)? — (16 — 9V3) (t* + 12 +1).

Since

ha(t) = 3(t — V/3)%[(3V3 — )2 — 2v/3(4 — V3)t + 3],
we have hy(t) = 0 for t = +/3, when
—2t% 4 3V27t —4=5-2V3 > 0.

The polynomial hy(t) has the double positive real root 3 = v/3. Therefore, according to Remark equality
holds for = y = 2, and also for x = 0 and v _ V3 (or any cyclic permutation).
z

Application 5.5. If x,y, z are nonnegative real numbers, then ([7])
4 4, 4 3 3 3 47 5 o 2.2 2.2
24yt + 2+ 152y + ¥z + 2%x) > Z(x Yoyt + 2%,

Proof. Write the inequality as fy(x,y,2z) > 0, where

—47 17
A:T’ B=0, C=15 D=0, 1+A+B+O+D:z.

First Solution. We will show that the condition (b) in Theorem is fulfilled. Since

102
CQ+CD+D2—3(1+A):%,
and
93
5+A+20+2D =7,
we only need to show that fi(z,1,0) > 0 and hg(z) > 0 for all z > 0. We have
4 3 47 5 1 22
fa(x,1,0) = 2" + 15z - 5¢ +1= Z(Qm—l) (x*+ 16z +4) > 0.
and
3 69 , 111 9 9
hs(z) =19(z” + 1) + T e> 14 + 142* — 28z = 14(x — 1) > 0.

1
According to Remark since the polynomial f4(x,1,0) has the double nonnegative real root 5 = ok

equality holds for = 0 and 2y = z (or any cyclic permutation).
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Second Solution. We will show that the condition (b) in Theorem [2.2|is fulfilled. Since

1029

C?+CD+D*-3(1+A) = T

we only need to show that there is £ > 0 such that
15t2 + 6t + 30 > 1/1029(t* + 12 + 1).

This is true if hy(t) > 0, where
ha(t) = (15t% + 6t + 30)2 — 1029(t* + % 4 1).
Since
hy(t) = —3(2t — 1)3(67t> + 52t + 43),
we have hy(t) =0 for t = 1
According to Remark since the polynomial h4(t) has the double nonnegative real root f =

equality holds for x = 0 and 2y = z (or any cyclic permutation).

Application 5.6. If x,y, z are nonnegative real numbers such that

)
2yt = i(xy—i-yz—i-zx),

then
et 4yt 42t > g(xgy + 3z 4 23n).
Proof. We see that equality holds for z =0, y = 2, z =1 (or any cyclic permutation). Since
oyt + 2t > (@ P+ 2D - 20y + yz + za)?
= g(my +yz + zz)?,
it suffices to show that
2zy + yz + 2x)? > 2y + P2 + B
In addition, since
36(xy +yz + 22)? = [6(zy + yz + 22)? = [2(2 + 9 + 2%) + 2y + yz + 22]?,
it suffices to show that
2(z% + y* 4 22) + zy + yz + 22)> > 18(2%y + 332 + 2°2),
which is equivalent to
4Zm4 + 92:323/2 —I—Gmysz —|—4Zzy3 > 14Zx3y.

It suffices to show that fi(x,y,2) > 0, where

fa(z,y, 2) :4Zx4+92x2y2 foyszf 14Zx3y+42xy3.

9
C=—, D=1, 1+A+B+C+D:Z.

with

Since

31+A)—-C?*-CD-D?*=0,
the condition (a) in Theorem and Theorem is fulfilled.

)

O
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