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Linear Difference Equations with Transition Points

Z. Wang' and R. Wong?!

Abstract

Two linearly independent asymptotic solutions are constructed for the second-order linear
difference equation

Yn+1 ('I) - (An-r + Bn)yn($) + ynfl(l') =0,
where A,, and B,, have power series expansions of the form

o0

« =3

Ap ~ _s’ By, ~ E =

ns ns
s=0 s=0

with g # 0. Our results holds uniformly for x in an infinite interval containing the transition
point x4 given by agrs + fy = 2. As an illustration, we present an asymptotic expansion for
the monic polynomials m,(z) which are orthogonal with respect to the modified Jacobi weight
w(r) = (1 — 2)%(1 + 2)’h(z), x € (—=1,1), where a, 3 > —1 and h is real analytic and strictly
positive on [—1, 1].

Key words and phrases. Difference equation, transition points, three—term recurrence relation,
orthogonal polynomials.

1 Introduction

Ever since Deift and Zhou [7] introduced the steepest descent method for Riemann-Hilbert
problems, there has been a considerable amount of activities in the study of asymptotics of
orthogonal polynomials by using this approach. For instance, in [5] Deift et al studied the
asymptotics of orthogonal polynomials with respect to the weight w(x) = e~ Q@) on the real line,
where Q(x) is a polynomial of even degree with positive leading coefficient, and obtained uniform
Plancherel-Rotach-type asymptotics in the entire complex plane. Also, in [11] Kuijlaars and
McLaughlin used this method to investigate the asymptotic behavior of Laguerre polynomials
Lq(la")(x), where a, is a sequence of negative numbers such that —a,/n tends to a limit A > 1
as n — oo. Furthermore, Kuijlaars et al [12, 13] considered the asymptotics of the polynomials
that are orthogonal with respect to the modified Jacobi weight

w(z) = (1 —2)*(1 + z)°h(z), z e (—1,1), (1.1)



where o, f > —1 and the extra factor h is real analytic and strictly positive on [—1, 1]. For other
investigations of similar nature, we refer to [3, 4, 6, 10, 18]. An advantage of this new approach
over the more classical asymptotic methods is that it is applicable to orthogonal polynomials
which do not have an integral representation or satisfy a second-order differential equation.
Examples of such cases are provided by the two sets of orthogonal polynomials mentioned
above, namely those associated with (i) the exponential weight and (ii) the modified Jacobi
weight. However, so far this new method has not been able to produce results as strong as
those obtainable from the classical approaches when an integral representation is available, or
when the differential equation theory can be applied. For instance, in the case of Meixner-
Pollaczek polynomials M, (x;d,n), one can use a Cauchy integral representation to derive an
infinite asymptotic expansion for M, (an;d,n), which holds uniformly for —M < a < M, where
M can be any positive number; see [14]. Also, when the polynomial Q(z) = 2™ + --- in the
weight function w(z) = e~9®) is even and convex, one can use the turning point theory for
differential equations to obtain an asymptotic formula for the polynomials p,(x) orthogonal
with respect to w(z), which holds uniformly in the unbounded interval 0 < z < O(n'/?™); see
[16].

In our view, a desirable approach to derive asymptotic expansions for orthogonal polynomials
now is to develop an asymptotic theory for linear second-order difference equations, just like what
Langer, Cherry, Olver and others have done for linear differential equations; see the definitive
book by Olver [15]. Our view is based on the fact that any sequence of orthogonal polynomials
satisfies the three-term recurrence relation

Pn+1(z) = (anx + bn)pn(x) — cppn—1(x), n=12---, (1.2)

where a,, b, and ¢, are constants. If we define a sequence { K} recursively by K, 1/K,—1 =
cn, with Ky and K; depending on the particular sequence of polynomials, and put A,
anKpn/Kpi1, By = b, Ky /Kpt1 and P, (x) = pn(x)/ Ky, then (1.2) can be written as

Poi1(z) — (Apz + By) Pu(x) + Py—q(z) = 0. (1.3)

We shall assume that the coefficients A,, and B,, are real, and have asymptotic expansions of
the form

A —6 > O > ﬂs
n~T ZE and B”NZE’ (1.4)
s=0 5=0

where 6 is a real number and ag # 0. If z is a fixed number, then asymptotic solutions to (1.3)
can be obtained from existing results in the literature; see, e.g., the papers by Birkhoff [1] and
Birkhoff - Trjitzinsky [2]. These papers, however, have been considered far too complicated and
even impenetrable. For a more accessible account of the asymptotic behavior of the solutions
to equation (1.3), we refer to the two more recent papers by Wong and Li [21, 22]. When z
is a parameter and allowed to vary, then not much work has been done in this area until just
recently. In [20], we have studied a case in which the exponent 6 in (1.4) is not zero. This
case corresponds to the turning-point problem for second-order linear differential equations; and
the asymptotic expansions derived for the solutions involve the Airy functions Ai(-), Bi(-) and
their derivatives; see also [19]. In this paper, we shall consider the case # = 0 in (1.3). The



approximants of the asymptotic solutions turn out to be Bessel functions or modified Bessel
functions. As an illustration, we shall present an infinite asymptotic expansion for the monic
polynomials which are orthogonal with respect to the modified Jacobi weight given in (1.1).
Our expansion will hold uniformly for z in [—1 + J,00), 6 > 0. Although we will make use of a
result of Kuijlaars et al [12] on the coefficients of a relevant recurrence relation, our result for
the modified Jacobi polynomials is stronger than those given in their papers [12, 13].

The presentation of this paper is arranged as follows. In Sec. 2, we show how the Bessel
functions arise in the asymptotic solutions. In Sec. 3, we give a preliminary lemma which is
crucial to the derivation of the asymptotic expansions. The construction of the formal solutions
is presented in Sec.4. In Sec. 5, we establish the asymptotic nature of the expansions. The final
section is devoted to a study of the orthogonal polynomials with the modified Jacobi weight.

2 DMotivation Leading to the Expansion

Returning to (1.3), we try a solution of the form P,(z) = A" and replace the coefficients
A, and B, by their respective asymptotic expansions given in (1.4) with § = 0. Upon letting
n — 00, this yields the characteristic equation

2 — (o + Bo)A+1=0. (2.1)

The roots of this equation are

p— % apx + By £ \/(aox + ﬂ0)2 — 4, (2.2)

and they coincide when x = x4, where x4 satisfy
apr+ + By = £2. (23)

The points x4 and x_ are called transition points in [20]. Throughout this paper, we shall
assume that
a1 = ﬂl =0 (2.4)

This assumption naturally implies the condition
arz4 + 0 =0, (2.5)

which was used in our previous paper on turning point theory; see equation (2.7) in [20]. It
is interesting to note that in a paper on WKB methods for difference equations, Dingle and
Morgan [8, 9] also assumed this condition. In fact, they assumed the stronger condition that all
coefficients o and (s in (1.4) with odd indices vanish. (We believe that under assumption (1.4),
condition (2.4) for the three—term recurrence relation (1.3) is probably satisfied by all orthogonal
polynomials in the Szegd class. This possibility is currently under investigation.) Note that since
P,(z) = (—1)"P,(x) satisfies the recurrence relation P, 11(x)+ (Anx + By) Py (z) + Py—1(z) = 0,
we may, without loss of generality, assume ag > 0.



Now let 79 := —(asz4+ + 03)/2(cex 4 + [2); cf. (4.20) below. Define N := n + 79 and recast
the expansions in (1.4), with # = 0, in terms of N. This gives

Ap~ Y —= and By~ <= (2.6)

with oy = ap > 0 and o = ] = 0. Since the transition points x4 and z_ in (2.3) are distinct,
we may restrict ourselves to just the case = z4. As in [20], we try a formal solution of the

form
=Y KON (27)
s=0

for 2 near z,, where ¢ depends on z and N. In this paper, we choose £ = N('/?(z), where ¢(x)
is an increasing function with {(z4) = 0. Clearly,

Poja(@ ZX (N + D¢ @)V + 1)~
s=0

— si::xs [(1 + %)5} N7 (1+ %)‘S.

By expanding X (f + %) into a Taylor series and using the binomial expansion, we obtain

e i 1li[i ©5(5)] 2.9

-0 —0 JI\l—j—s
Similarly,
) 1 l l l—s ‘ fj _s
P =Y m X[ x0eb ()] (2.9)
1=0 = =0 j=0 J: J
Since £ = N¢Y2(x), we also have
2) - 1 §2J
H¢?/N?) ; j— 0) 227 (2.10)

where D7 denotes the j-th derivative of (7!, From (2.6) and (2.10), it follows that

Az +Bn_z o6 (2.11)

where Qo(€) = ajxs+ + ) =2, Q1(§) = ojz+ + 3] = 0 by (2.5), and

ﬁ + Z DJC Qg 2j§2j’ s = 2737"' . (212)

2]<5



Upon substituting (2.7), (2.8), (2.9) and (2.12) into (1.3), we find that X(&) satisfies the Bessel

equation
d2X0 a6 0/23:+ + Bé
= Xo. 2.13

= (G + e 219
Thus, it follows that X((§) can be expressed in terms of either the Bessel functions J, (&) and
Y, (§), or the modified Bessel functions I,,(§) and K, (). That is, there are constants C and Co
such that

Xo(§) = Cr&"20,(&) + C2 €777, (€) if ap<0
and
Xo(€) = C1€V2L,(€) + Co €2 K, (€) if ap>0,
where
/ 1 1/2
v= :|:<a233+ + By + Z) . (2.14)

Under the assumption in (2.4), it is easily verified that of, = ag and 5 = (3. In view of the
wellknown identities

94
J_,(z) = cosvmJ,(z) — sinvnY,(z), I ,(2)=1,(2)+ ST

K,(2),

Y_,(2) =sinvnJ,(2) + cosvmY,(z) and K_,(z) = K,(2),

we may, without loss of generality, take the square root with the + sign in (2.14). Moreover, each
of the subsequent coefficient functions Xs(§),s = 1,2,---, in (2.7) satisfies an inhomogeneous
Bessel equation. This suggests that instead of (2.7), we might as well try the formal series
solution

Py(x) = Z,(N¢*) > Z—(f) +Z, (N> F—(f) (2.15)
s=0 N2 s=0 N2

motivated from the differential equation theory. In (2.15), Z,(£) can be any solution of the
modified Bessel equation

! 1 / 1/2
vy +-y—|1+—5)y=0 (2.16)
x x
The main result of this paper is given in the following theorem.
THEOREM 1. Assume that the coefficients A, and B, in the recurrence relation (1.3) are
real, and have asymptotic expansions given in (1.4) with § = 0. Let x be the transition points

defined in (2.3), (/2 = cosh Y apz + Bo)/2 and 79 = —(azzy + 03)/2(asxy + (2). Then, for
each nonnegative integer p, equation (1.3) has a pair of linearly independent solutions

_ 4¢ i 1 1 "L 440
o) = (=) [VHANG D3

p
+ N33 Vfl(NC%)Z B]SV(SC)
s=0

(2.17)

+ep(N, 2)



and

ANgE
N

s=0

(2.18)
N2(2K, (N(? SEAGMN H(N,
_ 2€2 v—1(N(C2) SZ:; T x)|,
where N =n + 19 and v is given in (2.14). The error terms satisfy
M, 1 1
5p(N.2)] < 2 [[I(NCH)| + L (NG (219)
and u
1 1
|0p(N, )| < f% [ (NC2)| + [ K1 (NC2)] (2.20)

for x_ 4+ 0 < x < oo, where M, is a positive constant. The coefficients As(¢) and Bs(C) can be
determined successively for any given Ag(¢) and By((); see (4.11) and (4.12).

To see how the function {(x) and the constant 7y in the above theorem are chosen, we refer
to § 4; see, in particular, (4.8) and (4.20).

3 A Preliminary Lemma

When we replace n by n+1, the two functions Z,(N¢'/?) and Z,_1(N¢'/?) in (2.15) become
Z,[(N + 1)¢"/?] and Z,_1[(N + 1)¢'/?]. An important connection between the second two
functions and the first two is given in the following lemma, which plays a crucial role in the
derivation of the formal series solution (2.15).

LEMMA 1. Let Z,(x) be any solution of the modified Bessel equation (2.16), which satisfies

Zy_1(z) = Z(x) + (—)Zl,(x). (3.1)

X

We have
1/2
(1 + %) Z(N +0)¢? = Z,(NC?)G(N;0,0) + ¢V 2, «(NCIHH(N;0,¢) (3:2)

and

1/2
(1+5) 2V 40062 = CLZNCLNGG.Q) + 22 (NCAK(N:6.0), (33

where
o0 o0

H(N;0,() ~

G(N:0,() ~

(3.4)



=\ L6,
L(v:6,0) ~ Y F0d) k(0,0 ~ 3 B0
s=0

the expansions being uniformly valid with respect to bounded 0 and all real ¢
(1+6/N)/2Z,[(N + 6)¢/?]. Straightforward calculation gives
(3.6)

i

1
9\ 2
N) Cézlj*l

Proof. Let w(6,()
ow L —v 3
- = 2 -
2 (1+N> Z,+ <1+
and ) -
8 w -1
902 (C + v )2> (3.7)
The last equation can also be obtained directly from (2.16) by eliminating the term involving
the first derivative. From Taylor’s expansion,
1 0%w 9
w(0,0) = w(0,0) + 520,00+ 5 22 (0,0 + -
In view of (3.6) and (3.7), this series can be rearranged as
0\ 2
(1+5) ZIV +06H] = ZNGIGW0.0) + EZANHN0.0, (59
where G(N;0,¢) =1,H(N;0,{) =0
0G 1 —v OH
8H(NOC) N and 89(NOC)_1
Differentiating (3.8) with respect to 6 yields
0*q v? — % oG 1
— = —= |G Gl =1 — =2 3.9
00° <C " (N + 9)2> 7 00 90—y N 39
and ) .
0°‘H Ve — 1 oOH
00° (C " (N + 9)2) ’ o0 90 oo (310)
The solutions to these two differential equations have formal asymptotic solutions
— G(0 ~ H,(0
G =5 Gsl00) and =S 0.9 (3.11)
Ns Ns
s=0 s=0
where the coefficients can be determined recursively by the equations
0%Gy Gy
——— —(Gp =0 G =1 — =0
962 CGo =0, o, = 90 ;
) (3.12)
0 H() 8I'IO
——— —(CHp=0 H =0 — =1
862 C 0 Y 0 9:0 9y 80 Y



0?G 0G1 1
— —(G1 =0, G1 =0, — =——v,
062 0—0 90 oy 2
0*H, OH,
—_Cleov Hl —07 “an _07
9*’G , 1\ < . .
s _ s = _ = —1) (5 —1)972 o
R Gy >~ DG
Gs| = oG, | _ 0,
o=0 90 lp—g
and
(%M, >~ I\ S~y Dei-2H
- s = - 7 -1 | — a s—7»
e o= (- ) >V = 00
Hy| = 0| _
0=0 o0 6=0
for s > 2. These equations can be solved explicitly, and we have
1 1
Gy = 5(e\/Z@ + e_‘/@), Hy = ﬁ(e\/@ _ e—\/@)7
3V V<o V<o
G = e —e , H; =0,
and
=1 [Ny -2 VE(O0-6) _ C(6-0)
Gs = —1)( = 1)¢'"Gs—j) eV = eVEPT) do,
it U A Y = VE(6-6) _ VT(6-0)
\= —1Y(j — )¢ 2H, ;) (V809 — Vo0 gg
2\/Z 0 (]22( ])
for s > 2, where /¢ = i/~ if ( < 0. Using the inequalities
coshz sinhy < ycosh(z + y) and sinh z sinhy < ysinh(z + y),
it can be proved by induction that for ¢ <0
Gs(0, Q) < (v +1)°|0 and [Hs(0,0) < (Jv| +1)%]0],
and that for ¢ > 0
1Gs(0,0)] < ([v] +1)%|0]°Go(8, C), [H(0, )] < (lvl+1)%10]" [Ho (6, )]

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)

Thus, the formal series in (3.11) are uniformly convergent for any bounded 6 and sufficiently

large N, and (3.2) follows.



Let Ls(0,¢) and K4(0, () be given as in (3.5). By the same argument, we have

Ko(6,¢) = %(e‘/@ e V), Lo(6,¢) = ﬁ(e@ — eV, (3.21)
K1(0,¢) = 1/2\/3% (eVEO — e=VE0), L1(6,¢) = 0. (3.22)
Furthermore, for { <0
[K(0,0) < (lv] +1)%10]°, Ls(80, Q)| < (vl +1)°]01°*, (3.23)
and for { > 0
[Ks(0,¢)| < (Jv]+1)°16]°Ko(0, ), 1Ls(0, Q) < (Iv| + 1)°10]" [Lo(0, O)]. (3.24)

This demonstrates the uniform convergence of the formal series in (3.5) for sufficiently large NV,
and completes the proof of the lemma. |
From the recursive formula (3.16) - (3.18), it can be readily shown that

Gs(_ev C) = (_1)SG8(07 C) and Hs(_ev C) = (_1)8_1Hs(07 C) (325)

Choosing § = £1 in (3.2), we have

<1 + %) 2N £ 1)¢3] = ZV(N&)G<¢, i%) e H(N&)H(g, i%) (3.26)
where .
G(C, i%) = G(N;=£1,() == g(ﬂ)st\g) (3.27)
and .
H(C, i%) = +H(N;=£1,() == ;(il)sH;](f). (3.28)

Similarly, it follows from (3.3) that

<1 - %) EZH[(N +1)¢2] = ig%Zy(Nc%)L<<, i%) + Zul(NC%)K(CFt%)a (3.29)

where

L<<, i%) = +L(N;+1,() == g(ﬂ)sL;V—(f) (3.30)
and

K(C, i%) = K(N;+1,() :== ;(ﬂ)sKS(f). (3.31)



By (3.16) and (3.21), we also have

Go(¢) = Ko(¢) = cosh (3.32)
and b/
sin
Hy(¢) = Lo(¢) = ) (3.33)
(©) (©) Ve
Later in our discussion, we also need the values G(O l) H(O i) L(O l) and K(O l)
) 7N M 7N ) 7N 7N

To this end, we note that using (3.26) with Z, = I, and Z, = "7 K,,, we have, respectively,

o) = (o m) B S (o)

1 L\:LIN+ 1] L(NG) 1
H <7_>:<1+_> 1 T, 1 1 G(Ca_)
( N N/ ¢aI,1(N¢2)  ¢2I,_1(N¢2) N

From the asymptotic relations

and

(z/2)¥ 1 2\ 7"
1 ~ Kl/ [ad _F oy
I,(2) T+ 1) and (2) 5 (v) 5
as z — 0, it follows that
G0 ! 1 Ly 3.34
o) (x) .
(o L) _N 1\"*z . —vts
Ox)=alrw) - (ex) ) 239
In a similar manner, we obtain
1 1\ 2
K0—=]=(1+—= )
0, N> < + N> , (3.36)
1 3
1 N 1\" 2 1\ “t2
— | = 14+ —= -1+ = . .
ox) o) (er) ] 6

10



4 Formal Asymptotic Solutions

Let ((x) be an increasing function with {(z4) = 0. We try a formal series solution to (1.3)
in the form

Pu(z) = N2Z,(NC3 Z Ns s Z Ns ; (4.1)
cf. (2.15). For convenience, we put
L) _ 540 1) _ v Bs(©)
(o) -5 (o l) =SBy
s=0 s=0
and
1 S alr+ 3
\IJ<$, N) = An$ + BTL = o T, (43)

cf. (1.3) and (2.6). By Lemma 1, we have

Pnﬂ(:z:):NiZy(NC;){G(Cail> (C’Nil>iCL(C’i1> <C’Ni1>} 4.4
vt {(c (e ) (e (o)

Substituting (4.1) and (4.4) into the recurrence relation (1.3) and matching the coefficients of
Z, and Z,_1, we obtain

G(g 1) (C’ N+1> +G<C’_i>A<<’ﬁ> _w<x’%)A<C’%> (4.5)
+<L(<, 1) <c,N+1> CL<C,—%>B<C,ﬁ>:O
and

n{ex)A <<’N+1>—H<<’—l)f4(<’%>—WG%)B(%)

1 . . (4.6)
By letting N — oo, the last two equations give
aohz +
Go(¢) = Kol¢) = 2. (@7)
Coupling (3.16) and (4.7) yields
/ /
C% = cosh™! (%). (4.8)

11



Equating coefficients of like powers of 1/N in (4.5) and (4.6), we get

> [1-3 (50

25<p i=0
B 24 9541 =P\, ol + ﬁ;A _0 9
+25+21§p[ p—25—1 ; (23—1—1—@')( z:| —272 p—s =
and
2 195 p
3 [ma ()]
4 T /2s+1—p alxr + ﬁgB B (410
+2s§§p|: p_2s_lz_:<23+1—z> Z}_gp 2 p=s
From (4.9) and (4.10), it follows that
2 195 —p
el 2s+1—0p alx + [ )
+ Z |:Ap231 Z (23—1— 1 _1>Hz:| - Z %Bp*s
2<2s+1<p i=0 2<s<p
and
2 95— p
(p = 1)¢LoBp-1 = K;p [Ap_zs ZO <25 B @> Gi]
., 291 9041 p . O/Sx—i-ﬁgA (4.12)
’ 2<2§1<p[ e ; <2$ 1= i>C Z] ) 2<s22p 2 o

where we have made use of the fact that Hy = Ly = 0. Thus, for each p > 1, A,(¢) and B,(()
can be determined successively from the above two equations for any given Ag(¢) and By(() .

LEMMA 2. Let ((z) be given as in (4.8), and suppose that |Ag(C)| and (14 |¢|Y/?)|Bo(C)| are
bounded for x > x_ + 0. Further, let As(¢) and Bs(C) be successively defined as in (4.11) and
(4.12). Then there exists a positive constant Ny independent of x such that

N

|As(€)‘ S Ns, ’Bs(<)| S Wv

s=1,2, -, (4.13)

forallz >x_+0d, § > 0.

12



Proof. Using (3.32) and (3.33), it can be shown that
|Gol < C|Ho|(1+ [¢['?) (4.14)

for x > x_ 4§, where C' is a positive constant. From (3.19), (3.20), (3.23) and (3.24), it also
follows that there exists a constant C, independent of x, such that

K| + |G| < Cs[Hol(1+[¢['?). (4.15)

Thus, if the functions A,(¢) and B,(¢) given successively in (4.11) and (4.12) are well-defined
(i.e., Bp(¢) is bounded at ¢ = 0), then the estimates in (4.13) can be readily verified by induction.
To show that B,(0) is bounded, we divide our discussion into three cases : (i) 2v # 0,1,2,---;
(i) 2v = 1,2,3,- -, and (iii) 2v = 0.

In case (i), we first consider the second-order linear difference equation

1
YUnia T Y1 — \I/<a:+7 N)Z/N =0, (4.16)

where ¥(zy, 1/N) is given in (4.3). The results in [21] infer that (4.16) has two linearly
independent asymptotic solutions of the form

oo o0
1 4l c 2 sl d
y](V)NN +ZZ]\;S’ y](V)NN +QZ_NSS, (4.17)
s=0 s=0
where ¢ = dg =1,
/ / / /
asxy + 0% azTy + O
= 07T "o d dy = =22 4.18
AT T w an L= T (4.18)

on account of (2.14). We shall show that for all p > 0,
A,(0) = ¢, and B,(0) = L1 —Cor1 (4.19)
To this end, note that
oy + 05 = agzy + O3+ 219(asz4 + Po).

Since 2v # 0,1,2,-- - in this case, we can choose 7y to be

a3z + O3 azry + O3
__ _ , 4.20
70 2(ox4 + (B2) 2(v2? — i) (420)

so that Bp(0) = 0. Note that v # 1/2 in the present case, and that the last equality follows
from (2.14).
Returning to (4.5) and (4.6), we set ¢ = 0. This yields

oo )40 +o(o- D)o gy) oo )0 b) =0z

13



and

1034 0rrs) -0 ) o) (05)

(4.22)
+KOlBOL+KO—iBOL =0
"N N+1 "N -1) 7
To see that (4.21) can be written in the form of (4.16), we put
Ty = N—V+%A<o i) (4.23)
7N . .

From (4.21) and (3.34), it is clear that xy satisfies

1
TNyl T TN — \I’(ﬂhm N>=77N =0

and we have
—utl 1 -y
N +2A<O,N>—yN +3 §

on account of (4.17). This gives the first equation in (4.19). Analogously, we put

iy = NV"3 [NA (o, %) 1+ 2B (o, %ﬂ . (4.24)

Then, by using (3.35) and (3.36), it can be shown that 2 satisfies (4.16) and
p—1 1 1 2 vl - ds
N 2[NA<O,N>+2VB<O,N>] =y ~ Ny

from which it follows

As(0) + 2vBs_1(0) = dg (4.25)
and we obtain the second equation in (4.19).
In case (ii), i.e., 2v = 1,2,---, the two linearly independent asymptotic solutions of (4.16)
are
—v+3 ( ) v+3 (1)
~N Z e ~ N Z;) ~s +Cuy log N, (4.26)

where C' is a constant; see Wong and Li [21]. In a similar manner, we have

i 1 . _V+
o) s oY

\ 1 1
N""2|NA(0,~ ) +20B(0,= )| =

14

and



on account of (4.26). Coupling these together gives
As(0) = ¢ for s=0,1,--- (4.27)

and
2vB;(0) = As11(0) for s=0,1,---. (4.28)

When v # 1/2, we can still choose 7y as in (4.20) so that By(0) = 0. When v = 1/2, there is no
singularity at £ = 0 in (2.13), and the functions Z, and Z,_1 in (4.1) can be expressed in terms
of hyperbolic cosine and hyperbolic sine. So v = 1/2 is a simple case, and we can choose 7y to
be any real number.

In case (iii), » = 0 and the results in [21] infer that (4.16) has two linearly independent
asymptotic solutions of the form

(1) 1= Cs 2) 1= ds (1)
yy) ~ Nz 2 e Y ~N2§ﬁ+y1\, log N, (4.29)
where ¢y = dy = 1 and ¢ = —d; = (o424 + (5). Similarly, we have

1 1 1 I o= Cs
N2A<0,N> =y ~ N2 8

— v
and
N~z [(NlogN)A<0, %) +B<O,%>] :y](\?) 1 i +yN log N,
=1
from which it follows
As(0) = cs and Bs(0) = dsy1 — Cs41 for s=0,1,---. (4.30)

In the case of ¥ = 0, we can also choose 7y as in (4.20) so that Bp(0) = 0. The proof of the
lemma is now complete. 1

5 Proof of the Theorem

Since x is a fixed number in the recurrence relation (1.3), we may take

_1 N
Z,(NC3) = Hy (OLNG?)  and  Z,(NC3) = ™ H * (K, (NC?)
n (4.1). In view of (3.33) and (4.8), we obtain two formal solutions

1
o¢]
4

_ 4¢ e 1 As(¢)
Pue) = (=) (VD =il 51)
b = B,(¢) '
+N2 2 v—1 NC ;0 Ns :|

15



and

@0~ (=) [y >

— N3C3K,_1(NC?)

hE
w

]

NS

Il
o

s

Here, I, and K, are the modified Bessel functions.
For convenience, we introduce the notations

1\ A0 1\ B
AP<C7 N) T par Ns ) Bp(éu N) T yart Ns )

- 46 b veh 1
o= (Grgprma) (M)

+N3(31,_1(NC?)B, (c, %)]

and

N[

sh(x) = ((a’ox +4§6)2 - 4>

{N%KV(NC%)AP (c, %)
~ N3(7K,_(NC3)B, (q, %)} .

By Lemma 1, we have

R (x)
T£+1(x) - (Anl' + Bn) Tﬁ(ﬂﬁ) + sz—l(x) = Np"’_% )
where the nonhomogeneous term is given by
1
3 4¢ a1 1
P () /NPTS = N2I,(NC2)Fy,
Rn<w)/ 2 ((04655"’_56)2_4) |: 21( <2) 1, ((L’)

+ N%C%[yl(NC%)FQ,n(x)}

1 1 1 1
Fip(x) :G<Ca N)Ap<<v N—+1> +G<Caﬁ>AP<C7H>
1 1 1 1
- ‘I’(% N)ALD(CvN) +CL<CaN>Bp<C,N—+1>
1 1
~atfe-g)m(e )

16
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and

Recall that the series
1 o As(¢) 1 o Bs(Q)
Al =) =5 2% Ble ) =S558
(c, N) 2% e and ¢ ZO s
in (4.2) are formal solutions of (4.5) and (4.6). Since A4, (¢, +) and By ((, ) can be written as

1 > A* 1 = B*
Ap <C, N) = Z ]s\f(f) and B, <§, N) = Z ]SV(SO
s=0 s=0

with A%(¢) = As(¢), BX(¢) = Bs(¢) for s < p and A%({) = BX(() =0 for s > p+ 1, terms with
powers of 1/N less than or equal to p + 1 in the expansions of F} ,(z) and Fb,(z) all vanish.
(Note: the recurrence relations (4.11) and (4.12) were obtained when we equated coefficients
of 1/N? in (4.5) and (4.6) to zero.) Hence, using Lemma 2, it can be proved that there is a
constant Cj, such that

|Fin(@)] < Cp(1 + |2]) /NP (5.10)
and )
(1+[¢2])|Fom ()| < Cp(1 + |a])/NPT2 (5.11)
for all x > z_ + 4. From (5.7), it follows that
B < G g ) A+l |Inveb] + L vty a2
(apz + 5p)* —4 14 ¢z

for all x > x_ + § and for some positive constant 5p. Similarly, we have

4
sﬁﬂ(x) — (Apz + By)sh (z) + Sﬁfl(a:) = ?pﬁg, (5.13)
where
_ A¢ I . Ic|3 .
01 < G g e a) O D[N+ K o] G

We now establish the existence of two solutions P, (x) and Q,(x) of (1.3) satisfying

Py(z) ~ 1 (2) and Qn(z) ~ sp(2) (5.15)

17



as n — oo for any fixed x > x_. It is easily verified that

1

1 4 4 1 1

() ~ m(max + )% - 4) N (Ao + (2 By), r>ap,  (5.16)
1
1 4 4 1 1 . 1
i)~ —=( ) et - i
V2r \(apz + 3)? — 4 1 (5.17)
+eNC§(A0+C%BO) , r-+0<z<zxy,
and
T 4 i 1 1

shle) ~ \/; <(Ozf)a: +55)? - 4> e N (49 — 2 By), T2 43, (5.18)

as n — oo. If P,(x) and Qn(z) are two linearly independent solutions of (1.3) satisfying (5.15),
then it follows from (5.16), (5.17) and (5.18) that

Py (2)Qn(z) — Po(2)Qni1(2) = Proy2(2)Qni1(2) — Pog1(2)Qn2(2)
and
P (2)Qn() = Pu(2)Quia(2) = lim [r) (), (@) = i (2) s, 14 (2)]
= A3 — (BF #0.

Without loss of generality, we may assume A% — (B3 = 1. From this, it follows that there exists
a smooth function T'(¢) such that (1 4 |[¢['/?)T(¢) is bounded for x > z_ + & and

Ap = cosh (\/ZF(C)), By = sinh({%f‘(()); (5.19)

see the assumption in Lemma 2. With these choices, we have

Pri1(2)Qn () — Po(2)Qni1(z) = 1. (5.20)

This, in particular, shows that P,(z) and Q,(x) are two linearly independent solutions.
Now define

el(x) := Py(z) — rP(x) and 0P (z) := Qn(z) — b (z). (5.21)

We first show that the existence of Q,(z) to (1.3) satisfying (5.15) is equivalent to the existence
of dh(x) to the summation formula

= [rh(2)s (x) — sh(2)rf (2)]S5 ()
0P (x) =
" jzn—:i-l [ 1 (@)sh(2) — rh(x)s) g (2)](5 + 70)P T2

S [ ()85 () — s () RS (2)]67 ()

jent1 [%1(3:)8%(@ — rh(@)sh 1 (@) + )

(5.22)
+

18



(5.23)

From (1.3) and (5.13), we obtain
Sh(z)
Ba(@)  (Ana + BT () + 80y () =~ 25
Coupling (5.6) and (5.23) gives
TZ(@&ZH( T) — n+1( )b (z) = 7"5+1(95)5n+2( z) 2+2( )5Z+1( z)
n Spia(@)ry (@ )+Rn+1< )3 41 (@ ) (5.24)
(N + 1)P+
In exactly the same manner, we also have
Sg(x)‘sﬁﬂ(@ n+1( )oh(z) = SZ+1(5U)5n+2( ) 3Z+2( )5Z+1( )
Sﬁﬂ(l‘)sgﬂ(f’f) + Sp 1 (z )5£+1( ) (5.25)
(N + 1)p+§
and
n+1( x)sh (z) _5Z+1( )rh () :TZ+2(5E) n—‘,—l( ) 5€L+2($)Tz+1( )
i Sngl(x) £+1($) - Rﬁ+1(x)sﬁ+1( ) (5.26)
(N +1)Pt2
Repeated application of the last three equations yields, respectively,
rh(z )5£+1( T) — n+1( r)oh () = Tpm+1( )5ﬁl+2( T) — Tfn+2( )‘551“( )
m—+1
Z R ()67 () + Sf(:c)rj () ' (5.27)
j=n+1 (j+10)PT2
sﬁ(x)(ﬁ_ﬂ( r) — n+1( x)oh(x) = 3];1+1<w)5g1+2(37) an+2(x)5fn+1(x)
N "f S (x)sh(x) + S5 ()05 (x) (5.28)
j=n+1 (.] + To)p+2
and
7"£+1(x)5£(x) - 5Z+1($)7“2(x) = Tm+2( ) m+1( ) — 551+2($)7"£1+1($)
L 52 St - B@se) (5.29)
j=n+1 (Jj+ TO)er%
+ s (x) — sh ()

If Qn () satisfies (5.15), then 63 (z) = o(s%(x)) as n — oco. Since &, (z) = 63 (x)
by (5.21), and since A4(¢) and (1 + K\%)BS( ) are bounded for s = 0,--- ,p by Lemma 2, we
also have 8 (z) = o(s%(z)) as n — oo. In view of (5.16), (5.17) and (5.18), we have

o1 (200,40 () = 19 (2) 041 () — 0, (5.30)
19



Sttt (T) 0o () = 4o (2)07 44 () — 0 (5.31)
and

Py ()85, (2) = 53 o (@)ry, 1 (2) — 1 (5.32)
as m — oo. By letting m — oo in (5.27) - (5.29), we obtain

>3, RE(x)0%(x) + Y (x)rf (2)

rh(@)op q () — 1 4y (2)0h (2) = j:;—',-l G+t : (5.33)

» b 2, SY(x)sh(x) + S ()0 ()
B ()00 (x) — b, ()0 ax>-j2§;1 e (5.34)

e 0 SP(x)rl(z) - RY(x)s"(z)
P (@)sh(@) — @ (a) =14 S S T T TR (5.35)

j=n+1 (j +m0)P"2

Upon solving (5.33) and (5.34), we obtain (5.22). The existence of a solution {d%(z)}2, to
(5.22) is proved by using the successive approximation method. Starting with 620(‘%) =0, we
define 6*  (z) by

= [rn(@)s (z) — sh(2)rf (2)]S7 (2)
62 (:U) = k 3
* j:En;rl (i1 (2)sh () — h( ) sp1(@)](G +70)PT2
n(2) S5 (x) — sh(z) RS (2)]0%, (2)

it [P @)sh(@) —rh(@)sh 3 (@) + )P+

: (5.36)

= [

3

_l’_

for £ > 1. We shall show that for fixed p and sufficiently large but also fixed n, the sequence
{07 (%) }k>0 is convergent as k — oo. Since A4(¢) and (1+|C| )Bs(¢) are bounded for x > x_+4,
it follows from (5.3) - (5.5) that

1

2|

\r%(x)lscN%( 2 2_4)1[\IV<N<5>\+ - 1!Iu—1<N<5>!] (5.37)

(apr + ) 1+ ¢z
and
: 4 )T sl ;]
P CNz K,(N(C2 — K, _1(N(C2 5.38
@) < O (T ) [evehl + 2 sl G

for some positive constant C'. Furthermore, by virtue of the behaviors of I, and K, we have
from (5.12) and (5.14)

1

o

R @sn)| < arvi(EEELY <arwe (5.39)
1+ NG|

20



and )
1+|C2|
1+ N|¢2|

|SE () ()| < M’Né< > < M'Nz, (5.40)

where M’ is a positive constant. Thus, from (5.35) we obtain

2M 1
@)sh(e) — o (or(e) - 1) < 20
which in turn gives
1
2 A ()S5) — sy () > (5.41)

for large n, say n > 4M' — 75. A combination of (5.36), (5.37), (5.38) and (5.41) yields

o0

rn(x)s;(x sh(z)r? (x)]])S? (z
2@ <2 3 @@l IS @ @I E)

. 3
j=n+1 (j + 10)P*2

[e.9]

" 4¢ i N3 . %
=M ((a6x+ﬁg)2—4> <j:;+1W> [\KV(NC )| + | Ky—1(N¢ )|]

for some constant M” > 0, where we have also used (5.40) and the monotonicity properties of
I, and K,. Hence

M1 ¢ i . .
sl < 5 S () [l kaeeh] e

Similarly, we can prove by induction that

M1 \* A i
D _sp < _ . Nz
‘6n,k(x) 6n,k—1($)‘ — ( D Np) <(a6x + 56)2 _ 4> ?

K, (NC2)| + | Kyoa (NC2)
| |

(5.43)

from which it also follows that
k
oF () =Y [6F . (x) = o8 ()] (5.44)

converges, as k — oo, for all n > 2M" — 7g. Clearly, the limit function % () satisfies (5.22).
Thus, Qn(z) = sh(x) + 65 (x) is a solution of (1.3) satisfying (5.15). Furthermore, we have from
(5.42), (5.43) and (5.44) that

4¢
gz + By)

@) < Mé-(( o 4>4 (15, (NG| + Ko (NG| /NP
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Note that A(¢) and (1 + \(%\)BS(C) are bounded for x > z_ + §. By taking an extra term in
the expansion (5.5), we have

1 i A
o) < ol + 0 (g ) e

1 1., B
+loH, (v 2]

4¢ 4 1 1 1
= Mp((a6x+ﬁ6)2 = 4> [ (NC2)[ + [ Ky oa (NCE)[] /NPT

for some positive constants M, and M, and (2.20) follows; see also (5.21).
The proof of (2.19) is very similar. Like (5.34), we have

X RI(2)Q;(x)
S G Aot

Since Py(x)eb 1 (x) — Poy1(z)eh(x) = rh(x)eh (@) — b (x)eh(x), it follows from (5.6) that

Qn(l‘)ng-l(x) — Qn+1(2)el () =

Po(2)ep 41(2) = Pogi(z)ef(z) = 1], (x)en, 11 (x) — 17,4 ()7, (2)
5 R (2)rf(x) + RY(x)e)(x)
p

. 3
j=m+1 (] + To)p+2

)

where n > m; cf. (5.28). We may choose m = [n/2]. Upon solving the last two equations, we
get from (5.20)

en(@) =l (@)eh(z) — i (2)en, 1 (2)]Qn(2)

20 [rh(x) + en(@) R (2)Qj(x)

! j:sz:A (j+ TO)er%
2, [RE(x)rh(x) + RY(2)e] (2)]Qn ()

+ 3 .

jgn;rl (j+10)P*2
The estimate
4¢ 3 1 1 1
20 < M, o= ) I+ (Ve /e

is again proved by using the successive approximation method.

6 An Example

As an illustration, we consider monic polynomials 7, (z) that are orthogonal on [—1,1] with
respect to a modified Jacobi weight w(z) = (1 — 2)%(1 + x)%h(x), where o, 8 > —1 and h is
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real analytic and strictly positive on [—1,1]. These polynomials satisfy a three-term recurrence
relation

Tnt1(z) = (z = bp)mp(2) — aiﬂn—l(@")a (6.1)

where the coefficients a,, and b, have asymptotic expansions of the form

1 =G
an~§+zﬁ, (6.2)
k=2
oo Dk;
b, ~ 5, )
3D ©9
k=2
The first few coefficients C, and Dy are given by
402 =1 4pB% -1
- _ _ 4
40?2 -1 462 — 1
C3 = (a+B+co)+ (a4 B+ do), (6.5)
32 32
2 9
D= (6.6)
4
(3% — o? 402 — 1 462 — 1
D3 = — 1 —d 6.7
3 1 (I+a+p8)+a 16 T (6.7)
where 1 [ logh(t) dt
0og
_ b a 6.8
CTomi Ve —tt—1 ©.8)
1 logh(t) dt
do = og h(t) (6.9)

C2mi ), V21t 41
and v is a closed contour encircling the interval [—1, 1] once in the positive direction; see
Kuijlaars et al [12], where an asymptotic expansion for the polynomials ,(x) has also been
given, which holds uniformly in compact subsets of C\ [—1, 1]. Moreover, in another paper [13],
Kuijlaars and Vanlessen have presented a uniform asymptotic expansion for 7, (x) in the
interval (—1 4 §,1 — §), which agrees with the one given by Szegd [17, p.298, Theorem 12.1.6
and footnote 59]

V2D

() = 2“w%(x)(1 ~ ;p2)i [cos(n arccosx + y(x)) + 0(1)] , (6.10)
where Lo .
Do = exp(% y % dt) (6.11)
and

(1—22)3 Ulog[yI — £w(t)] dt

=-—P .
v(2) 2T V/_l V1 —t2 t—x

(6.12)
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Here the integral is taken in the Cauchy principal-value sense. Note that the weight function
w(z) satisfies the Szegd condition

Y ogw(x)

—1 \/1—332

dx > —o0,

and that we have )
2" (2) . Do ©02(2)

N B TE W (o1
holding uniformly for z in compact subsets of C \ [—1, 1], where
o(z)=z2+Vz2—1, zeC\[-1,1] (6.14)
e (2% — 1)% L logw(t) dt
D(z) —exp<— 5 /_1 mt—z)' (6.15)

In (6.14) and (6.15), we take that branch of (22 — 1)'/2 which is analytic in C\ [~1,1] and

behaves like z as z — oo. The function ¢(z) in (6.14) is the familiar Joukowski or aerofoil map

that maps the exterior of [—1, 1] conformally onto the exterior of the unit ball, and the function

D(z) is the so-called Szeg6 function associated with the weight w(x); see [17, p.277].
Returning to the three-term recurrence relation (6.1), we let

o0

K,=2™" H (2an+2m+1)_2-

m=0

It can be readily verified that K, 41/K,_1 = a2 and P,(z) := m,(x)/K, satisfies the recurrence
relation (1.3)
Poii(x) — (Apz + By)Py(x) + P =0

with A, = K,,/K,+1 and B, = —b,K,,/Ky1. From (6.2)—(6.7), it follows that the coefficients
A, and B,, satisfy

>\ — [s
Ap ~ 2 - d B, ~Y = 6.16
+S§ns an Z:;n (6.16)
where
1 2 2
oy = (207 +267 1), (6.17)
4a® -1 462 — 1
ag = ———o—(a+B+1+c) - ——(a+B+1+d), (6.18)
a2_ 2
By = 25 (6.19)
and 9 9
402 — 1 46% -1
By = — 0‘8 (a+B+1+c)+ 58 (a+B+1+dp). (6.20)
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In terms of the notations in (2.3), (2.14) and (4.20), we have
Ty =1, r_ = —1, V=a«

and
a+pB+1+4+c¢
—

By our main theorem, there are two linearly independent solutions

Po(z) ~ ( ¢ )%[N%IQ(NC%)iAS(g) +N%g%[a_1(z\rg%)§: BS(O} (6.21)

N=n+m=n+

x2 -1 N —~ Ns

and

(NI

(Ko (NC2) Y

Onlr) <:v2C 1>i [NEK“(N&) 2 A]SV(SO -N

for x > —1 4 6, where
1
C2(x) =logp(z) =log(x + V2 — 1) (6.23)
for z > 1 and ) '
(2(x) = ez'arccosx (6.24)

for —1 <z < 1; see (4.8) and (6.14). Since 7, (z)/K, is also a solution of (1.3), there exist two
functions C}(z) and Cy(x), which are independent of n, such that

(@) / Kp = C1(2) Pa(z) + Ca(2)Q (). (6.25)

To determine these two functions, we first choose the function I'(¢) in (5.19) as

2 1\? 1 logh(t) dt o

— -2 € C\ (o0, 1], 6.26

¢ ) ) yEti—z 2 e\l (6.26)

where ¢ is the analytic function of z given in (6.33) and 7 is a closed contour encircling the

interval [—1, 1] in the positive direction and also the given point z. Obviously, I'({) is analytic
in z € C\ (—oo,—1]. From (6.12) and (6.26), it is clear that

o) = (

1
I['(¢(x)) arccosz = y(x) + % + g — §(a + B+ 1+ ¢p) arccosx (6.27)

for —1 <z < 1. From (5.21) and (5.22), we have

P, (x) ~ \/g(l — ﬁ)-ieam/? coS [(N +I'(¢)) arccosz — a77r - %] (6.28)
and
Qn(x) ~ \/g(l - 1;2)411e(a+1)7ri/2{ cos [(N 4+ T'(¢)) arccos x — O;—W - %]
(6.29)

—isin [(N +I'(¢)) arccos z — -5 = Z}}
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as n — oo, for —1 < & < 1. Letting n — oo in (6.25), it follows from (6.10) and (6.27)

7n(2)/ K ~ V2ZDoow ™2 (z)(1 — %)% cos [(N + I'(C)) arccos - — 0‘—2” - g]. (6.30)
A combination of (6.25), (6.28), (6.29) and (6.30) gives
Ci(z) = VaDoow 2(z)e" %"  and  Ch(z) =0 (6.31)
for —1 < x < 1. Thus, we obtain
(1)) K = VT Doo(1 +2)"2h ™2 (z) [~ Fi(1 — )5 Po(2)] (6.32)

for —1 < & < 1. Note that e=®7"/2(1—x)~%/2[ (N (—¢)/?i) can be written as (z—1)~%/2I,(N¢'/?),
where )

C2(z) :=log(z + V22— 1), z€C\ (—o0,1], (6.33)
and that all functions (z—1)~%/2I,(N¢Y/?), (z—1)=%/2P,(2) and (z+1)"?#/2h=1/2(2) are analytic
in z € C\ (—o0, —1]. By analytic continuation, we have from (6.32)

1

7n(2)/Kn = VT Doo (2 + 1)_§h_5(z) [(z — 1)_%Pn(z)] (6.34)

for z € C\ (—o0, —1]. In particular, when z = x = cos#, 6 € (0,7 — J), we obtain the uniform
asymptotic expansion

wh (cos 0) (‘“’139) " ra(c036) ~ Ko/ Dac [Né Ja(NO) 2 A .
N0 %_92)} ,

s=0

where J, is the Bessel function of first kind.

References

[1] G.D. Birkhoff, Formal theory of irreqular linear difference equations, Acta Math., 54 (1930),
pp- 205-246.

[2] G. d. Birkhoff and W. J. Trjitzinsky, Analytic theory of singular difference equations, Acta
Math., 60 (1932), pp. 1-89.

[3] P. Bleher and A. Its, Semiclassical asymptotics of orthogonal polynomials, Riemann-Hilbert
problem, and universality in the matriz model, Ann. Math., 150 (1999), pp. 185-266.

26



[4]

[13]

[14]

[15]

[16]

[17]

P. Deift, T. Kriecherbauer, K. T-R McLaughlin, S. Venakides, and X. Zhou, Uniform
asymptotics for polynomials orthogonal with respect to varying exponential weights and ap-
plications to universality questions in random matriz theory, Comm. Pure Appl. Math., 52
(1999), pp. 1335-1425.

P. Deift, T. Kriecherbauer, K. T-R McLaughlin, S. Venakides, and X. Zhou, Strong as-
ymptotics of orthogonal polynomials with respect to exponential weights, Comm. Pure Appl.
Math., 52 (1999), pp. 1491-1552.

P. Deift, T. Kriecherbauer, K. T-R, McLaughlin, S. Venakides, and X. Zhou, A Riemann-
Hilbert approach to asymptotic questions for orthogonal polynomials, J. Comput. Appl.
Math., 133 (2001), pp. 47-63.

P. Deift and X. Zhou, A steepest descent method for oscillatory Riemann-Hilbert problems,
Applications for the MKdV equation, Ann. Math., 137 (1993), pp. 295-368.

R. B. Dingle and G. J. Morgan, WKB methods for difference equations I, Appl. Sci. Res.,
18 (1967), pp. 221-237.

R. B. Dingle and G. J. Morgan, WKB methods for difference equations I, Appl. Sci. Res.,
18 (1967), pp. 238-245.

T. Kriecherbauer and K. T-R McLaughlin, Strong asymptotics of polynomials orthogonal
with respect to Freud weights, Internat. Math. Res. Notices (1999), pp. 299-333.

A. B. J. Kuijlaars and K. T-R McLaughlin, Riemann-Hilbert analysis for Laguerre polyno-
mials with large negative parameter, Comput. Meth. Funct. Theory, 1 (2001), pp. 205-233.

A. B. J. Kuijlaars, K. T-R McLaughlin, W. Van Assche, and M. Vanlessen, The Riemann-
Hilbert approach to strong asymptotics for orthogonal polynomials on [—1, 1], preprint math.
CA/0111252.

A. B. J. Kuijlaars and M. Vanlessen, Universality for eigenvalue correlations from the
modified Jacobi unitary ensemble, Internat. Math. Res. Notices (2002), pp. 1575-1600.

X. Li and R. Wong, On the asymptotics of the Meixner-Pollaczek polynomials and their
zeros, Constr. Approx., 17 (2001), pp. 59-90.

F. W. J. Olver, Asymptotics and Special Functions, Academic Press, New York, 1974.
(Reprinted by A. K. Peters Ltd., Wellesley, 1997.)

W.-Y. Qiu and R. Wong, Uniform asymptotic formula for orthogonal polynomials with
exponential weight, STAM J. Math. Anal., 31 (2000), pp. 992-1029.

G. Szego, “Orthogonal Polynomials,” Fourth edition, Colloquium Publications, Vol 23,
Amer. Math. Soc. Providence R. 1., 1975.

27



[18]

W. Van Assche, J. S. Geronimo, and A. B. J. Kuijlaars, Riemann-Hilbert problems for
multiple orthogonal polynomials, pp. 23-50 in "NATO ASI Special Functions 2000” (J.
Bustoz et. al. eds.), Kluwer Academic Publisher, Dordrecht 2001.

Z. Wang and R. Wong, Uniform asymptotic expansion of J,(va) via a difference equation,
Numer. Math., 91 (2002), pp. 147-193.

Z. Wang and R. Wong, Asymptotic expansions for second-order linear difference equations
with a turning point, Numer. Math., 94 (2003), pp. 147-194.

R. Wong and H. Li, Asymptotic expansions for second-order linear difference equations, J.
Comput. Appl. Math., 41 (1992), pp. 65-94.

R. Wong and H. Li, Asymptotic expansions for second-order linear difference equations 11,
Stud. Appl. Math., 87 (1992), pp. 289-324.

28



