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Invariant Measures on Hypergroups: An overview

Norbert Youmbi

Abstract. A hypergroup is roughly speaking a locally compact Hausdorff space which has
enough structure so that a convolution on the corresponding vector space of Radon measures
makes it a Banach algebra. At the center of harmonic analysis is the question of the existence
of a Haar measure. The existence of a Haar measures for compact and discrete hypergroup
has been done successfully. But for general hypergroup the question remain open. We put
together here, work that have been done in attempts to solve this problem. Essentially we
present Spector’s proof for commutative hypergroups using the more unifying definition
known as DJS-definition of a hypergroup.

Mathematics Subject Classification (2000). Primary 43A62.

Keywords. Hypergroups, Haar measure.

I. Introduction

We first recall some standard notations. Let H be a locally compact Hausdorff space :

i.. C(H): the space of complex continuous functions on H,

ii.: Cy(H): the space of bounded elements of C'(H)

iii.: Co(H): the space of elements of Cy,(H) which tends to 0 at oo

iv.: C.(H): the space of elements of Cy(H) with compact support

v.: CF(H): the space of nonnegative elements of C.(H).

vi.: M(H) denotes the set of finite regular Borel measures.

vii.: My (H) denote the set of probability measures.

viil.: If 4 € M(H) then Supp(u) = {x € H : if V is any open set containing = then p(V') > 0}.
ix.: An unspecified topology on M, (H) is the cone topology.

x.: Boo(H) denotes the extended nonnegative real-valued Borel functions.
xi: If A is any subset of H A is the closure of A.

The Michael topology is an important topology generally used in the in what we will call the
DJS-hypergroup. For completion we give below its definition.

I.1. The Michael topology

Let S be a locally compact space and let C(S) be the space of all compact subsets of S. For
A BCS,Ca(B)={C€C(S):CNA=#0and C C B} Then C(S) can be given the topology
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generated by the sub-basis of all Cyy (V') for which U and V' are open subsets of S. This topology
which was developed by Michael[Mi55] has the following properties [Je75]

Properties I.1.  i.: If S is compact, then C(S)is compact.

ii.: C(S) is a locally compact space.

iii.: The mapping x — {x} is a homeomorphism of S onto a closed subset of C(S).

iv.: The collection of nonempty finite subsets of S is a dense subset of C(S5).

v If Q is a compact subset of C(S), then B =J{A: A € Q} is a compact subset of S.

vi.: If S is metrizable with metric d, then the Michael topology on C(S) is stronger than the
Hausdorff topology given by the Hausdorff metric p which for A, B € C(S) is defined by
p(A, B) = max{h(A, B),h(B, A)} where h(A, B) = sup{d(xz,B) : x € A}

II. Definitions of a Hypergroups

Several authors define topological hypergroup and most results depends on the author’s defini-
tion. In the next section we give the most common definitions used in the theory and end with
a synthesis of these definition which is called the DJS-hypergroup.

II.1. DunkI’s Definition of a Hypergroup

A locally compact space H is called a hypergroup if there is a map A : H x H — M, (H) with
the following properties:

D;.: For each f € C.(H) the map

(x,y)M/HfdA(%y)
is in Cy(H x H) and
dX
x%/Hf (z,y)

is in Cy(H) for each y € H
Ds.: The convolution on M (H) defined implicitly by

[ sdwsv= [ duw) [ ww) [ paxa)

w,v € M(H), f e Co(H) is associative.
Ds.: There is a point (the identity) e € H such that
Az, e) = 0y (r € H)
Dy.: The hypergroup H is said to be commutative if
Az, y) = Ay, x) Ve,y € H

Remark II.1. Dunkl does not require the existence of an involution in his definition, rather he
called any hypergroup ,with an involution, which possesses an invariant measure, a x-hypergroup.
He does not require that the support of the convolution of two point masses be compact and
consequently does not use the Michael topology in his definition.

I1.2. Jewett’s Definition of a Convos

A pair (K, *) will be called a semiconvo if the following five conditions are satisfied:

Ji.: K is a nonvoid locally compact Hausdorff space.
Ja.: The symbol * denotes a binary operation on M (K) and with this operation M (K) is a
complex (associative) algebra.
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J3.: The bilinear mapping (p, V) — p*v is positive-continuous. (That is, u*v > 0 whenever
@ > 0 and v > 0 and the convolution restricted to My (S) x M, (S) — M,(S) is
continuous ).

Jyi If 2,y € K then d, * §, is a probability measure with compact support.

Js.: The mapping (z,y) — Supp(d, * ) from K x K to C(K) (with the Michael topology)
is continuous.

If in addition we also have,

Jg.: There exists a (necessarily unique) element e of K such that ¢, * d. = 6. * 0, = d, for
allz € K

J7.: There exists a (necessarily unique) involution  — 2~ of K such that (for z,y € K)
the element e is in the support of ¢, * §, if and only if x = y~, the semiconvo will be called
a convo.

Remark I1.2. Dunkl’s definition of hypergroup is a commutative semiconvo with identity. Jew-
ett’s commutative convo is according to Dunkl’s definition, a x-hypergroup.

I1.3. Spector’s Definition of a Hypergroup

A hypergroup is a locally compact space X, together with a convolution x that makes M(X) a
Banach algebra and satisfy the following properties:

S Ml(X) *M1<X> C Ml(X)

Sa.: * is separately continuous from M;(X) x M7(X) to M;(X) with the weak topology
defined by the duality between M (X) and Cy(X) (o(M(X), Cp)).

S3.: The map (z,y) — %0, is continuous from X x X onto M;(X) with the weak topology
induced by o(M(X), Cy)

Sy4.: There is a necessarily unique point e called the ”identity element of the hypergroup X7,
such that d. is the identity element of the convolution .

Ss.: There is an involutive homeomorphism of X onto X, denoted by & — =~ with natural
extension to M (X)) satisfying (u*v)~ = v~ *u~; in particular e~ = e this homeomorphism
will be called the ”"symmetry of the hypergroup”.

Sg.: For every z,y € X, e € Supp(d, * d,) if and only if x =y~

S7.: For any compact subset K of X and any neighborhood V of K there exists a neighbor-
hood U of e such that

(1) Supp(p) € K and Supp(v) C U imply Supp(u+v) CV and Supp(v*pu) CV

(2)Supp(p) C K and Supp(v) C U€ imply that the support of p*v~,u~ *v,vxp~ and
v~ * u are disjoint with U.

Remark I1.3. Spector does not require the support of the convolution of two point masses to be
compact, which leads sometimes to some technical complications as he acknowledges himself.
Actually he also acknowledges mot having any substantial example where this condition fails.
Consequently there is no use of the Michael topology in his proofs.

‘We now give a general definition of a hypergroup which is now called the DJS-hypergroup.
To this end, we start with the definition of a semihypergroup and give simple examples of semi-
hypergroups and hypergroups.

III. The DJS-Hypergroup

A nonempty locally compact Hausdorff space S will be called a semihypergroup if the following
conditions are satisfied:

(SHy): (My(S),+,*) is a Banach algebra.
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(SH3): For all z,y € S, d, * &, is a probability measure with compact support contained in
S.

(SH3): The mapping (x,y) — 0, * §, of S x S into M;(S), where S x S has the product
topology and M;(S) has the weak topology, is continuous.

(SHy): The mapping(z,y) — Supp(dy * d,) of S x S into C(S) is continuous, where C(S) is
the space of compact subsets of S endowed with the Michael topology, that is the topology
generated by the subbasis of all Cy(V) = {C € C(S) : CNU # 0 and C C V} where U
and V are open subsets of S.

Remark If 0, * §, = 0, * 6, for all z,y € S, then we say that (5,*) is a commutative
semihypergroup. If, in addition, we also have:

S Hs: there exists e € S such that 6, * §o = . * 6, = 0, Vx € S, and
SHg: There exists a topological involution (a homeomorphism) from S onto S such that
(x7)” =x Vo € 8, with (0, *dy)” = J,- *d,- and e € Supp(d, *d,) if and only if x =y~
where for any Borel set B, = (B) = u({z~ : © € B}),
then (S, %) is called a hypergroup

Remark ITI.1.

(i): If 65 % 6y = &y * 0, for all z,y € H we say that (H, %) is a commutative hypergroup.
(ii): The convolution * on M (H) is defined by

“*V(f):/Hfdu*'/:/Hu(d:v)/HV(dy)/Hfdém*ay.
for all f € Cyp(H).

Example III.1.

1. If (G, .) is a locally compact Hausdorff group, then with convolution defined by ¢, * §, =
Ozy, (G, %) is a hypergroup. Also if a hypergroup is such that the convolution of two point
masses is a point mass then it is a topological group.

2. Consider the segment [0, 1] with convolution defined by

1 1
Op * 05 = 56\r75| + 5517‘17T78|

for all r, s € [0,1],then ([0,1],*) is a hypergroup.
Examples of hypergroups could be found in [BH95],[Je75], [Du73],[Sp78].

Definition III.1.
Let (H,*) be a hypergroup , f € C(H) and z,y € H. Then we define

faxy) = foly) = f(z) = /S Jd(5, #5,)

if this integral exists, even when it is not finite. f, is called the left translation of f and f7 is
called the right translation of f.

Lemma ITL.1. [Je75]

Let f be a continuous function on H and let x € H

i.: The mapping (z,y) — f(z xy) is a continuous function on H x H
ii.: f, and f* are continuous functions on H

Lemma III.2. [Je75]

Let f € Boo(H) , ptyv € My (H) and z,y,z € H
i.: The mapping (z,y) — f(x % y) is a Borel function on H x H
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ii.: f; and f* are Borel functions on H
fii.: fo:cd,u = fH fd(6 * )
vt foly s 2) = f(z y)

Remark II1.2. Let H be a locally compact hypergroup. ThenVx € H,pn € M(H), and f € C(H)
S nlf) = [ fudn
H
(= n(fa), say)
and similarly

px02(f) = p(f*)

Definition III.2. A character x on a hypergroup H is a continuous complex-valued function on
H which is not identically zero and satisfies

/ Xddz x 6y = x(x)x(y)
H

for all z,y € H. A character x is said to be Hermitian if and only if x(z~) = x(z).
Example ITI.2.

Let X = [0,400) and @y (x) = cos Az A € [0, +00) then we have the relation

Pr@)ea(9) = 5lioale + 1) + oal — )

for all A € [0,+00) since ¢ is an even function, this relation is equivalent to

or(@)ea(9) = 5lioale +3) + oalle — o] =

ABENET NN

Let 04,y = 5[024y + 0jo—y|] then {¢)} satisfies the product formula

oa(@)or(y) = / o3(2)00y(d2)

Now given two Radon measures ¢ and v on X we can define a convolution

prv(f ///foxyudw (dy)

for all f € C.(X). With this convolution, M (X) is a Banach algebra [?]. By defining a convo-
lution of point masses by

1
Og * 0y = 5[5z+y + 0a—y)l;

so that (X, ) is a hypergroup with identity element 0, the involution is the identity function.
Furthermore the characters of (X, *) are the orthogonal system {px}, A € [0, 400).

Definition II1.3. Let H be a locally compact hypergroup. A measure m not necessarily finite,
will be called left subinvariant if 6, * m is defined and 6, * m < m for all x € H. If we have
0. xm =m, m will be called a left invariant measure on H.

( Right invariant measures are defined in the same way).

Example IT1.3.
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The invariant measure on the hypergroup (X, *) in ( II1.2) is the Lebesgue measure. In
general if a system of orthogonal functions with respect to a measure m, has a product formula
which defines a hypergroup H then the measure m is the invariant measure of the hypergroup
H.

Remark ITL.3.  i. Jewett [Je75] and Spector [Sp78] proved that every locally compact hyper-

group H has a left subinvariant measure m and Supp(m) = H. For a locally compact group
the existence of a subinvariant measure implies that of an invariant measure in fact if G
is a group and m is such that 6, * m < m then given any Borel set A, d, x m(A) < m(A)
but m(A) = 0 xm(A) = 0y % 5— xm(A) < 6 xm(A) (In groups d; x 6,— = de and we have
0z— xm(A) <m(A)) and it follows that 6, * m = m. This is not the case for hypergroup (
see an example of Naimark in [Je75] 9.5) though it is easy to prove that when a compact
hypergroup has a subinvariant measure it is also invariant. Both authors also proved the
existence of invariant measures for discrete hypergroups. Spector [Sp78] proved that if a
hypergroup is commutative it has an invariant measure.

ii. Jewett’s conjecture [JeT5] that there exist a left invariant measure on all locally compact
hypergroup is yet to be proved.

ili. Onipchuk [On93] announced the proof of this conjecture but in reading through it we real-
ized that he is using commutativity implicitly in his assumptions.Precisely the enveloping
algebra A @ A’ is not involutive unless the semihypergroup is commutative.

Definition II1.4. A nonzero measure m € M (H) is called left relatively invariant with associ-
ated multiplier k : H — R if
0z xm = k(z)m
forallz € H and f € C.(H).
Remark ITI1.4. The function k is continuous and satisfies k(xxy) = k(x)k(y) for allz,y € H.For

if m is relatively invariant then for all x,y € H, 0, % (0, * m) = 5 * k(y)m = k(y)dy x m =
k(y)k(x)m and for any m—integrable function f,

(0 % 0y) xm(f) z/Hfd(éx*éy)*mz

[ @ty s@ma) = [ ) [ 266,00 =

lﬁﬂ%W@/ﬂW@WMZ/MW%MMM/f@MMZ
5*(5 /f dz—kx*y/f

that is (0 % 0,) *m = k(z * y)m and the result follows.

The left invariant measures are relatively left invariant measure with k = 1. Also if m is
relatively left invariant with multiplier k then T is left invariant [Sp78]. The following lemmas
are proved in [JeT5].

Lemma IIL3. Let f and k be in CF(H). Suppose that k # 0. Then there exists p € M (H)
such that f < pxk.

Proof. Choose a € H such that k(a) > 0. One readily sees that , if z € H, then
(04 * 94— * k)(x) > 0. Thus, p can be chosen to be a finite linear combination of measures of
the form §, * J,-.

Lemma I114. Let f € CH(H) and let € > 0. Then there exists an open neighborhood W of e
with the following property: If x,y € H and (05 * 6,)(W) > 0 then |f(z) — f(y)| < e.
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H) and k # 0 let [f, k] = inf{u(H): p € MI(H) and f < pu=k}.

Lemma IIL5. If f,k € CF(
(H) we have

Then for f,g,h € CH(H

[ f k] < p(H)[f, K],

f +g,k] <[f, k] +[g, k],

[Cfv ]*C[fa ];

[f k] <lg, k] if f <g,

[f, k] < [f.gllg, k] if g # 0],

[£,K] >0 if f#0, [f,k] > {£} and [f, f] =

O Ot s 0=

Proof.
1. If f<vxkthen px f <puxvxkand

s £ K] < (uxv)(H) = p(H)v(H)

and since v is arbitrary, [u* f, k] < u(H)[f, k].
2. follows from the fact that if f < pu; *k and g < poxk then f4+¢g < pg *k+mugs xk =
(p1 + p2) * k.
follows from the fact that if ¢f < p* k then f < %u x k
obvious
Follows from the fact that if g # 0, then if f < pxgand g <vsxkthen f <puxvxk
follows from tha fact that if f < p*k then || f]lco < ||llllk]lco S0 if f # 0,]|f]lcc >0

O O W

Remark IIL5. If H is commutative and o« € M — 1(H) ,we will also have

[ax f,ax*g] <[f,g]

This follows from the fact that if f < puxg then if « € My(H) then ax f < axpu*xg = puxaxg.
This also shows that

s fr9] < ook foax gl < [f, 9] < [f % g]
Let F be a fixed nonzero element of CF (H). If f,k € CH(H) and k # 0 then set
_ [fF]
"= 1Ew)

Lemma I11.6. Let p € M (H), ¢ >0 and f,g,k € C.F(H). Suppose that k # 0 then
o (= f) < p(H)Inf
ii.: Ik(f + g) < Ixf+ Irg
iii.: I(ef) =clif
ivee If < Ixg if f < g Moreover if f # 0 then
vty < Ief <[, F)

Proof.
v. Since

_ LK _ [ I
T [F K] [F, k]
Also, [F, K] < [F, fl[f,K] so (77 < {&3 = Inf so that

1
Ffl—

The other statements follow from lemma ( IIL.5)

:[va]

< [f, F]
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Lemma IIL.7. Let f1, fo € CH(H) and let € > 0. Then there exists an open neighborhood W of
e with the following property: If k € CH(H),k #0 and k =0 off W, then

Infi+ I fo < I(f1 + fa) + €

Proof.
Let S = Supp(f1+ f2). Let V be a relatively compact open set containing S and choose

g € C:F(H) such that g = 1 on V. Take a > 0 and put b = 3a+2a?. Now let h := fi1+ fa+ag > a

on V. Define ¢g; and g, by letting ¢g; = J% on V, and 0 elsewhere. Then each g; is continuous

and is zero off S. Also g1 + g2 < 1 on H. By lemma ( IIL.4), there exist open neighborhood W;
of e such that |g;(z) — g:(y)| < a when (0, * d,)(W;) > 0. Let W = W1 N Wa.

Suppose that k € CH(H),k # 0 and k = 0 off W. Using lemma ( IIL.3), choose u €
M7 (H) such that h < px k and such that u(H) < (1 + a)[h, k]. If z,y € H and k(z~ *xy) > 0
then ¢;(y) < a+ g;(z). Thus if y € H then

fi(y) = gi(y)h(y) < g:(y)(u*k)(y) = /H gi(y)k(z™ *y)u(dr) < /H(a +gi(2)) k(2™ *xy)u(dz) =

/H k(z™ y)[(a+ gi)ul(dz) = ([(a + gi)u] * k) (y)
It follows that [f;, k] < [(a + g;)dp. Combining we have

[f1 k] + [f2, K] < /H(2a+g1 +g2)dp < (2a+ Du(H) < (2a+1)(a+ 1)[h, k] = (14 b)[h, K]

After dividing by [F|, k] we have
Ifi+ Info < A+ 0)Ie(f1 + f2) + a1+ b)Ikg < Ik(f1 + f2) + €,

if a is sufficiently small.
[ |

Theorem IIL.1. If H is a locally compact hypergroup then there exist a measure m € My (H)
such that m is left subinvariant and Supp(m) = H.

Proof. Choose an appropriate net of functions {k;} such that k; # 0,Supp(k;) — {e},
and such that the functions Iy, converge pointwise on the set CF(H). Let J := limyIy,. Then
J is nonnegative and semilinear. Moreover if f # 0 then Jf > [F—lf] > 0. Also, if p € M (H)
and f € CF(H) then J(ux* f) < u(H)Jf. By the Riesz representation theorem, there exists a
unique m € Mo (H) such that Jf = [, fdm for all f € CH(H) then

/H i, vm) = [ (6, fim < /H fdm

[ |
Lemma I11.8. Let H be a (commutative) hypergroup, g,h € CF(H) which are not identically
zero then )
1 g
< —=<|[g,h
o] = iy ="

Proof. Note that I;,g = [[zgr];;]] and Ih = 24 oo that
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on the other hand,

so we have

P Y
Ih = Toh =M

and by the definition of m above, the result follows.
|
So far we have not use commutativity except for remark ( II1.5). We will now use it.

Lemma II1.9. Let H be a commutative hypergroup, and fo € CF(H) which is not identically zero

be fized. Then for all g € CH(H), set a(g) = ﬁ,b(g) =g, fol if g # 0 (then 0 < a(g) < b(g),

and a(g) =b(g) =0 if g =0). Let A be the set of all left invariant measures on H normalized
by fo (that is m(fo) = 1) and satisfying for all g € CF(H)

1 < m(a* g)

[a* fo,axg] = m(ax*fo) ~

[ * g, * fo] <b(g)

then A is a nonempty convex, compact set not containing the null measure 0.

a(g) <

Lemma II1.10. Let H be a commutative hypergroup and A be defined as above then the map-
ping T : A — A which associate to every element m € A the element T, (m) defined at any
glinCE (H) by
m(a*g)
T, = =9
"9 o o)
is a continuous map for every o € My (H).

Theorem II1.2. Let A be a nonempty compact convex subspace of a topological locally convex
space. Let C be a commutative family of continuous function from A to A with the following
properties:

a. C is stable under composition;
b. C is convex, that is: for every x € A, the set {T(z) : T € C} is a convex subset of A. Then
there exists in A a fixe point for any T € C

This result is a generalization of two classical fixed point theorem of Markov-Kakutani
and of Schauder-Tychonoff.

Proof. From The Schauder Tychonoff theorem ,every element of C has a fix point in A
so we need to show that if F(T') is the set of all fix point of T, then (.o F/(T) # (). Since A
is compact we just need to show that any finite intersection of element of C is finite.
Suppose (I—}' F(T;) # 0. Let « € (\/—, F(T;) and B = {T(z) : T € C}, then since C is convex,
B is convex and is a subset of (;_, F(T}) since C is commutative; more over T,,(B) C B since
C is closed under composition. Now let C' = B in A, then C is a convex compact subset of
A and T,(C) C C by the continuity of T}, so the Schauder Tychonoff theorem applied to the
restriction of T}, to C. Hence there is a fixed point of T, in C € (/=" F(T;) so (1, F(T;) # 0.
Therefore there exists a common fix point to all T € C

Theorem II1.3. FEvery commutative hypergroup has a left invariant measure.
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Proof. The conditions of the theorem are satisfied. To show that C is convex, Let m € A,
and «, f € M1(H),0 <t < 1; we need to show that there exists v € M;(H) such that

T (m) + (1~ OT5(m) = T (m)
for all g € CF(H)

m(a* g) m(f *g)
tTo(m)+ (1 —1t)Ts(m =t—=+ (1 —-t)——=
(Tulm) + (1= 0T} = 202D 020
and this is of the form T, (m)(g) = % if  is defined by v = ua + (1 — u)3 with
t
m(ax fo
U= "= ¢
mlaxfo + m(BeTo
So there exist m € A such that T, (m) =m for all « € M (H) and g € CF(H), that is
m(a * g)
To(m)(g) = ——=5 =m
(m)(g) = LD — g

for all @ € M;(H) which implies that m(a* g) = m(ax fo)m(g) so m is relatively left invariant
which implies there exist a left invariant measure in H.
|
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