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Inasmuch ... as biological phenomena are very closely related to physical phe-
nomena, we shall ... whenever possible, look for physical interpretations, in line
with the desire to unify all natural sciences.

- Nicolas Rashevsky, 1938.



Abstract

Endosomes are dynamic vesicular structures which transport cargo molecules in-
ternalized into the cell via endocytosis. Endosomal trafficking of cargo involves a
large number of individual endosomes that regularly interact with each other via
fusion and fission and thus form a dynamic network wherein endocytosed cargo
is sorted and transported to various other intracellular compartments. In this
study we present a general theoretical framework that takes into account indi-
vidual endosomes and several key microscopic interaction processes among them.
By combining theory with quantitative experiments, we seek to address the fun-
damental question of how the behaviour of the endosomal network emerges from
the interactions among many individual endosomes of different sizes and cargo
contents. Our theory is based on distributions of endosomes of various sizes and
cargo amount. We compare our theory to experimental time course distributions
of LDL, a degradative cargo, in a population of early endosomes. Early endosomes
display a broad distribution of cargo with a characteristic power law, which we
show is a consequence of stochastic fusion events of cargo carrying early endo-
somes. A simple model can quantitatively describe time-dependent statistics of
LDL distributions in individual early endosomes. From fits of the theory to ex-
perimental data we can determine key parameters of endosomal trafficking such
as the endosome fusion rate and the fluxes of cargo into and out of the network.
Our theory predicts several experimentally confirmed scaling behaviours, which
arise as a result of endosome fusion. Our theory provides a link between the
dynamics at individual endosome level and average properties of the endosomal
network. We show from our theory that some features of the endosomal distribu-
tions, which arise from interactions among individual endosomes, are sensitive to
alterations in chosen parameters. This provides a direct means to study perturba-
tion experiments wherein the cargo distribution can vary in response to changes
of the endocytic system. Our analysis provides a powerful tool for the study of
genetic and chemical perturbations that may alter specific systems properties and
for extracting various kinetic rates involved in endosomal trafficking from only still
images at different points.
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Chapter 1

Introduction

Traffic and transport processes are ubiquitous in nature. Examples abound, ve-
hicular traffic on a national highway, nutrient and lipid transport by blood flow to
molecular motor driven vesicular traffic inside a eukaryotic cell [120, 116, 117, 121,
107]. Nature exhibits traffic phenomena at length and time scales that differ by
orders of magnitude [121]. Even with the diversity in the nature of systems that
exhibit such phenomena, there exists some generalities. Such processes usually
involve a large number of active motile elements that transport material between
two distinct locations in space. Another feature of traffic phenomena is that the
traffic flow mostly takes place on tracks or trails [107, 116]. For example, in vehic-
ular traffic the motile elements like automobiles run on road or lanes [120], whereas
intracellular traffic which consists of vesicles and other intracellular organelles is
mainly driven by motor proteins on tracks of microtubules [116]. At the cellular
level, cell internalizes certain molecules from its environment, a process known as
endocytosis. These molecules, termed cargo, have to be sorted and transported
to different intracellular locations for further synthesis [76]. Several hundreds of
intracellular organelles, which are mainly carriers of cargo molecules, collectively
accomplish this task. Cells ability to efficiently handle such huge traffic of cargo
and organelles eventually determines how accurately it senses and responds to its
environment [4, 10, 11]. Intracellular trafficking involves a large number of or-
ganelles, therefore, complex collective behaviour emerges as a result of interaction
between them. The complexity of the intracellular trafficking pathways in terms
of number and type of organelles, dynamics of protein sorting and transport, poses
however the challenge of developing theoretical and experimental tools necessary
to elucidate the structure and function of the organelle network. This thesis is a
step in that direction. To identify the general principles governing the dynamics
of intracellular trafficking of a specific class of organelles known as endosomes and
try to answer the question of how the behaviour of endosomal network emerges
from the microscopic interactions.
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1.1 Dynamic cell: Intracellular organization and

trafficking

The cell, the basic unit of life, is a highly dynamic system that operates far out
of equilibrium [79, 78]. It means that it consumes energy to maintain its internal
organization. But rarely does a living cell operate in a static environment. It oper-
ates in a highly dynamic and fluctuating environment [81]. Trillions of individual
cells which make up a multicellular organism regularly communicate with each
other during the growth and development of the organism. The ability of a cell to
sense the changes in its environment and respond accordingly is vital for its sur-
vival. The complexity in the internal organization of eukaryotic cells, also known
as mammalian cells, evolved, it seems, to enable the cell to respond to various dif-
ferent kinds of signals from its environment simultaneously. This has enabled the
multicellular organisms to carry out diverse activities. Schematic representation
of a euakryotic cell with its internal organization is shown in Fig.1.1. Cell senses
and responds to the signals from its environment by taking up and secreting many
different molecules [13, 1, 3, 9, 20, 10]. Intracellular trafficking involves mainly
sorting and transport of the internalized molecules and underlies several impor-
tant cellular functions [71]. The intracellular trafficking can be understood from
two different standpoints: cargo trafficking and membrane trafficking.

Cargo trafficking: Cargo molecules that cell internalize or synthesize intracellu-
larly are to be transported to different destinations inside the cell [13, 1, 3, 9, 20].
Some proteins and protein complexes simply diffuse through the cell cytoplasm
and reach their destination, whereas others are transported by the intracellular
organelles [75, 76, 86, 109]. Organelles, which are membrane-bound structures
play a very important role in sorting and transporting different types of cargo.
For example, certain types of cargo have to be carried out of the cell to the extra-
cellular medium whereas there are other types of cargo which are degraded inside
the cell. Several hundreds of organelles collectively accomplish the task of cargo
trafficking that involves both cargo sorting and cargo transport. Proper traffick-
ing of cargo enables the cell to correctly sense and respond to its environment
[84, 85, 10].

Membrane trafficking: Cells reservoir of membrane comprises of the plasma
membrane, that separates cells interior from its environment, and the membrane
that makes up all the intracellular organelles [75, 5]. Cargo molecules that cannot
simply diffuse through the plasma membrane are endocytosed into the cell via en-
docytic vesicles. The endocytic vesicles are enclosed by membrane directly derived
from the plasma membrane of the cell. Most of the endocytic events thus rob the
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Figure 1.1: Endocytosis and Intracellular transport - organelles and trafficking path-
ways
A schematic diagram of the principle organelles and pathways involved in endocytosis and intra-
cellular transport. Certain types of cargo molecules bind to specific regions known as receptors
on the outer membrane of the cell. Subsequently the cargo molecules as well as their receptors are
internalized into the cell. Following internalization the cargo molecules enter the endocytic path-
way and are sorted and transported to various destinations inside the cell. Thus, the endocytic
pathway originates at the cell membrane and is directed cell inward. The organelles that play a
major role along this pathway are: Clathrin coated vesicles, Sorting/Early endosomes, Recycling
endosomes, Late endosomes and Lysosomes. On the other hand exocytic pathways originates in-
tracellularly and is directed cell outward to extra cellular environment. The organelles that play
a major role along this pathway are: Endoplasmic reticulum (ER), Golgi-apparatus, intermediate
vesicles and Recycling endosomes.

cell of a bit of its surface plasma membrane [39, 75, 76]. If the cell would con-
tinue to uptake extracellular material, it would eventually shrink itself to death.
How does cell maintain its size and volume? Membrane trafficking addresses this
problem [75, 39]. When intracellular organelles fuse with the plasma membrane,
cell gains membrane area thus balancing the membrane loss during endocytosis.
Membrane trafficking, which involves several hundreds of intracellular organelles,
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is essential to maintain proper cell physiology.

1.1.1 Endocytic pathway - bring ’em in and get ’em there

Intracellular trafficking, wether it be of cargo or membrane, is organized into dis-
tinct pathways [75, 76]. Most of the intracellular organelles have been characterized
as operating along one of these pathways [75, 76]. Two major trafficking pathways
are the endocytic and the exocytic pathways. As discussed in the previous section,
intracellular trafficking constitutes of not only the transport of cargo molecules but
also cellular membrane which make up the outer layer of organelles. Endocytic
trafficking originates at the plasma membrane, with the internalization of cargo
molecules into the cell, and is directed cell inward. There are numerous different
ways by which extra cellular material cargo can be internalized into the cell. Not
only different mechanisms are employed by cargo molecules to gain entry into the
cell, but even several different types of cargo enter the cell all the time via endocy-
tosis. For example there are some cargo types that have to be degraded in the cell
and others have to recycled back to the cell membrane [75, 11, 1]. The cell has to
properly and efficiently handle all the different kinds of proteins it internalizes, a
requirement it has to meet for its own survival and eventually that of the organism
as a whole. This raises the question, how does a cell control and organize the huge
traffic of cargo molecules intracellularly? How does a cell make sure that the huge
variety of cargo molecules that it internalizes is properly sorted and delivered to
their right destinations? A series of intracellular organelles, termed endosomes,
with distinct morphological and biochemical characteristics, are responsible for
this vital task [5, 11]. The dynamics of endocytosis and, subsequent cargo sorting
and transport along the endocytic pathway have been subject of intense study in
the past, both experimentally and theoretically [74, 76].

1.2 Endosomes: key players of endocytic path-

way

Irrespective of the entry mechanism employed to gain entry into the cell, most
of the cargo and associated receptors (in the case of receptor-mediated endocyto-
sis) following endocytosis are delivered to endosomes [76, 77, 4]. Endosomes are
highly dynamic vesicular structures involved in intracellular trafficking along the
endocytic pathway [11, 5, 97]. Endosomes form a dynamic network of thousands
of vesicles that interact with each other via fusion and fission and thereby accom-
plish the vital task of sorting the cargo molecules and transporting them to their
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appropriate intracellular destinations Fig.1.2 [9, 97].

Figure 1.2: Early endosomes: intracellular organelles transport cargo
A confocal microscopy image of a HeLa cell expressing Rab5 (green), LDL cargo (red) and nuclei
(blue), after 60 minutes of cargo uptake. Early endosomes are characterized by Rab5 protein.
The red spots in the image represent the red fluorescence associated with the cargo LDL. Rab5,
represented by green fluorescence, in inactive state fills the cytoplasmic volume of the cell and
in active state is bound to the membrane of early endosomes. All those red spots which are also
positive to green represent Rab5-positive endosomes carrying cargo.

Dynamics of endosomes is tightly regulated and governed by two factors. First
is the endosomal membrane proteins, which play a crucial role in interaction be-
tween endosomes like fusion and fission. Second, the motor proteins that move the
endosomes along microtubule tracks are responsible for the endosomal motility, an
aspect crucial for traffic and transport processes. Any endeavor towards gaining
an insight and physical understanding of cargo trafficking through the endocytic
pathway must begin with the endosomes. In the immediate following we will study
endosomes, their structure and motility from a more biological standpoint.

1.2.1 Morphology and structure of endosome

Endosomes are vesicular structures bounded by a lipid bilayer that separates their
inner environment from the exterior [1, 19, 97]. The cargo molecules and associated
receptors delivered to endosomes following endocytosis reside inside the endosome
[97]. The interior of an endosome is slightly acidic compared to the surrounding
cytosolic environment. The acidic interior plays a role in sorting and organizing
the cargo molecules in different domains inside the endosome[97, 99]. The outer
membrane of an endosome harbors several different membrane proteins, Fig1.3
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[97, 5]. The function of endosomes in sorting and trafficking is governed by the
dynamic assembly on the membrane of a multi-protein machinery organized by
small GTPases of the Rab family [5, 97, 19, 23, 98]. Rab proteins specify the
function of distinct intracellular compartments [5, 6, 7, 8, 98]. These proteins
operate between the GTP-bound active state and GDP-bound inactive state [8].
The switch between the GDP/GTP cycle determines the membrane association
of Rab proteins. Rab proteins function as regulators of several activities carried
out by an endosome, from fusion between endosomes to their motility on the
microtubule tracks. [88, 5, 91].

1.2.2 Endosomal population - distinct compartments

Fusion between endosomes is governed by specific membrane bound Rab proteins,
Fig1.3. Based on the localization of these specific Rab proteins on the membrane
of endosomes, the whole endosomal population is divided into three distinct com-
partments of interacting endosomes, Fig.1.3 [20, 74, 97, 5]. The identity of an
endosomal compartment is maintained by Rab proteins by maintaining the speci-
ficity of fusion between endosomes, referred to as homotypic fusion.

Early endosomes: Early endosomes are characterized by Rab5 and their respec-
tive effectors. Following internalization the cargo is delivered first primarily to a
population of Rab5-positive early endosomes. Rab5 plays a very important role in
homotypic fusion of early endosomes[90, 94]. Early endosomal compartment is the
major sorting station along the endocytic pathway. Here the endocytosed cargo
is sorted either for recycling back to cell membrane or degradation in lysosomes.
The recycling cargo is delivered to the recycling endosomes which carry the cargo
out of the cell whereas the cargo to be degraded is delivered to the late endosomes
[29]. Early endosomes are slightly acidic (pH ∼ 6.0) [100].

Electron microscopy images reveal that the early endosomes are vesiculo-tubular
structures with a vesicular body of ∼ 0.5 µm in diameter and tubules of ∼ 50 nm
in diameter [101, 19].

Recycling endosomes: The recycling cargo, for example cargo receptors, is de-
livered to recycling endosomes [7, 97]. Recycling endosomes are characterized by
Rab4, Rab11 and their effectors [5, 29]. Recycling endosomes are slightly less
acidic (pH ∼ 6.5) compared to early endosomes and have a tubular morphology
[17]. Recycling endosomes carry the cargo to the cell periphery where they fuse
with the plasma membrane and deliver the cargo molecules to the extracellular
milieu.

Late endosomes: Late endosomes are characterized by Rab7 and its respective
effectors [20]. The cargo to be degraded in the cell is delivered by the early en-
dosomes to the late endosomes [5]. Late endosomes carry the cargo to lysosomes,
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Rab4: Recycling endosome marker

Rab7: Late endosome marker

cell membrane

early endosome
recycling endosome

late endosome

Figure 1.3: Endosomes: structure and organization along endocytic pathway
Cargo internalized into the cell is delivered primarily to a population of Rab5-positive early
endosomes, which are vesiculo-tubular structures. Here the cargo molecules are sorted out and
transported to various intracellular destinations or recycled back to cell membrane. The mem-
brane of an endosome is a mosaic of different membrane proteins. A schematic cross-section
shows the various membrane proteins and their effectors of early endosomes. Rab protein, a
small GTPase, (shown in the membrane cross-section in color light green) is the key identifiers
of an endosome. Early endosomes are characterized by Rab5 and its effector, Late endosomes by
Rab7 and Recycling endosomes by Rab4/11 and their effectors. The endocytosed cargo molecules
are delivered to Rab5-positive early endosomes, where they are sorted out to either Rab4/11-
positive recycling endosomes to be transported back to cell membrane or to Rab7-positive late
endosomes for degradation in lysosomes. Population of early endosomes is therefore an impor-
tant hub for the incoming cargo.
Schematic of endosome membrane cross-section obtained from Ref.[5].
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where the cargo is eventually degraded. Late endosomes are mainly spherical and
have a highly acidic lumen (pH ∼ 5.0-6.0) [18].

Apart from the main distinct populations of endosomes which form different
compartments (as discussed above), there are several other intracellular structures
that operate along the endocytic pathway whose localization to any one of these
compartments is not clearly defined. Such vesicular structures, like endocytic
carrier vesicles shuttle between different compartments and act as carriers of cargo
between these mutually non-interacting comapartments [28].

1.2.3 Dynamic endosome: endosome motility

Endosomes are highly dynamic motile structures. Their transport is orchestrated
by microtubules, a network of polarized filamentous polymers. Motility of en-
dosomes is powered by a small set of distinct motors on the microtubule tracks.
Kinesin motor moves the organelle towards the plus end (towards cell periphery)
and dynein towards the minus end (cell nucleus) of the microtubule [87, 86, 107].
Early endosomes have been shown to move centripetally to the juxtanuclear posi-
tion following endocytosis of cargo at the cell periphery. Their complex motion is
regulated by the attached motors, interaction with other endosomes and organelles
and with the associated microtubule network. Even though quite a lot has been
contributed to the physical understanding of such active transport processes it is
still in a developing phase [103, 104, 105, 106, 107, 108]. Motors not only play an
important role in keeping the endosomes mobile but disruption of dynein motor on
endosomes have shown to disrupt early endosome localization and lead to defects
in cargo sorting [89]. A recent study, aimed at quantifying the dynamics at single
endosome level, showed the mean square displacement (tβ) of several individual
endosomes whose trajectories were traced for nearly 2 minutes [103]. At very short
time scales (t < 2 seconds) endosomes motion was observed to be nearly ballistic
(β ∼ 1.8). However, at long times (t > 10 seconds) the vesicles exhibit a diffusive
scaling (β ∼ 1) [103]. Interactions between cargo carrying endosomes via fusion
and fission, coupled with their bi-directional motility regulated by motors leads to
an asymmetric distribution of cargo in the cell [103].

1.2.4 Early endosomes - a cargo sorting machinery

We have seen in previous sections that endosomes of a given compartment form
a dynamic network of membranes undergoing fusion and fission One such com-
partment is that of early endosomes, characterized by membrane proteins, namely
Rab5 and their effectors [5, 20, 19] . Cargo molecules internalized into the cell
are captured in the endocytic vesicles which are subsequently delivered to early
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endosomes. How the endocytic vesicles deliver the cargo to early endosomes re-
mains unclear. The endocytic vesicles can either fuse with the Rab5-positive early
endosomes in what is called as heterotypic fusion or they could undergo transfor-
mation wherein the vesicular membrane gains Rab5 proteins and thus becoming
Rab5-positive structures or simply early endosomes.

Rab5-positive early endosomes are the major sorting station for the endocy-
tosed cargo [97]. Here the cargo is sorted to be eventually delivered to various
destinations within the cell. For example, cargo receptors which are taken into the
cell during receptor mediated endocytosis have to be delivered back to the cell for
further uptake of cargo molecules. Certain types of cargo like signaling molecules
have to be degraded inside the cell, otherwise the signal would indefinitely grow.
Thus, cargo receptors and other such recycling cargo have to be sorted for recy-
cling back to the cell membrane whereas degradative cargo to be degraded inside
the cell [90, 97, 1]. Early endosomal population thus plays a pivotal role along
the endocytic pathway, that of cargo sorting, Fig.1.3. How do endosomes exactly
accomplish this rather subtle job of segregating the different types of cargo that
enter them is not very well understood.

In a study it was shown that the acidic luminal pH of early endosomes (pH ∼
6.0) causes the ligands to dissociate from their receptors and sort them to trans-
port to various intracellular destinations [100, 1, 2]. Regular fusions between early
endosomes coupled with the early endosome morphology could play a role in the
cargo sorting. Lipid segregation has been observed in tubulated endosomes [102].
The role of curvature of vesicles in lipid sorting has been studied both theorti-
cally and experimentally [110]. Membrane curvature might drive certain lipids
into sorting tubules. Fusion process between vesicles is an ubiquitous mechanism
for generating tubules because of excess of membrane area and thermodynami-
cal instability it generates. Early endosomal population consist of Rab5-positive
endosomes of various different size and cargo content. Interestingly, in an ex-
tensive study carried out recently, it was observed that early endosomes show a
distinct spatio-temporal organization (see next section) [20]. Large Rab5-positive
endosomes were observed to be located in the peri-nuclear region whereas smaller
endosomes at the cell periphery, closer to the plasma membrane [21]. Cargo was
also observed to be concentrated in the peri-nuclear region at late times follow-
ing the cargo uptake by endocytosis [103]. Endosomes of different size and cargo
content might arise due to endosomal fusion [21]. How the early endosomal com-
partment communicates and exchanges cargo with other endosomal compartments
is not clearly understood. For example, the mechanism of transfer of cargo from
early to late endosomes is hotly debated. This transfer of cargo can occur either by
conversion of a cargo carrying Rab5-positive endosome into a Rab7-positive late
endosome [20, 26]. Such a conversion process has been observed in experiments
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where a cargo carrying Rab5-positive endosome gradually became depleted of all
the Rab5 on its membrane and was replaced by Rab7 [20, 26, 24, 27]. However,
another mode of cargo transfer from early to late endosomes exists wherein bud-
ding of carrier vesicles from early endosomes and their subsequent fusion with late
endosomes was observed [28, 24]. It is unclear as to what extent different types of
cargo or different cell types use one mechanism, the other or both.

Self-Organization of early endosomes

The dynamics of endocytosis and, subsequent cargo sorting and transport along
the endocytic pathway have been a subject of intense study in the past, both
experimentally and theoretically [74]. By tracking individual endosomes as well
as endosomal populations [20] it was shown that the endocytic cargo (Low Den-
sity Lipo-protein) progressively flows from small endosomes at the periphery of the
cell to large endosomes at the center, which eventually convert into late endosomes
leading to cargo degradation [20]. Such a spatial-temporal progression was sum-
marized in funnel model, wherein numerous small endosomes at the cell periphery
fuse with each other regularly to form fewer but bigger vesicles that move towards
the cell centre. In a recent genomic survey by RNA interference [21], a Bayesian
network analysis revealed general rules underlying the organization of the endo-
cytic system and provided unbiased experimental support to the funnel model of
the endosomal network. The study showed that depletion of various genes caused
cargo to be distributed in endosomes that are arrested at different stages along the
spatio-temporal progression. A highlight of this study is that the stochastic fusion
events between endosomes leads to a stable organization where cargo is sorted out
and transported from plasma membrane to its final destination. Since such be-
haviours can emerge from many interacting endosomal units even in the absence
of external controller, this is termed self-organization process [125, 124].

1.2.5 Theoretical compartmental analysis - average behaviour

Although the structure and spatial distribution of the endosomal network is im-
portant to understand cargo sorting and flux, theoretical approaches have typically
focused on the time-dependence and kinetic rules associated with the arrival of in-
ternalized ligands into whole endosomal compartments (eg. early and late) without
resolving the role of individual endosomes [33, 36, 39, 34, 37]. Such approaches
therefore focused on the average behaviour of the endosomal system while ignoring
the details of the spatio-temporal organization of the entire endosomal network.

In the compartmental approach only average quantities can be identified. Early,
late or recycling endosomes collectively form three different compartments of mu-
tually interacting endosomes. Cargo can enter and leave these endosomal compart-
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Early endosome

Late endosome

Figure 1.4: Organization of early endosomes and cargo progression along the endo-
cytic pathway
Funnel model for the cargo progression along the endocytic pathway suggests that small endo-
somes appear at the cell periphery. These small endosomes undergo regular homotypic fusion
while moving centripetally and thus generating fewer bigger endosomes at perinuclear region
(figure taken from doctoral dissertation of Claudio Collinet).
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ments. What one can measure then is the flux of cargo across a given compartment,
Fig1.5. If the cells are allowed to internalize cargo continuously for a certain dura-
tion of time, the cargo gradually enters the compartments. The amount of cargo
in a particular endosomal compartment increases with time. In the presence of an
exit for cargo from the compartment the increase in the amount of cargo eventu-
ally reaches a steady state Fig1.5. If we denote by Φ the total amount of cargo in
the endosomal compartment, then the rate of change of Φ is given by,

dΦ

dt
= Jin − Jout (1.1)

where, Jin/out represent the in/out-flux of cargo through the endosomal compart-
ment. The characteristic time for reaching the steady state is governed by the

Φto
ta

l c
ar

go
 a

m
ou

nt

t [min]

continuous cargo 
supply

cargo supply 
blocked

Jin

Jout

Figure 1.5: Average behaviour of an endosomal compartment
Cargo enters and leaves the endosomal compartment (early, late or recycling) all the time. The
cargo flux can be measured by the total amount of cargo Φ in the compartment at any given time.
Without resolving the cargo amount in individual endosomes of the compartment one can write
down the equation for global fluxes of cargo through the endosomal compartment. The amount
of cargo in the compartment (devoid of cargo initially) increases following endocytosis in the
case of continuous cargo uptake. The cargo exit mechanism, that might relate to cargo exchange
with other compartments, will eventually balance the cargo influx (red curve). The total amount
of cargo Φ in a compartment will thus reach a steady state within a characteristic time. When
cargo supply to the cell is blocked the cargo will gradually drain out of the compartment within
a characteristic time (blue curve).

strength of influx and outflux of cargo. Similarly after some time of cargo uptake
if the cargo supply to the cell is blocked then, the cargo will drain out of the endo-
somal compartment within a characteristic time governed by the exit mechanism,
Fig1.5.

It was earlier studies using the compartmental approach that provided the ad-
ditional information about the distinct endosomal compartments. Different time
scales were observed for cargo exit from the early, late and recycling endosomal
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compartment suggesting that these different compartments can also be distin-
guished, apart from the Rab proteins, by the time it takes for the endocytosed
material to reach them [36]. Cargo enters and therefore exits the Rab5-positive
early endosomal compartments much earlier than the Rab7-positive late endosomal
compartment [32].

1.3 Physics of traffic phenomena in Biology

Traffic processes involve large number of interacting motile elements. Such pro-
cesses exhibit interesting collective behaviour, like self-organization. Intracellu-
larly large number of organelles whose motility is powered by molecular motors
on tracks of microtubules and actin filaments constitute the traffic. Intracellular
trafficking involves the sorting of cargo and transporting them to various intra-
cellular destinations. Our focus in this study is on a special class of organelles,
termed endosomes, which are key players of cargo sorting and transport along
the endocytic pathway. There are several different aspects to traffic phenomena,
so that there is not one definite approach that would provide us with complete
and comprehensive understanding of such processes. A variety of approaches have
been used to gain physical understanding of the traffic like phenomena, few exam-
ples being cellular automaton model and particle hopping model [115, 116, 114].
Since the pioneering work of Prigogine and Herman on kinetic theory of vehicular
traffic, cars in a traffic have been considered as a system of interacting particles
[117, 118]. Several interesting features like traffic jam, phantom traffic jam have
been explained by these models. When the number of motile elements in the traffic
is quite large, modeling the traffic flow using hydrodynamical approach in terms
of one dimensional compressible gas is quite useful, features like shock waves have
been predicted by such an approach [117, 119]. In this section we will present
or rather review some aspects of traffic processes and corresponding theoretical
approaches which are quite generic, so that we don’t miss the woods for the trees.
We will be very brief in most of the theoretical approaches, but spend some time
towards the end at studying the aggregation process as a model for traffic like
processes.

1.3.1 Theoretical approaches for studying traffic phenom-
ena

All the theoretical approaches that have been employed so far towards gaining
physical understanding of the trafficking processes can be broadly divided into
two categories, namely individual particle based approach and population based
approach. The individual particle based approach encapsulates all those models
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that deal with the traffic system on a microscopic level. On the contrary, the pop-
ulation based approach is a mean-field approach whose description breaks down
at very low density of the trafficking particles. Traffic processes are collective in
nature, interaction among the traffic entities can lead to spatio-temporal organi-
zation and are thus an example of self-organization. Another feature of traffic
processes is that they are usually characterized as operating far from equilibrium.
The motile entities that constitute the traffic are active in nature, i.e they exchange
energy and/or information with their environment. Let us briefly review the two
approaches mentioned above.

1.3.1.1 Individual particle based approach

In this approach the particles are identified individually as residing in some state
at time t. Accounting for the forces and the interactions between particles one
can evaluate the time evolution of the system at t + δt. Intracellular organelles
are active motile entities [107]. To start with, one can write down the Newton’s
equation of motion for individual active particles or elements of the traffic [120].

miẍi(t) = Fext(xi(t), t)− γivi(t) + ξi(t) +
∑

i 6=j
Fij(t) . (1.2)

The first term in Eq.(1.2), Fext(xi(t), t) represents the external force acting on
the particle. The second term γivi(t) represents the friction force acting on the
particle, the friction coefficient given by γi. In general, friction coefficient can also
be a function of velocity γi(v(t)), which could originate from the collective motion
of molecular motors on microtubule filaments. The third term ξi(t) represents the
force generated by the thermal noise from the environment. Intracellularly the
cytoplasm is filled with viscous material and a dense network of microtubules that
generate a force on the organelle similar to the thermal noise, either colored or
white noise, acting on a brownian particle in fluid. The last term Fij(t) is the
interaction force between two particles labelled by the indices i and j respectively.
The interaction force could depend on the absolute location xi(t) and xj(t) of
the interacting particles or their relative separation or even on their velocities
vi = ẋi(t). From this microscopic description of the particles dynamics one can
derive macroscopic quantities like particle density, momentum density etc.

1.3.1.2 Population based approaches

This is a coarse grained method. One of the approaches might be to look at the
density or cluster of the particles n(x, t) at a location x. If particle conservation
holds then one can write down a continuity equation:

∂n

∂t
= −∇.J (1.3)
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where J is the current density for the particle density n.

However, a distinguishing feature of traffic like collective phenomena is the for-
mation of clusters. Clusters of individual particles form because of some sort of
prevailing interactions between them. Size of clusters change over time as a result
of different fluxes that bring in to or remove particle from a cluster. Intracellu-
larly, aggregation phenomena is exhibited by both membrane bound structures
like organelles as well as non-membranous structures like p-granules and nucle-
oli [20, 48, 49]. Traditional approach towards understanding such cluster forming
process is writing down the corresponding master equation [120, 123]. Let us say
that at any given time t the probability of finding a system of identical particles of
cluster size n is P (n, t). Here n = {n1, n2, ...., nL} denotes the set of parameters
that describes the state of a cluster at a given time t. The master equation for
such systems assuming the process to be Markov in nature is given by,

dP (n, t)

dt
=
∑

n′ 6=n

T (n|n′; t) P (n′, t)−
∑

n′ 6=n

T (n′|n; t) P (n, t) (1.4)

where, T (n|n′; t) denotes the transition rates from state n′ to state n.

1.3.2 Smoluchowski kinetic theory for aggregation

Classical kinetic theory of aggregation is a good model for studying traffic pro-
cess in terms of the dynamics of cluster size of particles that constitute the traf-
fic. Aggregation systems consists initially of unitary particles that interact with
each other and form aggregates of higher order, see Fig.1.6 [41, 64, 123, 47, 51].
In a traffic, clusters of particles may represent aggregates. Aggregation process
is usually described by the particle size distribution function ϕ(nk, t), such that
dN = ϕ(nk, t)dnk denotes the number of particles in space at a given time t made
up of elementary units in the range nk and nk+dk. Here nk = {n1

k, n
2
k, ...., n

L
k }

denotes the set of parameters that characterize a cluster k. For example, endo-
somes can be characterized by their luminal volume (quantified by the amount of
fluorescence tagged cargo inside the organelle) or the surface area (quantified by
the amount of one of the membrane proteins). Both of these (and others) can be
plausible candidates for parameters given by nk that characterize an endosome.
The elementary unit of a traffic would be a single particle, and therefore cluster
is defined as composed of several k such elementary particles stuck together and
behaving as one unit.

The master equation that describes the dynamics of the size distribution func-
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A

B

Figure 1.6: Illustration of fusion dynamics of aggregating system of drops
Aggregation system consists of similar particles of unitary size, lowest possible size in the system,
at t = 0 as shown in (A). The size of a particle could be characterized by its volume, effective
surface area (in case of non-spherical particles), specifically those features of a particle which are
conserved during the fusion process. The particles undergo fusion resulting in a distribution of
particles of various sizes, (B). The distribution evolves in time due to the fusion dynamics.

tion ϕk(t) is given by,

dϕ(nk, t)

dt
=

1

2

i=k−1∑

i+j=k
i=1

βij(t)ϕ(ni, t)ϕ(nj, t)− ϕ(nk, t)
∞∑

k=1

βik(t)ϕ(ni, t) (1.5)

where, βij = β(ni,nj; t) denotes the coagulation frequency function which could
depend on various parameters associated with the aggregating particles as well
as the system. The solution of Eq.(1.5) depends on the functional form of the
coagulation frequency function βij. In 1917, Smoluchowski derived the expression
for the coagulation frequency for Brownian coagulation and laminar shear. For
the case of a system consisting of brownian particles,

βij = 4π(Di +Dj)(ri + rj) (1.6)

where D is the diffusion coefficient of the particles and r the corresponding ra-
dius. Using the Stokes-Einstein relation for the diffusion coefficient given by
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D = kBT/(6πµr) in Eq.(1.5) one gets the coagulation frequency function for a
inert spherical brownian particle,

βij =
2kBT

3µ
(ri + rj)(1/ri + 1/rj) . (1.7)

It important to point out here that the time dependance in the coagulation fre-
quency function βij has been dropped because we assume that particles are in an
infinite dilution, which is also necessary for the Stokes-Einstein relation. Solving
Eq.(1.5) analytically for ϕ(nk, t) using the general coagulation frequency function
as given by Eq.(1.7) is impossible, so simplification based on assumptions are made
to gain some basic understanding of the system under particular conditions.

1.4 Overview of this work

In the immediate next chapter we will present experiments wherein cargo distribu-
tions are quantified in a population of Rab5-positive endosomes using fluorescence
microscopy. We discuss briefly experimental methods, steps involved in image
analysis and finally some results of data analysis.

In the Third chapter we present a general theoretical framework that describes
the collective dynamics of an endosomal population in a cell. Endosomal popu-
lation here referring to endosomes belonging to any one particular compartment,
i.e either early (Rab5 positive), late (Rab7 positive) or recycling(Rab4/11 posi-
tive) endosomes. In this chapter we limit our attention to only a population of
early Rab5-positive endosomes. In our theoretical framework we take into account
several microscopic processes at the level of individual endosomes.

In the Fourth chapter we present a simplified model of the general theoretical
framework to describe cargo trafficking in Rab5-positive endosomes. We refer to
this model as Entry-Fusion-Exit (EFE) model. In this model only three endo-
cytic process are taken into account, namely the appearance of new cargo carrying
Rab5-positive endosomes following endocytosis, homotypic fusion between the ex-
isting cargo carrying endosomes and conversion of cargo carrying Rab5-positive
endosomes into other vesicular structures like Rab7-positive endosomes. With the
cargo exit mechanism, we study the two hotly debated processes i.e endosome
conversion and vesicle budding and discuss the presence of these processes in the
trafficking of LDL by early Rab5-positive endosomes.

In the Fifth chapter we compare the results of Entry-Fusion-Exit model with
the experiments wherein cargo in a population Rab5-positive endosomes was quan-
tified in continuous cargo uptake experiments. We fit the theory to experimentally
obtained cargo distributions at different times following endocytosis and extract
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magnitude of key kinetic parameters. The experiments confirm scaling features
predicted by theory.

Finally we conclude with Chapter six, with a discussion of what has been
achieved through the approach presented in this thesis towards the understanding
of endosomal trafficking and also an outlook of what can done in the future.



Chapter 2

Dynamics of endosomal
trafficking: experiments and
observations

To develop an understanding of the endosomal trafficking of endocytosed cargo
we will focus our attention on one specific population of endosomes, known as
sorting or early endosomes. Basic concepts related to endosomes, their structure,
morphology and function, are presented in the Introduction. An endosome is char-
acterized either by endosomal membrane proteins or the endocytosed cargo that
resides inside the endosome [19, 5, 11]. Sorting or early endosomes are character-
ized by a class of membrane protein Rab5, a GTPase protein that regulates the
early endosomal fusion (see Introduction). In this chapter we will briefly present
some experiments where cargo is quantified in a population of Rab5-positive endo-
somes. In these experiments, referred to as continuous uptake experiments, cells
that are initially devoid of fluorescent cargo are supplied with fluorescently labelled
cargo from a particular time onwards. Cells gradually internalize the fluorescent
cargo molecules which subsequently enter and fill the Rab5-positive endosomal
compartment. We will show that the cargo in individual Rab5-positive endosomes
can be quantified in these experiments, and present distributions of different cargo
types in a population of Rab5-positive endosomes at different times following the
cargo uptake. The research work presented in this thesis is the result of a close
collaborative effort with the experimental lab of Marino Zerial at the Max Planck
institute of Molecular Cell Biology and Genetics (MPI-CBG), also located in Dres-
den. All the experiments presented here were performed by Roberto Villasenõr and
Claudio Collinet. The images obtained from automated fluorescence microscopy
were analyzed for vesicle identification and colocalization of various endosomal
markers with the help of Motiontracking, an image analysis software based on the
algorithm developed by Yannis Kalaidzidis, who is also based at MPI-CBG [40].

19
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This Chapter is by no means an exhaustive information about the experimental
methods. The aim here is to just give an idea of some of the major steps involved
in the experiments and image analysis. Experiments discussed here and the image
analysis involve far more complexity than described here, as great care has to be
taken in performing such experiments for the validity of results to make careful
comparisons with theory.

2.1 Cargo trafficking by endosomes - experiments

to theory

Endosome visualization is made possible by the developments in the Green Fluores-
cent Protein (GFP) Technology. By tagging proteins associated with an endosome
with specific fluorescent proteins, we can identify and track endosomes and quan-
tify their characteristics. In vitro time course experiments, wherein endosomal
marker proteins express GFP, provide a great means to study and understand the
dynamics of endosomes. Since endosomes are carriers of majority of the endocy-
tosed cargo, therefore using fluorescently labelled cargo in experiments wherein
cargo is internalized into the cells and subsequently delivered to a population of
endosomes is great way to not only understand the dynamics of endosomes but
also the dynamics of cargo trafficking by endosomes.

2.1.1 Endosome marker - Identifying an endosome

Endosome identification is the first step towards obtaining any kind of statisti-
cal data from endosomal population. Endosomes can be identified when one of
the endosome associated protein expresses fluorescence, which is possibly only by
tagging such proteins with fluorescent proteins. Now, the endosome associated
proteins can be either membrane proteins that reside on the outer membrane of
an endosome or the internalized cargo molecules that resides in the interior or
lumen of the endosome . Here we will focus only on the early endosomes, which
are characterized by a particular class of membrane proteins, Rab5 (for details
see Introduction). To limit our observance in experiments to only Rab5-positive
endosomes we will use cells that express GFP-Rab5. We will follow fluorescent
cargo in only those endosomes that are fluorescent in Rab5.

2.1.2 Cargo uptake experiments

To study the cargo trafficking by Rab5-positive early endosomes we performed
cargo uptake experiments. The cargo used in these experiments was Low Density
Lipoprotein (LDL), a class of proteins that enables transport of cholesterol in
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Endocytic Cargo

Rab5 - Early endosome marker

Cell membrane

Figure 2.1: Labelling an endosome - endosome marker
Schematic representation of endocytosis of cargo molecules (red). Following endocytosis, the
cargo is delivered to Rab5-positive early endosomes. Rab5 (green) is a membrane protein that
resides on the outer membrane of the endosome and regulates among other things the fusion of
Rab5-positive endosomes with each other. The endocytosed cargo resides in the lumen or inner
volume of the endosome.

the water-based blood stream. Following endocytosis, LDL is delivered to Rab5-
positive early endosomes where they are sorted to be predominantly delivered to
Rab7-positive late endosomes for degradation in lysosomes. In these experiments
two fluorescent markers were used to identify endosomes, namely Rab5, the early
endosome membrane marker expressing green fluorescence and LDL (Low Density
Lipoprotein), an endocytic cargo that resides inside the early endosomes, tagged
with red fluorescent protein.

Nucleus Nucleus

A B

t=0 min t=1min

Figure 2.2: Continuous cargo uptake experiment
(A) Schematic representation of cell with a population of Rab5-positive early endosomes and
other non Rab5-positive vesicular structures. Initially at t = 0 minutes, there is no fluorescently
labelled cargo present inside the cell.
(B) The cells are incubated in a pool of fluorescently labelled cargo LDL. The cargo enters the
cell via receptor-mediated endocytosis and is subsequently delivered to Rab5-positive early endo-
somes and other intracellular oragenelles. With time, the population of Rab5-positive endosomes
is gradually filled with LDL.

Initially at t = 0 min there is no cargo inside the cell, Fig.2.2(A). Starting
from a fixed time t = 1 min, the cells are incubated in a medium containing
cargo molecules, LDL tagged to red fluorescence proteins. Cells are allowed to
internalize cargo for different durations of time, after which they are fixed for
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image acquisition. Gradually the endosomal compartment gets filled with LDL as
more and more Rab5-positive endosomes attain cargo and thus become both Rab5
and LDL-positive endosomes, Fig.2.2(B). A general scheme of the continuous cargo
uptake experiments with the various steps (broadly speaking) involved is described
schematically in Fig.2.3.

56 5.1. Continuous cargo uptake experiment
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Figure 5.1: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the
distribution of cargo n(s) in early endosomes.

and numerical simulations and determine the kinetic parameters associated with
various biological processes.

Having developed such a quantitative method to describe time evolution of
cargo distribution in early endosomal population, we will test our theoretical pre-
dictions about the dependence of various quantities on the cargo influx. We will
present experiments where the cargo influx into early endosomal population can
be varied and test our theoretical predictions with results from such experiments.
Finally we will present the pulse chase experiments, wherein the cargo supply to
the cells is blocked after a continuous cargo uptake for 60 minutes. We will test
our EFE model by comparing the distributions during the cargo chase.

5.1 Continuous cargo uptake experiment

In order to study the flux of cargo through the endosomal network, we performed
continuous cargo uptake experiments in which labelled LDL was added at time
t = 0 at a concentration that was maintained constant at later times. Using
quantitative image analysis of still images of populations of cells taken at different
times after LDL addition we identified about 35±?? Rab-5 positive vesicular object
per cell in each image. For details of image and data analysis see Chapter 2.

At each time point, the distribution of cargo in the entire network of Rab5-
positive endosomes can be characterized by the number density n(s) of endosomes
per cell with LDL fluorescence intensity s. The total number of cargo carrying
endosomes per cell is N =

�∞
0

n(s)ds and the total LDL fluorescence of the en-

!

!"#$%&'()*+*,"-
./0%1)&%2$'31)4%2'5*6%+'726'
5*6%+'31)4%2'./0%1)&%2$

Figure 2.3: Continuous cargo uptake experiments - method
(A)HeLa cells expressing GFP-tagged Rab5c were grown in full medium in 96-well plates for 24
hrs.
(B)At different time points a dilution of fixed concentration of LDL was added sequentially to
the cells. The cells were incubated in the dilution of LDL for a varying period of time, from 1
min up till 60 min.
(C)After the time course, all cells were fixed simultaneously stained with anti-apoB for LDL
and DAPI for labeling the cell nuclei. The cells were then imaged using an automated confocal
microscope.
(D)One hundred images per time point were collected. An image contains in average 20 cells.
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30 m 10 m

A B
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Figure 2.4: Automated fluorescence microscopy and image processing
(A) Representative image of HeLa GFP-Rab5c BAC cells after 60 minutes internalization of
LDL. GFP-Rab5c (green) is expressed under control of the endogeneous Rab5 promoter; human
LDL (red) is labelled by an antibody against apo-B; nuclei (blue) are labelled by DAPI.
(B)Higher magnification of a single cell. High-resolution images allow for the identification of
individual endosomes. Statistical analysis was carried out for endosomes containing both GFP-
Rab5c (green) and LDL (red).
(C-D)Vesicle fitting of an individual endosome by Motion-Tracking image analysis software [20].
The GFP-Rab5c (green) and LDL (red) raw fluorescence intensity profile (C) are used to fit a
model function (D) given by Eq.(2.1)from which vesicle parameters (x-y coordinates, integral
intensity, area) are quantified.

2.1.3 Image analysis - Statistics of endosomal population

After acquiring images of the cells with various endosomal markers using the confo-
cal/laser scanning microscope (LSM), the next major step, towards obtaining some
kind of statistical information from the experiments, is that of Image analysis. An
example of an image acquired after the microscopy is shown in Fig.2.4(A). Each
cell consists of fluorescent spots of different endosomal markers, which in these
experiments are Rab5 and LDL (cargo). Rab5, the early endosome membrane
protein is expressing green fluorescence and the endocytosed cargo LDL is tagged
to red fluorescent protein, thus it appears in red color in the image, Fig.2.4(B).
Image analysis consists of identifying the fluorescent spots that appear in the im-
age and quantifying the various characteristics associated with it, like number of
fluorescent spots of a given type or color, position (x-y coordinates) of the flu-
orescent spots, total spot area, total fluorescence intensity of the spot etc. The
image analysis is carried out using the algorithm developed by Yannis Kalaidzidis
at the MPI-CBG. The algorithm identifies all the fluorescent spots both green
(Rab5) and red (LDL) independently. The fluorescence intensity, FI is measured
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in arbitrary units.

I(xi, yi) = Ai

{
1 +

([(x− xi) cos(αi)− (y − yi) sin(αi)

wi

]2

+

[
(x− xi) sin(αi)− (y − yi) cos(αi)

hi

]2)2
}−1

+B(xi, yi) (2.1)

where, I(xi, yi) is the fluorescence intensity at the coordinate xi, yi and Ai is the flu-
orescence intensity at the centre. wi, hi is the width by perpendicular dimensions,
α is the angle between main axis and the image axis, B(xi, yi) is the background
residue in the vicinity of the particle. The result of the fit of the model function
to the fluorescence intensity profile for one such profile of Rab5 (green) and LDL
(red) is shown in Fig.2.4 (C-D).

2.1.4 Number density distribution: individual endosome
statistics

The whole intensity interval [Imin, Imax] is logarithmically binned into Nb number
of bins, such that a given bin of intensity is placed at

Ik = Imine
γk , (2.2)

where γ = (ln(Imax/Imin))/Nb and the bin-width between two bins on the intensity
axis is ∆I = Ik+1− Ik. The algorithm detects the endosomes with Rab5 and LDL
fluorescent spots and quantifies their characteristics (position, area, elongation,
fluorescence intensity, etc.) and counts the number of spots

Nrab5/LDL(I) , (2.3)

in all the images with integral fluorescence intensity of either Rab5 or LDL in the
range [I, Ik + ∆I]. We thus obtain a histogram of the number of endosomes (Rab5
or LDL) versus the integral fluorescence intensity I. From the histogram we obtain
the number density of endosomes per cell with a certain amount of fluorescence
intensity I of either Rab5 or LDL as follows,

n(I) =
N(I)

NcellV∆I
(2.4)

where, Ncell is the number of cell in a given sample or image and V the associated
cell cytoplasmic volume of each cell. For each time point we obtain about 70
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(LDL) in the entire network of Rab5-positive endosomes can be characterized by
the density n(s) of endosomes per cell with LDL or Rab5 fluorescence intensity s.
n(s)∆s is the number of Rab5-positive endosomes per cell for which the LDL or
Rab5 fluorescence intensity is in the interval between s and s + ∆s. Fluorescence
intensity (FI) is measured in arbitrary units. Fig.2.4(A) shows the distribution
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Figure 2.4: Distribution of endosomal fluorescence intensity of Rab5 and LDL.
n(s) is the number density of endosomes carrying an amount s of a particular endosomal marker.
(A) Distribution of total LDL fluorescence intensity of vesicles in the whole cell, which would
include not only endosomal compartments but also other intracellular compartments in the cell
where LDL might be present, at different times after addition of LDL.
(B) Distribution of total Rab5 fluorescence intensity of vesicles in the whole cell at different
times. Vesicles positive to Rab5 are characterized as Rab5-positive early endosomes.

of Rab5-positive endosomes and Fig.2.4(B) shows the LDL in the whole endo-
somal network. Fig.2.4 shows that whereas the distribution of Rab5 endosomes
does not change over time the (A) distribution of LDL endosomes does evolve in
time (B), from a narrow distribution at early times to a broad distribution at late
times . This suggests that within the cell the pool of Rab5 endosomes is always
at steady state whereas following endocytosis the distribution of cargo , initially
absent from cell interior, evolves in time. Fig.2.5 shows the distribution of total
endosome fluorescence intensity for different endosomal markers. In this case the
endosomal markers are the cargo molecules endocytosed into the cell. Here we will
consider three different types of cargo Low Density Lipoprotein (LDL), Epidermal-
Growth-Factor (EGF) and Transferrin (Tfn). Rab5 is the membrane marker of
an endosome, whereas LDL, EGF and Tfn are cargo molecules that reside in the
lumen of endosomes and thus mark the inner volume of the endosome. Following
endocytosis LDL, EGF and Tfn enter the Rab5-positive early endosomal com-
partment and are subsequently sorted to different destinations. LDL and EGF are
primarily degradative cargo and are transported for degradation to the Lysosomal
compartment via Late endosomes. Tfn is a recycling cargo and is recycled back to
the extra-celullar milieu via recycling endosomes. It is interesting to observe the
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(LDL) in the entire network of Rab5-positive endosomes can be characterized by
the density n(s) of endosomes per cell with LDL or Rab5 fluorescence intensity s.
n(s)∆s is the number of Rab5-positive endosomes per cell for which the LDL or
Rab5 fluorescence intensity is in the interval between s and s + ∆s. Fluorescence
intensity (FI) is measured in arbitrary units. Fig.2.4(A) shows the distribution
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Figure 2.4: Distribution of endosomal fluorescence intensity of Rab5 and LDL.
n(s) is the number density of endosomes carrying an amount s of a particular endosomal marker.
(A) Distribution of total LDL fluorescence intensity of vesicles in the whole cell, which would
include not only endosomal compartments but also other intracellular compartments in the cell
where LDL might be present, at different times after addition of LDL.
(B) Distribution of total Rab5 fluorescence intensity of vesicles in the whole cell at different
times. Vesicles positive to Rab5 are characterized as Rab5-positive early endosomes.

of Rab5-positive endosomes and Fig.2.4(B) shows the LDL in the whole endo-
somal network. Fig.2.4 shows that whereas the distribution of Rab5 endosomes
does not change over time the (A) distribution of LDL endosomes does evolve in
time (B), from a narrow distribution at early times to a broad distribution at late
times . This suggests that within the cell the pool of Rab5 endosomes is always
at steady state whereas following endocytosis the distribution of cargo , initially
absent from cell interior, evolves in time. Fig.2.5 shows the distribution of total
endosome fluorescence intensity for different endosomal markers. In this case the
endosomal markers are the cargo molecules endocytosed into the cell. Here we will
consider three different types of cargo Low Density Lipoprotein (LDL), Epidermal-
Growth-Factor (EGF) and Transferrin (Tfn). Rab5 is the membrane marker of
an endosome, whereas LDL, EGF and Tfn are cargo molecules that reside in the
lumen of endosomes and thus mark the inner volume of the endosome. Following
endocytosis LDL, EGF and Tfn enter the Rab5-positive early endosomal com-
partment and are subsequently sorted to different destinations. LDL and EGF are
primarily degradative cargo and are transported for degradation to the Lysosomal
compartment via Late endosomes. Tfn is a recycling cargo and is recycled back to
the extra-celullar milieu via recycling endosomes. It is interesting to observe the
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Figure 2.5: Distribution of endosomal fluorescence intensity of Rab5 and LDL.
n(I) is the number density of endosomes carrying an amount I of a particular endosomal
marker. Integral fluorescence intensity, FI is measured in arbitrary units.
(A) Distribution of total Rab5 fluorescence intensity of vesicles in the whole cell at different
times. Vesicles carrying membrane protein Rab5 are characterized as Rab5-positive early
endosomes.
(B) Distribution of total LDL fluorescence intensity of vesicles in the whole cell, which would
include not only endosomal compartments but also other intracellular compartments in the cell
where LDL might be present, at different times after addition of LDL.

images. Each image consists about 20-30 cells. We collect the statistics for each
time point averaged over all the images. Fig.2.5(A-B) presents the number density
distribution of Rab5 and LDL integral fluorescence intensities in the whole cell at
different times during the course of LDL uptake. As can be observed, the Rab5
distribution, Fig.2.5(A) is always at steady state, since Rab5 is not an endocytic
cargo but a membrane protein of early endosomes and it’s amount inside the cell is
always fixed. However, LDL is an endocytic cargo and therefore LDL distribution
inside the cell evolves during the period of it’s uptake, Fig.2.5(B) . Interestingly,
LDL distribution n(I) at late times, around 60 minutes, shows a prominent power
law decay with a decay exponent ∼ −1.5, Fig.2.5(B).

2.1.5 Integral quantities: endosome population statistics

Fig.2.5(A & B) tells how Rab5 and LDL cargo are distributed in individual endo-
somes and other vesicular structures inside the cell. From the distribution n(I, t)
shown in Fig.2.5(A & B), we can also obtain two other quantities,

N(t) =
Imax∑

I=Imin

∆I n(I, t) (2.5)

Φ(t) =
Imax∑

I=Imin

∆I In(I, t) (2.6)
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where, N is the total number of LDL or Rab5 vesicles (identified during the image
analysis) and Φ is the total amount of LDL or Rab5 in all these vesicles. These
two quantities, N and Φ respectively, reflect the average or global properties of
endosomal network. Following endocytosis the amount of LDL inside the cell
increases from 1 minute onwards up till 60 minutes, Fig.2.6(A). The data shows
almost a linear growth until 30 minutes followed by a slow saturation. In contrast
to the total amount of LDL, the number of LDL carrying vesicles, N reaches a
saturation as early as 20 minutes from the start of LDL uptake, Fig.2.6(B).
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Figure 2.6: Integral properties of endosomal population
(A) Total amount of LDL Φ, defined as Eq.2.6, in the whole cell during the course of cargo
(LDL) uptake.
(B) Total number of LDL vesicles N , defined as Eq.2.6 during the course of cargo uptake.

2.1.6 LDL in early endosomes - Colocalization

Up until now we had considered the statistics of LDL cargo in the whole cell. In
this section we will look at number density distribution of LDL during the time
course confined to only Rab5-positive early endosomes. To obtain the statistics of
LDL in only Rab5-positive endosomes we identify those endosomes that colocalize
both the Rab5 and LDL.

As discussed earlier, the image analysis algorithm detects the fluorescent spots
of Rab5 and LDL, Fig.2.7(A-B). For endosomes to be double-positive to LDL and
Rab5, the area of the Rab5 fluorescent spot has to overlap by more than 40 %
of the area of LDL, Fig.2.7(C). After testing the endosomes for double-positive to
both Rab5 and LDL as described in the previous section we can obtain the number
density distribution of LDL only in Rab5-positive endosomes. Fig.2.8(A) shows
the LDL distribution in Rab-positive endosomes. The total amount of LDL Φ
in the Rab5-positive endosomal population is presented in Fig.2.8(B). Since only
endosomes which are Rab5-positive interact with each other, the Rab5-positive
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Figure 2.7: Colocalization of endosomal markers
(A-B) The image analysis algorithm detects the fluorescent spots of Rab5 and LDL in the cell.
The intensity profile is fitted to a model function given by Eq.2.1 as shown in (B).
(C) A Rab5-positive endosome is colocalized to LDL only if more than 40 % of the area of Rab5
fluorescent spot is covered by LDL.
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Figure 2.8: Time course of distribution of LDL in Rab5-positive endosomal popu-
lation.
n(I) is the number density of endosomes carrying an amount I of LDL.
(A)Time evolution of number density distribution of LDL only in Rab5-positive endosomes.
(B) Time evolution of total amount of LDL Φ, defined as Eq.2.6, in Rab5-positive endosomal
population.
(C) Time evolution of total number N of LDL carrying Rab5-positive endosomes, defined Eq.2.6.
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endosomal population forms a closed system with the influx of cargo via endocy-
tosis and outflux of cargo to other populations of mutually interacting endosomes,
like late and recycling endosomes.

2.2 Conclusion

In this chapter we discussed briefly the continuous cargo uptake experiment. We
specifically looked at experiments in which Low Density Lipoprotein (LDL) was
used as cargo. LDL is predominantly sorted in early endosomal compartment to be
delivered to late endosomes and eventually degraded in lysosomes. We discussed
the steps involved in image and data analysis and looked at the experimental
data for total LDL and Rab5, both being markers of an endosome. For obtaining
the statistics of LDL in Rab5-positive endosomes we discussed the method of
colocalization of Rab5 and LDL. A Rab5-positive endosome was colocalized to
LDL if the area of fluorescence spots of the two markers overlapped more than 40
%. Even though the total amount of LDL in the cell, irrespective of any specific
intra-cellular compartment, was growing even up till 60 minutes, the LDL amount
in only Rab5-positive early endosomal compartment seemed to converge to a steady
state much earlier. This suggests that the early endosomal compartment can be
thought of as a closed compartment where fluxes of cargo constantly bring in and
remove the cargo from the compartment, which eventually would lead the system
to relax to a steady state. The steady state distribution of LDL in Rab5-positive
endosomal population has a characteristic shape. The distribution exhibits power
law decay in the intermediate LDL intensity ranges and decays much faster beyond
some intensity value. What processes shape the LDL distribution at steady state
and describe its time evolution? Can we learn something about the endosomal
trafficking from these distributions? This will be the goal of the next chapters. To
build a self consistent theoretical framework to describe dynamics of trafficking of
endosomal markers and to understand how they relate to the underlying dynamics
of endosomes.



Chapter 3

Physical description of endosomal
dynamics

In this chapter we present a theory, a mathematical framework that describes
the collective dynamics of an endosomal population in a cell. By an endosomal
population we mean endosomes belonging to any one particular compartment, i.e
either early (Rab5 positive), late (Rab7 positive) or recycling (Rab4/11 positive)
endosomes. As a novelty compared to existing approaches, in addition to influx and
outflux of cargo, in our theoretical description we study the endosomal dynamics
by taking into account several microscopic processes at the level of individual
endosomes. In this chapter we will limit out attention to only a population of
Rab5-positive early endosomes. However, the theory is very general and can be
applied to any other endosomal compartment (i.e early, late or recycling) with
a population interacting endosomes. We will start off by first developing the
theory wherein a Rab5-positive endosome is characterized by only the amount of
membrane bound protein, Rab5. We refer to this as one component description
(Section 3.1). To study trafficking of endocytosed cargo by a population of Rab5-
positive endosomes, we then extend our framework to two component description.
In this description the state of an endosome is characterized by not only the amount
of the membrane protein, Rab5, but also by the amount of endocytosed cargo it
carries (see Section 3.2). We will then show that the two component description
can be effectively reduced to that of one component, i.e cargo in only Rab5-positive
endosomes (see Section 3.3).

3.1 Dynamics of early endosomes

In our description presented here, we consider the endosomal membrane protein
Rab5 as the endosomal marker. The state of the population of early endosomes at

29
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a time t is characterized by n(c, t), which defines the number density of endosomes
per cell with c number of Rab5 molecules. More precisely, n(c)∆c is the number
of endosomes per cell for which the amount of Rab5, c is in the interval between
c and c + ∆c. The variable c is a continuous entity and is directly proportional
to the total fluorescence intensity of the fluorescently tagged Rab5 molecule. The
dimension of n = 1/([V ][s]), where [V ] is the cytoplasmic volume of the cell.
§ Notation: Within the length and the breadth of this thesis we will often refer
to an early endosome with c number of Rab5 molecules as a c-endosome. We will
call such an endosome as being in the state c.

c

Rab5: Early endosome marker

c Total amount of Rab5

Figure 3.1: Characterization of the state of an endosome.
The state of an endosome at a given instant of time t is characterized by the number of Rab5
molecules c it carries.

The total number of Rab5-positive endsomes is denoted by Nc

Nc =

∫ ∞

0

n(c)dc (3.1)

and the total amount of endosome components is denoted by Φc

Φc =

∫ ∞

0

c n(c)dc . (3.2)

The change over time of n(c) reflects the collective dynamics of early endo-
somes. Our description is based on the idea that the distribution of Rab5 in early
endosomal population is shaped by endosome fusion and fission in addition to the
in-flux and out-flux of Rab5. The evolution of the distribution over time is de-
scribed by a general kinetic equation for the Rab5 distribution n(c) which accounts
for all the key processes governing the endosomal interaction (see Fig.3.2). The
parameters that enter this kinetic equation are the rates at which each one of these
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Rab5: Early endosome marker

Nucleus

c + c�

c�

c
K�(c, c�)

c
vin(c)c

vout(c)

c

c�
c + c�

K(c, c�)

A(c)

c

c

kd(c)

Figure 3.2: Dynamics of Rab5 endosomes
Figure shows various process involved in endosomal trafficking. Rab5-positive endosomes col-
lectively form a population of interacting endosomes. The state of the endosomal network is
described by the number n(c, t)dc of endosomes per cell, carrying the amount of Rab5 in the
interval between c and c + dc at time t. n(c, t) changes due to various endosomal interaction
processes given in Eq.(3.3). The various processes are discussed in detail in the Section 3.1.1.

processes occurs.

∂n(c, t)

∂t
=

1

2

∫ c

0

K(c′, c− c′)n(c′, t)n(c− c′, t)dc′ −
∫ ∞

0

K(c, c′)n(c, t)n(c′, t)dc′

+

∫ ∞

0

K ′(c, c′)n(c+ c′, t)dc′ − 1

2

∫ c

0

K ′(c′, c− c′)n(c, t)dc′

+A(c)− kd(c)n(c, t)− ∂

∂c

(
vin(c)n(c, t)

)
+

∂

∂c
(vout(c)n(c, t)

)

(3.3)

This equation is a generalization of the Smoluchowski coagulation equation [41].
Similar equations have been studied theoretically in a variety of problems such
as colloidal aggregation, polymerization, self-assembling and droplet coalescence
[64, 42, 43, 45, 47, 44, 49].

3.1.1 Exchange processes

The general kinetic equation, given by Eq.(3.3), takes into account various micro-
scopic processes that might be involved in the endosomal trafficking. Each para-
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metric function that appears in the general kinetic equation represents a physical
process. The functions are as follows:

K(c, c′), K ′(c, c′), A(c), kd(c), vin(c), vout(c) .

These parametric functions can assume varied form of dependency on the variable
c, that represents the total amount Rab5 that an endosome carries. In this sec-
tion we will discuss as to what each term that enters Eq.(3.3) might biologically
correspond to in the context of endosomal trafficking.

(1) Endosome fusion and fission

Endosomes are highly dynamic structures that regularly undergo fusion or fission
with each other. During fusion and fission events, the total number of endosomal
components, in the present case being Rab5, is conserved.

(A) Fusion: In our mean-field description Eq.(3.3), the increment of the mean
density of endosomes with c number of Rab5 molecules, n(c), per time unit, due
to fusions corresponds to

−n(c, t)

∫ ∞

0

dc′ K(c, c′)n(c′, t) +
1

2

∫ c

0

dc′ K(c′, c− c′)n(c′, t)n(c− c′, t)(3.4)

Two endosomes, each carrying c and c′ amount of Rab5 respectively, fuse at the
rate K(c, c′) to form a new endosome which carries c+ c′ components (Fig.3.2). A
big assumption that has been made here is that the rate K(c, c′) is independent
of time which follows from assuming that endosomes of different sizes c are well
mixed inside the cell. It has been observed that early endosomes have a high
capacity for homotypic fusion [19]. Fusion of an endosome belonging to one class

c

c�
c + c�

K(c, c�)

Figure 3.3: Schematic representation of endosome-endosome fusion

with an endosome of another class or the fusion of an endosome with any other
intracellular structure is referred to as ”absorption of components or material”
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(see (3) ). In the description the endosome-endosome interaction leading to their
fusion into one cluster is an instantaneous process without failure. The quantity,

∫ ∞

0

ds′ K(c, c′)n(c′, t) , (3.5)

is the rate at which average fraction of endosomes in the state c undergo a fusion.
The fusion rate kernel is symmetric and non-negative: K(c, c′) = K(c′, c) > 0. The
first term of Eq.(3.4) denotes the loss in the density of c-endosomes per unit time
due to fusion of an c-endosome with any other endosome. The second term denotes
the gain in the density of c-endosomes produced by the fusion of a c′-endosome
and a c − c′-endosome per time unit. Much of the literature on this subject of
coagulation processes has been devoted to studying the analytical solution of the
coagulation equation for various fusion kernels. A good review where various func-
tional forms of the fusion kernels are dealt with a good mathematical treatment
can be found in [51, 64].

(B) Fission: The increment of the mean density of c-endosomes, n(c), per
time unit, due to fission events corresponds to

−1

2
n(c, t)

∫ c

0

dc′ K′(c′, c− c′) +

∫ ∞

0

dc′ K′(c, c′)n(c+ c′, t) . (3.6)

The quantity,
K′(c, c′) , (3.7)

is the rate at which an endosome carrying c+c′ amount of Rab5 undergoes fission

K�(c, c�)
c + c�

c

c�

Figure 3.4: Schematic representation of endosome fission

and thereby redistributes the Rab5 into two newly formed endosomes (Fig.3.2).
The Rab5 molecules may be distributed symmetrically, asymmetrically or in some
other arbitrary fashion into the the two newly emerging endosomes. Such pro-
cesses can be represented by choosing an appropriate fission kernel. If the fission
of a Rab5-positive endosome creates an endosomal structure that is not positive
to Rab5 then it is referred to as ”release of materials”(See (3)). The first term
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of Eq.(3.6) accounts for the loss in the density of c-endosomes when they divide.
The second term represents the gain in the density of c-endosome resulting from
the fission of (c+ c′)-endosomes.

§ Fusion and Fission conserve endosomal components: If we define the
ith moment of the number density of s-endosomes, n(c, t), as:

∫ ∞

0

cin(c, t)dc = Mi (3.8)

The time evolution of Mi(t) because of fusion and fission processes, regardless of
the specific functional form of their kernels K(c, c′) and K′(c, c′), can be written
down as:

dMi

dt
=

1

2

∫ ∞

0

dc′
∫ ∞

0

dc[K(c, c′)n(c, t)n(c′, t)−K′(c, c′)n(c+c′, t)][(c+c′)i−ci−c′i].
(3.9)

For the first moment, i = 1,

dM1

dt
= 0 . (3.10)

The first moment M1 is the same as Φ,

M1(t) = Φ(t) =

∫ ∞

0

c n(c, t)dc (3.11)

which denotes the total amount of components in the endosomal network at time
t. Therefore, Eq. (3.10) implies that fusion and fission process conserve the endo-
somal components in the network at any time t.

(2) Endosome appearance and conversion

The endosomal membrane comprises of several membrane-bound proteins (for de-
tailed discussion see Chapter 2). These proteins are not randomly distributed
on the membrane but organized in domains. Even though the endosomal com-
partments are clearly characterized by specific membrane proteins, it has been
observed and thus argued that the boundaries between some compartments are
blurred at molecular level, in part because some of the key membrane proteins
are often found in more than one compartment. A possibility could be that an
endosome remodels its membrane protein composition and change its type from
one compartment or class to another. Infact it has been reported that such a
remodeling of the membrane protein composition does occur [20]. In the study
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the authors performed in-vivo tracking of a Rab5-positive early endosome and ob-
served that the fluorescence intensity of Rab5 on the early endosome gradually
decreased until there was no Rab5 on the membrane of that endosome. The loss
of Rab5 from the endosome membrane was concomitantly followed by increase in
the Rab7 fluorescence. Rab7 is a memebrane protein that characterizes the late
endosomes. This suggests that a Rab5-positive endosome can undergo remodelling
of the membrane proteins and

(A) Endosome appearance: New Rab5-positive endosomes can appear via
different ways, which can be broadly summarized as follows:

(1) Following endocytosis the cargo carrying endocytic vesicles gain Rab5 and
thus convert into Rab5-positive endosomes. Therefore, new Rab5-positive endo-
somes carrying cargo appear immediately following endocytosis. One could think
that such vesicles might be the smallest in size, as they have not undergone any
fusion at that instance.

(2) Some Rab5-positive early endosomes with low amount of Rab5 may go un-
detected by fluorescence microscopy or during image analysis, because their total
fluorescence intensity falls below the threshold limit for identification by fluores-
cence microscopy. Several such undetected endosomes may fuse with each other
regularly and instantaneously appear, only because their total fluorescence inten-
sity crosses the minimum threshold for detection.

c
A(c)

Figure 3.5: Schematic representation of endosome appearance

All these processes would result in the appearance of new Rab5-positive endo-
somes. We denote by

A(c) , (3.12)

the gain in the density of c-endosomes per unit time due to the appearance of new
Rab5-positive endosomes. As can be seen, both of the aforementioned possibilities
for endosome appearance result in appearance of relatively small sized of endo-
somes. Thus one can think of modelling A(c) by a function confined to only small
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c and rapidly vanishes for large c. We write,

A(c) = A0 ζ(c) (3.13)

where A0 is the flux of cargo that enters the early endosomal network due to
newly appearing endosomes. A(c) should be bounded and thus should satisfy the
following normalization condition,

∫ ∞

0

ds A(c) = A0 , (3.14)

∫ ∞

0

dc cnA(c) = A0s
n
0 . (3.15)

(B) Endosome conversion or disappearance: The ability of an endosome
to remodel its membrane protein composition could not only lead to appearance
of new endosomes in an endosomal population, but it could also lead to their
disappearance from that population. We refer to such processes as endosome

kd(c)
c

Figure 3.6: Schematic representation of endosome conversion

conversion or disappearance. One example is the early to late endosome conversion.
In the early to late endosome conversion, an early endosome which is Rab5-positive
loses its membrane-bound Rab5 molecules instantaneously, and subsequently gains
Rab7 molecules, and thus appear as late endosome. This has been reportedly
observed in experiments [20, 26]. We denote by,

kd(c) (3.16)

the loss in the density of c-endosomes per unit time.

The net increase of the density of s-endosomes per unit time due to appearances
and conversions of endosomes, can be written as the balance of the appearance
rate, A(s), and the conversion rate, kd(s),

A(c)− kd(c). (3.17)
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(C) Absorption and release of components by endosomes

An endosome can change or alter its number of Rab5 molecules not only by under-
going fusion and fission with other endosomes but also by absorbing or releasing
Rab5 from or to external sources respectively. Rab5 is present in the cell cytoplasm
in the inactive state but can bind to an endosome and be active. The exchange of
material by absorption or release can occur by two processes:
(1) Rab5 is a membrane bound protein and resides on the outer surface of the
membrane of an endosome. Rab5 is also present in the cell cytosol in the inactive
form and therefore undergoes regular exchange with Rab5 on the endosome mem-
brane.
(2) Another possibility might arise wherein endosomal structures carrying very low
amount of Rab5, therefore undetected, fuse with already detected endosomes.

vin(c) vout(c)

c c

Figure 3.7: Schematic representation of (a) absorption and (b) release of Rab5
molecules by an endosome.

Average number of Rab5 molecules absorbed or released by a c-endosome, per
unit time is denoted by, vin(c) and vout(c), respectively. The total flux of Rab5
towards the population of endosomes in the state c is then given by,

j(c, t) = n(c, t)(vin(c)− vout(c)). (3.18)

In other words, j(c, t) is the mean density of endosomes that grow from the state
c to c+ dc per unit time.

3.1.2 Endosomal number and components balance

The endosomal network is a dynamic system in which new Rab5-positive endo-
somes appear and disappear regularly and there is a flux of Rab5 molecules into
and out of the endosomes. One can write down the balance relations for total
number of Rab5-positive endosomes, already defined as in Eq.(3.1), and the total
amount of Rab5, Eq.(3.2) in the whole early endosomal network respectively.
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The equation for the total endosome number balance is given by,

dNc

dt
=

1

2

∫ ∞

0

∫ ∞

0

dcdc′ K′(c, c′)n(c+ c′, t) +

∫ ∞

0

dc A+(c)

−1

2

∫ ∞

0

∫ ∞

0

dcdc′ K(c, c′)n(c, t)n(c′, t)−
∫ ∞

0

dc k−(c)n(c, t) .(3.19)

The relation for the total amount of endosomal components balance is given by,

dΦc

dt
=

∫ ∞

0

dc n(c, t)vin(c) +

∫ ∞

0

dc A+(c)c

−
∫ ∞

0

dc n(c, t)vout(c)−
∫ ∞

0

dc k−(c)n(c, t)c . (3.20)

One can see from Eq.(3.19) and Eq.(3.20), that the fusion and fission events
respectively contribute to the loss and gain of the overall endosome number but do
not affect the total amount of endosomal components in the network. Whereas,
absorption and release of components respectively increases and decreases the total
amount of component in the network but does not change the number of endo-
somes. The appearance and conversion of endosomes respectively, affects both the
number of endosomes and the amount of components.

3.2 Two component description: Rab5 plus Cargo

In the previous section we had introduced theoretical description for dynamics of
Rab5-positive endosomes, in the absence of any cargo. We will now extend our
description to include dynamics of cargo in the endosomes as well. Most of the
cargo endocytosed into the cell at first ends up in Rab5-positive early endosomes.
From here it is sorted to other intracellular compartments. Now, in order to study
the trafficking of cargo in a population of Rab5-positive early endosomes we need
to account for both, the amount of Rab5 on an endosome as well as the amount of
cargo carried by it. In our theoretical description up till now, we had characterized
the state of an endosome by only its amount of Rab5 c. We introduce another
quantity

s (3.21)

that denotes the amount of cargo or number of cargo molecules an endosome
carries. Therefore,

n(c, s; t) (3.22)

the number density of endosomes per cell carrying c number of Rab5 molecules
and s number of cargo molecules at a time t. More precisely, n(c, s; t)∆c∆s is the
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c

Rab5: Early endosome marker

s

Endocytosed cargo

Total amount of Rab5c
s Total amount of cargo

Figure 3.8: Characterization of the state of an endosome in two component
description.
The state of an endosome at a given instant of time t is characterized by the number of Rab5
molecules c and cargo molecules s it carries.

number of endosomes per cell for which the amount of Rab5, c is in the interval
between c and c+ ∆c and the amount of cargo s is in the interval s and s+ ∆s. In
the same spirit as in the previous section, we will now extend Eq.(3.3) to include
cargo as the endosomal marker too.

∂n(c, s; t)

∂t
=

1

2

∫ s

0

ds′
∫ c

0

K(c′, s′; c− c′, s− s′)n(c′, s′; t)n(c− c′, s− s′; t)dc′

−
∫ ∞

0

ds′
∫ ∞

0

K(c, s; c′, s′)n(c, s; t)n(c′, s′; t)dc′

+

∫ ∞

0

ds′
∫ ∞

0

K′(c, s; c′, s′)n(c+ c′, s+ s′; t)dc′

−1

2

∫ s

0

ds′
∫ c

0

K′(c′, s′; c− c′, s− s′)n(c, s; t)dc′

+A(c, s)− kd(c, s)n(c, s; t)− ∂

∂s

(
js(c, s; t)

)
− ∂

∂c
(jc(c, s; t)

)
(3.23)

where,

js(c, s; t) = jc(c, s) = v(c, s) n(c, s; t) = (vin(c, s)− vout(c, s)) n(s, c; t) . (3.24)

We introduce a quantity qs(c, t) defined as,

qs(c, t) =

∫ ∞

0

s n(c, s; t)ds (3.25)

which denotes the total amount of cargo s carried by an ensemble of endosomes
with c amount of Rab5. We will call this the cargo load of an endosme. The total
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number of cargo molecules in the early endosomal network at any time t is given
by,

Φ(t) =

∫ ∞

0

qs(c; t)dc (3.26)

3.2.1 Transport equation for the cargo load of an endosome

Rab5: Early endosome marker

Endocytosed cargo

cs

c�

c − c�

c�

c − c�

s
c + ∆c

s
c

s s
cc −∆c

Figure 3.9: Two component description of endosomal trafficking
Schematic representation of the trafficking of an endosome that is in state s, c.
The figure shows the possible mechanisms via which an endosome in state c, i.e c number of
Rab5 molecules, can change its cargo content s.

In the previous section we introduced a quantity qs(c, t) defined as Eq.(3.25).
Time evolution of this quantity, which can be obtained by integrating Eq.(3.23) ac-
cording to the definition given by Eq.(3.25), tells us how cargo flows in an ensemble
of endosomes with a specific number of Rab5 molecules c. Some types of cargo, for
example cargo receptors, do not disturb the usual dynamics of endosomes, which
they would exhibit in the absence of cargo. Such class of cargo are referred to as
passive cargo. In the language of our theoretical description this would imply all
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the kinetic rates that enter our theory given by Eq.(3.23) are independent of the
amount of cargo s carried by the endosomes and only depend on the amount of
Rab5 c they carry. But there are other types of cargo, like the signaling molecules
or growth factors, whose presence in the endosomal population effects or alters
their usual dynamics. Within the framework of this thesis we only consider the
case of passive cargo. In the case of passive cargo the following functions can be
expressed as,

K(c, s; c′, s′) = K(c, c′)

K′(c, s; c′, s′) = K′(c, c′)δ(s− ϕ(c, c′)(s+ s′))

kd(s, c) = kd(s)

js(s, c) = vs n(s, c; t) = v(s) n(s, c; t)

jc(s, c) = vc n(s, c; t) = v(c) n(s, c; t)

(3.27)

As can be seen in the above expressions the fission is expressed as,

K′(c, s; c′, s′) = K′(c, c′)δ(s− ϕ(c, c′)(s+ s′)) . (3.28)

It denotes that the c-endosome resulting from the fission of a c + c′ endosome
contains proportional number of s component molecules. Here ϕ(c, c′) denotes the
fraction of c+ c′ component that c-endosome contains.

With assumptions stated above the time evolution of qs(c, t) reads as,

∂qs(c; t)

∂t
=

1

2

∫ ∞

0

K(c′, c− c′)n(c− c′, t)θ(c− c′)qs′(c′, t)dc′

−qs(c, t)
∫ ∞

0

K(c, c′)n(c′, t)dc′

+

∫ ∞

0

ds′K′(c, c′ − c)ϕ(c, c′ − c)Θ(c′ − c)qs′(c′, t)dc′

−1

2
qs(c, t)

∫ c

0

K′(c′, c− c′)Θ(c− c′)dc′

+

∫ ∞

0

s A(c, s)ds− kd(c)qs(c, t) +

∫ ∞

0

js(c, s; t)dc−
∂

∂c
(vcqs(c, t)

)

(3.29)

We can re-write the above equation in the following way:

∂qs(c; t)

∂t
=

∫ ∞

0

dc′
[
W (c′, c)qs′(c

′, t)−W ′(c, c′)qs(c, t)
]
−∂J(c, t)

∂c
+Sin(c, t)−Sout(c, t)

(3.30)
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where,

W (c, c′) = K(c, c′)n(c′, t)− 1

2
K′(c− c′, c′) (3.31)

W ′(c′, c) =
1

2
K(c− c′, c′)n(c− c′, t)Θ(c− c′) +K′(c, c′ − c)ϕ(c, c′ − c)Θ(c′ − c)

(3.32)

J(c) = (vin(c)− vout(c))qs(c, t) (3.33)

Sin(c, t) =

∫ ∞

0

jsin(c, s; t)ds+

∫ ∞

0

s A(c, s)ds (3.34)

Sout(c, t) = kd(c)qs(c, t) +

∫ ∞

0

jsout(c, s; t)ds (3.35)

(A) Cargo trafficking rate

The cargo trafficking rate denotes the rate at which the cargo is transported be-
tween endosomes of different states , where the state is characterized by the amount
of Rab5, c, an endosome carries.

W (c, c′) (3.36)

denotes the probability per unit time for cargo s in an endosome with c num-
ber of Rab5 molecules to be transferred in an endosome with c′ number of Rab5
molecules. Both fusion and fission processes, as given by Eq.(3.33-3.34) can lead
to such a transfer.

(B) Endosome entry and exit

The cargo trafficking accounts for the transfer of cargo between endosomes of
different states, however new endosomes carrying both Rab5 c and cargo s may
appear following endocytosis. Transport of cargo down the endocytic pathway
may also lead to disappearance of existing endosomes with both Rab5 and cargo.
Endosomes with Rab5, c, can increase their cargo content by the process wherein
the flux is towards only cargo s. In a similar way but opposite in nature, an
endosome in state c can lose little cargo if a non-endosomal structure carrying
little cargo pinches off from a cargo carrying Rab5-positive endosome. For example,
during tubulation. Such processes are accounted by the entry Eq.(3.36) and exit
Eq.(3.37) terms in the transport equation. The net contribution to new endosomes
with Rab5 and cargo due to these two processes is:

Sin(c, t)− Sout(c, t) (3.37)
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(C) Flux of Rab5

If the flux to an a cargo carrying Rab5 endosome is towards to the Rab5, c, then
this could change the state of the endosome from c to c+ ∆c. Similarly an outflux
of Rab5 molecules from an endosome changes the state of the endosome from c to
c − ∆c. Such events are denoted by the term (c) of Eq.(3.37). The net gain or
loss of endosomes in state c due to the flux of Rab5 molecules to the c-endosome
is given by:

(vin(c)− vout(c))qs(c) (3.38)

3.3 Dynamics of cargo trafficking in Rab5 endo-

somes

In order to follow the cargo in Rab5-positive endosomes, in the previous section,
we had presented the description wherein an endosome was characterized by both
the amount of Rab5 denoted by c as well amount of cargo, denoted by s. Now, we
can also follow the dynamics of only cargo in the whole Rab5-positive endosomal
population. We can arrive at this quantity n(s, t), which denotes the number
density of Rab5-positive endosomes with cargo amount s, as follows,

∫ ∞

0

dc n(c, s; t) = n(s, t) . (3.39)

To simplify things a little, in the previous section we had considered a passive
cargo. In other words, the cargo does not perturb the dynamics of endosomes.
This consideration is reflected in our theory by the suppressing the dependency of
the kinetic parameters, like the fusion and fission kernels, on the amount of cargo
s and retaining only dependency on Rab5 c. We will now write down the equation
describing the dynamics of trafficking of such a passive cargo in the Rab5-positive
endosomal population. We arrive at this equation starting from the general two-
component description. Before moving further we will define a quantity which
would be used in the next steps of simplification.

P (s|c) = n(c, s; t)/n(s, t) (3.40)

where, P (s|c) denotes the conditional probability that an endosome carrying s
amount of cargo also contains c number of Rab5 molecules. With the above defini-
tions we can write down the kinetic equation for the quantity n(s, t) by integrating
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Eq.(3.23) over dc.

∂n(s, t)

∂t
=

1

2

∫ s

0

K(s′, s− s′)n(s′)n(s− s′)ds′ −
∫ ∞

0

K(s, s′)n(s)n(s′)ds′

+

∫ ∞

0

K′(s, s′)n(s+ s′)ds′ − 1

2

∫ s

0

K′(s′, s− s′)n(s)ds′

+A(s)− kd(s)n(s)− ∂

∂s

(
js
)

(3.41)

where,

K(s, s′) =

∫ ∞

0

dc

∫ ∞

0

dc′ K(c, c′)P (s′|c′)P (s|c)

K(s− s′, s′) =

∫ ∞

0

dc

∫ ∞

0

dc′ K(c− c′, c′)P (s− s′|c− c′)P (s′|c′)Θ(c− c′)

K′(s, s′) =

∫ ∞

0

dc

∫ ∞

0

dc′ K′(c, c′)P (s+ s′|c+ c′)

K′(s− s′, s′) =

∫ ∞

0

dc

∫ ∞

0

dc′ K′(c− c′, c′)P (s|c)Θ(c− c′)

js = vin(s)− vout(s) = vin(s, c)P (s|c)− vout(s, c)P (s|c) . (3.42)

A summary of the kinetic equation that describes the dynamics of cargo traf-
ficking in a population of Rab5-positive endosomes, and the biological relevance
of the various parameters that enter the equation is given in Fig. 3.10.
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∂n(s, t)

∂t
=

1

2

� s

0

K(s�, s − s�)n(s�)n(s − s�)ds� −
� ∞

0

K(s, s�)n(s)n(s�)ds�

+

� ∞

0

K �(s, s�)n(s + s�)ds� − 1

2

� s

0

K �(s�, s − s�)n(s)ds�

+A(s) − kd(s)n(s) − ∂

∂s

�
vin(s)n(s)

�
− ∂

∂s
(vout(s)n(s)

�

s
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Figure 3.10: Theoretical description of endosome network dynamics
The schemes (a-f) represent the different processes that govern the distribution of cargo in the
early endosomes as given by Eq.(3.41). The state of the endosomal network is described by the
number n(s, t)ds of endosomal objects per cell, carrying the cargo amount in the interval between
s and s + ds at time t. The cargo distribution n(s, t) obeys a general dynamic equation that
accounts for the processes (a - f). (a) Homotypic fusion of two endosomes carrying the cargo
amounts s and s′ leads to the replacement of the two endosomes by a new one carrying the cargo
amount s + s′. Such fusion occurs at the rate K(s, s′). (b) Two endosomes carrying the cargo
amounts s and s′ can be produced by the fission of endosomes carrying the cargo amount s+ s′.
Such fission occurs at the rate K ′(s, s′). (c) New endosomes carrying the amount s of cargo
appear at the rate A(s). (d) Endosomes disappear from the system by undergoing conversion at
the rate kd. Finally, endosomes can take up additional cargo by fusing with endocytic vesicles
(e) and can lose cargo by budding off vesicular structures (f). The currents vin(s) and vout(s) are
the average cargo amount per unit time respectively gained and lost by an endosome carrying
the cargo amount s. Cargo enters the network via the processes (b) and (e). The total cargo
influx is J =

∫∞
0

(sA(s) + vin(s)n(s))ds.
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3.4 Conclusion

In this chapter we have presented a general theoretical framework to describe
the endosomal dynamics and cargo trafficking. We started off by presenting the
theoretical framework that describes the time evolution of number of density of
endosomes with certain amount of Rab5. At this level an endosome at any given
instant of time is characterized by the amount of Rab5 bound to its membrane.
We then extended our description to incorporate the trafficking of endocytosed
cargo. To do this, we characterize the state of an endosome by not only the
amount Rab5 but also the amount of cargo it carries. This is referred to as
two component description. From the two component description, we derived
the dynamic equation for time evolution of the cargo distribution specifically in
the Rab5-endosomal population. We simplified our description by considering a
passive cargo, which reduces the dependency of the various kernels entering the
equation to only one component, i.e Rab5.

Our continuum description takes into account several microscopic processes
that might be involved in trafficking of various types of cargo that enter the cell
via endocytosis. These processes that describe endosomal trafficking, enter our
theoretical description in the form of parametric functions. It is almost impossible
to study the general theoretical framework that we have presented here as whole,
analytically as well as numerically. In order to gain any further understanding of
the endosomal system from the theoretical framework presented in this chapter,
we will first investigate some simple scenarios. These scenarios will consists of
only few processes. This will be the goal of the next chapter. However, the
central focus of this thesis is to apply the theoretical description developed here
to the experiments and try to understand the behavior of various experimentally
measurable quantities using only few parameters from our theoretical description
and with simple expressions to describe them (see Chapter 5).



Chapter 4

Entry-Fusion-Exit model to
describe cargo trafficking by early
endosomes

In the previous chapter, Chapter 3, we derived the dynamic equation for the quan-
tity n(s, t), which characterizes the cargo distribution in Rab5-positive early endo-
somal population. The quantity n(s, t) is defined such that at any time t, n(s)∆s
is the number of Rab5 positive-endosomes per cell which contain cargo amount
in between s and s + ∆s. The cargo distribution n(s) evolves in time as a result
of several endosomal trafficking processes as given in Eq.(3.41). In Eq.(3.41), the
time dependance of n(s) on the right hand side of the equation is suppressed for
ease of notation. Following internalization the cargo is first delivered to a popu-
lation Rab5-positive early endosomes which regularly interact with each other via
fusion and fission. Cargo carrying early endosomes thus forms a system of inter-
acting endosomes, where cargo flows into the system as new cargo carrying early
endosomes appear following endocytosis. We want to understand the properties of
such a system. How does the cargo distribute itself in the early endosomal system?
Do endosomal interactions play a role in shaping the distribution? In this chapter
we will investigate a simple model which we refer to as ”Entry-Fusion-Exit” model,
abbreviated a EFE model. Our motivation in studying this model is to build up an
understanding of the endosomal dynamics by studying the cargo distributions in a
population of Rab5-positive endosomes from theoretical stand point. We want to
know what are the basic ingredients from theory that shape the cargo distributions
that can be obtained from experiments, a comparison which we will do in the next
chapter. In the chapter we will study the properties of the EFE model using both
analytical and numerical tools.

In the EFE model, cargo can enter the endosomal network only by generation
or appearance of new early Rab5-positive cargo carrying endosomes. Such new

47
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Cargo 

Rab5: Early endosome marker

Rab7: Late endosome marker
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Figure 4.1: Entry-Fusion-Exit model
The schemes (A-D) represent the different processes in EFE model, that govern the cargo dis-
tribution in early endosomes n(s).
(A) Homotypic fusion of two endosomes carrying the cargo amounts s and s′ leads to the re-
placement of the two endosomes by a new one carrying the LDL amount s + s′. Such fusion
occurs at the rate K(s, s′).
(B) As cargo flows new endosomes carrying the amount s of cargo appear at the rate A(s).
(C) Early endosomes disappear from the system by undergoing conversion to late endosomes at
the rate kd(s).
(D) Finally, endosomes can lose cargo by budding off vesicular structures. The current vout(s)
are the average cargo amount per unit of time respectively lost by an endosome carrying the
cargo amount s.

endosomes appear at the rate A(s) (Fig. 4.1(B)). On the other hand, we will
explore two mechanisms by which the cargo can leave the early endosomal network.
The cargo can leave the early endosomal network either by conversion of a cargo
carrying Rab5-positive endosome into some other endosomal structure, like Rab5
to Rab7 conversion (Fig. 4.1(C)), or via hetrotypic fission of small cargo carrying
vesicles (Fig. 4.1(D)). For our study here we will focus on the trafficking of a
degradative cargo, that is delivered to Rab7 endosomes from Rab5 endosomes.
The transfer of cargo from Rab5 to Rab7 endosomes can occure either by full
conversion, as described above, or via hetrotypic fission. Another motivation of
this chapter is study the two aforementioned scenarios of cargo exit theoretically
and understand how much they are different from each other or for that similar.
To what extent different types of cargo or different cell types use one mechanism,
the other or both remains unclear. In addition to the above two processes, the
cargo carrying early endosomes can subsequently, after their appearance, undergo
homotypic fusion at the rate K(s, s′), (Fig. 4.1(A)). As already mentioned earlier,
by homotypic fusion we mean that only those two endosomes that are positive to
Rab5 can fuse with each other. Fusion of a Rab5-positive early endosome with
any other vesicular structure which is not Rab5-positive is termed as heterotypic
fusion.
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4.1 Entry and Fusion : A minimal scenario

In order to understand the complete EFE model we will first start with an even
simpler scenario. The ingredients of such a simple scenario are :
(1) A source of new cargo carrying Rab5-positive endosomes at the rate A(s). We
will assume that the source function is narrowly confined on the cargo fluorescence
intensity scale. For the sake of simplicity we choose to describe the source by the
function A(s) = (J/s20)e

−s/s0 .
(2) A constant fusion rate K.
All throughout the chapter we will summarize in a table the choice of parameter
function that enter the kinetic equation given by Eq.(3.41). Choice of parameter
function in entry and fusion scenario is summarized as follows:

K(s, s′) K (constant)
K′(s, s′) 0

A(s) (J/s20)e
−s/s0

kd(s) 0
vin(s) 0
vout(s) 0

Table 4.1: Choice of parameters used in the Entry-Fusion model

The dynamic equation for n(s) in this extremely simplified scenario with the
choice of parameter functions as given in the table can be written as:

∂n(s, t)

∂t
=

K

2

∫ s

0

n(s′)n(s− s′)ds′ −K
∫ ∞

0

n(s)n(s′)ds′ +
J

s20
e−s/s0 .(4.1)

The equation governing the total amount of cargo Φ is given by,

dΦ

dt
=

∫ ∞

0

s
(∂n(s, t)

∂t

)
ds = J . (4.2)

The solution of Eq.(4.2) is given by

Φ(t) = Jt . (4.3)

The total amount of cargo Φ, Eq.(4.3) is ever increasing which is expected, as
we have not included any process that would account for the exit of cargo from
the early endosomal network which would balance the influx due to A(s). In this
simple scenario the cargo accumulates infinitely in the network over time Eq.(4.3),
which is bit unphysical. The cell must have a mechanism whereby it regulates the
amount of cargo in the early endosomal network thus preventing such an infinite
accumulation. Later in this chapter we will study introduce a mechanism that
accounts for the cargo exit from early endosomes.
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4.1.1 Exact solution for the cargo distribution n(s, t)

Eq. (4.1) can be solved using Laplace transforms [61]. Introducing the function
h(z, t) =

∫∞
0
n(s, t)(e−zs − 1)ds, Eq. (4.1) can be transformed to

∂h

∂t
=
K

2
h2 − Jz

(1 + zs0)
. (4.4)

The solution of Eq.(4.4) is,

h(z, t) = − k̄(z)

K
tanh

( t
2
k̄(z)

)
(4.5)

where we have introduced

k̄(z) =
( 2JKz

1 + zs0

)1/2
(4.6)

Taking the inverse Laplace transform of h(z, t) gives us the distribution n(s, t) [50].
The shape of the cargo distribution n(s) at different time points obtained by

the numerical solution of the dynamic equation using the parameters given in
Eq.(4.1) is shown in Figure 4.2(A). At early times the cargo distribution n(s) is
narrow and peaked around s0 as it is dictated by the source function. Its am-

plitude rapidly saturates after a characteristic time τ =
(
(JK/(2s0)

)−1/2
which

depends on the rate of homotypic endosome fusion K and on the influx J , see
Section 4.1.3. Subsequently, endosome fusion leads to broadening of the distri-
bution which covers an increasingly large range of cargo amount s in which the
distribution follows a power-law decay n(s) ' s−3/2. The distribution profile at
each time is characterized by a power-law followed by an exponential tail beyond
some typical cargo amount s∗. While the cargo distribution n(s) is broadening
over time, the power law emerges by gradually shifting the exponential tail and
thus the s∗ towards increasing values of s. In the following sections we discuss
separately the properties of the distribution during the time evolution phase and
at steady state.

4.1.2 General properties of the cargo distribution n(s, t) for
large s

We will study in-depth the Entry and Fusion scenario introduced in the previous
section. The scenario, owing to its simplicity can be solved analytically under
various limits. After we have developed a thorough understanding of this over
simplistic scenario using analytical as well as numerical tools, we will then study
models that will include processes that account for the loss of cargo from the early
endosomal network.
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Figure 4.2: Entry-Fusion model
(A) Numerical solution of the kinetic equation for n(s, t), Eq.(4.3) in the Entry-Fusion model at different
dimensionless times t̄1 → t̄6 after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t̄ = 0, the system does not contain cargo n(s, t̄ = 0) = 0. (Here we set
(B) At any given time during the time evolution the distribution n(s, t) displays a strict power law in
the range s0 � s � s∗(t) and an exponential decay for s � s∗(t).

n
n

s

s

Figure 4.2: Entry-Fusion model
(A) Numerical solution of the kinetic equation for n(s, t), Eq.(4.1) in the Entry-Fusion model
at different dimensionless times t̃1 → t̃6 (see Appendix B) after allowing the internalization of
the labelled cargo into the endosomal network. At the initial time t̃ = 0, the system does not
contain cargo n(s, t̃ = 0) = 0. (Here we set J/K = 1.8 106, s0 = 10)
(B) At any given time during the time evolution the distribution n(s, t) displays a strict power
law in the range s0 � s� s∗(t) and an exponential decay for s� s∗(t).

4.1.2.1 Time evolution of n(s, t)

The time dependence of n(s, t) can be obtained from the Eq.(4.5). In the limit
zs0 � 1 Eq.(4.5) simplifies to,

h(z, t) = −
(2Jz

K

)1/2
tanh

(√
3s∗(t)z

)
(for s� s0) (4.7)

where we have introduced s∗(t) = JKt2/6. This equation implies that, in the range
s � s0, the distribution n(s, t) depends on time only via the scaling factor s∗(t).
In the limit zs∗(t) � 1 and zs0 � 1, Eq.(4.7) reduces to h(z, t) ' −(2Jz/K)1/2.
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By taking the inverse Laplace transform of this expression [50], we obtain,

n(s, t) '
( J

2πK

)1/2
s−3/2 (for s∗(t)� s� s0) . (4.8)

On the other hand, for the limit zs∗(t)� 1 and zs0 � 1, we can rewrite Eq.(4.7)
in terms of sinh(z) and cosh(z) functions, and expand both the numerator and
denominator by retaining terms only up to the leading order in s∗z,

h(z, t) ∼ −
( 12J

3Ks∗(t)

)1/2( z

2/(3s∗(t)) + z

)
. (4.9)

Finally, taking inverse Laplace transform of Eq.(4.9) we arrive at,

n(s, t) ∼
( 6J

Ks∗(t)3

)1/2
e−2s/(3s

∗(t)) (for s� s∗(t)� s0) (4.10)

where, s∗(t) = JKt2/6.

Self-similar time evolution of the distribution n(s)

According to Eq(4.7) the distribution at all times for s� s0 depends on time only
via s∗, which is defined as the typical cargo amount beyond which distribution
crosses over from a gradual power law decay into an abrupt exponential decay.
The distribution shows a characteristic hump beyond s∗ that is shifted to higher
values of s with increasing time, Figure 4.3(A). The distributions at various times,

n
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Figure 4.4: Self preserving time evolution
The distribution n(s, t) evolves in time in a self similar manner. To demonstrate this, we plot the
distributions at various times during time evolution, shown in (A), as n(s)t3 versus s/t2, since. s∗(t) � t2.

over from a gradual power law decay into an abrupt exponential decay. The distribution

shows a characteristic hump beyond s∗ Figure 4.2(B) that is shifted to higher values of

s with increasing time. To demonstrate that the shape of the distribution for s � s0

only depends on time via s∗, we can plot numerical solution of n(s, t) shown in Figure

4.2(A) as n(s)t3 versus s/t2, where we have used the relation s∗ ∼ t2. The distributions

at various times, as shown in Fig.4.4(A) perfectly collapse on to a single curve when

rescaled as specified above. This suggests that the distribution n(s) evolves in time in a

self-similar manner, i.e the distribution has a solution of the form

n(s, t) ∼ ϕ(s/s∗(t)) . (4.15)

Distributions that evolve in a self-similar manner have a single characteristic size in the

system and usually have a single hump in the distribution shape.

Power law in steady state and self-similarity in time evolution : Fusion

determines it all

The steady state profile and the time evolution of the distribution depend strongly on

the choice of the fusion kernel, K(s, s�). One of the important property that the fusion

kernel should satisfy, in order to exhibit self-similarity during time evolution and power

law at steady state is that it should be a homogeneous function of its arguments, in

other words it should be scale-free, i.e

K(as, as�) = aλK(s, s�) = aλK(s�, s) (4.16)

s

n.
t3

s/t2
Figure 4.3: Self preserving time evolution
The distribution n(s, t) evolves in time in a self similar manner. To demonstrate this, we plot
in (A) the distributions at various times during time evolution, as n(s)t3 versus s/t2, since.
s∗(t) ' t2 as shown in (B).

shown in Fig.4.3(A), perfectly collapse on to a single curve when rescaled as n(s)t3

versus s/t2 Fig.4.3(B), where we have used the relation s∗ ∼ t2. This shows that
the distribution n(s) evolves in time in a self-similar manner. Distributions that
evolve in a self-similar manner have a single characteristic size in the system, here
denoted by s∗ as evident from Fig.4.3.
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4.1.2.2 Steady state distribution n(s) for s� s0

Even though the total amount of cargo in endosomal population, Φ does not reach
a steady state, theoretically the distribution n(s, t) in the intermediate range of
cargo intensity s0 � s � s∗(t) reaches a steady state n(s). This is evident from
Eq. (4.5) in which at very long times (t → ∞) h(z, t) becomes time-independent
which implies steady state for n(s). At steady state

h(z, t) = − k̄

K
(4.11)

The steady state distribution n(s) for s � s0 can be obtained by taking the
appropriate limit in the above equation and finally taking the inverse transform of
Eq.(4.5) (see Appendix for details), and is given by,

n(s) =
( J

2πK

)1/2 1

s3/2
. (4.12)

The distribution obeys a power law with a −3/2 exponent. This is a classical
result in the field of aggregation phenomena.
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s
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Figure 4.3: Entry-Fusion model
At long times the timecourse of n(s, t) shown in Figure 4.2(A) reaches a steady state in the range
s0 << s < s∗. The steady state distribution n(s) displays a strict power law with slope −3/2 in this
range of s.

On the other hand, for the limit zs∗(t) � 1 and zs0 � 1, we rewrite Eq.(4.10) as

h(z, t) = −
�2Jz

K

�1/2� sinh(
�

3s∗(t)z)

cosh(
�

3s∗(t)z)

�
. (4.12)

Expanding both the numerator and denominator and retaining terms only up to the

leading order in s∗z we obtain with further simplification,

h(z, t) ∼ −
� 12J

3Ks∗(t)

�1/2� z

2/(3s∗(t)) + z

�
. (4.13)

Finally, taking inverse Laplace transform of Eq.(4.13) we arrive at,

n(s, t) ∼
� 6J

Ks∗(t)3

�1/2
e−2s/(3s∗(t)) for s � s∗(t) (4.14)

where, s∗(t) = JKt2/6.

Self-similar time evolution of the distribution n(s)

According to Eq(4.10) the distribution at all times for s � s0 depends on time only

via s∗, which is defined as the typical cargo amount beyond which distribution crosses

Figure 4.4: Entry-Fusion model
At long times the timecourse of n(s, t) shown in Fig.4.2(A) reaches a steady state in the range
s < s∗. The steady state distribution n(s) displays a strict power law with slope −3/2 in this
range for s� s0.

Power law in steady state and self-similarity in time evolution : Fusion
determines it all

The steady state profile and the time evolution of the distribution depend strongly
on the choice of the fusion kernel, K(s, s′). One of the important property that the
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fusion kernel should satisfy, in order to exhibit self-similarity during time evolution
and power law at steady state is that it should be a symmetric and a homogeneous
function of its arguments s and s′. Homogeneity implying a scale-free nature of
the kernel, i.e

K(s, s′) = K(s′, s) (4.13)

K(as, as′) = aλK(s, s′) = aλK(s′, s) (4.14)

for any positive real number a and homogeneity exponent λ. The condition given
by Eq.4.14 ensures that the particles undergoing fusion, or as would be in our
case, the cargo carrying early endosomes are homogeneously distributed all over
the cytoplasmic space of the cell.

n

s

42 4.2. Conversion scenario

s

n

10-10
10-9
10-8
10-7
10-6
10-5
10-4
10-3
10-2
10-1

100 101 102 103 104

n

s

s−3/2

s−5/2

Figure 4.5: Cargo dependent fusion rate
In the Entry and Fusion scenario with the choice of fusion kernel given by Eq.(4.17) the distribution
n(s) reaches a steady state with a power law distribution exponent of which is given by Eq.(4.18). Here
we used µ = ν = λ/2. For the red curve λ = 2 and for the green curve λ = −1.

keeps on accumulating infinitely, which is the case in the Entry and Fusion scenario,

which does not seem to be reasonable given that the cell is enclosed by membrane and

it’s internal structure renders the cell with a certain amount of rigidity. In this and the

sections that will follow, we will extend the Entry and Fusion scenario by introducing

two different mechanisms for exit of cargo from a population of early endosomes. In

the present section we will study the scenario we will call ”Conversion scenario”. The

ingredients of such this scenario are as follows:

K(s, s�) K (constant)

K�(s, s�) 0

A(s) (J/s2
0)e

−s/s0

kd(s) kd (constant)

vin(s) 0

vout(s) 0

Table 4.2: Choice of parameters used in the Conversion model

The dynamic equation for the conversion scenario with the above set of parameters

Figure 4.5: Cargo dependent fusion rate
In the Entry and Fusion scenario with the choice of fusion kernel given by Eq.(4.15) the distri-
bution n(s) reaches a steady state with a power law distribution exponent of which is given by
Eq.(4.16). Here we used µ = ν = λ/2. For the red curve λ = 2 and for the blue curve λ = 0.

Physically it would mean the system has a perfect mixing of the particles with
continuous distribution of sizes. Eq. 4.1 for such kernels has been already studied
using dynamical scaling analysis [52, 60, 61, 64]. One can thus write down a general
form of the kernel that encapsulates the above mentioned properties.

K(s, s′) =
K0

2
(sµs′ν + sνs′µ) (µ+ ν = λ) . (4.15)

With the above mentioned choice of fusion kernel it can be shown that at the
steady state,

n(s) ∼ s−θ (θ = (3 + λ)/2). (4.16)
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and that the characteristic cargo amount s∗(t) ∼ t1/(2−θ).
In general it has been shown the steady state solution for n(s) is given by Eq.4.16
for any fusion kernel that exhibits the properties of symmetry and homogeneity
and which can be approximated for s� s′ as

K(s, s′) = K0s
µs′ν (for s� s′) . (4.17)

§ Gelling model: For λ > 1 the amount of cargo associated with the distribution∫∞
0
ds sn(s) remains constant. But in the absence of a cargo exit, the total amount

of cargo is ever increasing. This extra cargo is accumulated in one endosome. The
distribution at steady state in this case would read as,

n(s) ∼ s−θ + n(s∞) (n(s∞)→ δ(s− s∞)) . (4.18)

In the literature of aggregation phenomena this is referred to as gelation.
§ Non-Gelling model: For λ ≤ 1 the distribution at steady state does not result
in an infinite accumulation of cargo. The distribution thus displays a pure power
law distribution n(s) ∼ s−θ for s0 < s < sc.

4.1.3 General properties of the cargo distribution n(s, t) for
small s

The time-dependence of n(s, t) for s � s0 in the Entry-Fusion model can be
obtained from the Eq.(4.5), which is written as follows,

h(z, t) = − k̄(z)

K
tanh

( t
2
k̄(z)

)
. (4.19)

In the limit s� s0, Eq.(4.19) can be written as

h(z, t) = −
(2J

K

)1/2(
1− 1

2(1 + zs0)

)
tanh

(
(
3s∗(t)

s0
)1/2)

)
(4.20)

where s∗(t) = JKt2/6/. Finally by taking inverse Laplace transformation of
Eq.(4.20) we obtain,

n(s, t) '
( J

sKs0

)1/2
e−s/s0 tanh(t/τ) (for s� s0) . (4.21)

From Eq.(4.21) we see that the amplitude of the distribution varies with time as

nmax(t) ' tanh(t/τ) (4.22)

where τ = (JK/(2s0))
−1/2 is the characteristic time in which the amplitude of the

distribution reaches the steady state. Eq.(4.21) also tells us that the shape of the
distribution n(s) for all times and for s � s0 has the functional form of e−s/s0 .
One should be reminded here that this function is the same as the source function
A(s) = (J/s20)e

−s/s0 . In other words, for a constant fusion rate K(s, s′) = K, the
shape of the distribution at all times preserves the profile of the source function.
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4.2 Entry-Fusion-Exit : Conversion model

In the preceding sections we had studied an over simplified model which we called
as Entry and Fusion scenario. In this scenario new endosomes carrying low amount
of cargo denoted by s0 enter the network and subsequently undergo fusion. Even
though the Entry and Fusion scenario is an extremely simple model it exhibits rich
properties which we explored in the previous sections analytically and confirmed
numerically. However in the absence of a mechanism for exit of cargo from early
endosomal network, which is the case in the Entry and Fusion scenario, cargo
keeps on accumulating forever in the endosomal network. This does not seem
to be reasonable for two reasons. First, endosomes are enclosed by membrane
and their internal structure renders them with a certain amount of rigidity and
thus only a limited capacity to carry cargo. Second, the number of endosomes of
a specific population, for example Rab5-positive endosomal population, is finite.
For these reasons, in this and the sections that will follow hereafter, we will extend
the Entry and Fusion scenario by introducing two different mechanisms for exit of
cargo from a population of Rab5-positive early endosomes. In the present section
we will study the scenario we will call ”Conversion model” or EFE-C model. In this
model the cargo from the Rab5-positive endosomal population is lost by conversion
of a cargo carrying Rab5-positive endosome into a non-Rab5 endosomal structure.
Such a process could be the Rab5-Rab7 conversion in the case of a degradative
cargo, reported in [20, 26]. The choice of parameters for the EFE-C model is given
in Fig.4.6(Table).Chapter 4. Entry-Fusion-Exit model 41

Cargo 

Rab5: Early endosome marker

Rab7: Late endosome marker

K(s, s�)
+s s�

s

s�

A(s)
s

(a)

kd(s)
s

(b) (c)

Figure 4.6: Conversion scenario
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes. (a) Homotypic fusion of two endosomes carrying the cargo amounts
s and s�. (b) As cargo flows new endosomes carrying the amount s of cargo appear at the rate A(s).
(c) Early endosomes disappear from the system by undergoing conversion to late endosomes at the rate
kd(s).

4.2.1 Steady state distribution n(s) in the conversion scenario

Eq.(4.28) shows that at very long times becomes independent of time and thus the
distribution n(s) reaches a steady state. At steady state

h(z) = − k̄(z)

K
+

kd

K
. (4.30)

In the limit xs0 � 1, the inverse Laplace transform of Eq.(4.30) leads to the expression

n(s) =
� J

2πK

�1/2
s−3/2e−s/s∗ (s � s0) . (4.31)

where,

s∗∞ = 2JK/k2
d . (4.32)

Numerical solution of the Eq.(4.26) with arbitrary parameter values is shown in Fig.
4.7(A). At early times, see Fig. 4.7(A), the cargo distribution n(s) is narrow and peaked
around s0. Its amplitude rapidly saturates after a characteristic time τ = (JK/(2s0))

−1/2

which depends on the fusion rate and rate of endosome appearance. Subsequently, fusion
leads to broadening of the distribution which covers an increasingly large range of cargo
amount s in which the distribution follows a power-law decay n(s) ∼ s−3/2. After a
characteristic time set by k−1

d , the distribution reaches the steady state profile. At the
steady state defined as,

∂n(s, t)

∂t
= 0 (4.33)
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state. In this steady state the distribution of cargo amounts in individual endosomes
has a broad tail and ranges over three decades of fluorescence intensity, Figure 3B. Note
that because of the limited microscope resolution the number of endosomes with small
LDL amount is underestimated.

5.2 Entry-Fusion-Exit model to describe cargo trafficking

The general theoretical description of the endosomal network presented in Chapter 3
embraces several cargo exchange mechanisms. In this section we will show that the main
features of the experimentally observed LDL distributions can be captured by three main
processes: a source of cargo carrying early endosomes, homotypic early endosome fusion,
and early-to-late endosome conversion.

K(s, s�) K (constant)

K�(s, s�) 0

A(s) (J/s2
0)e

−s/s0

kd(s) kd (constant)

vin(s) 0

vout(s) 0

Table 5.1: Choice of parameters for the Budding model with constant out-flux

Note that our results do not depend on the specific choice choice of the function A(s),
see Chapter 4. We call the scenario described by this set of parameters Entry-Fusion-
Exit model, see Table I. An example of the time evolution of n(s) obtained by numerical
solution of the kinetic equation using these parameters and ignoring endosome fission
(K � = 0) and other cargo exchange processes (vin = 0 and vout = 0) is shown in Fig. 5.4.
At early times the cargo distribution n(s) is narrow and peaked around s0 as it is dictated
by the source function A(s). Its amplitude rapidly saturates after a characteristic time
τ = (JK/(2s0))

−1/2 which depends on the homotypic endosome fusion K and on the
influx J . Subsequently, fusion leads to broadening of the distribution which covers an
increasingly large range of cargo amount s in which the distribution follows a power-law
decay n(s) ∼ s−3/2. After a characteristic time set by k−1

d , the distribution reaches the
steady state profile

n(s) �
�

J

2πK

�1/2 e−s/s∗∞

s3/2
(5.1)

for s > s0. This profile is characterized by a power-law followed by an exponential tail for
s > s∗∞, where s∗∞ = 2JK/k2

d. For s larger than s0, the time dependent distribution is
well described by n(s) � (J/(2πK))1/2s−3/2e−s/s∗(t), where only s∗(t) is time dependent.
For short times, the EFE model predicts s∗(t) � JKt2. After long time, s∗(t) reaches
the steady state value s∗∞. For details see Chapter 4.

We tested the predictions of this model by comparison with the experimental results.
The experimental data exhibit all key features predicted by our EFE model. For an LDL

Figure 4.6: Conversion model
The schemes (a-c) represent the different processes in Conversion model, that govern the distri-
bution of cargo n(s) in early endosomes. (a) Homotypic fusion of two endosomes carrying the
cargo amounts s and s′. (b) As cargo flows new endosomes carrying the amount s of cargo ap-
pear at the rate A(s). (c) Early endosomes disappear from the system by undergoing conversion
to late endosomes at the rate kd(s).

The dynamic equation for the distribution n(s) with the choice of parameters
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given in the table of Fig. 4.6 reads as,

∂n(s, t)

∂t
=

K

2

∫ s

0

n(s′)n(s− s′)ds′ −K
∫ ∞

0

n(s)n(s′)ds′ + A(s)− kdn(s) .

(4.23)

The above equation can be solved by the Laplace transform technique already in-
troduced in the previous section, see Section 4.1.1, also see Appendix. Introducing
the function h(z, t) as defined in the Section 4.1.3, Eq.(4.23) can be transformed
to

∂h

∂t
=
K

2
h2 − Jz

(1 + zs0)
− kdh . (4.24)

The solution

h(z, t) = − k̄(z)

K
tanh

( t
2
k̄(z) + tanh−1(

kd
k̄(z)

)
)

+
kd
K

(4.25)

where we have introduced,

k̄(z) =
( 2JKz

1 + zs0
+ k2d

)1/2
(4.26)

Inverse Laplace transform of Eq.(4.25) gives the full time dependent solution of
n(s). However, analytically it is not possible to perform the inverse Laplace of
Eq.(4.25) we therefore resort to the numerics to obtain the time dependent solution
of Eq.(4.23). Numerical solution of Eq.(4.23) with arbitrary parameter values is
shown in Fig.4.7(A). At early times, see Fig.4.7(A), the cargo distribution n(s) is
narrow and peaked around s0. Its amplitude rapidly saturates after a characteristic
time τ = (JK/(2s0))

−1/2 which depends on the fusion rate and rate of endosome
appearance. Subsequently, fusion leads to broadening of the distribution which
covers an increasingly large range of cargo amount s After a characteristic time
set by k−1d , the distribution reaches the steady state profile. The profile of the
distribution and its characteristic features at the steady state defined as,

∂n(s, t)

∂t
= 0 (4.27)

is studied in the following section.

4.2.1 Steady state distribution n(s) in the conversion model

Eq.(4.25) shows that at very long times becomes independent of time, this is the
steady state of the distribution n(s). At steady state

h(z) = − k̄(z)

K
+
kd
K

. (4.28)
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We want to look at the s� s0, which in the Laplace space would imply xs0 � 1.
We redefine k̄(z) given by Eq.(4.26) in the limit xs0 � 1,

k̄(z) =
(

2JKz + k2d

)1/2
(4.29)

the inverse Laplace transform of Eq.(4.28) leads to the expression

n(s) =
( J

2πK

)1/2
s−3/2e−s/s

∗
(s� s0) . (4.30)

where,

s∗∞ = 2JK/k2d . (4.31)

One readily observes that the profile of steady state for Conversion model,
Eq.(4.30) bears much similarity to that of the Entry-Fusion model Eq.(4.12). In-
deed, for times t << k−1d the Conversion model displays all the dynamical proper-
ties of the Entry-Fusion model where kd(s) = 0, discussed in Section (4.1.3).

4.2.2 Total amount of cargo and total number of endo-
somes: Different timescales for saturation

The total amount of cargo in early endosomal population Φ(t) obeys:

dΦ

dt
= J − kdΦ . (4.32)

The solution is,

Φ(t) = (J/kd)(1− e−kdt) . (4.33)

Eq.(4.33) tells that the total amount of cargo in early endosomal network reaches
the steady state after a time t � k−1d , Fig.4.7(C). The total number of cargo
carrying early endosomes N(t) obeys,

dN

dt
= −KN

2

2
+
J

s0
− kdN . (4.34)

The solution is,

N(t) =
( k2d
K2

+
2J

Ks0

)1/2
tanh

(
t
(k2d

4
+
JK

2s0

)1/2
+ tanh−1

( kd
(k2d + 2JK/s0)1/2

))

−kd
K
. (4.35)
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Figure 4.7: Conversion scenario - Theoretical and numerical results
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes. (a) Homotypic fusion of two endosomes carrying the cargo amounts
s and s�. (b) As cargo flows new endosomes carrying the amount s of cargo appear at the rate A(s).
(c) Early endosomes disappear from the system by undergoing conversion to late endosomes at the rate
kd(s).

solution of Eq.(4.27) is

N(t) = N0 tanh(t/τ) . (4.28)

where, N0 =
�
2J/(Ks0)

�1/2
is the steady state number of cargo-carrying early endosomes

and τ =
�
JK/(2s0)

�1/2
is the characteristic time in which N reaches the steady state

value. Note that the distribution amplitude also saturates in the same typical time τ ,

see Appendix. The dynamic equation allows for fusion and conversion rates to be cargo-

dependent and the source function A(s) could have different shapes. Detailed analysis of

effects of such cargo dependence on the resulting distribution n(s, t) and other quantities
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Figure 4.2: Entry-Fusion model
(A) Numerical solution of the kinetic equation for n(s, t), Eq.(4.3) in the Entry-Fusion model at different
dimensionless times t̄1 → t̄6 after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t̄ = 0, the system does not contain cargo n(s, t̄ = 0) = 0. (Here we set
(B) At any given time during the time evolution the distribution n(s, t) displays a strict power law in
the range s0 � s � s∗(t) and an exponential decay for s � s∗(t).
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(A) Numerical solution of the kinetic equation for n(s, t), Eq.(4.3) in the Entry-Fusion model at different
dimensionless times t̄1 → t̄6 after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t̄ = 0, the system does not contain cargo n(s, t̄ = 0) = 0. (Here we set
(B) At any given time during the time evolution the distribution n(s, t) displays a strict power law in
the range s0 � s � s∗(t) and an exponential decay for s � s∗(t).
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(B) At any given time during the time evolution the distribution n(s, t) displays a strict power law in
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(A) Numerical solution of the kinetic equation for n(s, t), Eq.(4.3) in the Entry-Fusion model at different
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(B) At any given time during the time evolution the distribution n(s, t) displays a strict power law in
the range s0 � s � s∗(t) and an exponential decay for s � s∗(t).
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Figure 4.7: Conversion scenario - theoretical and numerical results
(A) Numerical solution of the kinetic equation for the EFE-C model at different times given in
dimensionless units, after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t = 0, the system does not contain cargo n(s, t = 0) = 0. (Here we
set J/K = 1.8 106 FI, s0 = 1885 FI, kd/K=2.9).
(B) Steady state distribution n(s) for the choice of parameters given in (A). The distribution
obtained from the numerical solution shows very good agreement with the analytical solution
given by Eq.(4.30) for s > s0.
(C) Total amount of cargo Φ in the endosomal network as a function of dimensionless time.
(D) Total number of cargo-carrying Rab5-positive endosomes as a function of dimensionless
time.
The blue curve in (C) and (D) is the analytical solution for Φ given by Eq.(4.33) and N given
by Eq.(4.35).
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If the endosome loss by fusion out-numbers endosome conversion, τ � 1/kd, where

τ =
(
JK/(2s0)

)−1/2
, the solution of Eq.(4.34) is

N(t) = N0 tanh(t/τ) . (4.36)

where, N0 =
(
2J/(Ks0)

)1/2
is the steady state number of cargo-carrying early

endosomes. N reaches the steady state value after the characteristic time τ . Note
that conversion process has no effect on the distribution for s � s0 therefore the
distribution amplitude also saturates in the same typical time τ as N , see Section
4.1.3.

Eq.(4.33) and Eq.(4.36) tells us that the total amount of cargo Φ and the total
number of endosomes N reach their respective steady states after a characteristic
time which are not the same. Infact, N reaches steady state value much earlier
than Φ, see Fig. 4.7(C) and (D). For a given rate of influx J , the time for N to
reach steady state value depends upon the fusion rate K, whereas for Φ it depends

on the conversion rate kd. In other words kd �
(
JK/(2s0)

)1/2
.

4.2.3 Effect of cargo dependent fusion and conversion rates

The rate at which cargo carrying early endosomes can undergo fusion as well
conversion can in general be cargo dependent. In the case of a cargo dependent
fusion kernel K(s, s′) = (K0/2)(sµs′ν + sνs′µ) and cargo dependent conversion rate
kd(s) = kds

α a more general solution for steady state for the Conversion model
can be obtained,

n(s) =
( J

2πK

)1/2
s−(3+µ+ν)/2e−s/s

∗
∞ for s > s0 (4.37)

where,

s∗∞ =
(2JK

k2d

)1/(1+α−λ)
. (4.38)

Scaling analysis and numerical investigations reveal that as long as kd(s) is not
a decreasing function of s the features reported in the Section 4.1.3 and 4.2.1
remains unchanged [67]. Only the shape of the distribution at very large s at
steady state and the dependence of s∗ on the different parameters at steady state
(Section 4.2.1) are modified, see Fig.(4.8). If kd(s) was an increasing function of
s, the cross-over from the linear growth of Φ(t) with time to the plateau would be
much sharper, as shown in Fig.(4.8).
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kernel should satisfy, in order to exhibit self-similarity during time evolution and power
law at steady state is that it should be a homogeneous function of its arguments, in
other words it should be scale-free, i.e

K(as, as�) = aλK(s, s�) = aλK(s�, s) (4.16)

for any positive real number a and homogeneity exponent λ. The condition given by
Eq.4.16 ensures that the particles undergoing fusion, or as would be in our case, the cargo
carrying early endosomes are homogeneously distributed all over the cytoplasmic space
of the cell. Physically it would mean the system has a perfect mixing of the particles
with continuous distribution of sizes. Eq. 4.1 for such kernels has been already studied
using dynamical scaling analysis [36, 44, 45, 48]. In addition to being homogeneous, it
has been shown [36] that in order to exhibit self-similar time evolution, the fusion kernel
must be of the form

K(s, s�) � sµs�ν for (s >> s�; µ + ν = λ) (4.17)

With the above mentioned choice of fusion kernel it can be shown that at the steady
state, see Appendix,

n(s) ∼ s−θ (θ = (3 + µ + ν)/2). (4.18)

and that the characteristic cargo amount s∗(t) ∼ t1/(2−θ).
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Figure 4.5: Cargo dependent fusion rate
In the Entry and Fusion scenario with the choice of fusion kernel given by Eq.(4.17) the distribution
n(s) reaches a steady state with a power law distribution exponent of which is given by Eq.(4.18). Here
we used µ = ν = λ/2. For the red curve λ = 2 and for the green curve λ = −1.
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Figure 4.8: Steady state cargo distribution n(s) and total amount of cargo Φ as a function of time t
for the Conversion model using different choices of conversion rate kd(s).

This scenario displays a subtle behavior wherein one observes a phase transition by

tuning either K, J or vo.

Constant out-flux: In another scenario that we will consider, instead of a constant

out-flux the release rate is constant. In other words, the out-flux of cargo from an

endosome is proportional to the amount of cargo it carries. In this scenario,

vout(s) = vos . (4.32)

4.3.1 Constant out-flux: Phase transition scenario

The ingredients of this scenario are summarized in the table as follows:
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4.2.3 Effect of cargo dependent fusion and conversion rates

The rate at which cargo carrying early endosomes can undergo fusion as well conversion
can in general be cargo dependent. In the case of a cargo dependent fusion kernel
K(s, s�) = (K0/2)(sµs�ν + sνs�µ) and cargo dependent conversion rate kd(s) = kds

α a
more general solution for steady state for the Conversion model can be obtained,

n(s) =
� J

2πK

�1/2
s−(3+µ+ν)/2e−s/s∗∞ for s > s0 (4.39)

where,

s∗∞ =
�JK

k2
d

�1/(1+α−λ)
. (4.40)

Scaling analysis and numerical investigations reveal that as long as kd(s) is not a de-
creasing function of s the features reported in the Section (4.1.2) and (4.2.1) remains
unchanged [51]. Only the shape of the distribution at very large s at steady state and
the dependence of s∗ on the different parameters at steady state (Section (4.2.1)) are

A B

C D

Figure 4.8: Effect of cargo dependent conversion rate.
(A)Steady state cargo distribution n(s) obtained for the Conversion model (EFE-C) using a
choice constant fusion kernel. The numerically obtained distribution shows a good agreement
with the analytical solution given by Eq.(4.30). (Here we set J/K = 1.8 106 FI, s0 = 1885 FI,
kd/K=2.9
(B) Steady state distribution for the Conversion model with the fusion kernel given by the
function K(s, s′) = K(ss′)λ/2, for different values of lambda. Numerical results are shown by
the red curve λ = 0, green curve λ = −1 and blue curve λ = 2. Other parameters are as in (A).
The analytical solution n(s) ∼ s(−(3+λ)/2) is indicated by the short black lines and associated
with the respective power law exponent.
(C) Comparison of numerical results for three different choices of conversion rate as indicated
in the legend. Except for very large s, the steady state distributions n(s) for the three choices
of conversion rate coincide well.
(D) Total amount of cargo Φ as a function of time t for the Conversion model using different
choices of conversion rate kd(s).

4.3 Entry-Fusion-Exit: Budding model

In the Conversion model the cargo exit from the early endosomes occurred via
conversion of a cargo carrying Rab5-positive early endosome into a Rab7-positive
late endosome. In this section we will consider an alternative possibility for the
cargo exit where the cargo leaves the early endosomal network via heterotypic
fission of cargo-carrying vesicles from an early endosome which subsequently fuse
with a late endosome. The dynamic equation for n(s, t) in this model is given as,
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Cargo 

Rab5: Early endosome marker

Rab7: Late endosome marker
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Figure 4.6: Conversion scenario
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes. (a) Homotypic fusion of two endosomes carrying the cargo amounts
s and s�. (b) As cargo flows new endosomes carrying the amount s of cargo appear at the rate A(s).
(c) Early endosomes disappear from the system by undergoing conversion to late endosomes at the rate
kd(s).

4.2.1 Steady state cluster size distribution

We will again look at a simplified scenario wherein all the rates entering the equation are
independent of the cargo amount of the endosomes and the source function is the same
as defined in Section (4.1) Thus ingredients of the conversion scenario are summarized
in the Table(4.2).

With the choice of parameters as presented in the Table (4.2) the dynamic equation
given by Eq.(4.20) is written as,

∂n(s, t)

∂t
=

K

2

� s

0
n(s�)n(s − s�)ds� − K

� ∞

0
n(s)n(s�)ds�

+(J/s2
0)e

−s/s0 − kdn(s) . (4.21)

The above equation can be solved by the Laplace transform technique already intro-
duced in the previous section, also see Appendix. After a characteristic times which is
determined by k−1

d , the distribution reaches a steady state. For the steady state of the
distribution defined as

∂n(s, t)

∂t
= 0 (4.22)

one can solve Eq.(4.21) for s > s0 and obtain

n(s) =
� J

2πK

�1/2
s−3/2e−s/s∗∞ for (s > s0) (4.23)

s

vout(s)(c)

Figure 4.9: Budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the
distribution of cargo n(s) in early endosomes. (a) Homotypic fusion of two endosomes carrying
the cargo amounts s and s′. (b) As cargo flows new endosomes carrying the amount s of cargo
appear at the rate A(s). (c) Endosomes can lose cargo by budding off vesicular structures. The
current vout(s) are the average cargo amount per unit of time respectively lost by an endosome
carrying the cargo amount s..

∂n(s, t)

∂t
=

1

2

∫ s

0

K(s′, s− s′)n(s′)n(s− s′)ds′ −
∫ ∞

0

K(s, s′)n(s)n(s′)ds′

+A(s) +
∂(vo(s)n(s))

∂s
. (4.39)

With in the Budding model we will consider two scenarios:
§ Constant out-flux: In this scenario the cargo out-flux from an endosomes is
independent of the amount of cargo carried by the endosome. Thus in this scenario

vout(s) = vo . (4.40)

This scenario displays a subtle behavior wherein one observes a phase transition
by tuning either K, J or vo.
§ Constant budding rate: In the other scenario that we will consider, instead of
a constant out-flux the budding of the cargo carrying vesicles from an endosomes
occurs at constant rate. In other words, the out-flux of cargo from an endosome
is proportional to the amount of cargo it carries. In this scenario,

vout(s) = vos . (4.41)

4.3.1 Constant out-flux: Phase transition scenario

The ingredients of the constant out-flux scenario are summarized in the table. The
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K(s, s′) K (constant)
K′(s, s′) 0

A(s) (J/s20)e
−s/s0

kd(s) 0
vin(s) 0
vout(s) vo(constant)

Table 4.2: Choice of parameters for the Budding model with constant out-flux

time evolution of the total number of cargo carrying early endosomes obeys

dN

dt
= −KN

2

2
+
J

s0
. (4.42)

The time evolution of the total amount of cargo obeys

dΦ

dt
= J − voN . (4.43)

In order to derive a condition for the existence of a steady state, we write down
the next higher moment of the distribution M2 =

∫∞
0
ds s2n(s)

dM2

dt
= KΦ2 − 2voΦ + 2Js0 . (4.44)

At steady state we obtain

Φ =
vo
K

(1−√ρ) (4.45)

where the parameter ρ which has been introduced can be positive or negative and
is defined as follows,

ρ = 1− 2JKs0
v2o

. (4.46)

We will re-write the above equation in terms of dimensionless parameters as

ρ = 1− 2K̄

v̄o2
(4.47)

where, K̄ = Kso/J and v̄o = vo/J .
ρ > 0 : From Eq.(4.43-4.45) one can see that the quantity Φ has a steady state
only for the case when ρ ≥ 0. In this case the distribution n(s) at the steady state,
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i.e when dΦ/dt = 0 can be solved starting from Eq.(4.39) and using the parameter
choice given in table 4.3.1. The steady state distribution n(s) is given as,

n(s) '
( Js20

6πK

)1/2
s−5/2e−s/s

∗
( s
s∗

+
3

2

)
. (4.48)

where s∗ is given by,

s∗ =
2JKs20
3ρv2o

. (4.49)

The distribution displays a power law decay n(s) ∼ s−5/2 up till a critical cargo
amount denoted by s∗ beyond which the distribution crosses over into a sharper
exponential decay. In this regime the total amount of cargo Φ reaches a steady
state in the characteristic time τ . This characteristic time τ to reach steady state
is the same for total number of endosomes N and is given by τ = (2s0/(JK))1/2.
The limit ρ = 0 is a critical point where s∗ diverges and the total amount of cargo
attains a maximum value,

Φmax =
vo
K

. (4.50)

The distribution n(s) in this regime displays a pure power law given as n(s) ∼
s−5/2.
ρ < 0 : In this regime the influx of cargo J is much greater than the out-flux vo to
be balanced by it and the total amount of cargo in the network Φ never reaches a
steady state. One could, in this case, neglect the contribution of vo. However, the
total number of endosomes N , irrespective of the value of ρ always reaches steady
state and always in the same characteristic time, given by τ = (2s0/(JK))1/2. The
distribution in the cargo range s0 � s� sc at large times is given by

n(s) '
( J

2πK

)1/2
s−3/2 (for s� s0). (4.51)

Fig.4.10 shows the phase plot for the control parameter ρ which separates the two
regimes discussed above.

4.3.2 Constant budding rate

In this section we will study the scenario wherein the cargo exit from Rab5-positive
endosomes via budding occurs at a constant rate vo. In the preceding section
we looked at the scenario wherein budding takes place at a constant flux. The
ingredients of this scenario are summarized in the table.
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Figure 4.10: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.
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Figure 4.10: Phase diagram for the budding model with a constant out-flux
Tuning the order parameter ρ given by Eq.(4.47) drives the system to one of the two states.
If ρ < 0 the system never reaches a steady state and leads to infinite accumulation of the total
amount of cargo. In this state the cargo distribution at long times displays a power law with
exponent −3/2.
If ρ > 0 the cargo out flux can balance the in flux eventually and thus the system reaches a
steady state. In this state the distribution has a profile given by s−5/2e−s/s

∗
, where s∗ is given

by Eq.(4.49).

In the Laplace space and the limit s � s0 the dynamic equation for n(s)
Eq.(4.39) with the parameter choice given in the table 4.3.2 reads as

∂h(z, t)

∂t
=

1

2
Kh(z)2 − Jx+ vox

∂h(z)

∂z
. (4.52)
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K(s, s′) K (constant)
K′(s, s′) 0

A(s) (J/s20)e
−s/s0

kd(s) 0
vin(s) 0
vout(s) vos

Table 4.3: Choice of parameters for the Budding model with constant rate

For the steady state defined as ∂h(z,t)
∂t

= 0, Eq.4.52 can be solved in the limiting
case

n(s) '
( J

2πK

)1/2
s−3/2 (s0 � s� s∗∞)

n(s) ∼ e−s/s
∗
∞ (s� s∗∞) (4.53)

where s∗∞ = (2JK)/v2o. Fig.4.11(A) shows the steady state solution for EFE
model wherein cargo exit from an endosome occurs via budding at a constant
rate, Eq.(4.53). The Conversion model (Section4.2) and the Budding model with
constant release rate share some similarities in the properties of steady state dis-
tribution. In both the models the distribution n(s) at steady state is given by,

n(s) '
( J

2πK

)1/2
s−3/2 (s0 � s < s∗∞)

n(s) ∼ e−s/s
∗
∞ (s� s∗∞) . (4.54)

Even though the steady state distribution may have some characteristic prop-
erties, the distribution are qualitatively different, as shown in Fig.4.11(B).

4.3.3 Total amount of cargo and total number of endo-
somes

The total amount of cargo in early endosomal population Φ(t) obeys:

dΦ

dt
= J − voΦ . (4.55)

The solution is,

Φ(t) = (J/vo)(1− e−vot) . (4.56)
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Figure 4.11: Cargo dependent fusion rate
In the Entry and Fusion scenario with the choice of fusion kernel given by Eq.(4.18) the distri-
bution n(s) reaches a steady state with a power law distribution exponent of which is given by
Eq.(4.19). Here we used µ = ν = λ/2. For the red curve λ = 2 and for the green curve λ = −1.

rate, Eq.(4.55). The Conversion model (Section4.2) and the Budding model with
constant release rate share some similarities in the properties of steady state dis-
tribution. In both the models the distribution n(s) at steady state is given by,

n(s) �
� J

2πK

�1/2

s−3/2 (s0 � s < s∗∞)

n(s) ∼ e−s/s∗∞ (s � s∗∞) . (4.56)

Even though the steady state distribution may have some characteristic properties,
the distribution are qualitatively different, as shown in Fig.4.11(B).

4.3.3 Total amount of cargo and total number of endo-
somes

The total amount of cargo in early endosomal population Φ(t) obeys:

dΦ

dt
= J − voΦ . (4.57)

The solution is,

Φ(t) = (J/vo)(1 − e−vot) . (4.58)

The total amount of cargo in early endosomal network reaches the steady state
after a time t � k−1

d . The total number of cargo carrying early endosomes N(t)

A B

Figure 4.11: Constant budding rate : steady state distribution
(A) The steady state distribution for the constant budding rate model.
(B) Comparison of the steady state for the conversion scenario with a constant conversion rate
(brown curve) and budding scenario with a constant budding rate (red curve). Both the distri-
bution shown here are obtained numerically for the parameter set with the same magnitude.

The total amount of cargo in early endosomal network reaches the steady state
after a time t � v−1o . The total number of cargo carrying early endosomes N(t)
obeys,

dN

dt
= −KN

2

2
+
J

s0
. (4.57)

The solution is,

N(t) = N0 tanh(t/τ) . (4.58)

where, N0 and τ are the same as given for Eq.(4.36). Observing Eq.(4.56) and
Eq.(4.33) for total amount of cargo and Eq.(4.58) and Eq.(4.35) for the total
number of endosomes, one can see straightaway that the two models have striking
similarities in several of their properties. In the next rather short section we will
summarize these two models in terms of their similar features.

4.4 Conversion and Budding at constant rate:

Similarities between the models

The Conversion (EFE-C) model and the Budding (EFE-B) model bear some strik-
ing similarities in their properties. We summarize in the table below some of the
properties which the Conversion and Budding model bear in common.
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Conversion model Budding model

Steady state, n(s) ∼ s−3/2e−s/s
∗
∞ ∼ s−3/2

for s0 � s� s∗∞
∼ e−s/s

∗
∞

for s� s∗∞
Typical cargo amount at steady state s∗∞ (2JK0)/k

2
d (2JK0)/v

2
o

Number of endosomes N(t) ' N0 tanh(t/τ) N0 tanh(t/τ)
for kd � (K0N)/2

Total amount of cargo Φ(t) (J/kd)(1− e−kdt) (J/vo)(1− e−vot)

Table 4.4: Similarities between conversion and budding model with constant exit
rate.

4.5 Conclusion

In this chapter we have studied analytically and numerically a very simple theo-
retical model describing an out of equilibrium process, which we refer to as Entry-
Fusion-Exit model. The model describes the dynamics of a closed compartment
of Rab5-positive endosomes with variable cargo content s. We start from a situa-
tion where there are no cargo carrying endosome in the compartment. Endosomes
carrying a low amount of cargo appear per unit time in the compartment and
subsequently undergo fusion. In the absence cargo exit from endosomes, the dis-
tribution reaches a pseudo steady state, which is characterized by a broad power
law. The exponent of the power is linked directly to the homogeneity exponent λ
of the fusion kernel. Far from steady state, the distribution evolves in time in a
self-similar manner. This means that the whole distribution at each time is charac-
terized by only one characteristic endosome size or endosomal cargo amount that
evolves in time. So, the distribution at various times when rescaled with respect
to this characteristic size collapse on to one curve. We extend the Entry and Fu-
sion model by introducing a mechanism for the exit of cargo from early endosomes.
Cargo exit process influences the steady state distribution only for endosomes with
large amount cargo. The distribution converges into an exponential decay beyond
some critical cargo amount. Within the Entry-Fusion-Exit model we studied two
different mechanisms governing cargo exit from Rab5-positive endosomes. One
being the Conversion model and the other Budding. The simplest case of constant
conversion rate kd and budding at constant rate vos show striking similarities in
several of their properties which we summarized in the Table 4.4. However, the
steady state distribution in the two aforementioned cases differ qualitatively. It
would be of interest to compare the two scenarios to experimental distribution and
to see which explains the data better. In the next chapter we will introduce cargo
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uptake experiments and compare the results from experiments and theory in order
to gain some understanding of the endosomal trafficking.
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Chapter 5

Comparison between theory and
experiment

In the previous chapters we developed a general theoretical framework to describe
the dynamic properties of endosomal networks. Our theoretical description takes
into account the distribution of cargo within the network as a function of time. We
studied the properties of a simple model which we call “Entry-Fusion-Exit” (EFE)
model. We showed that a source of new cargo carrying endosomes described by a
narrow distribution can evolve in time by homotypic fusion between the endosomes,
into a very broad distribution at late times. The distribution at such long times
is characterized by a power law followed by an exponential decay. The exponent
of the power law depends on the fusion kernel that describes how a population of
individual endosomes fuse with each other.

In this chapter we will compare experiments with our theoretical results. To
understand the dynamics of cargo trafficking in early endosomal population, we
will first look at the data of continuous cargo uptake experiments. In these exper-
iments the cargo used, namely Low Density Lipo-protein (LDL) predominantly
undergoes degradation in lysosomes. Following endocytosis the pathway of a
degradative cargo such as LDL includes transport via early endosomes followed
by late endosomes and eventually culminating in lysosomes where it is degraded.
The details of experiments and the image and data analysis is explained in Chap-
ter 2. We will first compare the profile of the cargo distribution in Rab5-positive
early endosomes at late times with the results of the EFE model and determine
the nature of the fusion kernel by estimating the homogeneity exponent. We com-
pare the results of EFE model with the time course data of the continuous cargo
uptake experiments. We will compare of the cargo distribution at late times using
two different models, where the difference lies only in the mode of cargo exit from
early endosomes. These two different models we referred to and discussed in detail
in Chapter 4 as “Conversion” and “Budding”. Finally, we will compare the full

71



72 5.1. Continuous cargo uptake experiment

Cargo 

Rab5: Early endosome marker

Rab7: Late endosome marker

A

Nucleus

1 3 5 7.5 10 15 20 25 30 45 60

time [min]

ca
rg

o 
co

nc
en

tr
at

io
n 

[ 
  
  
  
 ]

 F
ig

ur
e 

4

C

 n (s )
3/2

 [FI
-1/2

]    n  [FI
-1]   

 n J [min  
-1

]   

s/
J 

[m
in

] 
 

s/
s 

 

s 
[F

I]
  

F

.

.

!"#$%&'(

)"
!

)#
!

)$
!

)%
!

)&
!

)'
!

 s* [     FI] 

 t
 [

m
in

] 

"!
*#

"!
*"

"!
!

"!
"

10
g/

m
l

2.
5

g/
m

l

   
   

1
g/

m
l

  0
.5

g/
m

l

E

"!
*#

"!
*"

"!
!

"!
"

"!
%

"!
$

"!
#

"!
"

"!
!

"!
*"

"!
*#

"!
*$

"!
&

"!
%

"!
$

"!
'

"!
*%

"!
*$

"!
*#

"!
*"

"!
!

"!
"

"!
#

"!
*&

*

*

"!
%

!#)%)')+)"!
) )"
!%

)"
!&

) !) ") #) $) % ) "
)"

!

   n [     FI
-1
]   !"

%*

3
 m

in
5
 m

in
7
.5

 m
in

1
0
 m

in
1
5
 m

in
2
0
 m

in
2
5
 m

in
3
0
 m

in
4
5
 m

in
6
0
 m

in

*%

"!
*,

"!
*+

"!
*(

"!
*'

"!
*&

"!"!
*$

 J [     FI min
-1

]   

! 
"-

+
#-

!
#-

#
#-

%
#-

'
#-

+
$-

!
$-

#
$-

%
$-

'

)!
#

%
'

+
"!

D

LD
L 

co
n
ce

n
tr

at
io

n
 [

  
g
/m

l]

!"
%

)!
)"

!
)#

!
)$

!
)%

!
)&

!
)'

!

 nmax[10
-3 

FI  ]

 t 
[m

in
] 

-1

B

. /

*%

"!
*+

"!
*(

"!
*'

"!
*&

"!"!
*$

s 
[F

I]
"!

&
"!

%
"!

$
"!

'

n [FI
-1

]

A
t 

=
1
 m

in
1 t 
=

3
 m

in
2 t 
=

8
 m

in
3 t 
=

1
5
 m

in
4 t 
=

2
5
 m

in
5 t 
=

4
5
 m

in
6 t 
=

6
0
 m

in
7

!-
&

"-
!

"-
&

#-
!

#-
&

$-
!

$-
&

.
2.5

B

Figure 5.1: Continuous cargo uptake experiment
(A) In continuous uptake experiment the cells are allowed to internalize cargo for a fixed duration
of time. The internalized cargo is delivered first to a population of Rab5-positive early endosomes.
The cargo, which in this case is a degradative cargo, is delivered to Rab7-positive late endosomes
to be eventually degraded in lysosomes.
(B) With increasing durations of cargo uptake, the cargo gradually fills up the early endosomal
network.

time course of cargo distribution from experiments and numerical simulations and
determine the kinetic parameters associated with various biological processes.

Having developed such a quantitative method to describe time evolution of
cargo distribution in early endosomal population, we will test our theoretical pre-
dictions about the dependence of various quantities on the cargo influx. We will
present experiments where the cargo influx into early endosomal population can
be varied and test our theoretical predictions with results from such experiments.
Finally we will present the pulse chase experiments, wherein the cargo supply to
the cells is blocked after a continuous cargo uptake for 60 minutes. We will test
our EFE model by comparing the distributions during the cargo chase.

5.1 Continuous cargo uptake experiment

In order to study the flux of cargo through the endosomal network, we performed
continuous cargo uptake experiments in which labelled LDL was added at time
t = 0 at a concentration that was maintained constant at later times. Using
quantitative image analysis of still images of populations of cells taken at different
times after LDL addition we identified about 27±2 Rab-5 positive vesicular object
per cell in each image. For details of image and data analysis see Chapter 2.

At each time point, the distribution of cargo in the entire network of Rab5-
positive endosomes can be characterized by the number density n(s) of endosomes
per cell with LDL fluorescence intensity s. The total number of cargo carrying
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Figure 5.2: Time evolution of the number density n(s), of Rab5-positive endosomes
carrying an amount s of LDL.
The number of Rab5-positive endosomes with LDL amount in between s and s+ ∆s is given by
n(s)∆s.
(A) Cargo distribution n(s), in log-linear scale, at different times after addition of LDL. The
total intensity of LDL in a Rab5-endosome is denoted s.
(B) Same data plotted in log-log scale.

endosomes per cell is N =
∫∞
0
n(s)ds and the total LDL fluorescence of the en-

dosomes is Φ =
∫∞
0
sn(s)ds. In the course of cargo uptake, the change over time



74 5.1. Continuous cargo uptake experiment

of n(s) reflects the collective endosome dynamics and, thus, provides a means for
deducing microscopic kinetic parameters of the trafficking of cargo through the
population of endosomes in the network. Fig. 5.2 (A) and (B) show experimen-
tally observed cargo distributions n(s) at different times after addition of 2.5 µg/ml
LDL. This data shows that LDL quickly enters many endosomes in small amounts
and subsequently concentrates at higher amounts in an increasing number of en-
dosomes. After about 30 minutes, the distribution n(s) reaches a steady state. In
this steady state the distribution of cargo amounts in individual endosomes has
a broad tail and ranges over three decades of fluorescence intensity, Fig. 5.2 (B).
Note that because of the limited microscope resolution the number of endosomes
with small LDL amount is underestimated.

5.1.1 Processes shaping the steady state cargo distribution
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s−3/2e−s/s∗
∞

Figure 5.3: Steady state LDL distribution n(s)
Cargo distribution n(s) in a population of Rab5-positive endosomes at 45 min (green curve) and
60 min (red curve). The distributions almost completely overlap indicating that the distributions
have reached a steady state. The blue curve is the function given by Eq.(5.1). The fit to
experimental data gives the magnitude of θ ' −1.5.

Experimental cargo distribution n(s) shown in Fig.5.2 (A) and (B) reaches a
steady state after about 30 minutes. To show this clearly, Fig.5.3 shows the LDL
distributions at 45 and 60 minutes respectively. The distribution show very little
change and overlap very well when plotted together. The profile of the steady
state LDL distribution shown here can be quantified by fitting a function having
a form

n(s) = s−θe−s/s
∗
∞ . (5.1)
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The function fits the data very well, see Fig.5.3 and gives the value of θ = 1.5±0.07.
From the general theoretical framework, Fig.3.10, the minimum set ingredients
that would give rise to a steady state distribution given by Eq.(5.1) are, a) homo-
typic endosome fusion, b) cargo loss from Rab5-positive endosomes and c) a source
of cargo-loaded endosomes with very low amount of cargo, Chapter 4 (Section 4.2).
We referred to a model with such a combination of ingredients as Entry-Fusion-
Exit model, Chapter 4. The value of θ ' −1.5 suggests that a constant fusion
could be a good approximation. This would be mean that all Rab5-positive en-
dosomes fuse at the same rate or with the same probability irrespective of the
amount of cargo each one of the fusing endosomes is carrying.

5.2 Entry-Fusion-Exit model to describe LDL traf-

ficking

The general theoretical description of the endosomal network presented in Chapter
3 embraces several cargo exchange mechanisms. In the previous section we saw
that the necessary ingredients to describe the steady state distribution of LDL are
the ones summarized in Entry-Fusion-Exit model. In this section we will show
that the main features of the experimentally observed LDL distributions, not only
steady state but time dependent too, can be captured by the Entry-Fusion-Exit
model with a simplified choice of a) a constant fusion K, b) a constant conversion
kd and c) a source of cargo-loaded endosomes described by a source function A(s) =
(J/s20)e

−s/s0 , where s0 is a typical cargo amount in newly appearing endosomes, see
Fig.4.6. Within the EFE model, the specific case in which cargo exit from the early
endosomal network occurs via only conversion kd(s) is referred to as Conversion
scenario (EFE-C). The alternate case would be when cargo exit occurs via only
budding vout(s), which we refer to as Budding scenario (EFE-B). We discussed the
theoretical aspect and properties of these two scenarios in the preceding chapter.
Since most of the properties of the Conversion and Budding scenario are similar
we will use framework of the Conversion model to begin with, for the analysis of
the experimental data. Later in the chapter we will also compare the two models
in the context of experimental data.

An example of the time evolution of n(s) obtained by numerical solution of the
kinetic equation using the parameters of the EFE-C model and ignoring endosome
fission (K ′ = 0) and other cargo exchange processes (vin = 0 and vout = 0) is
shown in Fig. 5.4(A). At early times the cargo distribution n(s) is narrow and
peaked around s0 as it is dictated by the source function A(s). Its amplitude
rapidly saturates after a characteristic time τ = (JK/(2s0))

−1/2 which depends on
the homotypic endosome fusion K and on the influx J . Subsequently, fusion leads



76 5.2. Entry-Fusion-Exit model to describe LDL trafficking

to broadening of the distribution which covers an increasingly large range of cargo
amount s in which the distribution follows a power-law decay n(s) ∼ s−3/2. After
a characteristic time set by k−1d , the distribution reaches the steady state profile

n(s) '
(

J

2πK

)1/2
e−s/s

∗
∞

s3/2
(5.2)

for s > s0. This profile is characterized by a power-law followed by an exponential
tail for s > s∗∞, where s∗∞ = 2JK/k2d.

We tested the predictions of this model by comparison with the experimen-
tal results. The experimental data exhibit all key features predicted by our EFE
model. For an LDL concentration of 2.5 µg/ml, the characteristic time for the
amplitude of the distribution to reach steady state is about τ = 7 ± 0.5 min.
Fig.5.4(B). The theoretical prediction that the shape of the distribution for s > s0
only depends on time via s∗ can be tested by plotting the experimental data as
n(s) (s∗)3/2 versus s/s∗ (see Fig.5.4(C)). This figure shows that the data at differ-
ent time collapse on the same functional form (black line) as predicted. The time
dependence of s∗ is shown in Fig.5.4(D). As predicted by the theory, it increases
with time as t2 (blue line) at early times and saturates at later times. The exper-
iments also obey the theoretical predictions for the total number of LDL-carrying
endosomes N(t) and for the total LDL intensity Φ(t). The time dependence of the
number of cargo-carrying endosomes N(t) and of the total LDL fluorescence Φ(t)
of the endosomes after initiating cargo uptake at t = 0 are displayed in Fig.5.4(E)
and (F). Both N and Φ start from zero, initially increase linearly with time and
reach a steady state value. Interestingly, the functional forms of N(t) and Φ(t)
are different. The endosome number N reaches a plateau value earlier than the
total fluorescence intensity Φ. Our theory allows explaining such a difference. In
the EFE model, the total number of cargo-carrying endosomes N(t) obeys:

dN

dt
= −K0N

2

2
− kdN +

J

s0
(5.3)

The time dependent behavior of total number of cargo-carrying endosomes N(t),
in the case that the endosome loss by fusion out-numbers endosome conversion i.e
kd � KN/2, is given by:

N(t) = N0 tanh(t/τ) . (5.4)

where, N0 =
(
2J/(Ks0)

)1/2
is the steady state number of cargo-carrying early

endosomes and τ =
(
JK/(2s0)

)1/2
is the characteristic time in which N reaches

the steady state value. Note that the distribution amplitude also saturates in the
same typical time. The observed time dependence of the total number of cargo



Chapter 5. Comparison between theory and experiment 77

Chapter 5. Comparison between theory and experiment 5354 5.2. Entry-Fusion-Exit model to describe cargo trafficking

C

Chapter 5. Comparison between theory and experiment 53

Chapter 5. Comparison between theory and experiment 53

C

 n
 (

s 
)3

/2
 [

FI
-1

/2
] 

  

s/s  

.

!

"
#
$
%
&
'
(

)"! )#! )$! )%! )&! )'!

 s
*
 [

  
  

 F
I]

 

 t [min] 

"!*# "!*" "!! "!"

"!%

"!$

"!#

"!"

"!!

"!*"

"!*#

"!*$

*

*

"!
%

3 min
5 min

7.5 min
10 min
15 min
20 min
25 min
30 min
45 min
60 min

 J
 [

  
  

 F
I 

m
in

-1
]  

 

! 
"+,
#+!
#+#
#+%
#+'
#+,
$+!
$+#
$+%
$+'

)! # % ' , "!

D

LDL concentration [  g/ml]

!"
%

)! )"! )#! )$! )%! )&! )'!

 n
m

a
x

[1
0-3

 F
I 

 ]

 t [min] 

-1

B

-.

*%

"!*,

"!*(

"!*'

"!*&

"!

"!*$

s [FI]
"!&"!%"!$ "!'

n
 [

FI
-1

]

A
t =1 min1

t =3 min2

t =8 min3

t =15 min4

t =25 min5

t =45 min6

t =60 min7

!+&

"+!

"+&

#+!

#+&

$+!

$+&

.

!

"
#
$
%
&
'
(

)"! )#! )$! )%! )&! )'!

!

!
"
!
"
!
"
!
"
!
"!
"

!"# !$# !%# !&# !'# !(#
 t [min] 

! "#! !"# !$# !%#
 t [min] 

D

!
"
#
$
%
&
'

 s
*
 [

  
  
 F

I]
 

!
($

Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
can be seen in Figure 4D where the data of Figure 4C collapse on a single curve when
plotted on axes that are appropriately rescaled by the LDL influx J .

The experiments also obey the theoretical predictions for the total number of LDL-
carrying endosomes N(t) and for the total LDL intensity Φ(t). In the source-fusion-sink
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Figure 4.7: Conversion scenario - Theoretical and numerical results
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes. (a) Homotypic fusion of two endosomes carrying the cargo amounts
s and s�. (b) As cargo flows new endosomes carrying the amount s of cargo appear at the rate A(s).
(c) Early endosomes disappear from the system by undergoing conversion to late endosomes at the rate
kd(s).

solution of Eq.(4.27) is

N(t) = N0 tanh(t/τ) . (4.28)

where, N0 =
�
2J/(Ks0)

�1/2
is the steady state number of cargo-carrying early endosomes

and τ =
�
JK/(2s0)

�1/2
is the characteristic time in which N reaches the steady state

value. Note that the distribution amplitude also saturates in the same typical time τ ,

see Appendix. The dynamic equation allows for fusion and conversion rates to be cargo-

dependent and the source function A(s) could have different shapes. Detailed analysis of

effects of such cargo dependence on the resulting distribution n(s, t) and other quantities
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The profile of the distribution n(s) at steady state given by Eq.(4.23) is characterized
by a power-law followed by an exponential tail for s > s∗∞, where

s∗∞ = 2JK/k2
d . (4.24)

While the cargo distribution n(s) is broadening, the power-law emerges by gradually
shifting the exponential tail towards increasing values of s. One readily observes that
the profile of steady state for Conversion model, Fig4.7(A-B) bears much similarity to
that of the Entry-Fusion model Eq.(4.9). Indeed, for times t << k−1

d the Conversion
model displays all the dynamical properties of the Entry-Fusion model where kd(s) = 0,
discussed in Section (4.1.1). The total amount of cargo in early endosomal population
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
can be seen in Figure 4D where the data of Figure 4C collapse on a single curve when
plotted on axes that are appropriately rescaled by the LDL influx J .

The experiments also obey the theoretical predictions for the total number of LDL-
carrying endosomes N(t) and for the total LDL intensity Φ(t). In the source-fusion-sink
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Figure 5.3: Phase diagram for the budding model
(A)Numerical solution of the kinetic equation for the EFE model (parameters shown in Table I) at
different times 3 min 60 min after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t = 0, the system does not contain cargo n(s, t = 0) = 0. (Here we set
J/K = 1.8 106 FI, s0 = 1885 FI, kd/K=2.9.
(B) The maximum nmax of the distributions n(s), shown in Fig.5.2, as a function of time. The solid
line represents the fit of the function nmax(s, t) � tanh?(t/τ) to the data.
(C) Rescaled LDL distributions n(s) reveals data collapse on the line n0(s/s∗)−3/2 e−s/s∗ (shown in
black) where s∗ is a time dependent scaling factor and n0 = 1.4 103 FI−1.
(D) s∗ at different times (red circles). At early times, s∗(t) is well fit to a t2 function (blue curve).

state. In this steady state the distribution of cargo amounts in individual endosomes
has a broad tail and ranges over three decades of fluorescence intensity, Figure 3B. Note
that because of the limited microscope resolution the number of endosomes with small
LDL amount is underestimated.

5.2 Entry-Fusion-Exit model to describe cargo trafficking

The general theoretical description of the endosomal network presented in Chapter 3
embraces several cargo exchange mechanisms. In this section we will show that the main
features of the experimentally observed LDL distributions can be captured by three main
processes: a source of cargo carrying early endosomes, homotypic early endosome fusion,
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network. At the initial time t = 0, the system does not contain cargo n(s, t = 0) = 0. (Here we set
J/K = 1.8 106 FI, s0 = 1885 FI, kd/K=2.9.
(B) The maximum nmax of the distributions n(s), shown in Fig.5.2, as a function of time. The solid
line represents the fit of the function nmax(s, t) � tanh(t/τ) to the data.
(C) Rescaled LDL distributions n(s) reveals data collapse on the line n0(s/s∗)−3/2 e−s/s∗ (shown in
black) where s∗ is a time dependent scaling factor and n0 = 1.4 103 FI−1.
(D) s∗ at different times (red circles). At early times, s∗(t) is well fit to a t2 function (blue curve).
(E) Total number of LDL-carrying Rab5-endosomes N(t) at different times after addition of LDL.
(F) Total LDL fluorescence intensity in Rab5-endosomes Φ(t) at different time after addition of LDL.
The solid blue lines in (E) and (F) represent the fit of the functions given in Equations 3 and 5 to the
data.
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The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
can be seen in Figure 4D where the data of Figure 4C collapse on a single curve when
plotted on axes that are appropriately rescaled by the LDL influx J .

The experiments also obey the theoretical predictions for the total number of LDL-
carrying endosomes N(t) and for the total LDL intensity Φ(t). In the source-fusion-sink
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solution of Eq.(4.27) is

N(t) = N0 tanh(t/τ) . (4.28)

where, N0 =
�
2J/(Ks0)

�1/2
is the steady state number of cargo-carrying early endosomes

and τ =
�
JK/(2s0)

�1/2
is the characteristic time in which N reaches the steady state

value. Note that the distribution amplitude also saturates in the same typical time τ ,

see Appendix. The dynamic equation allows for fusion and conversion rates to be cargo-

dependent and the source function A(s) could have different shapes. Detailed analysis of

effects of such cargo dependence on the resulting distribution n(s, t) and other quantities
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(B) At any given time during the time evolution the distribution n(s, t) displays a strict power law in
the range s0 � s � s∗(t) and an exponential decay for s � s∗(t).
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The profile of the distribution n(s) at steady state given by Eq.(4.23) is characterized
by a power-law followed by an exponential tail for s > s∗∞, where

s∗∞ = 2JK/k2
d . (4.24)

While the cargo distribution n(s) is broadening, the power-law emerges by gradually
shifting the exponential tail towards increasing values of s. One readily observes that
the profile of steady state for Conversion model, Fig4.7(A-B) bears much similarity to
that of the Entry-Fusion model Eq.(4.9). Indeed, for times t << k−1

d the Conversion
model displays all the dynamical properties of the Entry-Fusion model where kd(s) = 0,
discussed in Section (4.1.1). The total amount of cargo in early endosomal population
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
can be seen in Figure 4D where the data of Figure 4C collapse on a single curve when
plotted on axes that are appropriately rescaled by the LDL influx J .

The experiments also obey the theoretical predictions for the total number of LDL-
carrying endosomes N(t) and for the total LDL intensity Φ(t). In the source-fusion-sink
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Figure 5.3: Phase diagram for the budding model
(A)Numerical solution of the kinetic equation for the EFE model (parameters shown in Table I) at
different times 3 min 60 min after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t = 0, the system does not contain cargo n(s, t = 0) = 0. (Here we set
J/K = 1.8 106 FI, s0 = 1885 FI, kd/K=2.9.
(B) The maximum nmax of the distributions n(s), shown in Fig.5.2, as a function of time. The solid
line represents the fit of the function nmax(s, t) � tanh?(t/τ) to the data.
(C) Rescaled LDL distributions n(s) reveals data collapse on the line n0(s/s∗)−3/2 e−s/s∗ (shown in
black) where s∗ is a time dependent scaling factor and n0 = 1.4 103 FI−1.
(D) s∗ at different times (red circles). At early times, s∗(t) is well fit to a t2 function (blue curve).

state. In this steady state the distribution of cargo amounts in individual endosomes
has a broad tail and ranges over three decades of fluorescence intensity, Figure 3B. Note
that because of the limited microscope resolution the number of endosomes with small
LDL amount is underestimated.

5.2 Entry-Fusion-Exit model to describe cargo trafficking

The general theoretical description of the endosomal network presented in Chapter 3
embraces several cargo exchange mechanisms. In this section we will show that the main
features of the experimentally observed LDL distributions can be captured by three main
processes: a source of cargo carrying early endosomes, homotypic early endosome fusion,
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different times 3 min 60 min after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t = 0, the system does not contain cargo n(s, t = 0) = 0. (Here we set
J/K = 1.8 106 FI, s0 = 1885 FI, kd/K=2.9.
(B) The maximum nmax of the distributions n(s), shown in Fig.5.2, as a function of time. The solid
line represents the fit of the function nmax(s, t) � tanh(t/τ) to the data.
(C) Rescaled LDL distributions n(s) reveals data collapse on the line n0(s/s∗)−3/2 e−s/s∗ (shown in
black) where s∗ is a time dependent scaling factor and n0 = 1.4 103 FI−1.
(D) s∗ at different times (red circles). At early times, s∗(t) is well fit to a t2 function (blue curve).
(E) Total number of LDL-carrying Rab5-endosomes N(t) at different times after addition of LDL.
(F) Total LDL fluorescence intensity in Rab5-endosomes Φ(t) at different time after addition of LDL.
The solid blue lines in (E) and (F) represent the fit of the functions given in Equations 3 and 5 to the
data.
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
can be seen in Figure 4D where the data of Figure 4C collapse on a single curve when
plotted on axes that are appropriately rescaled by the LDL influx J .

The experiments also obey the theoretical predictions for the total number of LDL-
carrying endosomes N(t) and for the total LDL intensity Φ(t). In the source-fusion-sink
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Figure 4.7: Conversion scenario - Theoretical and numerical results
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes. (a) Homotypic fusion of two endosomes carrying the cargo amounts
s and s�. (b) As cargo flows new endosomes carrying the amount s of cargo appear at the rate A(s).
(c) Early endosomes disappear from the system by undergoing conversion to late endosomes at the rate
kd(s).

solution of Eq.(4.27) is

N(t) = N0 tanh(t/τ) . (4.28)

where, N0 =
�
2J/(Ks0)

�1/2
is the steady state number of cargo-carrying early endosomes

and τ =
�
JK/(2s0)

�1/2
is the characteristic time in which N reaches the steady state

value. Note that the distribution amplitude also saturates in the same typical time τ ,

see Appendix. The dynamic equation allows for fusion and conversion rates to be cargo-

dependent and the source function A(s) could have different shapes. Detailed analysis of

effects of such cargo dependence on the resulting distribution n(s, t) and other quantities
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(A) Numerical solution of the kinetic equation for n(s, t), Eq.(4.3) in the Entry-Fusion model at different
dimensionless times t̄1 → t̄6 after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t̄ = 0, the system does not contain cargo n(s, t̄ = 0) = 0. (Here we set
(B) At any given time during the time evolution the distribution n(s, t) displays a strict power law in
the range s0 � s � s∗(t) and an exponential decay for s � s∗(t).
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of cargo n(s) in early endosomes. (a) Homotypic fusion of two endosomes carrying the cargo amounts
s and s�. (b) As cargo flows new endosomes carrying the amount s of cargo appear at the rate A(s).
(c) Early endosomes disappear from the system by undergoing conversion to late endosomes at the rate
kd(s).

The profile of the distribution n(s) at steady state given by Eq.(4.23) is characterized
by a power-law followed by an exponential tail for s > s∗∞, where

s∗∞ = 2JK/k2
d . (4.24)

While the cargo distribution n(s) is broadening, the power-law emerges by gradually
shifting the exponential tail towards increasing values of s. One readily observes that
the profile of steady state for Conversion model, Fig4.7(A-B) bears much similarity to
that of the Entry-Fusion model Eq.(4.9). Indeed, for times t << k−1

d the Conversion
model displays all the dynamical properties of the Entry-Fusion model where kd(s) = 0,
discussed in Section (4.1.1). The total amount of cargo in early endosomal population
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
can be seen in Figure 4D where the data of Figure 4C collapse on a single curve when
plotted on axes that are appropriately rescaled by the LDL influx J .

The experiments also obey the theoretical predictions for the total number of LDL-
carrying endosomes N(t) and for the total LDL intensity Φ(t). In the source-fusion-sink
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Figure 5.3: Phase diagram for the budding model
(A)Numerical solution of the kinetic equation for the EFE model (parameters shown in Table I) at
different times 3 min 60 min after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t = 0, the system does not contain cargo n(s, t = 0) = 0. (Here we set
J/K = 1.8 106 FI, s0 = 1885 FI, kd/K=2.9.
(B) The maximum nmax of the distributions n(s), shown in Fig.5.2, as a function of time. The solid
line represents the fit of the function nmax(s, t) � tanh?(t/τ) to the data.
(C) Rescaled LDL distributions n(s) reveals data collapse on the line n0(s/s∗)−3/2 e−s/s∗ (shown in
black) where s∗ is a time dependent scaling factor and n0 = 1.4 103 FI−1.
(D) s∗ at different times (red circles). At early times, s∗(t) is well fit to a t2 function (blue curve).

state. In this steady state the distribution of cargo amounts in individual endosomes
has a broad tail and ranges over three decades of fluorescence intensity, Figure 3B. Note
that because of the limited microscope resolution the number of endosomes with small
LDL amount is underestimated.

5.2 Entry-Fusion-Exit model to describe cargo trafficking

The general theoretical description of the endosomal network presented in Chapter 3
embraces several cargo exchange mechanisms. In this section we will show that the main
features of the experimentally observed LDL distributions can be captured by three main
processes: a source of cargo carrying early endosomes, homotypic early endosome fusion,
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line represents the fit of the function nmax(s, t) � tanh(t/τ) to the data.
(C) Rescaled LDL distributions n(s) reveals data collapse on the line n0(s/s∗)−3/2 e−s/s∗ (shown in
black) where s∗ is a time dependent scaling factor and n0 = 1.4 103 FI−1.
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
can be seen in Figure 4D where the data of Figure 4C collapse on a single curve when
plotted on axes that are appropriately rescaled by the LDL influx J .

The experiments also obey the theoretical predictions for the total number of LDL-
carrying endosomes N(t) and for the total LDL intensity Φ(t). In the source-fusion-sink
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solution of Eq.(4.27) is

N(t) = N0 tanh(t/τ) . (4.28)

where, N0 =
�
2J/(Ks0)

�1/2
is the steady state number of cargo-carrying early endosomes

and τ =
�
JK/(2s0)

�1/2
is the characteristic time in which N reaches the steady state

value. Note that the distribution amplitude also saturates in the same typical time τ ,

see Appendix. The dynamic equation allows for fusion and conversion rates to be cargo-

dependent and the source function A(s) could have different shapes. Detailed analysis of

effects of such cargo dependence on the resulting distribution n(s, t) and other quantities
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(A) Numerical solution of the kinetic equation for n(s, t), Eq.(4.3) in the Entry-Fusion model at different
dimensionless times t̄1 → t̄6 after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t̄ = 0, the system does not contain cargo n(s, t̄ = 0) = 0. (Here we set
(B) At any given time during the time evolution the distribution n(s, t) displays a strict power law in
the range s0 � s � s∗(t) and an exponential decay for s � s∗(t).
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The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes. (a) Homotypic fusion of two endosomes carrying the cargo amounts
s and s�. (b) As cargo flows new endosomes carrying the amount s of cargo appear at the rate A(s).
(c) Early endosomes disappear from the system by undergoing conversion to late endosomes at the rate
kd(s).

The profile of the distribution n(s) at steady state given by Eq.(4.23) is characterized
by a power-law followed by an exponential tail for s > s∗∞, where

s∗∞ = 2JK/k2
d . (4.24)

While the cargo distribution n(s) is broadening, the power-law emerges by gradually
shifting the exponential tail towards increasing values of s. One readily observes that
the profile of steady state for Conversion model, Fig4.7(A-B) bears much similarity to
that of the Entry-Fusion model Eq.(4.9). Indeed, for times t << k−1

d the Conversion
model displays all the dynamical properties of the Entry-Fusion model where kd(s) = 0,
discussed in Section (4.1.1). The total amount of cargo in early endosomal population
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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Figure 5.3: Phase diagram for the budding model
The schemes (a-c) represent the different processes in Conversion scenario, that govern the distribution
of cargo n(s) in early endosomes.

the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
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the distribution is about 6± ? min, Figure 3A. The theoretical prediction that the shape
of the distribution for s > s0 only depends on time via s∗ can be tested by plotting the
experimental data as n(s) · (s∗)3/2 versus s/s∗, see Figure 4B. This figure shows that
the data at different time collapse on the same functional form (black line). The time
dependence of s∗ is shown in the inset of Figure 4B, the predicted t2 dependence is
shown by a blue line.

We further tested the accuracy of the model by studying the influence of the LDL
influx J on the shape of the cargo distribution n(s) at a given time. The LDL influx J
depends on the concentration of labelled cargo, see Figure 3E. The observed distributions
at 60 min differ for different cargo concentration, see Figure 4C. The model predicts that
the distribution amplitude increases proportionally to the square root of J , n(s) ∼ J1/2

and that at any time point s∗ ∼ J . The experimental data follows these predictions as
can be seen in Figure 4D where the data of Figure 4C collapse on a single curve when
plotted on axes that are appropriately rescaled by the LDL influx J .

The experiments also obey the theoretical predictions for the total number of LDL-
carrying endosomes N(t) and for the total LDL intensity Φ(t). In the source-fusion-sink

(B)

n

s

Figure 5.3: Phase diagram for the budding model
(A)Numerical solution of the kinetic equation for the EFE model (parameters shown in Table I) at
different times 3 min 60 min after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t = 0, the system does not contain cargo n(s, t = 0) = 0. (Here we set
J/K = 1.8 106 FI, s0 = 1885 FI, kd/K=2.9.
(B) The maximum nmax of the distributions n(s), shown in Fig.5.2, as a function of time. The solid
line represents the fit of the function nmax(s, t) � tanh?(t/τ) to the data.
(C) Rescaled LDL distributions n(s) reveals data collapse on the line n0(s/s∗)−3/2 e−s/s∗ (shown in
black) where s∗ is a time dependent scaling factor and n0 = 1.4 103 FI−1.
(D) s∗ at different times (red circles). At early times, s∗(t) is well fit to a t2 function (blue curve).

state. In this steady state the distribution of cargo amounts in individual endosomes
has a broad tail and ranges over three decades of fluorescence intensity, Figure 3B. Note
that because of the limited microscope resolution the number of endosomes with small
LDL amount is underestimated.

5.2 Entry-Fusion-Exit model to describe cargo trafficking

The general theoretical description of the endosomal network presented in Chapter 3
embraces several cargo exchange mechanisms. In this section we will show that the main
features of the experimentally observed LDL distributions can be captured by three main
processes: a source of cargo carrying early endosomes, homotypic early endosome fusion,
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Figure 5.3: Phase diagram for the budding model
(A)Numerical solution of the kinetic equation for the EFE model (parameters shown in Table I) at
different times 3 min 60 min after allowing the internalization of the labelled cargo into the endosomal
network. At the initial time t = 0, the system does not contain cargo n(s, t = 0) = 0. (Here we set
J/K = 1.8 106 FI, s0 = 1885 FI, kd/K=2.9.
(B) The maximum nmax of the distributions n(s), shown in Fig.5.2, as a function of time. The solid
line represents the fit of the function nmax(s, t) � tanh(t/τ) to the data.
(C) Rescaled LDL distributions n(s) reveals data collapse on the line n0(s/s∗)−3/2 e−s/s∗ (shown in
black) where s∗ is a time dependent scaling factor and n0 = 1.4 103 FI−1.
(D) s∗ at different times (red circles). At early times, s∗(t) is well fit to a t2 function (blue curve).
(E) Total number of LDL-carrying Rab5-endosomes N(t) at different times after addition of LDL.
(F) Total LDL fluorescence intensity in Rab5-endosomes Φ(t) at different time after addition of LDL.
The solid blue lines in (E) and (F) represent the fit of the functions given in Equations 3 and 5 to the
data.
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Figure 5.4: Time dependent properties of LDL trafficking
(A)Numerical solution of the kinetic equation for the EFE model (parameters shown in Table I)
at different times 3 min 60 min after allowing the internalization of the labelled cargo into the
endosomal network. At the initial time t = 0, the system does not contain cargo n(s, t = 0) = 0.
(Here we set J/K = 1.8 106 FI, s0 = 1885 FI, kd/K=2.9.
(B) The maximum nmax of the distributions n(s), shown in Fig.5.2, as a function of time. The
solid line represents the fit of the function nmax(s, t) ' tanh(t/τ) to the data.
(C) Rescaled LDL distributions n(s) reveals data collapse on the line n0(s/s∗)−3/2 e−s/s

∗

(shown in black) where s∗ is a time dependent scaling factor and n0 = 1.4 103 FI−1.
(D) s∗ at different times (red circles). At early times, s∗(t) is well fit to a t2 function (blue
curve).
(E) Total number of LDL-carrying Rab5-endosomes N(t) at different times after addition of
LDL.
(F) Total LDL fluorescence intensity in Rab5-endosomes Φ(t) at different time after addition of
LDL. The solid blue lines in (E) and (F) represent the fit of the functions given in Eq.(5.4)and
Eq.(5.5) to the data. The EFE model can explain the cause of fast saturation of N and relatively
slow saturation of Φ.
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carrying endosomes can indeed be well fit to the function given in Eq.(5.4), see
Fig. 5.4(E). Furthermore, the time dependent behavior of Φ(t) is given by:

Φ(t) = (J/kd)(1− e−kdt) . (5.5)

The theory predicts that total intensity Φ relaxes exponentially during a time k−1d

to a steady state value J/kd. The observed behavior of total LDL intensity shown
in Fig.5.4(F) is well fit by the function given in Eq.(5.5). We have thus identified
two different time scales governing the endosome network dynamics. The fast
relaxation of endosome number N occurs in a characteristic time τ which depends
on the kinetics of fusion processes and of endosome appearance. In addition, there
is a comparatively slow saturation of total cargo amount Φ which occurs after a
characteristic time k−1d which is governed by cargo exit from the network.

The simplified EFE model can account quantitatively for the full shapes of
observed cargo distributions n(s) as a function of time, see Fig.5.5. Here, the
solid lines indicate fits of numerical solutions to the dynamic equation for n(s) to
the experimental data. These fits are obtained by solving the dynamic equation
given in Figure 3B for the EFE model with parameters given in Table I. From
this fit the values of all kinetic parameters can be obtained. For details of the
fitting procedure, see the Supplemental Information. For an LDL concentration of
2.5 µg/ml we find K = 1.4 10−4 s−1, s0 = 3562 ± 220 FI, kd = 1.3 10−3 s−1 and
J = 494±25 FI s−1. These values imply that approximately 9 new endosomes with
typical cargo amount of s0 = 3562± 220 FI appear per cell per minute. At steady
state, the average time between two fusion events for a cargo-carrying endosome
is about 1/(KN0) ' 2.8 ± 0.2 min. Here, N0 = 32 is the total number of Rab5-
postive early endosomes containing internalized LDL per cell confocal section at
steady state. Finally, the conversion rate is found to be k−1d ' 13± 0.7 min.

5.2.1 Effect of varying cargo concentration

Having developed a quantitative understanding of the cargo trafficking of LDL
by Rab5-positive endosomes we wanted to understand how the endocytic system
responds to the increased cargo flow. In this section we will study the effect
of varying the LDL concentration in the external medium in which the cells are
cultured, on the cargo uptake influx J . Continuous LDL uptake experiments were
performed for four different concentrations of LDL in medium. Fig.5.6 shows
the total LDL intensity in a population of Rab5-positive endosomes at various
times after the start of the experiments, for four different concentrations of LDL.
The observed behavior of total LDL intensity shown in Fig.5.6(A) is well fit by
the function given by Eq.(5.5). We used this fit to obtain the influx J and the
conversion rate kd for the different LDL concentrations, Fig.5.6(B)-(C). Whereas
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Figure 5.5: Time course of LDL distribution in Rab5 endosomes - theory compared
to experiments
(A-J) Fit of the experimental distributions (red circles) at different times after addition of LDL
to the Entry-Fusion-Exit model (Table I). The purple solid lines are the solutions of the kinetic
equation (Figure 3B) with the parameters choice reported Table I. The parameters value obtained
from the fit are J = 494 FI s−1, s0 = 3562 FI, K = 1.42 10−4s−1 and, kd = 1.3 10−3s−1.

the influx J increases more or less proportionally with external concentration of
LDL Fig.5.6(B), the conversion rate however does not change with varying external
concentration of LDL. We will now test the accuracy of the EFE model by studying
the influence of LDL influx J on the shape of the cargo distribution n(s) at a given
time. The LDL influx J depends on the concentration of labelled cargo, see Figure
3E. The observed distributions at 60 min differ for different cargo concentration,
see Figure 4C. The steady state cargo distribution according to the EFE model
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Figure 5.6: LDL uptake increases proportionally to the external LDL concentration.
(A)Total LDL fluorescence intensity in Rab5-endosomes Φ(t) at different time after addition of
LDL for different concentration of LDL. The dashed lines represent the fit of the functions given
in Eq.(5.5) to the data.
(B) LDL influx J in Rab5-endosomes for different LDL concentrations obtained from the fit of
Eq.(5.5) to the data for Φ(t), shown in (A).
(C) Rate of LDL exit from the network of Rab5-endosomes kd, for different LDL concentration
obtained from the fit of Φ(t) shown in (A).

with a constant fusion and conversion rate is given by

n(s) =
( J

2πK0

)
s−3/2e−s/s

∗
∞ (5.6)

where, s∗∞ = 2JK0/k
2
d. Thus the model predicts that the distribution amplitude

increases proportionally to the square root of J , n(s) ∼ J1/2 and that at steady
state s∗ ∼ J . However, in the case of constant fusion and conversion rates s∗ ∼ J
at any time point even before steady state, see Chapter 3. Re-writing Eq.(5.6) such
that the intensity scale s is scaled by s∗∞ and substituting dependence s∗∞ ∼ J we
get

n(s) ∼ J−1(s/s∗∞)−3/2e−s/s
∗
∞ . (5.7)
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Figure 5.7: Test of EFE model predictions for varying cargo uptake J .
(A) LDL distribution n(s) after 45 minutes internalization for four different concentrations of
LDL.
(B) Same distributions rescaled by the LDL influx J reveals the data collapse as predicted by
the theory. The insets in (A) and (B) show the same collapse in semi-log scale.
(C) Total number of LDL-carrying Rab5-endosomes N(t) at different times after addition of
LDL for four different concentrations of LDL.
(D) Plots of the number of cargo-positive Rab5-endosomes as a function of time N(t) shown
in (C) rescaled by J1/2. The dashed line in (C) and (D) represents the theoretical prediction,
Eq.(5.4).

The experimental data follows these predictions as can be seen in Fig.5.7(B) where
the data of Fig.5.7(A) collapse on a single curve when plotted on axes that are
rescaled by the LDL influx J as dictated by Eq.(5.7).

In the Entry-Fusion-Exit model, the time dependent behavior of the total num-
ber of cargo-carrying endosomes is given by Eq.(5.4), which is an approximation
that is only valid when the endosome loss by fusion outnumbers endosome conver-
sion, kd � K0N/2. The observed time dependence of the total number of cargo
carrying endosomes can indeed be well fit to the function given in Eq.(5.4), see
Fig.5.7(C). Eq.(5.4) predicts that the observed functions N(t) should collapse on
the same curve provided that the total endosome number N and the time t are
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appropriately rescaled by the LDL influx J . This is indeed the case, see Fig.5.7(D).

5.2.2 Entry-Fusion-Exit: Coversion model versus budding
model

The Entry-Fusion-Exit model encapsulates two scenarios which are similar to a
large extent as far as the mechanism governing Entry and Fusion is concerned.
These two model however differ in the mode of exit of cargo from the early endo-
somal network. In other words, these two scenarios which we refer to as ”Conver-
sion” and ”Budding”, differ only in the mechanism by which cargo is transported
to the late endosomal network. In the Conversion model the transfer of cargo

A

10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

103 104 105 106

n 
[F

I-1
]

s [FI]

Experiment 45 min
Theory

10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

103 104 105 106

n 
[F

I-1
]

s [FI]

Experiment 60 min
Theory

10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

103 104 105 106

n 
[F

I-1
]

s [FI]

Experiment 45 min
Theory

10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

103 104 105 106

n 
[F

I-1
]

s [FI]

Experiment 60 min
Theory

B

C D

Experiment 45 min

Theory

Experiment 60 min

Theory

Experiment 45 min

Theory

Experiment 60 min

Theory

Figure 5.8: Conversion and Budding model - Comparison of experimental distribu-
tions with the theory at late times
(A-B) Fit of the experimental distributions (red circles) at 45 min and 60 min after addition of
LDL to the Conversion model. The purple solid lines are the solutions of the kinetic equation
with the parameters choice reported in Table 4.6. The parameter values are the same as reported
in Fig.5.5.
(C-D) Fit to the Budding model. The purple solid lines are the solutions of the kinetic equation
with the parameters choice reported in Table 4.3.2.

from early to late endosome occurs by conversion of Rab5-positive endosome into
a Rab7-positive endosome. In Budding model the transfer of cargo from early to
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late endosome occurs by budding of carrier vesicles from early endosomes and sub-
sequent fusion with late endosomes. Even though Budding model differs from the
Conversion model in the mode of cargo exit, most of the properties of these two
models, in the case of a constant exit rate, are similar. For instance most of the
scaling properties exhibited by the Conversion model which have been confirmed
in the experiments (see preceding sections) are also exhibited by the Budding
model. In Chapter 4 and Section 4.4 we have summarized some of the properties
which the Conversion and Budding model bear in common, see Table 4.4 . Thus,
within the framework of continuous cargo uptake experiments it would be difficult
to find major difference between these two models. However, if we look at the
steady state distribution obtained from Conversion and Budding model they show
slight difference qualitatively. In Fig.(5.8) we fit the experimental distribution at
45 and 60 min to the steady state distribution obtained from Conversion and Bud-
ding model. The Conversion model yields a better quality fit as compared to the
Budding model, Fig.(5.8).

5.2.3 Existence of homotypic fission

In the preceding sections we discussed the Entry-Fusion-Exit model in the con-
text of continuous cargo uptake experiments. The experiments are well described
by the rather simple EFE model that takes into account, a source of new cargo
carrying Rab5-positive endosomes which subsequently undergo homotypic fusion
and convert to Rab7-positive endosomes. But what about endosomal fission? In
this section we will present analysis that provide some evidence for the presence
of homotypic fission of endosomes. This analysis is only qualitative in nature.
Fig.5.5 shows the fit of the Enrty-Fusion-Exit model to the time evolution of the
LDL distribution n(s). Integrating over the distribution obtained from the theory
(black solid lines in the figure) for each time point we obtain the total number
of endosomes N as a function of time for the given concentration, i.e 2.5µg/ml.
Now, tuning the influx J in the same proportion as in experiments Fig.5.6(B)
and keeping the other parameters i.e the fusion rate K0 and conversion rate kd
same, we obtain N as a function of time for the corresponding four different LDL
concentrations. Fig.5.9(A) shows the quantity N obtained from numerical solu-
tion of EFE model for the four different LDL concentrations. When N(t) curves
obtained from the numerical solution for the four different LDL concentrations
are rescaled appropriately as suggested by Eq.(5.4) we see that the curves do not
collapse perfectly, Fig.5.9. This means that within the range of the magnitude of
parameters that best fit the experimental distribution the conversion rate cannot
be considered negligible as compared to the fusion rate. Therefore the approxi-
mative solution of N is not correct which becomes evident when rescaling is done
and curves fail to completely collapse. Fig.5.9(C) shows the same rescaling car-
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Figure 5.9: Conversion and Budding model - Comparison of experimental distribu-
tions with the theory at late times
(A-B) Fit of the experimental distributions (red circles) at 45 min and 60 min after addition of
LDL to the Conversion model.

Fission

Fig.5.5 shows the fit of the Enrty-Fusion-Exit model to the time evolution of the
LDL distribution n(s). Integrating over the distribution obtained from the theory
(black solid lines in the figure) for each time point we obtain the total number
of endosomes N as a function of time for the given concentration, i.e 2.5µg/ml.
Keeping all the parameters, i.e the fusion rate K0 and conversion rate kd same and
only tuning the influx J we can obtain N as a function of time for the corresponding
four different LDL concentrations. The LDL influx J for the simulations was tuned
in the same ratio as shown in Fig.5.6(B). Fig.5.9(A) shows the quantity N obtained
from numerical solution of EFE model for the four different LDL concentrations.
When N(t) curves obtained from the numerical solution for the four different LDL
concentrations are rescaled appropriately as suggested by Eq.(5.7) we see that
the curves do not collapse perfectly, Fig.5.9. This means that within the range
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Figure 5.10: Conversion and Budding model - Comparison of experimental distri-
butions with the theory at late times
(A-B) Fit of the experimental distributions (red circles) at 45 min and 60 min after addition of
LDL to the Conversion model.

state distribution when rescaled appropriately by the influx J , see Fig.5.10(B). In
the absence of fission, EFE model predicts a complete collapse of the distribution
when rescaled by the influx J as shown in the inset. Our analysis suggests that
the ratio of the frequency of fission events to fusion events can be a maximum up
to K �/(Ksf ) ∼ 0.3. This ratio ensures that the data collapse predicted by EFE
model and observed in experiments do not deviate beyond the range dictated by
experimental error.

Discussion

The general theoretical framework presented here describes how the struc-
ture and large scale properties of endosomal networks emerges from the collective
behaviors of many endosomes. This theory is based on experimental studies of
endosomal networks in which LDL carrying early endosomes are analyzed using
quantitative image analysis. We have shown that the main features of the endo-
somal network and the dynamics of cargo trafficking can be understood as the
consequence of three key processes which govern the network dynamics and cargo
trafficking: A source of cargo-carrying endosomes, homotypic fusion of endosomes
and the exit of cargo from the network via endosome conversion. We call this
scenario the source-fusion-sink model.

Our theoretical framework predicts specific scaling properties of cargo distri-
butions which we confirmed in quantitative experiments. Furthermore, we have
shown that the whole time course of the cargo distribution in the endosomal net-
work can be quantitatively accounted for by our theory. By a fit of the theoretical

D

Figure 5.9: Collapse of number of LDL carrying early endosomes for different LDL
concentration
(A) From the fit of EFE model to experimental time course distributions we obtain the number
of LDL carrying endosomes N(t) for LDL concentration 2.5µg/ml. Numerically by tuning only
the influx J we obtain N(t) curves for four different LDL concentrations.
(B) Rescaling the N curves in (A) by LDL influx J for different LDL concentrations as suggested
by Eq.(5.4), we find that the curves do not collapse perfectly.
(C) Experimental curves for N for the highest and the lowest LDL concentration collapse to a
higher degree than the theoretical prediction (shown in (B)) when rescaled by J .
(D) Including asymmetric fission to the EFE model improves the degree of collapse of the curves
shown in (B).

ried out for experimental data for the highest and lowest concentration. One can
straightaway see that the experiments show much higher degree of collapse than
the theory for the two extremes of the concentration variation. One can quantify
this deviation from the perfect collapse by introducing a quantity δnorm which is
the difference between the steady state value of N for the highest concentration,
i.e 10µg/ml and the lowest concentration 0.5µg/ml after both of the values have
been normalized to maximum.

δnorm = N0(10µg/ml) − N0(0.5µg/ml) (5.8)

We find that δexp
norm(∼ 0.04) < δtheo

norm(∼ 0.06). The question we are faced with
here is this, how can the width of the envelope of collapse be decreased by a very
simple extension of EFE model, at the same time fixing the parameter values of
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Figure 5.9: Collapse of number of LDL carrying early endosomes for different LDL
concentration
(A) From the fit of EFE model to experimental time course distributions we obtain the number
of LDL carrying endosomes N(t) for LDL concentration 2.5µg/ml. Numerically by tuning only
the influx J we obtain N(t) curves for four different LDL concentrations.
(B) Rescaling the N curves in (A) by LDL influx J for different LDL concentrations as suggested
by Eq.(5.4), we find that the curves do not collapse perfectly.
(C) Experimental curves for N for the highest and the lowest LDL concentration collapse to a
higher degree than the theoretical prediction (shown in (B)) when rescaled by J .
(D) Including asymmetric fission to the EFE model improves the degree of collapse of the curves
shown in (B).

ried out for experimental data for the highest and lowest concentration. One can
straightaway see that the experiments show much higher degree of collapse than
the theory for the two extremes of the concentration variation. One can quantify
this deviation from the perfect collapse by introducing a quantity δnorm which is
the difference between the steady state value of N for the highest concentration,
i.e 10µg/ml and the lowest concentration 0.5µg/ml after both of the values have
been normalized to maximum.

δnorm = N0(10µg/ml)−N0(0.5µg/ml) (5.8)
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We find that δexpnorm(∼ 0.04) < δtheonorm(∼ 0.06). The question we are faced with
here is this, how can the width of the envelope of collapse be decreased by a very
simple extension of EFE model, at the same time fixing the parameter values of
EFE model, obtained by the fit to the experimental time course distributions.
The only explanation that holds in this case is that there must exist fission of
cargo carrying Rab5-positive endosomes which tends to counter act the effect of
conversion. Introducing a constant asymmetric fission given by,

K ′(s, s′) = K ′
(
δ(s− sf ) + δ(s′ − sf )

)
(5.9)

into the EFE model and solving for N(t) gives,

N(t) =
( κ2
K2

+
2J

Ks0

)1/2
tanh

(
t
(κ2

4
+
JK

2s0

)1/2
+ tanh−1

( κ

(κ2 + 2JK/s0)1/2

))

− κ

K
(5.10)

where, κ = kd − K ′/sf . Thus by tuning the effective fission rate K ′ the magni-
tude of conversion rate kd can be weakened in comparison to the fusion rate K.
Theoretically one can tune the magnitude of fission rate to a value such that it
exactly balances out the conversion rate thus leaving no term linear in N . At
such a point the equation for N(t) is the same as in the case when there were
no conversion or fission processes existing, even though the distribution would be
qualitatively different in the two cases. In conclusion, if the conversion rate is
not negligible compared to fusion rate and deviates the collapse of N for different
LDL concentrations then, including a constant asymmetric fission can improve the
collapse, see Fig.5.9(D). Fig.5.9(D) shows the rescaling of N for highest and lowest
concentration wherein a constant asymmetric was included into the EFE model.
Inset shows, for comparison, the same rescaling in the absence of fission.

5.3 Dynamics of Rab5

Up until now we had studied the trafficking dynamics of endocytosed cargo LDL in
a population of Rab5-positive early endosomes. Rab5 is always present inside the
cell and therefore the distribution of total Rab5 on endosome is always at steady
state, as shown in Fig.2.5 (A) of Chapter 2. Since only a small population of Rab5-
positive endosomes carry LDL, the basic ingredients that govern the dynamics of
Rab5-positive endosomes with or without LDL should be the same. Our analysis
shows that the EFE model, which describes time course distribution of LDL, can
be extended in a very simple fashion to describe the steady state Rab5. For the
parameters of the EFE model we used the same values used to describe LDL
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Figure 5.10: Steady state distribution of endosomal fluorescence intensity of Rab5
and LDL.
(A) Distribution of total Rab5 fluorescence intensity of vesicles in the whole cell after 60
minutes. The magnitude of parameters of EFE model are the same as used for LDL dynamics,
see Fig.5.5. With just the inclusion of one more parameter, that accounts for out-flux
vout(s) = vo, to the EFE model, we can describe the steady state distribution of Rab5 very well.
The data fit gave vo = 2 10−6 FI s−1.

dynamics, Fig.5.5. The dynamic equation that describes the time evolution of
Rab5 distribution n(s, t) is,

∂n(s, t)

∂t
=

K

2

∫ s

0

n(s′)n(s− s′)ds′ −K
∫ ∞

0

n(s)n(s′)ds′

+J
e−s/s0

s20
− kdn(s) + vo

∂n(s)

∂s
(5.11)

where, we have considered a constant out-flux vo. Eq.(5.11) is just an extension
of EFE-conversion model with the additional term that accounts for out-flux. We
find that, by simply including the outflux denoted by vout(s) we can describe the
steady state distribution of Rab5, Fig.5.10.
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5.4 Conclusion

In this chapter we presented experimental studies of endosomal populations in
which LDL distributions in Rab5-positive endosomes are quantified in continuous
LDL uptake experiments. Experimental distributions evolve in time and even-
tually approach a steady state. Our analysis shows that the dynamics of LDL
trafficking through the endosomal system can be quantitatively described by con-
sidering mainly entry, fusion and exit via conversion of endosomes, Section 5.2. We
studied the effect of varying LDL concentration in the medium in which cells are
incubated, Section 5.2.1. Varying external LDL concentration influences the rate of
LDL influx into the cell and subsequently into the early endosomal network. This
provides a direct means to test several predictions of the theory that involve cargo
influx. We tested these predictions in experiments and showed that EFE model
can indeed explain the data very well. Within the framework of EFE model we
also studied two different models namely, Conversion (EFE-C) model and Budding
(EFE-B) model. These two models differ only in the mechanism of cargo exit from
early endosomes to late endosomes, Section 5.2.2. Theoretically these two models
exhibit great similarity in several of their properties. Thus, within the context of
only continuous cargo uptake experiments it is not possible to clearly differentiate
between these two models. Further, we presented a qualitatively analysis of the
experimental data which indicate the need to include other processes like homo-
typic fission of endosomes, Section 5.2.3. The analysis also provides a limit to the
contribution of fission in LDL trafficking and suggests that this processes does not
play a dominant role in trafficking of LDL. Finally, we extended our analysis to
study the distribution of Rab5 in the cell, which remains at steady state during
the course of experiment. We use the same framework of EFE model, used to
describe LDL dynamics, to describe Rab5 distribution. Our analysis shows that
with only one extra parameter we can describe Rab5 distribution. This parameter
vout(s) corresponds to exchange of Rab5 on the vesicle with the cystosol.
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Chapter 6

Summary and outlook

In this study, we have developed a theoretical framework to describe how the
structure and large scale properties of the endosomal network emerge from the
collective behaviour of many endosomes. In our theoretical description of endoso-
mal dynamics we have taken into account individual endosomes and interactions
among them. Microscopic interactions among endosomes leads to a distributed
network where cargo is sorted and transported to various destinations inside the
cell.

Dynamics of endosomal trafficking - Experiments and Observations
In Chapter 2 we have introduced the experiments, their methods and how the data
of number density distribution of various markers of an endosome is obtained. We
particularly looked at the Continuous cargo uptake experiments. In these experi-
ments cells which initially do not contain fluorescently labelled cargo molecules are
incubated in a fixed concentration of the same. The cargo is endocytosed or inter-
nalized into the cell via endocytosis. We introduced the steps involved in image
analysis that eventually provides us with the statistical information of the various
fluorescent markers of an endosomes. We looked at the number density distribu-
tion of the total cargo inside the cell at different times following cargo uptake.
The cargo distribution evolves, from being a narrow distribution at early times to
a much broader distribution at late times, for example around 30 minutes. The
total cargo is present in various different intracellular compartments. Organelles
that make up these compartments are mostly non interacting across the compart-
ments. To limit ourselves to one compartment of interacting organelles, termed
endosomes, we looked at the cargo in sorting/early endosomal compartment. Early
endosomal compartment is made up of Rab5-positive early endosomes. These en-
dosomes undergo fusion and fission and thus interact with each other and share
and re-distribute the cargo. To obtain the statistical data related to cargo in
only Rab5-positive endosomes we introduced the colocalization scheme. We there-
fore limited ourselves to statistical information from only those endosomes that
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harbor Rab5-GFP and fluorescent cargo molecule. The specific cargo we use in
our study here is LDL. We presented the number density distribution of LDL in
Rab5-positive endosomal population. The distribution also evolves in time, but
interestingly approaches a steady state after 25 minutes of LDL uptake. At late
times the LDL distribution shows characteristic features like a power law followed
by an exponential. What gives rise to the distribution? What are processes that
shape it? What gives rise to the exponent of the power law? Addressing these
questions from a theoretical standpoint will give us a better understanding of the
endosomal trafficking.

Physical description of endosomal dynamics In Chapter 3 we devel-
oped a general theoretical framework to describe endosomal trafficking dynamics.
Our description is based on the distributions of endosomal markers. Endosomes
regularly undergo fusion and fission and thus form a dynamic network for inter-
acting endosomes. Such endosomes regularly interact with each other via fusion
and fission their size and shape keeps changing with time. Although the theory
presented here is very general and applies to any population of interacting endo-
somes, we focused on population of Rab5-positive early endosomes. We started off
with the description for the time evolution of number density of endosomes with a
certain amount of Rab5. At this level of our description the state of an endosome
is characterized by the amount of Rab5 it carries. In this description we take into
account the microscopic interactions of endosomes like fusion and fission, in addi-
tion to influx and outflux of Rab5. We then extended our framework to include
the cargo endocytosed into the cell. For this purpose we extend our definition of
an endosome, by including the amount of cargo an endosome carries in addition to
the amount of Rab5. We refer to this as the two component description. Finally,
to study the dynamics of cargo trafficking limited to a population of only Rab5-
positive endosome, we integrate the two component description over the variable
that identifies with amount of Rab5. We now have an effective description of cargo
trafficking in a specific endosomal population. Experimentally we can obtain the
distribution of cargo only in a specific population of endosomes, for example Rab5-
positive early endosomes. It will be interesting to compare theory and experiments
for a particular cargo, which is done in later chapters.

Entry-Fusion-Exit model We studied theoretically a simple model referred
to as Entry-Fusion-Exit (EFE) model. This model is developed as a possible de-
scription of cargo trafficking in a population of Rab5-positive endosomes. New
Rab5-positive endosomes carrying cargo appear following endocytosis. Subse-
quently these endosomes undergo fusion with each other. And finally, cargo
molecules can leave the early endosomal network by either the early to late en-
dosome conversion or via hetrotypic fission of small vesicles cargo carrying from
Rab5-positive endosomes. We explore the system theoretically and numerically.
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An interesting property of such a system is that the interactions among the sub
units of the systems, in this case the cargo carrying Rab5-positive endosomes,
leads to distribution of endosomes with different sizes and cargo amount. We
find the cargo number density distribution evolves in time and reaches a steady
state which displays characteristic features, like a power law followed by exponen-
tial decay. The distribution of cargo in the endosomal network reaches a steady
state, wherein the fluxes balance each other. Some aspects of cargo distribution at
steady state and its time dependent properties are sensitive to the specific param-
eters choice. We find that exponent of the power law at steady state is determined
by the fusion kernel, which describes how endosomes fuse with each other. The
exponential decay is shaped by the conversion process. The characteristic size
beyond which the distribution converges into an exponential is determined by the
influx, fusion rate and conversion rate. During the time evolution the distribution
evolves in self similar manner. The emergence of a power law distribution in the
steady state and a self similar time evolution is strongly linked to the choice of
fusion kernel. The fusion kernel should be symmetric and homogeneous function
of its arguments. The degree of homogeneity of the fusion kernel determines the
exponent of the power law. We studied the two modes of cargo exit, i.e conversion
and budding, independently. We find that the two scenarios display strikingly
similarity when it comes to several of their properties. In the next chapter we
compared the results of our simple theoretical model with the experiments.

Comparison between theory and experiment We have tested the EFE
model by experimental studies of endosomal populations in which LDL carrying
early endosomes are analyzed using cell imaging and quantitative image analy-
sis. Our systems analysis led to four important conclusions. First, despite the
multiplicity of regulatory steps and trafficking mechanisms (Fig.3.10) reflected
in the complexity of the pattern of endosomal objects (Fig.2.4), we have shown
that the main features of LDL transport though the endosomal network and its
trafficking dynamics can be understood with very few simple rules, where homo-
typic endosome fusion plays a key role. Second, the combination of theory and
experiments supports the spatio-temporal funnel model of endosome progression
[20, 21]. Third, our approach allows measuring kinetic transport rates which are
normally difficult to determine experimentally from a series of still images. Fi-
nally, our results suggest that Rab conversion instead of vesicle budding is the
principal mode of transport of LDL from early to late endosomes. Our theoreti-
cal framework predicts specific scaling properties of cargo distributions which we
confirmed in experiments in which endosomal parameters such as the number of
endosomes and their cargo content were measured quantitatively. Furthermore,
we have shown that the whole time course of cargo distribution in the endosomal
network can be quantitatively accounted for by our theory. From our analysis
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we deduced that three main processes mainly govern LDL trafficking and dynam-
ics through the endosomal network: A source of cargo-carrying early endosomes
(cargo entry), homotypic fusion between early endosomes (cargo concentration)
and the exit of cargo from the early endosomal network via endosome conversion
(for cargo degradation). Our parameter estimates show that the fusion kernel is
constant to a good approximation and that fusion does not depend on LDL lev-
els. This implies that the endosomal system functions largely independently of
the presence or absence of LDL. Evidently, the endocytic pathway operates to a
certain extent autonomously, i.e. supporting membrane turnover irrespective of
the influx of endocytic cargo. However, other types of cargo such as those endowed
with signalling functions (e.g. EGF) are known to exert a pronounced influence on
the behaviour of the endocytic network [20, 21]. By a fit of the theoretical results
to the experimental data, we demonstrated that it is possible to extract values of
key kinetic parameters that otherwise are difficult or impossible to measure.
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Outlook Our approach differs from traditional studies which are based on
biochemical measurements and typically measure average concentrations and fluxes
in the cell and the associated kinetic rates. By using image data we could exploit
information about the spatial organization of the network and the distribution of
cargo in distinct endosomes. The discrete nature of vesicular objects in the net-
work is thus taken into account. The analysis of endosome populations and their
statistics reveals properties such as the characteristic time τ of relaxation of the
number of cargo-positive endosomes. The large number of endosomes observed
allows us to obtain very good statistics of the endosome population. Therefore, we
can obtain statistically significant data about the properties of the tails of cargo
distributions which carry interesting information about the endosomal network
dynamics. This model, which is based on endosome tracking in living cells and
functional genomics studies, characterizes the endosomal system as a continuously
evolving population of endosomes that progressively grow in size and concentrate
cargo for degradation and prepare for conversion [20, 21]. A key result of our
work is that homotypic endosome fusion plays a key role in shaping the network.
This probably reflects the need to progressively accumulate LDL from many small
endosomes into few large endosomes for degradation [20]. The situation might
be different for other cargo types, for example Transferrin, which recycles from
early endosomes to the cell surface attached to its receptor on the membrane. In
this case, endosome fission might play a more important role than for LDL. It
has been postulated that cargo induces the assembly of the endocytic transport
machinery thereby determining the kinetic properties of the endosomal network
[36]. Notably, our approach allows us to determine kinetic parameters of endosome
dynamics by analyzing still images taken at different times. For example, we could
deduce the rates of cargo influx, homotypic endosome fusion and early-to-late en-
dosome conversion. This shows the great potential of our theoretical framework
as a general tool for the quantitative analysis of intracellular transport between
compartments. It can also be applied to other endosome markers, e.g. EEA1,
other types of cargo, e.g. Transferrin or to other vesicular structures in the cell.
Quantitative image analysis data coupled to theory can thus be aimed at studying
the collective properties of cellular organelles in general and their underlying mech-
anistic design principles. Previous studies have shown that transfer of cargo from
early to late endosomes can occur via two, non exclusive mechanisms. Whereas
viral cargo exits from early endosomes harbouring Rab5 by the budding of Rab-7
positive vesicles [28, 24], LDL-containing endosomes undergo conversion from a
Rab5 to a Rab7 compartment [20]. The fact that the Entry-Fusion-Exit model
can account for all key features of the experimental data in different experimental
conditions suggests that endosome conversion is the predominant mechanism for
the cargo and cellular model systems analysed here. In the case of LDL, endosome
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fission and cargo exchange processes play a minor role for overall network shape
and dynamics. An estimate of the kinetic rates of these sub-dominant processes
will thus require further experimental data and data analysis. These conclusions,
however, do not exclude the possibility that cargo other than LDL may exert a
more active role on the dynamics of the endosomal network. For example, EGF
has a more active effect on the endosomal parameters [20, 21] and its mode of
transfer from early to late endosomes may not necessarily occur mainly by con-
version. We have shown that the population analysis of many endosomes provides
reliable and robust information about endosomal network dynamics. Because the
cargo distribution can vary in response to changes of the endocytic system, our
analysis provides a powerful tool for the study of genetic and chemical perturba-
tions that may alter specific systems properties. This could allow understanding
the function of specific genes that regulate for example endosome fusion and fission
by analyzing alterations of the cargo distributions under gene knockout or knock-
down condition. Finally our population analysis of endosomal networks could be
applied to different cargo systems such as the secretory pathway and in more phys-
iological systems such as tissues and organs where kinetic properties can normally
be inferred only by technically demanding live imaging approaches.



Appendix A

Numerical analysis of continuum
description

The distribution n(s) has to be calculated on a wide range ]0; smax[ (at least three
decades) of s values. To limit the number of computed points but still keep enough
precision in the small s part of the curve, the equation is discretized on a grid in
which the step-size increases exponentially. For this purpose, we follow and extend
the method described in [59]. We first make the change of variable as, s = ez−1 and
ϕ(z, t) = n(s(z), t). The infinity in the integral upper limit is replaced by a large
but finite value smax to which correspond the largest z value, zmax = ln(smax + 1).
At very large s, the distribution usually fall-off rapidly beyond a typical value s∗

because of the sink terms of the kinetic equation. We chose smax ' s∗ so that the
finiteness of integration range has a negligible effect. We usually take smax = 10000.
The kinetic equation of the EFE model (Eq.(3.41)) becomes,

∂ϕ(z, t)

∂t
=

1

2

∫ z

0

K(ez
′ − 1, ez − ez′)ϕ(z′, t)ϕ(ln(ez − ez′ − 1), t)ez

′
dz′

−
∫ zmax

0

K(ez − 1, ez
′ − 1)ϕ(z′, t)ϕ(z, t)ez

′
dz′

+

∫ zmax

0

K′(ez − 1, ez
′ − 1)ϕ(z + z′, t)ez

′
dz′

−1

2

∫ z

0

K′(ez′ − 1, ez − ez′)ϕ(z, t)ez
′
dz′

+A(ez
′ − 1)− kd(ez

′ − 1)ϕ(z, t)

−e−z∂z
(
vin(ez − 1)ϕ(z, t)

)
+ e−z∂z

(
vout(e

z − 1)ϕ(z, t)
)

.(A.1)

z is discretized with a constant step size ∆z = zmax/imax where imax is the number
of points of the grid (we usually use imax = 100). The integrals over z′ in Eq.(A.1)
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are calculated using the trapezoidal rule. To compute the first integral in Eq.(A.1),
we need to know n at the point s − s′ i.e., ϕ at the point ln(ez − ez′ − 1) which
does not correspond to a point of the grid. To evaluate ϕ at a point z in between
the grid point ziand zi+1, we use the interpolation formula,

lnϕ(z) ' lnϕ(zi) +
( lnϕ(zi+1 − lnϕ(zi))

zi+1 − zi

)
(z − zi) . (A.2)

The derivative in the first term (vin term) on the 6th line of Eq.(A.1) is cal-
culated by taking ∂zf(z) = (fi − fi−1)/(∆z) and using the zero-flux boundary
conditionf−1 = 0. For the second term of the 6th line (vout term), we calculate
the derivative as ∂zf(z) = (fi+1 − fi)/(∆z). To calculate the derivative at the
upper boundary, we need the distribution value at zmax+1. For this we use the
extrapolation formula,

lnϕ(zmax+1) ' lnϕ(zmax) +
( lnϕ(zmax − lnϕ(zmax−1))

zmax − zmax−1

)
(zmax+1 − zmax) . (A.3)

To compute the time evolution, we use the first order Euler method, ϕ(z, tj+1) =
ϕ(z, tj) + ∂tϕ(z, tj+1)∆t. To ensure the stability and the accuracy of the solution
obtained using this scheme, the time is discretized with a time step ∆t = 0.01. Al-
together, this numerical scheme allows integrating the considered kinetic equation
up to t = 60 minutes within ∼ 35 seconds on a standard desktop computer.



Appendix B

Fit of EFE model to experimental
data : procedure

We estimate the parameters K, J, s0 and kd of the Eq.(4.23) (see Chapter 4) by
fit of the theory to the experimental data. For this purpose we rewrite the kinetic
equation in dimensionless form. We introduce the dimensionless quantities:

x = s/s0, ψ(x) = n/ñ, t̃ = t/τ, k̃d = kdτ , (B.1)

where,

ñ =
√
J/(Ks30), τ = 1/(Kñs0) . (B.2)

Applying this transformation to Eq.(4.23) becomes:

∂ψ(x, t̃)

∂t̃
=

1

2

∫ x

0

ψ(x− x′)ψ(x′)dx′ − ψ(x)

∫ ∞

0

ψ(x)dx′ + e−x − k̃dψ . (B.3)

The theory predicts a steady state for the distribution n(s) as also observed in
experiments. The steady state is defined as dΦ(t)/dt = 0. First we fit the dis-
tribution at steady state, i.e. time points 30, 45 and 60 minutes, employing the
standard least square fitting approach. We fit the distribution only in the region
in s space that extends from the peak of the distribution, s0, up to the tail, i.e
s > s0. We minimize the following χ2 parameter.

χ2 = (1/N)
i=N∑

i=0

(
n(sexpi )− n(sthei )

σ(sexpi )

)2

(B.4)

where N is the number of data points, n(sexpi ) is the magnitude of he experimen-
tal distribution at the ith data point, n(sthei ) is the magnitude of the theoretical
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distribution at the ith data point, σ(sexpi ) is the variance in the experimental data
at the ith point.

The steady state is fit with three parameters, s0, ñ, k̃d. Consequently, the fit
of the steady state reveals ratios of the kinetic parameters. Subsequently, we look
at the time evolution and tune the parameter τ such that the numerical solutions
best match the experimental data at each point. This is achieved by minimizing
the average χ2 for the whole time course, which yields the parameter τ . From τ
together with s0, ñ, k̃d we can deduce the magnitude of all physical parameters.



Appendix C

Contribution of Influx via CCV
fusion

In Chapter 5 we showed the comparison of the EFE model to the data of continuous
LDL uptake experiment. The theory describes data very well. In our theoretical
description we had discussed that the cargo influx into the early endosomal network
can occur either via the appearance of new cargo carrying early endosomes or via
the fusion of cargo carrying endocytic vesicles like clathrin coated vesicles (CCVs)
with already existing cargo carrying early endosomes. The former process in our
description is denoted by the term A(s) and the latter by v in(s). In the EFE model
that we discussed in Chapter 5, we had considered the influx only via A(s). In this
section we will study the effect of including the cargo influx via vin(s). We will
limit ourselves to the case of constant influx vin(s) = vin. The qualitative analysis
that we present in this section suggests that the influx via vin(s) cannot contribute
more than 30% of the total influx. In the EFE model for continuous LDL uptake,
the total amount of LDL in rab5-positive endosomes as a function of time is given
by Eq.(5.5). Eq.(5.5) predicts that the observed functions Φ(t) for different LDL
concentrations should collapse on to the same curve when total amount of LDL Φ is
divided by the corresponding J . Numerically we confirmed this prediction as shown
in Fig.C.1(B), where Φ(t) curves for four different concentrations of LDL shown
in Fig.C.1(A) were appropriately rescaled by the influx J . The curves display a
total collapse on to a single curves. Experimentally we tested this prediction by
first obtaining the total LDL influx from the Φ(t) curves for the four different LDL
concentrations. Independent of the specific mode of influx it can be shown that at
early times the total amount of cargo Φ grows linearly with time,

Φ = (Jv + Js)t = Jtot t (C.1)

where Jv corresponds to the influx due to vin and Js to the influx via A(s). We ob-
tain the magnitude of Jtot from a linear fit of Φ up till only 10 minutes, Fig.C.1(C).
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Figure C.1: Cargo influx via fusion of early endosomes with endocytic vesicles-
effects and contribution
(A) Theoretical curves for the total amount of cargo Φ in early endosomes obtained for EFE
model for four different concentrations J .
(B) The Φ curves for four concentrations collapse on to a single curve scaled appropriately by
J , as dictated by Eq.(5.5).
(C-D) Experimental curves for Φ show a slight deviation when rescaled by J as suggested by
EFE model Eq.(5.5).
The explanation for this deviation is the inclusion of influx via heterotypic fusion of Rab5-positive
endosomes with cargo carrying endocytic vesicles, denoted by vin(s) to the existing EFE model.
(E-F) Theoretically we can see that including vin(s) and assuming it has a constant rate, rescaling
the Φ with Jtot (given by Eq.(C.1)) deviates the curves from a total collapse. This suggests that
influx via heterotypic fusion of vesicles with endosomes might exist to extent.

We rescale the Φ curves for different concentrations appropriately by Jtot as sug-
gested by Eq.(5.5), Fig.C.1(D). The rescaled data deviates slightly from total col-
lapse which is evident at late times. The EFE model however predicts a total
collapse as shown in Fig.C.1(B). The simplest explanation for any slight deviation
from the total collapse of Φ is the presence of influx via vin besides A(s). In order
to study this effect we extend our EFE model by including a constant influx vin.
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Rescaling in the presence of a constant influx vin indeed deviates the curves from
a total collapse as shown in Fig.C.1(E), where we fixed the influx due to vin to
20% of the total influx. Increasing the contribution of influx due to vin deviates
the curves further from a total collapse as in Fig.C.1(E), where the influx due to
vin contributes to 50% of the total influx. Looking at the collapse of experimental
data Fig.C.1(D) we suggest that the influx due to vin can contribute around ∼ 40%
of the total influx.
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