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Properties and Numerical Solution of an
Integral Equation to Minimize Airplane Drag

Peter Junghanns, Giovanni Monegato, and Luciano Demasi

Dedicated to Ian H. Sloan on the occasion of his 80th birthday.

Abstract In this paper, we consider an (open) airplane wing, not necessarily sym-
metric, for which the optimal circulation distribution has to be determined. This
latter is the solution of a constraint minimization problem, whose (Cauchy singu-
lar integral) Euler-Lagrange equation is known. By following an approach differ-
ent from a more classical one applied in previous papers, we obtain existence and
uniqueness results for the solution of this equation in suitable weighted Sobolev
type spaces. Then, for the collocation-quadrature method we propose to solve the
equation, we prove stability and convergence and derive error estimates. Some nu-
merical examples, which confirm the previous error estimates, are also presented.
These results apply, in particular, to the Euler-Lagrange equation and the numerical
method used to solve it in the case of a symmetric wing, which were considered in
the above mentioned previous papers.

1 Introduction

In [3], the authors have studied the induced drag minimization problem for an open
symmetric airplane wing. In particular, by applying a classical variational approach,
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they have derived the associated Euler-Lagrange (integral) equation (ELE) for the
unknown wing circulation distribution. In its final form, this equation is a Cauchy
singular one, for which existence and uniqueness of its solution have been assumed.
For the solution of this equation, the authors have proposed a discrete polynomial
collocation method, based on Chebyshev polynomials and a corresponding Gaus-
sian quadrature. Although the convergence of this method has been confirmed by an
intensive numerical testing, no error estimates have been obtained.

Later, in [4], by using an alternative (weakly singular) formulation of the above
ELE of Symm’s type, existence and uniqueness of the optimal circulation has been
proved under the assumption that the curve transfinite diameter is different from 1.
The authors have however conjectured that this property should hold without this
restriction.

In this paper, we consider an open wing (also called lifting curve), not necessarily
symmetric, and examine the associated Euler-Lagrange equation. The main physical
quantities and formulas, that are needed to describe the minimization problem, are
briefly recalled in Section 2. Then, in Section 3, by following an approach differ-
ent from the more classical one applied in [4], we obtain existence and uniqueness
results in suitable weighted Sobolev type spaces, without requiring the above men-
tioned curve restriction. In Section 3, we derive an error estimate for the collocation-
quadrature method we use to solve the ELE. In the case of a symmetric lifting line,
the method naturally reduces to that proposed in [3]. Finally, in the last section, to
test the efficiency of the proposed method and the error estimate previously obtained
for it, we apply the method to four different open curves.

2 The Drag Minimization Problem

Following [3], we consider a wing defined by a single open lifting line ¢ in the
cartesian y-z plane. This is represented by a curve ¢, having parametric representa-
tion y(z) = [y (1) l//z(t)}T, |y'(t)| # 0, ¢ € [~1,1]. The corresponding arc length
abscissa 1 is then defined by

no = [ [v(s)] s m

where, here and in the following, |-| denotes the Euclidean norm. This abscissa
will run from 1(—1) = —b to N(1) = a for some positive real numbers a and b.
Moreover, 11(0) = 0.

For simplicity, it is also assumed that the lifting line ¢ is sufficiently smooth. That
is, it is assumed that y;(¢),i = 1,2, are continuous functions together with their first
m > 2 derivatives on the interval [—1,1] (i.e., y; € C"[—1,1]). A point on the lifting
line, where the aerodynamic forces are calculated, is denoted by r = [ y Z]T e,

where r =r(n) = [y(n) z(n)]T =[y1(r) lpz(t)]T in correspondence with (1).
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Using the arc length abscissa, the expressions of the wing [ift L and induced drag
Dj,q are obtained in terms of the (unknown) circulation I':

L=L(T)=~pVo [ 5(mI(m)dn @

Ding = Ding(I') = —pe [ , va(n)(n)dn. 3)

The quantities p. and V.. are given positive constants which indicate the density
and freestream velocity, respectively. Further, 7,() = y'(n) is the projection on
the y-axis of the unit vector tangent to the lifting line, while v, is the so-called
normalwash. This latter has the representation

w = £ I'E@Y M8 —b<n<a @

where

Y(n,§>=—%lnlr(é)—r<n)\~ s)

The function Y (1,£), which is the kernel of the associated integral transform, has
a singularity of order 1 when 11 = &, and the integral in (4) is a Cauchy principal
value one.

The problem we need to solve is the minimization, in a suitable space, of the
functional Diyq(I"), subject to the prescribed lift constraint

L(I") = Lpres. (6)

In the next sections we will go back to the interval [—1,1]. For this, we use the
notations

and d
Yo(t,s) == r In|ro(s) —ro(z)] @)
forz,s € [—1,1], as well as the respective relations
Ij() =" (mO)n'(t), i) =ym@)n'(t) Yo(t,s) =Y (n(),n(s))n'(t).

Condition (6) then takes the new form

1
o o Lpres
[ vim ==~ 7 ®)

Moreover, from (3) and (4) we get

1
Ding = Dina(I5) = —% /_1 ][_lYo(t,s)Fo'(s) dsTo(r)dr. )
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3 The Euler-Lagrange Equation and its Properties

For a Jacobi weight p(¢) := v®P (1) = (1 —1)*(1 41)P with &, B > —1, let us recall
the definition of the Sobolev-type space (cf. [1]) L,Z)’r = Lf,’r(fl, 1), r>0. For this,
by LFZ, = le),o we denote the real Hilbert space of all (classes of) quadratic summable
(w.r.t. the weight p(r)) functions f : (—1,1) — R equipped with the inner product

1
(5o = [ S0P

and the norm || f||p = \/(f, f)p-Incase &« = B =0, i.e., p = I, we write (f, g) and
|| || instead of (f,g)p and ||f||p, respectively. If {p} : n € Ny} denotes the system

of orthonormal (w.r.t. p(¢)) polynomials pf (r) of degree n with positive leading
coefficient, then

Ly = {feL,% LY () ()| < oo}.

n=0

Equipped with the inner product

oo

<f7g>pf = Z(l +n)2r<fap5>P <g7p5>l)

n=0

and the norm || f||p.- := /(f, f)p,r the set L,Z,’r becomes a Hilbert space. Note that,
incases x = f3 = —% and o = = % the spaces Lf,"r were also introduced in [6,
Section 1] with a slightly different notation. Let ¢(¢) = v/1 — % and define

V::{f:(pu:uEL%,jl}

together with (f,g)v := (@' f, @ 'g)p1 and || f||v := H‘P71f‘|<p,1'
In the following, we denote by & the operator of generalized differentiation. An
important property of this operator with respect to the sz,’r spaces is recalled in the

next lemma, where we have set p(1)(t) = (1 —1)'"**(1 4 1)'"*B = p(r)(1 —?).

Lemma 1 ([2], Lemma 2.7; cf. also [1], Theorem 2.17). For r > 0, the operator
78 L,z,’r+1 — Li’{l) is continuous.

Lemma 2. For f € V, we have f € C[—1,1] with f(£1) =0.

Proof. Let f = @g with g € pr’l .DuetoLemma 1, Zg € L3P3. Hence, for0 <z < 1,

<[g0)]+/ [ (1= Fas [ 7g]l

€01 =0+ [ @900

and
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/J(lﬁ)—%dss/ot(ls)_%ds2(%1)

This implies f(1) = lim,_,1_o @(¢)g(¢t) = 0. Analogously, one can show that also
f(=1)=0holds for f € V.

Now, the problem we aim to solve (cf. [3]) is the following:

(P) Find a function Iy € V, which minimizes the functional (cf. (9))

1l
F(I) = 7/ ][ Yolt, )T (s) ds Ty (¢) dt
—1J-1
subject to the condition (cf. (8)) (y1,I) = Y.
If we define the linear operator

1
(A f)@) = —%][ 1Yo(t,s)f/(s)ds, -l<s<1, (10)

then the problem can be reformulated as follows:

(P) Find a function Iy € V, which minimizes the functional F (Iy) := (</Ij,I5) on V
subject to the condition (y|,1) = Y.

The formulation of this problem is correct, which can be seen from the following
lemma.

Lemma 3. If y; € C"[—1,1] for some integer m > 2 and |y'(t)| # 0 fort € [—1,1],
then the function Yy(t,s) has the representation

1
Yo(z,s):—t+l((t,s), (11)
G —
where the function K : [—1,1]> — R is continuous together with its partial deriva-
. dTTRK(1,5) ) )
tives —————=, k,j €Ny, j+k<m—2.

otiosk
Proof. Note that, by definition,

wi(s) =i @]y (1) + [wa(s) — w2 ()l (1)

B9 = T w0+ [vals) — w0
Hence, 1 Q(t1,s)
me:%mﬂ—;jzwgg’

where
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'Q(t7s) = G1(t,s)g1(t,s)—i—Gz(t,s)gg(t,s), ‘P(t,s) = [g](l‘,S)]2+ [gz(t,s)?,

s—1

gt = PO Py i) ar

V’(t) gj(t,s)

G/(t’s): s_¢

/ v (sv+1(1—v))(1—v)dv,

and the assertion of the lemma follows by taking into account ¥(z,s) # 0 for all

(t,s) € [-1,1]%

Lemma 4. The operator o/ : V — L%p is a linear and bounded one and, conse-
quently, (< f, f) is well defined for all f € V.

—1
Proof. LetU, = pf and T, = p} . Then, for f € V,

12112 =Y (2f,07 ' T)o| = Z (2F,T, z (f,nUu)
n=0 n= n=1
=Y (1+n2 (0 U = [0 1[5, = 71
n=0

ie., 2f € L%p. By relation (11), the operator <7 defined in (10) can be written in the
form o7 = — (¥ + )2 with

1/t d 1!

0= IO =1 [ keaswes, —1<i<
TJ-1 85—t TJ-1

. . . . 2 2 .

It is well known that the Cauchy singular integral operator .’ : L — L is

bounded ([5, Theorem 4.1]) and that ¢ : L2 — L%p is compact. Consequently,
for f = @u € V we have that (&7 f, f) = (47 f,u) is a finite number, since both .o/ f
and u belong to L(zp.

In the following lemma we give a representation of the operator <7 defined in
(10), which is crucial for our further investigations. From this representation, it
is seen that the operator <7 is an example of a hypersingular integral operator in
the sense of Hadamard (cf., for example, the representation of Prandtl’s integro-
differential operator in [2, Section 1], where ry(7) = ¢ and 2 is equal to the Cauchy
singular integral operator).

Lemma 5. For all f €V, the relation
Af=DRBf (12)

holds true, where

(#0)0) =+ [ mleats) —rofo) £ (5)as (13)
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and where 9 is the operator of generalized differentiation already used in the proof
of Lemma 2.

Proof. Since 9 :V — L%p is an isometrical mapping (cf. the proof of Lemma 4),
it suffices to show that —(.% + .#")g = 2 %Byg is valid for all g € L2, where

(#0) 1) = 1 [ 1lro(s) ~ v () s

Since
Zo(t,s) :==1Inlro(s) —ro(t)| = In|s —t| + Ko(z,s) (14)

IKy(t
with a function Kj : [~1,1]> — R which is continuous together with 9Ko(1,5) =

ot
—K(t,s), the operator A : Lé — Lz(p’l] is bounded (see [7, Section 5] and [1,
Lemma 4.2]). Moreover, & : Li}l — Lé is continuous ([2, Lemma 2.7]), such
that on the one hand, the operator 2% : L%P — L(ZP is linear and bounded. On the

other hand, the operator . + % : L%P — L%p is also linear and bounded. Thus, it
remains to prove that

1 d Il
]{lYo(t,s)g(s) ds= ~% /7120(t,s)g(s) ds, —l<t<l (15)

for all g from a linear and dense subset of L%P. For this, let g : [-1,1] — R be a
continuously differentiable function and consider

£—+0

Volr) = /jl Zo(t,5)g(s)ds = Tim we(7)

t—€ 1
with W, () := (/] + t+s) Zy(t,5)g(s)ds. For every t € (—1,1), it follows

"t—€ 1

V(1) =— </ + ) Yo(t,s)g(s)ds+Zo(t,t —€)g(t —€) —Zy(t,t + €)g(t + €)
—1 Jt+¢e

t—€ 1

- _ </ + )Yo(z,s)g(s)ds—i-lne[g(t—s)—g(t+£)]

—1 t+¢€

+Ko(t,t —€)g(t—e)—Ko(t,t+¢€)g(t+€)
1
—>—][ Yo(t,s)g(s)ds if & — +0,
-1

where, as before, the last integral is defined in the Cauchy principal value sense. For
every 6 € (0, 1), this convergence is uniform w.r.t. t € [—14 8,1 — J]. Indeed, for
0< & < & < 6 and for



8 Peter Junghanns, Giovanni Monegato, and Luciano Demasi

wly= ([ [ ) ntesssoras

-1 Jite
we have
t—€; t+&
ga()~galt)= [ No(t5)g)dst [ oles)gls)ds
t—& t+€;
t—€; t+&
= / Yo(t,5)[g(s) —g(r)]ds + Yo(t,5)[g(s) —g(r)] ds
t—& t+€;
t—¢ t+&
a0 | [ et [ s s
t—& t+€;
t—€ t+&) _
_ (/ L ) 1+ (s— 0K (r,s)] £ =8
t—& 1+¢€; s—1
1—€] 1+&
+g(t) ( / 4 ) K(t,5)ds.
t—& J1+€;
Consequently,

|ge, (1) — 8, (1)| < M (&2 — 1)

with M =2 (My ||¢'|l.. + Mal|g|l). M1 = 1+max{|(s—1)K(t,5)] : =1 < s, <1},
and M, = max{|K(z,s)|: —1 <s,r < 1}. This uniform convergence implies that
wo (1) is differentiable for all r € (—1, 1), where

wo(t) = d {hm Vet ] = lim () *][_llYo(t,S)g(s)ds

dt e—=+0 e—=+0
and yf(t / Zo(t,5)g(s)ds, and (15) is proved.

Lemma 6. The operator o/ : V —» Lé is symmetric and positive, i.e. ¥V f,g € V,
(o f.8) =(f,og)and, ¥V f € V\{0}, (Zf,f)>0.

Proof. Using relation (12), Lemma 2, partial integration, and Fubini’s theorem, we
get, forall f,g€V,

1 1 1 , i , |
<'Qﬁ f7g> ﬂ/l/lf(s) Il|I()(S) IO(t)|ng ([)dt <f7"@g> ( 6)
Hence,

(A, f) = //1 o] _ro()| F(s)f () dsdr

1
corresponds to the logarithmic energy of the function f’, where / f(t)dt =0
1

due to Lemma 2. Consequently (see [8], Section 1.1, and in particula; Lemma 1.8),
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(o f, f) is positive if f7 # 0 a.e. Hence, (<7 f, f) = 0 implies f’(¢) = 0 for almost
allt € (—1,1) and, due to f(+1) =0, also f(t) =0 forallz € [-1,1].

For y € R, define the (affine) manifold Vy := {f € V: (f,y]) = 7}. The follow-
ing result then holds.

Proposition 1. The element I;" € Vy, is a solution of Problem (P) if and only if there
is a number B € R such that

15 =By (17)

This solution is unique, if it exists.

Proof. Assume that I € Vy and F(Iy") = min{F(I3) : Iy € Vy, }. This implies
G'(0) =0 for G(at) = F (I + ot f) and for all f € Vo \ {0}. Since

G(a) =F(Iy") + 20 I f) + &> (£, f) (18)

and
G'(a) =2(AIy, ) +20a(f, f),

this condition gives (</I;",g)p = 0 for all g € Ly' with (g, y})p = 0, which is
equivalent to (17). On the other hand, if I} € V,, and B € R fulfil (17) and if
f € Vo\ {0}, then we get from (18) for o = 1

F(Ig' +f) = F(I5) +2{1q . f) + (f.f)
=F(Iy) + 215" = By, f) +(f.f)
=F(Iy")+(f.f) > F(Iy),
which shows the uniqueness of the solution (if it exists).
Remark 1. Using relation (12), equation (17) can be written equivalently as
Al =pyi+v, Iy €Vy, B,yeR. (19)

Moreover, by applying partial integration to the integral in (13) and taking into ac-
count f(£1) =0 for f € V (see Lemma 2), we get

e—=+0T

(@ﬁuﬁ:mn1(/f+[;)mmqumof@ms

= lim £t~ &)Inlro(r — ) xo(e)| — £t +€)Inlro(a-+ &) ~ro(0)]

. 1 [—E& 1 d
_sl—l>r£0; </1 +/t+e> f(s)$ln|ro(s)—ro(t)|ds

1 1
2~ nlsnsas
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Hence, we obtain the identity
Bf =aohf VfeV, (20)

where (cf. (11))

(o f)(t 7[ Yo(s,0)f —(LL)E) + (Ao f)(0)
with
(o f)(t / K(s,0)f 1)

Note that equation (17), hence its equivalent representation one obtains from (19)
and equality (20), defines the Euler-Lagrange equation for the drag minimization
problem.

The following Lemma is a consequence of the well-known relation
9 9!
LOpy = =Py n €Ny, (22)
Lemma 7. The operators . : L?D ,— L 10 and . : (pL2 L rl o
2o={rerd: ¢ > 0} and Ly =Ly ﬂLf,’O.

r>0,

are invertible, where 12

In the following proposition we discuss the solvability of (19).
Proposition 2. Assume that y; € C*[—1,1]. Then,

(a) the operator ¥ - pr, L — pr, \ has a trivial null space, i.e.,

Mot~ {1 <1 -t 0} =0

(b) if w1 (2) is not a constant function, then equation (19) possesses a unique solution
Iy, B,7) € Vy ¥ R2;
(©) if w1 (¢) is not a constant function, then Problem (P) is uniquely solvable.

Proof. Letfoepr,, and @ fo = 0. Hence, .7 fo = o fo € C'[—1 I]CL 1, due

to Lemma 3. By Lemma 7, we get £ fo € Lf’;ll o and, consequently, fo € (pL(p’ =
V. On the other hand, due to (12) and (20) (cf. also the proof of Lemma 6), we have

<(Af.[)=—(f.2f) VfeV\{0}.

This implies fy = 0, and (a) is proved.

Since, by Lemma 7, the operator . : pr,l — pr,l is Fredholm with index —1
and since, due to the continuity of the function K(s,¢) (cf. Lemma 3), the operator
6 Lfo,l — L2 is compact, also the operator o) = —.% + %) : Lz,1 — L(p |
is Fredholm with 1ndex —1. Hence, we conclude that the cod1mens1on of the image
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. 2
Reh) = {chf: fel?

is equal to 1. Hence, the intersection Wy := R(<)N{By1 +7: B,y € R} is at least
one-dimensional. If this dimension is equal to 1 and if W = span{yp}, then there
is a unique I € Lé,l , such that @4y = yo. Again using Lemma 3, we get . =
Holp— Wy € C'[—1,1] and, consequently, Iy € V. We show that (I, yi) #0.If this
is not the case, then, because of Proposition 1 and Remark 1, Problem (P) has only
a solution for % = 0. But, this (unique) solution is identically zero. This implies

I is the solution of (19)

. - Yo
Iy = 0 in contradiction to Yy # 0. Hence, I)* =
O (I, v)

. Y
with By, +7y= Tow Vo.

To complete the proof of (b), finally we show that dimW; = 2 is not possible.
Indeed, in that case Wy = span{y1, o} with yo(7) = 1, and we have (cf. the previ-
ous considerations) two linearly independent solutions I / eV of of F = y; with
(I, w}) #0, j = 0,1. Hence, I}/ = 10
(I, w)
pendent solutions of (19) and, in virtue of Proposition 1, also of Problem (P) in
contradiction to the uniqueness of a solution of (P).

Assertion (c¢) is an immediate consequence of (b), together with Proposition 1
and Remark 1.

1'6’ , j = 1,2 are two linearly inde-

In the case of the wing problem examined in [3] and [4], where the line ¢ is sym-
metric in the x — z plane with respect to the z-axis and where it cannot be a vertical
segment, we note that the problem formulation (19) can be simplified significantly.
In particular, for it, the following result holds (see also the associated numerical
method, described at the end of the next section).

Corollary 1. If the lifting line £ is symmetric w.r.t. the z-axis, i.e., Wi (—t) = —y (t)
and Y (—t) =y (1), and if Wy (t) is not constant, then the unique solution I}’ € V
of Problem (P) is an even function. Moreover, in (19) we have y = 0.

Proof. In virtue of Proposition 1, Remark 1, and Proposition 2, there exist unique
B.v € R such that (I, B,7) € Vy, x R? is the unique solution of (19). By assump-
tion, Zo(—1,—s) = Zy(¢,s) (cf. (14)). Set g(¢) = I)*(—t). From (19) it follows

1 1
Bvi(0—1=—Bwi(-1)—7=— / Zo(—1.5)(I5) (5)ds

T.)—

2—7/Z0 t—SIB /Z()ts

which means that (g, 8,—7) = (I, B, 7).

Remark 2. Note that Yy = 0 implies that the problem defined by (19) can be reformu-
lated as follows: Find I)* € V and B € R such that

By =By, (vi,Iy") = 1. (23)
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This is only apparently a system of two equations. Indeed, since we must necessarily
have f3 # 0, by introducing the new unknown I :; =I;"/B we obtain

BTo=vi, BY.To)=n. (24)

which is exactly the decoupled system that has been derived in [3]. Solving the first
equation we obtain I 8, from the second equation we get the value of 8, and finally
we find the solution I)*.

4 A Collocation-Quadrature Method

Here, we describe a numerical procedure for the approximate solution of equation
(19). For this, we write this equation in the form (cf. (20), (21))

f=Bvi+7.  (f.B.7) € Vy xR? (25)

with o) = - + 4 : Lé,l —>L(2P,1 and

f(s)ds
—1

N

Fno=1f wd (A0 =1 [ Kis075)as.

For any integer n > 1 we are looking for an approximate solution (f,, B, %) €

R(2,) x R? of (25), where R(Z2,) is the image space of the orthoprojection 2, :
pr,l — pr,l defined by

n—1
Pof =Y {f.U) oUs,
k=0

where Uy, = p,(f denotes the normalized second kind Chebyshev polynomial of de-
gree k, by solving the collocation equations

(L) ) + (L) E0) = Bawi (tin) + Yy G=1,...,n+1, (26

together with
T n
ol Z Qo(sin)Wi (Sin) fu(Sin) = Y0, (27)
i=1
2j—-rm in

where ¢, = cos and s;, = cos 1 are Chebyshev nodes of first and
’ n

n
second kind, respectively, and where

n

Z(P(Sin)K(Sin;t)fn(sin)o (28)

0= b
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Note that f,(r) can be written, with the help of the weighted Lagrange interpolation
polynomials

PN .1 ()14 () I Un(?) B
0, (t) = o) with ¢ (1) = TaUon) KT L,...,n,
in the form .
fu(t) = Z éknzj(fn(t)a Ekn = In(Skn)- (29)
k=1

Let .,2”,{ , j = 1,2, denote the interpolation operators which associate to a function
g:(—1,1) — R the polynomials

1 _ g(tj” n 2 _ < g(sin)Un(t)
(D%l &)= j=1 (t_tjn)T;:Jrl(tjn) and (D%l &) ,:21 (I—Sin)U,/,(s,-,,)’

—1
where T,, = p,(f . Now, the system (26), (27) can be written as operator equation
'anfn:ﬁnxg Y1+ Yo, anR(@n) (30)
together with
(L2, fo) = 10, G1)

where o7, = — S+ K, Sy = LVS P, and A, = L) 0 P,. The equivalence
of (27) and (31) follows from the algebraic accuracy of the Gaussian rule w.r.t. the
Chebyshev nodes of second kind. The assertion of the following lemma is well-
known (see [9, Theorem 14.3.1]).

. 1 _ . 2 _
Lemma 8. Forall f € C[-1,1], lim ||f — 2 f||,-s =0and lim |[f — £ f[| , =0.
The next lemma provides convergence rates for the interpolating polynomials and
will be used in the proof of Proposition 3.

Lemma 9 ([1], Theorem 3.4). If r > %, then there exists a constant ¢ > 0 such that,
foranyreal p, 0 < p<randalln>1,

(a) Hf—.,%lf ’(p—l"p < cnl’—r||f||(p,|7, forall f € Liil’
® [/~ 227, < cn?" I fllg, forall f €L

Lemma 10. Let y; € C*[—1,1], j = 1,2. Then,

@ Jim |15~ Aol gz, =0

(b) there exist constants 1 > 0 and ny € N such that
H'Q{nfn”qu e ||fn||(p*1 V fa € R(Pn), Y = ng.

Proof. At first, recall that the operator < : pr,] — pr,, is Fredholm with
index —1 (cf. the proof of Proposition 2). By Banach’s theorem, the operator
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A (p | — (R(%O)7 ||.||(p71) has a bounded inverse. Hence, there is a constant

No > 0 with
6 fllg-1 > Mol fllg1 ¥ fELG. (32)

By definition of %, and in virtue of the algebraic accuracy of the Gaussian rule,
for f,, € R(£?,) we have

(A2 f) (0 / 007 ()0 / L2IK(,0))(s) fuls) ds

which implies

|0~ 86) Zur .. < Zswp {2 K]~ KDl 1 <t <1}l

where ||. || is the norm in C[—1,1], i.e., || |l = max {|f(z)| : =1 <z < 1}. Since,
due to Lemma 8 and the principle of uniform boundedness, the operator sequence
.an :C[-1,1] — Lfa*' is uniformly bounded, the last estimate together with

Lemma 8 (applied to .#?) leads to

lim HJi/ .i” TP,

Pl Hpr_,ﬁpr_] =0.

Again Lemma 8, the strong convergence of &2, = & — .# (the identity op-
erator), and the compactness of the operator % : fg,l — C[-1,1] give us
lim ||, o 2, — Ay
n—roo

HLi—1_>L24 =0, and (a) is proved.

Formula (22) implies the relation .%;, = . &2, from which, together with (a), we
conclude

||<=Q{n_%)fn”qu Saann”(p—l anER(e@n), (33)
where o, — 0. Together with (32), this leads to (b).
Proposition 3. Assume y; € C3[—1,1], j = 1,2, % # 0, and let y;(t) be not con-

stant. Then, for all sufficiently large n (say n > ng), there exists a unique solution
(f5,Br, 7)) € R(2,) x R? of (30), (31). Moreover,

Tim /11— £ 13+ By — B2+ [ — v =0, (34)

where (f*,B*,Y*) is the unique solution of (25). If y; € C"[—1,1], j = 1,2 for some
integer m > 2, then

VUG = £ 12+ 1B — B P 417 — v P < en®™ (35)

with a constant ¢ > 0 independent of n.
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Proof. Due to the Fredholmness of &7 : Lé” — pr,l with index —1 and due
to N(%) = {0} (Proposition 2, (a)), we have pr,] = R(o%) @ span{go} (direct
orthogonal sum w.r.t. (.,.),-1) for some go € Lé,l with [|gol| -1 = 1.

By H we denote the Hilbert space of all pairs (f,0) € pr, , X R equipped with the

inner product ((f1,61),(f2:62))n = (f1,/2)y-1 + 616. For a continuous function
g1 € C[-1,1] with (g1,80)y1 # 0 and for n € N, define the linear and bounded

operators
%o H—Lg 1, (f.8)— Af—8g

and
ﬂn:H_>L2(p—l7 (fvs)H%f_szllgl

Let us consider the auxiliary problems
%o(f,8) =g€Cl-1,1], (f,§)eLi xR (36)

and
B[, 8) = Llg,  (fn,8,) € R(P,) xR. (37)

An immediate consequence of (33) is the relation
1B (s 8) = Bo(fus 8l g1 < Ol full g1 + 18] [ g1 — g1

<Bull(fu:O)llw V(S 8) € R(Z0) X R,

(38)

where 3, = \/ang 1-Zle1 — g1 Hé*l — 0. Equation (36) is uniquely solvable,
since R(<) = {f € L<2P*1 (f,80)p1 = 0} and, consequently, the part 6* € R of
the solution (f*,5*) of (36) is uniquely determined by the condition

<gag0>(p*1

(g+6881,80) o1 =0, ie, & =-— 7
’ (81,80) ¢

and f* € L(Zp,l is the unique solution (cf. Proposition 1,(a)) of <4 f = g+ 6*g1.
Hence, in virtue of Banach’s theorem, the operator %, : H — L2 | is boundedly
invertible, which implies that there is a constant 1; > 0, such that

1%20(f,0)llp-1 =M I(f,0)llg  V(f,8) e H. (39)

Putting this together with (38), we can state that there is a number ng € N, such that
B (fas 8)ll -1 = % [(fa:6)llg ¥V (f2,6) ER(Fp) xR, Vn>ng.  (40)

This implies that, for n > ng, the map %, : R(2,) xR —s span{T;: j=0,1,...,n}
is a bijection, such that (37) is uniquely solvable for all n > ng. Moreover, if (f,;, ;)



16 Peter Junghanns, Giovanni Monegato, and Luciano Demasi
is the solution of (37), then
1(f5,67) = (Zuf",6%)

2
< 2 | Ll A Fuf 5

] 41)
< o (1= B Pat )|y + (o= B2t 5 )
1 * 5* xSk
< o (12— B 2t 8 g s + BIZf 8 ))
which implies
lim [|(f,87) = (/7. 87) g = 0. 2)

Now, let (f*,B*,7") € Vy, x R? be the unique solution of (25) (cf. Proposition
2,(b)). There exist B,y € R such that (g1,8),1 =0 and [|g1[|,-1 = 1, where

g=PB*yvi+y and g = ﬁ] Vi +7;. Because of
dim (R() N {By1+7:B,yeR}) =1

(cf. the proof of Proposition 2), we have g1 € R(), i.e., (g1 ,g())q)_l 2 0. With these
notations, (f*,0) € pr,l x R is the unique solution of (36). Taking into account

the previous considerations, we conclude that, for all sufficiently large n, there is a
unique (f!,8)) € R(2,) x R satisfying

Dnfy = 8L Bivi+ %) =L (B vi+7)
or equivalently
nfy = (B*+8,B1)L i +7" + 8,1,

where, due to (42), || f; — f*[|, -1 — 0 and & — 0. It follows

(L2 n) = (L2107 e — (W07 e = (W1./7)
Consequently, for all sufficiently large n, (Z2y], f1) # 0 and (f7,B;,y;) with

W/, VB wPB 8B 0¥ +E&NR)

(L2y, fL" (L. fhy T " (L2l

is a solution of (30), (31). This solution is unique, since ( f,} , 5,,1) was uniquely de-
termined. Furthermore,

I =

fr—frml2 L and By — BTy —

and (34) follows. To prove the error estimate (35), first we recall that y; € C™ [—1,1],
Jj = 1,2 for some m > 2 implies, due to Lemma 3, the continuity of the partial
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K (s,t
derivatives %, k=1,...,m—2,for (s,t) € [~1,1]%. Consequently,

— S =By - Ao € CM =L LY,
i.e., in virtue of Lemma 7, f* € (pLﬂé,’mfz. Taking into account the uniform bound-
edness of £} : C[-1,1] — pr,l (see Lemma 8) and Lemma 9, we get, for all

fn €R(F),
H(%z —%/o)anqu
< || LA = ) fall g+ (Ll Ao = o) fu o

< sup { | Z2K(.0) = KC0)lly - =1 <0 <1 fallgor + (L) Ao — H0) -

¢
<en' ™ (sup {IKCllgno = =1 1< U} fallgos + 186l g1 )
<en' ™ full g1

where we have also used that % : pr,l — C"2[-1,1] C L;Tl_z is bounded
(cf. [1, Lemma 4.2]). Hence, in (33) and (38) we have o, = ﬁ(nz””) and, since
gi=PBiyi+7 e Liﬁ"l, also B, = O'(n*™). From (41) and g = B*y +7* € Liﬁ"1
we obtain the bound

[(£2,81) = (Puf",0) ||

2 * * *
< (anlg—qu,l bl iz 1= Paf g1 +Ballf ||¢.)

Now, (35) easily follows.

Remark 3. From the proof of Proposition 3 it is seen that the first assertion including
(34) remains true if the assumption y; € C3[—1,1] is replaced by y; € C*[—1,1]
together with dim N (<) = 0 (cf. Proposition 2).

5 Implementation Features

Let us discuss some computational aspects. Because of f,, € R(Z?,) we have, taking
into account (22) and T;,11(tj,) =0,
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(Zf)(tjn) :Zn:(""’)l/ll(‘l’(s)[]rl(s)ds

k=1 ¢ Sk")Ur/z(skn) TJ- S—Sk,,)(s—t)

3 L [ (o ) et as

=1¢Skn (Skn) TS\ S—Skn  S—1jn Skn — Ljn

i n+1 skn fn(skn) _ . (P(skn) fn(skn)

= O (k) Uy (k) Skn —Ljin =1 n+1 sg—tjn

From this, the following expression is obtained:
0 I v
—( fu)(tjn) + (3 fa) (tjn) = w1 Z O(Skn) Yo (Skn tjn) fu(Skn),  J=1,...,n4+1
k=1

(cf. (11), (28), and (26)). Thus, to find the solution (fy, B, %) of (26), (27), we have
to solve the algebraic linear system of equations
An‘gn = Mn, (43)

where 1, = [n,n]’j”f =[0...09%]" € R"? is given and & = [&u |1 =

[ fu(s1n) - Sfu(sun) Bu yn]T R"*2 is the vector we are looking for, and where
the matrix A, = [a jk] | is defined by

_ @) Yo Sk Lin)

/k_ n+1 9 j:17'-~’n+17k:17...,n’
ajnit = =Wi(tjn), ajni2=—1, j=1,...,n+1,

TTO( S, Sk
an+2k7%7 k:l,...,l’l, an+2’n+1:an+27n+2:0.

In the case of a symmetric wing, the above numerical method can be significantly
simplified. Indeed, it turns out that the ideas used in the proof of Corollary 1, which
have led to (24), also work for the discrete system (43). This can be shown as fol-
lows.

First, note that in this case we have

Yo(—t,s) = —Yo(tr,—s) and Yo(—t,—s) = —Yo(z,s). 44)
Then, let n = 2m be sufficiently large, let
* * * * T
én = [fn(sln) -~~fn(snn) ﬁn Ynk} ER’hLZ

be the unique solution of (43), and define E,, =[S (sun) --- fii(s1a) By —Vn*]T.
Then, the jth entry of A&, equals
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(4n&)
J

n
(kn) Y0 (Skn>tjn) .
Z Tjnfn (Snt1—kn) +Brv1(tjn) — ¥

Z sn+1 k,n YO(Sn+1 ko Int2— jﬂ)

nrl f; (SVH’l*k,Vl) + ﬂ; L4 (tn+2*j«,n) + %1* =0

(Angn)n+2 = i (P(skn)Wi (Skn) f: (sﬂ+17k.n)

= n+1

- $ go(anrlfk,n)Wi(anrlfk,n) " .
_k;l I’l+1 fn (Sn+17k,n) =%

for j = n+2, where we have taken into account (44) and the identities s, 1—k, =

Skn and t,12j, = tj,. This means that &, also solves (43) and, due to the solution
uniqueness, we have only to compute the m+ 1 =n/2+ 1 values & = f; (sxn) =
Joni1-kn)s k=1,...om,and &7, = B, while & .| =¥ = 0. The system
we have to solve can now be written in the form

o . o Skn W] Skn)

Y bkl = Buvi (tjn),  j=1,...,m, Z—@m:m (45)

= = n+1
where bjy = ajx +a;j,1-«, and where we have used the properties that, for j =
1,...,m, the (n+2 — j)th equation in (43) is identical to the jth equation and that
the (m+ 1)th equation is automatically fulfilled (b,,114 = 0 and Wi (ty11,,) = 0,
since 41, = 0), in virtue of the assumed symmetries. Of course, (45) is, with

&, = &,/ By, equivalent to

- g . < 20(Skn Skn
ijkékn:wo‘jn)? ]:1,...,7’”7 an%gn—%a
k=1 k=1

since B* # 0 and B — B* (cf. Remark 2 with (23) and (24)), and thus for all
sufficiently large n we have B, # 0. This latter system is precisely the method used
in [3], for which we have now proved its convergence and given an error estimate.
A similar simplification can be obtained also for n = 2m+ 1.

Finally, we discuss the question if, under the assumptions of Proposition 3, the
condition numbers of the matrices A, are uniformly bounded or if it is necessary
to apply a preconditioning to A,. Note that, under the assumptions of Proposition
3, the operator sequence %, : R(#,) x R> — P, x R (P, being the set of all real
algebraic polynomials of degree less than or equal to n) defined by

B[, B.Y) = (Fnfo— BLIwi — 7. (L2, )
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(cf. (30) and (31)) is a bounded and stable one, i.e., the norms of %, and of %, !
(which exist for all sufficiently large n) are uniformly bounded (as a consequence of
Proposition 3 together with Lemma 10). Hereby, the norms in H} := R(22,) x R?
and H2 := P,, x R are given by

II(fn,B,Y)IIH;Z\/\Ifn\lfp—1+\l3|2+|3’|2 and  [|(pn, &)l = \/ I pullG-1 + 1812,

[«
respectively. Set @, = 1 and define the operators
n

éan : Hrll — Rn+27 (fn7ﬁ7y) — (wnfl’l(sli’l)7' ”uwnfn(snn)>ﬁ>’y)

and
R H% — R"2, (pn,0) — (a),,p,,(tln),...,a),,pn(tnﬂ_’n)ﬁ),

where the space R"*? is equipped with the usual Euclidean inner product. These
operators are unitary ones. To prove this, we recall the representation (29) of f,, (),
in order to see that, for all (f,,3,7) € H! and (&i,...,&12) € R"F2,

B Ens2)) = D0 Y fa(5t) G+ Bnis + Vs
k=1

1 1 &2 -
= [ 50 X & 6)ds+BEwr + Yonia
- " k=1
= (B &y B By
Analogously, one can show that

<yn(pﬂ76)a(nla“'7nn+2)> = <(pi175)?9n71(n17---vnn+2)>H%

holds true for all (p,,8) € H2 and (11,...,M,+2) € R" 2. As a consequence we get,
n+2

k= can be defined by

that an appropriate matrix B, = [bj |

<%)n(él PR §n+2) = g\n@néa;l (51 PR €n+2) = é()ru@n <(On1 Z gkz;(fnv énJr] 5 §n+2>
k=1

I
S

<0)n_1 Y &l — 1 L — Enia, 0, i O (skn) W1 (Skn)§k>

k=1 k=1

D=

n+1 n
(%52’”) (tjn) &k — @u W1 (tjn)Env1 — a’nén%} , Oy
=1 k=1

O (skn) V) (Skn)§k>

|

~
1|

n+1

( ) i a)rl_lan+2,kék> P

ajkgk + 0najpp1 én-&-l + 6Onaj.,n+2§n+2 :|
j=1 k=1

=~
Il
—_

-
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i.e., bjk = ajk for j=1,....n+1, k=1,...,n, bjk = W0yaj for j=1,...,n+1,
k=n+1,n+2,and b, ;= ®, 'a, 124 k= 1,...,n. This means that

B, =F,AE,' with E,=diag[1...10,' &, '], F,=diag[1...10,"'],

n

and we can solve the system B,& = 7] instead of A,& = 7, where 7 = F,,n and
E=E,&.

Therefore, in the following numerical examples we can check the stability of the
method by computing the condition number of the matrix B, w.r.t. the Euclidean

B
norm, which is equal to the quotient smax((”))
Smin \Dn
values. Moreover, the left hand side in (35) can be approximated by the following

discretization of it

of its biggest and its smallest singular

N
o \/Nf—l Y [fi(siw) —fﬁz(SkN)]z—F |B; —B,’(,|2+ |7 —}/,*\,]2 (46)
=1

with N >> n.

6 Numerical Examples

To test the numerical method, we have proposed, and the associated convergence
estimate (35), we have considered four simple curves. The first one is the following
non symmetric part of the unit circle:

i (1) = cos (g(3t+ 13)) . ya(t) =sin (g(3t+ 13)) , —1<r<1.

The second one is a symmetric part of the ellipse having semi-axis a = 1,b = 0.2
and centered at the point (0,b), given by:

T T T T
= — — = 1 — —_ — < <
v (1) clcos<(2-|-0.01)t-|-32)7 Y (1) bsm((2+0.01)t+32>, 1<r<1.

The third one is the non symmetric C3-continuous curve

%5_1§t§07
w](t):tv —-1<r<1, WZ(f): 4
5, 0<r<,

while the last one is the (non symmetric and C?) open curve defined by the following
natural (smooth) cubic spline:

yi(t)=t, —1<t <1,
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(141 — (a+42)(1+1)+a, -1 <1 <0,
wa(t) =

G-+ (pregt)r-at 0<i<,

where we have chosen ¢ = 0.1,b = 0.25.

In the following tables we report the (global) error, defined by (46), and the er-
rors |By — Bf| and |y — 7|, we have obtained for some values of n and N. In all
examples, we take 1 = —1 (cf. (8)). Moreover, in the last two tables we also present
some values n" s err for an appropriate r in order to determine the convergence rate,
where err is given by (46). We can see that the convergence rate is higher than that
forecasted by Proposition 3 (remember that y is C? in Example 3 and C? in Example
4).

Table 1 Example 1: non symmetric circular arc, N = 256

n|_(46) By Y |IBy = Bil|[% — ¥l |cond(B,)|cond(A,)
418.99¢-04-0.69266740.1832556| 6.68e-06 |1.77e-06| 2.5770 3.3097
8|3.68e-08(-0.6926607(0.1832538| 1.18e-14 |9.74e-15| 2.5771 5.2093

16]9.98e-14|-0.6926607|0.1832538| 1.22e-14 |3.97e-15| 2.5771 9.1997
256 -0.6926607|0.1832538 2.5771 |130.1899

Table 2 Example 2: symmetric ellipse arc, N = 256

n|_(46) By % |IBy = Bil|[% — ¥l|cond(B,)|cond(A,)
416.05e-03-0.5984153|0.0000000| 1.88e-04 |6.40e-16| 2.6788 2.8100
8[1.44e-04(-0.5982318{0.0000000( 4.92e-06 [1.21e-15| 2.6919 4.0774
16|7.15e-07|-0.5982269|0.0000000| 9.14e-10 | 1.03e-15| 2.6918 7.0137
32(1.25e-10{-0.5982269{0.0000000| 2.22¢-16 |8.98e-16| 2.6918 | 13.0283
256 -0.5982269|0.0000000 2.6918 | 97.6167

Table 3 Example 3: non symmetric C3 arc, N = 256

n| (46) B Ya 1Bx — Bllvi — ¥;l]cond(B,)|cond(A,)| n*-err
41.42e-03|-0.5671039|0.0227110| 1.69e-04 | 8.82¢e-06| 2.0341 2.7058(0.3633411
8|2.65e-05(-0.5669336|0.0227055| 1.70e-06 |3.22e-06| 2.0339 | 4.4381(0.1084367
16]5.27e-07|-0.5669351{0.0227025| 1.46e-07 |2.87e-07| 2.0339 8.0212]0.0345319
32|3.58e-08-0.5669353]0.0227022| 1.06e-08 [2.13e-08| 2.0339 | 29.6341|0.0375489
64|2.34e-09|-0.5669353|0.0227022| 7.09¢e-10 | 1.44e-09| 2.0339 | 15.2228(0.0394176
128|1.41e-10|-0.5669353(0.0227022| 4.31e-11 |8.75e-11| 2.0339 | 58.4577|0.0403184
256 -0.5669353|0.0227022 2.0339 (116.1042

Table 4 Example 4: non symmetric C? arc, N = 512

n| (46) B Y 1By — Biil|1va — ¥ | |cond(B,) |cond(A,,) n3 -err
412.10e-04{-0.6297931|0.0036251| 9.66e-05 [3.02e-05| 2.1603 2.782210.0067258
812.32e-05(-0.6297061(0.0036502| 9.64e-06 [5.09e-06| 2.1601 4.5135(0.0042078
16|3.50e-06{-0.6296973]|0.0036545| 8.24e-07 |7.73e-07| 2.1601 8.0943(0.0035876
3216.28e-07|-0.6296965|0.0036552| 6.22e-08 [1.08e-07| 2.1601 15.293110.0036382
64|1.16e-07|-0.6296965|0.0036553 | 4.34e-09 |1.43e-08| 2.1601 | 29.6985|0.0037854
128(2.07e-08|-0.6296965|0.0036553| 2.90e-10 | 1.82e-09| 2.1601 | 58.5096(0.0038293
512 -0.6296965|0.0036553 2.1601 |231.3716
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