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Abstract

The cardiovascular apparatus is a complex dynamical system that
carries oxygen and nutrients to cells, removes carbon dioxide and
wastes and performs several other tasks essential for life. The
physically-based modelling of the cardiovascular system has a long
history, which begins with the simple lumped Windkessel model by
O. Frank in 1899. Since then, the development has been impressive
and a great variety of mathematical models have been proposed.

The purpose of this Thesis is to analyse and develop two dif-
ferent mathematical models of the cardiovascular system able to
(i) shed new light into cardiovascular ageing and atrial fibrillation
and to (ii) be used in clinical practice. To this aim, in-house codes
have been implemented to describe a lumped model of the complete
circulation and a multi-scale (1D/0D) model of the left ventricle
and the arterial system. We then validate each model. The for-
mer is validated against literature data, while the latter against
both literature data and numerous in-vivo non-invasive pressure
measurements on a population of six healthy young subjects.

Afterwards, the confirmed effectiveness of the models has been
exploited. The lumped model has been used to analyse the effect
of atrial fibrillation. The multi-scale one has been used to anal-
yse the effect of ageing and to test the feasibility of clinical use
by means of central-pressure blind validation of a parameter set-
ting unambiguously defined with only non-invasive measurements
on a population of 52 healthy young men. All the applications
have been successful, confirming the effectiveness of this approach.
Pathophysiology studies could include mathematical model in their
setting, and clinical use of multi-scale mathematical model is fea-
sible.
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Introduction

The mathematical modelling of the cardiovascular system is a fast-
growing research field. Considering that in Europe cardiovascular
diseases cause over 4 million deaths yearly120, accounting alone for
around half of all deaths, and pondering that the overall cardiovas-
cular diseases-related cost has been estimated to be around e200
billion a year120, it is easy to understand such an increasing inter-
est. Indeed, related mathematical models have already proven to
be helpful in understanding cardiovascular system in physiological
and pathological condition, forecasting its evolution and support-
ing measurement instruments.

Although the cardiovascular apparatus is a very complex dy-
namical system, its physically-based modelling has a long history.
Indeed, we have to go back to Leonhard Euler who wrote in 1775
the first set of one-dimensional equation representing the blood flow
in arteries28. However, such a set of equation was by far too com-
plex to be solved at that time, and the first successful application
of fluid-mechanics knowledge can be considered as beginning with
the much more simple lumped Windkessel model proposed by O.
Frank in 1899, more than one hundred years later, exploiting the
concept of electrical analogy. We now call this first lumped model
""two-element Windkessel model"", because the overall response of
the cardiovascular system is described by means of a resistance and
a capacitance183. The following crucial step on lumped description
of the cardiovascular system happened again almost one hundred
years later, in 1971, when Westerhof and colleagues introduced a
third element: the inlet characteristic impedance, thus correcting
the erroneous continuous decrease on impedance at high frequen-
cies193. Even if a further effective improvement has been proposed
by Stergiopulos and co-workers170 in 1999, by adding an inertance
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in order to correct the low frequency inconsistency of the three-
element Windkessel model, the great majority of successive works
has been using Westerhof’s version.

However, the blood motion in the cardiovascular system is mainly
a phenomenon of wave propagation and reflection, and arteries are
far from being uniform through the bifurcating tree. Consequently,
in order to improve the predictive capacities of lumped description,
several authors have worked on different wave-transmission model,
where multiple lumped block have been assembled in a tree-like
structure, finally producing a better approximation of the local flow
field. The advantages of this description were mainly consequent
to the better description of local geometrical and mechanical prop-
erty, but the effectiveness of the resulting propagation phenomena
have been questioned. It is only in 2004 that the formal proof
of the distributed lumped model as a first order approximation of
linear one dimensional model has been given110. The continuous
arterial tree was thus broken in an growing number of increasingly-
smaller compartments, until continuous description has been intro-
duced. One dimensional models were the first type of continuous
models proposed, due to their relative simplicity. From the first
linear one dimensional description several improvements have been
made. The inclusion of non-linear convective acceleration, the ar-
terial tapering, the non-linear viscoelastic mechanical properties of
vessel walls, the imposed velocity profile and the distal boundary
conditions can be considered as the most important examples of
subsequent improvements. Furthermore, thanks to the huge ad-
vances on both medical imaging technique and computing capaci-
ties, two- and three-dimensional models have been proposed. Two-
dimensional models have been set apart while three-dimensional
characterization is likely to have a brilliant future in cardiovascu-
lar modelling. Despite a recent first successful implementation of
full-scale three-dimensional representation200, such a description is
still to expensive in terms of input information and computational
cost, at least when deformable arterial walls are considered.

The present Thesis arises from the fundamental hypotheses that
mathematical description of the cardiovascular system can shed
new light on cardiovascular pathophysiology and that it can be
effectively used in clinical practice. To this aim, in-house codes
have been implemented. We thus designed a lumped model of

3
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the complete circulation and a multi-scale (1D/0D) one of the left
ventricle and the arterial system.

The Thesis is organized as follow. In the first Chapter the
cardiovascular system is introduced. The second Chapter is ded-
icated to the description of the two mathematical models. The
third Chapter contains the validation and the applications of the
lumped model. Later, atrial fibrillation is simulated and deeply
analysed. In Chapter four the use of the multi-scale model is
presented. Firstly we validate the model against literature data.
Afterwards, we develop a subject-specific setting procedure based
on non-invasive measurements and validate it against in-vivo data
from a population of six healthy young subjects. Such a subject-
specific setting is then improved and blindly tested against a much
larger population with the aim of testing its performance on central
pressure evaluation. Finally, the multi-scale mathematical model
is further used to analyse ageing. By imposing age-dependence of
several key parameters, we reproduce the main feature of an age-
ing arterial system. Analysing the obtained results, an embracing
description of cardiovascular ageing is proposed.

4
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Chapter 1

The cardiovascular
system

The cardiovascular apparatus is a complex dynamical system that
comprises blood, heart and a hierarchy of different vessels. This
system carries oxygen and nutrients to cells, removes carbon diox-
ide and wastes, stabilizes body temperature, maintains homoeosta-
sis and performs several other tasks essential for life.

The left ventricle forces blood to move through the bifurcating
tree that is composed by large arteries, which distribute the blood
to various districts, followed by middle and small arteries and cap-
illaries, which diffuse the blood to whole human volume. Once
nutrients have been exchanged with wastes at the cellular level,
exhausted blood is collected by the smallest veins, which merge
into bigger and bigger veins finally reaching the heart again. The
loop is then closed by the pumping function of the right heart,
which forces blood through pulmonary circulation, lastly arriving
back to the left atrium and ventricle.

The aim of this first Chapter is to introduce the reader to the
principal constituents of the cardiovascular system and to briefly
explain the main processes involved in such a very complex system.
We firstly start from blood, analysing his composition and rheolog-
ical properties. Afterwards, heart structures and their functioning
will be discussed. Finally, we will focus on arteries, veins, capillary
beds and pulmonary circulation.

5
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1 – The cardiovascular system

1.1 Blood

Blood is formed by a liquid, called plasma, where different particles
are suspended. The principal role of blood is to transport oxygen
and nutrients to tissues and to remove waste elements, but other
fundamental functions are connected to heat dissipation and to
elimination of external biological agents.

A description of the main components of blood is proposed in
the next paragraphs.

Blood plasma Blood plasma is a pale-yellow liquid mainly
composed by water (for more than 90%), proteins (around 7 %) and
mineral nutrients. Rheologically, blood density is normally around
1.06 g/cm3, and it varies slightly even in pathological condition
193, while blood viscosity, depending on plasma viscosity, temper-
ature, hematocrit, vessel size, shear stress, etc., sharply changes,
easily ranging from being 10 to 60% more viscous than water at
a temperature of 20°C. Blood plasma viscosity strongly depends
on temperature and red blood cells prevalence, and can be impor-
tantly affected by some pathologies, like Multiple myeloma, among
others.

Blood plasma protein content is fundamental in maintaining the
osmotic pressure, which regulates the exchange between intra and
extra-vascular substances. Although a detailed description of such
a mechanism is out of the scope of the present work, it is important
to highlight how the force that moves substances across permeable
materials depends on relative concentration of the solutes.

Red blood cells The most present particles suspended in
blood plasma are red blood cells, also called erythrocytes, which
transport oxygen in the arterial circulation and carbon dioxide in
the venous side. Red blood cells are composed by water (around
65% in weight), haemoglobin (around 32% in weight) with a small
presence of inorganic substances like potassium, sodium, magne-
sium and calcium.

The volumetric concentration of red blood cells in the blood is
called hematocrit. Considering that normal values of hematocrit
are around 40-45 % the red blood cells relevance into viscosity10;93
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1.1 – Blood

is straightforward. In detail, there is about 4% increase of blood
viscosity per unit increase of hematocrit10.

Red blood cells are characterized by a biconcave disk-shape
with a diameter of around 7 micrometers. This particular shape
provides great flexibility, allowing the passage in section much
smaller than their undeformed dimension. In fact, when red blood
cells are forced to pass through small sections, so when strong tan-
gential forces act on their surface, they are able to largely deform,
as illustrated in figure 1.1.

Figure 1.1. Red blood cell deformation when passing through
microcirculation. (Reproduced from Schmid-Schönbein et al.158.)

Another important rheological feature of red blood cells is their
tendency to aggregate into rouleaux, i.e. linear aggregates arranged
like stacks of coins. Such an aggregation is influenced by the shear-
ing forces and impacts the overall blood rheological properties. Cu-
mulated size of particles augments viscosity10 and amplifies distur-
bance of the flow. In figure 1.2 an example of rouleaux aggregation
patterns is showed.

White blood cells White blood cells, also called leukocytes,
are particles of different size that occupy a small volume on the

7
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1 – The cardiovascular system

Figure 1.2. Left: lateral vision of rouleaux (From Bessis
16). Right: red blood cells aggregates. (Reproduced from
Schmid-Schönbein et al.158.)

blood. White blood cells play a vital role, protecting the body from
infectious processes either through physical removal of microorgan-
isms or by the production of antibodies. Being white blood cells
number and volumetric concentration smaller than other cellular
elements of blood, they have negligible effect on blood viscosity in
large vessels10, although they can play a role in very small conduits.

Platelets Also called thrombocytes, platelets are very small
particles (2-3 micrometers) whose main function is to contribute to
hemostasis, i.e. the process of stopping bleeding through a dam-
aged blood vessel. As shown in figure 1.3, inactivated platelets
are biconvex discoid structures but during the activation they un-
derneath morphological changes that produce numerous dendrites
playing a key role in the aggregation phase.

Since both number and size are relatively low, inactivated platelets
do not influence blood flow in a substantial way.

1.2 Heart

The heart is the principal organ of the cardiovascular system. Func-
tioning as a pump, the heart is able to eject into the arterial tree the
amount of blood needed to irrigate all human tissues. The heart is

8
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1.2 – Heart

Figure 1.3. Platelet activation. (Reproduced from
Blausen gallery 2014169)

located into the thoracic cavity, it is contained by the pericardium
and protected by the chest.

In figures 1.4 and 1.5 the heart structures and main blood flux
directions are shown. The heart is divided by the interatrial and
interventricular septa into two main parts, the right and the left
heart, which in turn are divided into an atrium and a ventricle by
means of atrioventricular valves.

The left and right atria are positioned in the upper part and
receive blood from pulmonary veins and the venae cavae, respec-
tively, while left and right ventricles receive blood from the corre-
sponding atria and eject it through aorta and pulmonary arteries.
Unidirectionality of the flux between atria and ventricles and be-
tween ventricles and the corresponding arteries is guaranteed by
four valve: two atrioventricular and two semilunar valves.

The heart functions in a cycling way and its period depends on
the overall condition of the body. A heart rate of around 55/75
beats per minute (bpm) is characteristic of a healthy heart rhythm
at rest, but in case of intense physical activity it can reach 200
bpm.

Heart rhythm is generated by the sinoatrial node, an impulse-
generating tissue located in the right atrium of the heart, at least

9
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1 – The cardiovascular system

Figure 1.4. Heart physiology. (Reproduced from
Blausen gallery 2014169)

Figure 1.5. Heart blood flux directions. (Reproduced from
Blausen gallery 2014169)
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1.2 – Heart

in healthy condition. The sinoatrial node firstly generate the elec-
trical impulse, which then propagates through an electrical con-
duction system to the whole heart. Both the sinoatrial node and
the conduction system have a primary role in both heart rhythm
and atrio-ventricular coordination.

Heart period is divided into two part: systole and diastole. The
former is conventionally defined as the time between the beginning
of (almost simultaneous) ventricular contractions and the end of
ventricular ejections while the latter corresponds to the rest of the
period, normally connected to the atria filling. Systolic period
is thus initiated by the main electrical activation, i.e. the QRS
complex of the electrocardiogram, and ends when aortic pressure
exceeds the ventricular one.

In the left side of figure 1.6 a schematic representation of the
heart is proposed. The division in left and right heart is highlighted
by blue and red color, respectively. On the top of the right side
of figure 1.6, a classical behaviour of the aortic pressure (top) and
flow (bottom) are shown. The pulsatility nature of both pressure
and flow is evident. Indeed the pressure profile is obtained by a
first part, where pressure steeply increases, followed by a decaying
phase. Analysing the graphic relative to flow, we can see how the
systolic part covers less than half of the cycle. Finally, by look-
ing at both pressure and flow charts together, one can appreciate
how the ejected amount of blood increases almost instantaneously
the aortic pressure, which afterwards decays during the diastolic
time when flow is null. On the bottom chart of the right side, the
pressure-volume loop of the left ventricle is showed. Analysing the
loop from bottom right corner, we follow the isovolumic contrac-
tion phase (segment I), where the left-ventricle contract and the
internal pressure increases. When internal pressure exceeds the
aortic one, we enter the systolic phase (segment II), where ejection
happens. When the left-ventricle has ejected the needed amount of
blood, relaxation phase initiates (segment III), aortic valve closes
and ventricular pressure sharply decays, finally reaching values be-
low atrial pressure. At this point, atrioventricular valve opens, thus
allowing blood to fill the ventricle (segment IV).

A brief description of the four heart chamber and of the heart
valves is here proposed.

Right atrium Apart from the interatrial septum, the right

11
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1 – The cardiovascular system

Figure 1.6. Left: schematic representation of a human
heart. Right: top: aortic pressure, middle: aortic flow,
bottom: left ventricular pressure-volume loop (Reproduced
from van de Vosse et al.183.

atrium structure is mainly constituted by the musculi pectinati.
The blood reaches the right atrium from the venae cavae and the
coronary sinus, and it is pushed through the unidirectional tricus-
pid valve to the right ventricle (see figure 1.5).

Right ventricle The right ventricle is the chamber of the hu-
man heart that has the function to send blood through the semilu-
nar pulmonary valve to pulmonary circulation (see figure 1.5). In-
ternally, the right ventricle presents the trabeculae carneae, a series
of irregular muscolar formations forming prominent ridge.

Left atrium The left atrium collects the blood from the pul-
monary veins and pumps it to the left ventricle toward the large
mitral valve (see figure 1.5). The main aim of the left ventricle
seems to be sustaining diastolic filling of the right ventricle both
regularizing the inflow and increasing the late-diastolic pressure
gradient with what is called ""atrial kick""201.

Left ventricle The left ventricle is responsible of blood supply
for the great majority of the circulation. Being filled of oxygenated
blood by the left atrium, this heart chamber is able to eject a
volume of blood of around 70 mL at every cycle toward the aortic

12
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1.2 – Heart

valve.
Structurally, left ventricle is formed by a succession of of lay-

ers constituted by differently-oriented fibers. In particular, longi-
tudinal orientation characterizes the innermost (endocardial) and
the outermost (epicardial) layers, where a direction valve-apex is
predominant, while the fibres located in the deep myocardium are
more circumferentially-oriented. Considering that muscle fibres can
bear only axial tension, such an arrangement saves from the pres-
ence of weaker directions or planes25. A very important role on
the left ventricular filling is played by its overall shape. In fact,
incoming blood flow is pushed down by the forces of inertia toward
the left ventricular apex. Once the blood reaches the bottom, the
flow is rotated with the emergence of major vortex, addressing
the flow toward the top, so as to facilitate ejection to the aorta
(see figure 1.7). Very interesting works have been proposed on the

Figure 1.7. Numerical simulation of blood flow in the left ventri-
cle (Reproduced from Pedrizzetti et al.136).

fluid mechanics of the filling and emptying left ventricle135, where
computation fluid mechanics has been able to shed new light on
pathophysiology.

Heart valves The heart functioning is controlled by four uni-
directional valve: tricuspid, mitral, aortic and pulmonary valve.
Heart valves consist of a fibrous ring of the cardiac skeleton with a
variable number of leaflet (or cusps), mainly consisting of collagen-
reinforced endothelium. Since does not exist any kind of nerve

13
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1 – The cardiovascular system

or muscle control, valve movement is fully governed by pressure
gradients, inertia and viscous and turbulent forces.

In figures 1.4 and 1.8 the four valves are shown along with
their reciprocal position. The heart valves function is to prevent

Figure 1.8. Cardiac valves.

blood backflows toward atria during systolic phase (bicuspid and
tricuspid valves) or toward ventricles during the diastolic phase
(semilunar valves aortic and pulmonary).

During the cardiac cycle atrioventricular valves open at the end
of the ventricular systole and close when the ventricle active, while
mitral and aortic valves open when ventricular pressures exceed
the value at the aortic and pulmonary arteries and close when the
pressure gradient is reversed.

1.3 Systemic circulation

The systemic circulation is a complex network of arteries, veins
and capillaries that distributes blood throughout the body and
recollects it after the chemical exchanges have taken place. As
shown in figure 1.9, the systemic circulation begins, just after the
aortic valve, with the ascending aorta. Afterwards, through a series
of bifurcations, blood is subsequently split among various arteries,
which gradually decrease in diameter and increase in total number.
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1.3 – Systemic circulation

Figure 1.9. Systemic and pulmonary circulation.

This dividing and splitting mechanism results in the creation of the
capillary bed, where the needed exchange of nutrients and wastes
between blood and cells happens. Thereafter, blood passes from
the arterial to the venous side of the systemic circulation, where it
begins to merge in larger and larger venules, finally converging to
the right atrium through venae cavae or the coronary sinus.

In table 1.10, a quantification of the result of splitting and merg-
ing in diameter, wall thickness, number of vessel, volume included
and mean pressure is shown. In order to reach every cell compos-

Figure 1.10. Geometrical and pressure characteristics of systemic
circulation (After Caro et al 26)
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1 – The cardiovascular system

ing the human body, the arterial network is organized to have a
increase on number, cross sectional area and volume through the
bifurcation. In an opposite way, the merging venous network de-
crease the overall cross sectional area in the direction of the flow.

Arteries As briefly introduced in the precedent Subsection,
the arteries form an elastic bifurcating network, normally called
arterial tree. The biggest artery of the network is the aorta, from
which the other large arteries are originated by subsequent bifur-
cation.

Arteries are very complex deformable vessels. The arterial wall
displays a location-dependent anisotropic non-linear viscoelastic
behaviour80;121;193. The main components of the arterial wall are
the fibrous elastic interlocked elastin and collagen and the active
smooth muscle121.

The local dependence of the mechanical properties should be
understood from the arteries different functions. The large elastic
central arteries serve predominantly as a cushioning reservoir. The
long muscular arteries act principally as a conduits, distributing
blood to the periphery; these arteries also actively modify wave
propagation by changing smooth muscle tone. The arterioles, by
changing their calibre, alter peripheral resistance with the aim to
maintain the mean arterial pressure121. Starting from the central
arteries and moving to more peripheral vessels there is a reduc-
tion in relative importance of the elastic components (elastin end
collagen) in favour of the active behaviour of the smooth muscle
component. The difference in mechanical response is thus due to
changes in relative constituents compositions. It is important to
point out that there is also a pure geometrical reason. Indeed,
Laplace law states that the circumferential stress on a cylinder Tθ
can be written as

Tθ = r∆P (1.1)

where r is the radius and ∆P is the pressure difference across the
wall. Consequently, the bigger is an artery the bigger is the stress
on the wall for a given transmural pressure, i.e. the pressure dif-
ference across the vessel wall. Therefore, for a given arterial wall
mechanical property, the bigger is an artery the more is deformable.

The non-linearity of the arterial wall mechanical properties
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1.3 – Systemic circulation

comes from the progressive recruitment of stiffer collagen fibres
as circumferential strain increases, thus manifesting an increase in
stiffness with strain intensity193. Starting from a non-stressed con-
dition and slowly augmenting stress state, load passes from being
charged mainly on the more deformable elastin fibre to be sustained
from collagen component. This arrangement provides a safety net
to prevent vessel excessive deformation at high transmural pres-
sures121.

Arterial wall viscosity, by smoothing high-frequency pressure
component, contributes to preservation of the mechanical integrity
of arterial structures182. It has been shown that vessels with com-
promised high-frequency filter capacity are more prone to vascu-
lar disease7. Viscous properties are mainly attributed to smooth-
muscles cells7 and to an amorphous substance formed of mucopro-
tein that suspends elastin and collagen fibres121. According to the
numerical results obtained by Reymond and co-workers145, arterial
wall viscosity has been estimated to be responsible from 1.5 to 2.4
per cent on the obtained pressure behaviour.

Blood pressure within systemic circulation is obtained by the
sum of three different components: atmospheric, hydrostatic and
dynamic. The former represent reference pressure, conventionally
defined as the pressure measured in the right atrium in conditions
of muscle relaxation. Hydrostatic pressure is due to the height of
the point considered with respect to the reference point, normally
assumed coincident with the left ventricle. This value represents
the difference in pressure generated by the column of blood inter-
posed between measuring point and the heart. Finally, the dy-
namic component is generated by left ventricular ejection, and it
is responsible for blood motion.

A fundamental role in arterial regulation and functioning is
played by the transmural pressure, i.e. the pressure difference
across arterial walls. Since the external value is approximately
the atmospheric pressure, transmural pressure coincides with the
sum of the dynamic component and of the hydrostatic. Transmural
pressure, along with gradient of blood particle concentration, has
a fundamental importance in the exchange across arterial walls.

In figure 1.11 and in table 1.10, the pressure trend within dif-
ferent kind of vessels is represented. Pressure range dramatically
changes along the arterial tree, from being highly variable into the
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1 – The cardiovascular system

left ventricle, were minimum pressure around 5 mmHg, to an al-
most invariable pressure of few mmHg into microcirculation.

From figure 1.11 is clearly visible as into large arteries the mean
pressure is fairly conserved, while maximum systolic values under-
neath a progressive increase due to what is called pulse pressure
amplification. However, further moving in the apparatus aver-
age pressure strongly decreases because of increased viscous losses,
while fluctuation are reduced thanks to arterial capacitive func-
tion. Indeed, thanks to their elastic character, large conduit ar-

Figure 1.11. Distribution of classical value of time-
varying pressure inside the arterial network (Reproduced
from Caro et al 26)

teries function as a reservoir, accumulating blood during systolic
phase, when the heart enters large quantities of fluid through the
network. During diastolic phase dynamic pressure falls, flow rate
is reduced and the elastic energy accumulated in the arterial wall
during systole is transmitted to blood, pushing it through micro-
circulation. The elasticity of large arteries, accumulating energy
and blood during high energy and flow periods, and subsequently
releasing both in low-energy and no-flow phase, has thus a funda-
mental homogenizing role.

As in every non-rigid medium, pressure wave propagates with
a finite celerity inside the cardiovascular system. In particular, a
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1.3 – Systemic circulation

local change on pressure will move in every direction at a celer-
ity proportional to the stiffness of the medium in that direction.
Since arteries are characterized by a preponderance of longitudinal
direction, an analysis of the propagations through the radial direc-
tion will not be discussed. In figure 1.12 the classical behaviour of
pressure pulse when propagates in the aorta is shown.

Figure 1.12. Simultaneous invasive pressure measurement in hu-
man at aortic valve (Ao V), ascending aorta (ASC Ao), high de-
scending aorta (HI D Ao), mid thoracic aorta (MID T Ao), aorta
at the level of diaphragm (DIAP Ao), abdominal aorta (ABD Ao)
and terminal aorta (TERM Ao) along with the corresponding ECG
signal. (Adapted from Murgo et al 115)

Analysing this figure several important feature of wave prop-
agation inside large arteries can be deduced. Firstly, the finite
celerity of propagation is highlighted by the inclination of the first
line connecting the foot of the waves. Furthermore, distinct pres-
sure shapes at different locations demonstrates an evolution of the
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1 – The cardiovascular system

wave when travelling. In particular, one can appreciate both an in-
creased pulse pressure and the existence of backward propagating
pressure waves, here further underlined by a second line. Finally,
the smoothing of the dicrotic notch (i.e. a rapid pressure elevation
due to inertial effect of backward moving blood mass when aortic
valve closes) can highlight the viscous dissipations.

Locally, pressure wave passage is accompanied by a radial expansion-
contraction of the vessel wall. The fact that pressure and defor-
mation waves are almost in phase suggests a predominantly elastic
behaviour of the vessel wall, which partly justifies the adoption (of-
ten followed by researchers) of a linear elastic model for mechanical
characterization of arterial walls134.

Similar conclusion about pressure wave propagation can be
draft from figure 1.13, where also velocity waves are presented.
Both the increased pulse pressure and the increased pressure front

Figure 1.13. Simultaneous invasive pressure measurement
in dog at different location along with the corresponding
velocity waves. (From McDonald (1974). Blood Flow in
Arteries. Edward Arnold, London.))

steepness are visible.
We here report a brief comment on velocity field. Firstly, in

the early aorta velocity presents a preponderant period of direct
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1.3 – Systemic circulation

motion, which begins at the aortic valve opening, and where flow
speed increases rapidly to a peak. This is followed by a short ret-
rograde motion followed by a large resting phase. At rest, the
duration of the direct motion occupies from a quarter to a third of
the heart period but, as the frequency increases, it may reach val-
ues close to half. Progressing into circulation, the aforementioned
function of hydraulic storage of large arteries implies a regulariza-
tion of the velocity waveform, which mainly consists in a reduction
of the velocity peak in favour of a more sustained second peak.

Veins Venous system originates in the capillary networks and
ends in the right atrium. Although it is characterized by several
morphological similarities with arterial system, venous system has
significant differences. Firstly, veins are bigger, so that they con-
tain about eighty percent of total blood volume, while their walls
are thinner and more deformable relative to arteries. Furthermore,
venous pressure is significantly lower than the arterial one, and of-
ten, also in physiological conditions, it is lower than atmospheric
value. Indeed, venous blood pressure drops near the heart to val-
ues of up to 0.6 kPa; a value much lower than 13.3 kPa which
is considered average in large arteries. This low pressure implies
partial collapse of venous vessels due to the onset of negative trans-
mural pressures, especially in sections placed at heights exceeding
the heart one. Consequently, sections lose their characteristic cir-
cularity and undergo a strong reduction of the lumen. As can be
seen in the figure 1.14 when the circular shape becomes unstable
collapse proceeds through a series of states corresponding to cer-
tain transmural pressures. In the initial phase of collapse section
remains cylindrical and there is just a gradual reduction in diam-
eter due to fibre elasticity. With a further reduction on trasmural
pressure, however, area divides in two almost-circular channels,
separated by a completely-collapsed flattened portion, resulting in
a large decrease in cross-section. In the left box of figure 1.14 a
quantitative trend of vessel cross-sectional area is shown as a func-
tion of a measure of trasmural pressure (α), highlighting the strong
non-linearity of the deformation law.

Since dynamic pressure, which is responsible for arterial blood
motion, is greatly attenuated in the passage of blood through capil-
lary bed, there is not enough pressure gradient for guarantee blood
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1 – The cardiovascular system

Figure 1.14. Left: representation of the deformation law
(transmural pressure-area) for a flexible conduit with sketches
of typical cross-sections; Right: numerical results of a vessel
collapse consequent of a transmural pressure reduction (from a
to d) (From Grotberg et al 67).

return to the heart against gravitational forces. Venous blood mo-
tion to the heart is thus obtained with a series of distinct processes.
The most important force acting on venous blood is represented by
surrounding muscles contraction, which compresses until collapse
large veins, moving the contained blood. A crucial role is also
played by a series of unidirectional valve, especially present in the
medium to large calibre vessels, typically constituted by two cusps
of connective tissue containing elastin. Another positive force is
obtained by respiratory cycle, which reduces thoracic internal pres-
sure during exhalation imposing a suction through venous system.
On the opposite side, gravitation acceleration and backward pres-
sure wave due to right atrium contraction are common opposite
forces acting on venous blood return.

Microcirculation Microcirculation is formed by millions of
small vessels which separate the arterial from the venous side, and
it is where the exchange of nutrients and cell excreta takes place.
In order to reach every single cell, large arteries generally branch
from six to eight times before vessels become small enough to be
called arterioles, which generally have internal diameters of only
10 to 15 micrometers70. Then, arterioles themselves branch two
to five times, reaching diameters of 5 to 9 micrometers at their
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1.3 – Systemic circulation

ends where they supply blood to capillaries70. At this stage, the
exchange can take place. Subsequently, blood flows from capil-
laries into venules, where is further recollected into the veins. In
figure 1.15 a sketch of the mesenteric capillary bed is proposed.
By means of their smooth-muscle coat and their good innervation,

Figure 1.15. Sketch of the mesenteric capillary bed (From
Zweifach BW: Factors Regulating Blood Pressure. New York:
Josiah Macy, Jr., Foundation, 1950.

arterioles can change their diameter manifold70, accomplishing to
the task of regulate flow through each specific capillary bed, thus
controlling effective tissue perfusion. Such a complex phenomena is
usually called vasomotion and has important implication on central
pressure, ventricular work and overall cardiovascular functioning.
In order to preserve and regulate perfusion at different systemic
pressure and condition, arteriolar smooth-muscle contraction de-
pends on sympathetic nervous condition, tissue metabolism, vessel
distension and activation state of circulating hormones and other
plasma constituents in a very elaborate and efficient way.

Differently, capillary walls do not present muscle fibers, being
constituted by a single layer of flat endothelial cells. According
to their structure and location, capillaries can be divided in con-
tinuous, fenestrated and sinusoidal (see figure 1.16). The former,
which are present in muscles and nervous and connective tissues,
allow only very small molecule to pass through their walls. The
fenestrated capillaries present small pore in the endothelial layer,
allowing small protein and molecules to filter. These capillary are
usually encountered in pancreas, intestines and part of the kidney.
Differently, even red and white cell pass through the sinusoidal
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1 – The cardiovascular system

Figure 1.16. Three major capillary types.

capillary openings.
At capillary level, the great majority of substances exchange is

obtained by means of molecular diffusion through capillary mem-
brane. Other exchange methods rely on direct blood filtration
through capillary wall or in a mechanism called transcytosis.

Once blood has exchanged nutrient and oxygen with waste
products and carbon dioxide it is conveyed in a venule, and the
path through venous network starts.

1.4 Pulmonary circulation
Pulmonary circulation is the combination of vessels that carry
blood from the right ventricle through pulmonary alveoli of the
lungs and back to the left atrium (see figure 1.9).

Although flow through the pulmonary arteries is comparable to
that of the aorta, such a network provides a much smaller overall
resistance. Consequently, pressure is much lower, and the right
heart is weaker and thinner than its left counterpart.
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Chapter 2

Mathematical modelling

The analysis of the motion of a fluid subjected to a variable pres-
sure in a network of deformable vessels is important in many en-
gineering and medical applications. Despite the large amount of
research produced by a wide range of scholars, from physicists to
mathematicians and engineers, the exact solution of the flow field
is not yet available. By examining the real situation of this motion
the reasons why the problem is so complicated can be understood.
Since the aim of this Section is introduce the reader to the mathe-
matical modelling of the cardiovascular system, we would consider
blood as fluid, and arteries as containing vessels.

The first difficulty in modelling blood motion within the sys-
temic circulation is found by analysing blood rheological proper-
ties. Indeed, as introduced in the precedent Chapter, blood is not
a perfect liquid, being formed by the viscous plasma where several
deformable particles are suspended. A correct rheological math-
ematical model should thus consider the interaction between the
suspended particles, their deformation and the consequent overall
non-Newtonian behaviour. Another strong difficulty arises from
the implementation of the arterial wall mechanical properties and
of their complex structure. Arterial walls are formed by several
different living layers that globally results in a location-dependent
anisotropic non-linear viscoelastic behaviour80;121;193. It is easy to
understand how a mechanical model that considers the different
layers, their large deformations, their compositions and their mu-
tual living interactions would be very complex. Furthermore, such

25



i
i

i
i

i
i

i
i

2 – Mathematical modelling

a description should be able to enters in a fluid dynamic math-
ematical model, which often impose important restrictions. On
the other side, left-ventricular ejection is intermittent and the con-
nection between this pumping volume and the receiving network
is mediated by the aortic valve, a marvellous passive viscoelastic
moving structure whose motion is very complex. The flow into the
large arteries is strongly pulsatile. Consequently, the pressure and
flow patter is time- and location-dependent and flow and pressure
pulse underneath important changes when moving within the net-
work. Fortunately, the flow field is most of time laminar, although
laminar-turbulent transition happens close to the most complicated
geometries such as the heart valve. Finally, the network is itself
complex, as introduced in the apposite Section. Large arteries bi-
furcate several times, greatly increasing in number and reducing
their calibre through the arterial tree. Bifurcations can be very
different, ranging form cases where one branch can be considered
lateral and minor, to conditions where the incoming artery is split
in two similar arteries. Moreover, arteries are often curved, and
important secondary flow fields are known to arise. Considering
that every artery is itself a very complex entity, the interaction
between their network become impossible to solve.

Recognizing all these characteristics one can understand how
the resulting system of equation, forming the mathematical model,
would be highly non-linear and complex. Additionally, it is impor-
tant to point out that a detailed description of all these character-
istic would require an elevated number of information, which often
are not available.

Consequently, a significant number of simplifying assumption
have been adopted in order to allow the resolution of the model.
With the progress of technology, however, the increase of knowl-
edge and computing capacity has allowed a gradual reduction of
the assumptions needed, allowing a wide range of gradually more
complex mathematical models to be created.

Indeed, as introduced at the beginning of this Thesis, the physically-
based modelling of the cardiovascular system has a long history
and the successive refinements have been impressive183. In the
next Sections two different mathematical models will be presented.
Although the descriptions of some subsystem are identical, crucial
differences exist. The first model presented is a lumped model of
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2.1 – Lumped model

the complete cardiovascular system, while the second is a multi-
scale (1D/0D) model of the left ventricle-arterial interaction with
one-dimensional description of the arterial tree. The former, ex-
ploiting electrical analogy, allows to describe the fluid-mechanical
behaviour by means of a set of ordinary differential equations. Dif-
ferently, multi-scale modelling results in a set of partial differential
equations, where the spatio-temporal propagations are considered.
By the way, left-ventricle and aortic valve are modelled in the same
way, and important assumptions are shared by the models.

2.1 Lumped model

The present lumped model, proposed by Korakianitis and Shi89,
extends the Windkessel approach131;193 and consists of a network
of capacitors, resistances and inductances describing the pumping
heart coupled to the systemic and pulmonary systems. Viscous
effects are taken into account by resistances, R [mmHg s/ml], in-
ertial terms are considered by inductances, L [mmHg s2/ml], while
vessel elastic properties are described by capacitors, C [ml/mmHg].
Three cardiovascular variables are involved at each section: blood
flow, Q [ml/s], volume, V [ml] and pressure, P [mmHg]. A schematic
representation of the cardiovascular system is shown in Fig. 2.1.

All four chambers forming the heart are described. Cardiac
pulsatility properties are included by means of two pairs of time-
varying elastance functions, one for atria and one for ventricles,
which are then used in the constitutive equations, relating pressure
and volume). For the four heart valves, the basic pressure-flow re-
lation is described by an orifice model. Valve motion mechanisms
are deeply analysed, accounting for the following blood-flow effects:
pressure difference across the valve, frictional effects from tissue
resistance, dynamic motion effect of blood acting on valve leaflets
and the action of the vortex downstream of the valve. The intro-
duction of a time-varying elastance for atria accounts for their con-
traction, while heart dynamics description allows to model valvular
regurgitation and dicrotic notch mechanism. An equation for the
mass conservation (accounting for the volume variation, dV/dt)
concludes the description of each chamber.

Systemic and pulmonary systems are divided into 5 parts (see
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Systemic Circuit
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Figure 2.1. Scheme of the model: blood flow Q, volume V , pres-
sure P . Subscripts sas, sat, sar, scp and svn refer to aortic sinus,
and systemic arteries, arterioles, capillaries and veins. ra, rv, la
and lv indicate right atrium, right ventricle, left atrium and left
ventricle. pas, pat, par, pcp and pvn specify pulmonary arterial
sinus, arteries, arterioles, capillary and veins.

Fig. 2.1). Systemic circulation is split in four interacting subsys-
tems (aortic sinus, artery, arteriole and capillary), while systemic
venous circulation is characterized by a unique compartment. Sim-
ilarly division is used for pulmonary circuit. Each section of the
systemic and pulmonary circuits may contain three components
(viscous, R, inertial, L, and elastic, C term), and is characterized
by three equations: an equation of motion (accounting for flow
variation, dQ/dt), an equation for mass conservation (expressed in
terms of pressure variations, dP/dt), and a linear state equation
between pressure and volume.

The resulting differential system is numerically solved by means
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2.1 – Lumped model

of a multistep adaptative scheme based on the numerical differen-
tiation formulas (NDFs).

2.1.1 Governing equations

In this Section the governing equation are presented. For the sake
of simplicity, equations are grouped into cardiac (with the four
chambers) and circulatory (with systemic and pulmonary loops)
sections.

Cardiac

As introduced, all cardiac chambers are here modelled. We here
report their governing equations.

Left Atrium
The following equations describe left atrium behaviour, relating
left atrial volume Vla and pressure Pla and inflow Qpvn and outflow
Qmi as

dVla
dt

= Qpvn −Qmi,

Pla = Pla,un + Ela(Vla − Vla,un), (2.1)

Qmi =
{
CQmiΘmi

√
Pla − Plv, if Pla ≥ Plv,

−CQmiΘmi
√
Plv − Pla, if Pla < Plv,

where the subscript un denotes the unstressed pressure and volume
levels of each cardiovascular section, CQ is a flow coefficient and
Θ is a function which simulates the non-ideal behaviour of the
valve orifice. The time-varying elastance governs the left atrial
activation, and it is written as

Ela(t) = Ela,min + Ela,max − Ela,min
2 ea(t), (2.2)

where the atrium activation function ea(t) is

ea(t) =

0, if 0 ≤ t ≤ Tac,
1− cos

(
t−Tac
RR−Tac 2π

)
, if Tac < RR,

(2.3)
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and where Ela,min and Ela,max are the minimum and maximum
elastance values, respectively, while Tac is time at the beginning of
atrial contraction.

The non-binary state of the mitral valve opening is quantified
from the angular position of the leaflets as

Θmi = (1− cos θmi)2

(1− cos θmax)2 . (2.4)

The valve opening angle is obtained solving the following balance
of force acting on the leaflets

d2θmi
dt2

=



(Pla − Plv)Kp,mi cos θmi −Kf,mi
dθmi
dt

+Kb,miQmi cos θmi
−Kv,miQmi sin 2θmi, if Qmi ≥ 0,

(Pla − Plv)Kp,mi cos θmi −Kf,mi
dθmi
dt

+Kb,miQmi cos θmi, if Qmi < 0,

(2.5)

where the coefficients Kp,mi,Kf,mi,Kb,mi and Kv,mi have been se-
lected by Korakianitis et al 89 by means of numerical experiments
in order to produce physiological valve motion process as described
in the literature.

Left Ventricle
Similarly, left ventricle mathematical description results in the fol-
lowing ordinary differential equations.

dVlv
dt

= Qmi −Qao,

Plv = Plv,un + Elv(Vlv − Vlv,un), (2.6)

Qao =
{
CQaoΘao

√
Plv − Psas, if Plv ≥ Psas,

−CQaoΘao
√
Psas − Plv, if Psas < Plv,

where inflow Qmi comes from mitral valve while the outflow Qao is
the ejection through the aortic valve.

The time-varying elastance is written as

Elv(t) = Elv,min + Elv,max − Elv,min
2 ev(t), (2.7)
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and the ventricle activation function is

ev(t) =


1− cos

(
t

Tme
π
)
, if 0 ≤ t < Tme,

1 + cos
(

t−Tme
Tce−Tmeπ

)
, if Tme ≤ t < Tce

0, if Tce ≤ t < RR,

(2.8)

where Elv,min and Elv,max are minimum and maximum elastance
values, respectively. Tme and Tce are the instants where elastance
reaches its maximum and constant values, respectively.

The valve opening function is decided by the angular position
of the leaflets:

Θao = (1− cos θao)2

(1− cos θmax)2 (2.9)

while aortic valve motion is governed by the following system of
ordinary differential equations

d2θao
dt2

=



(Plv − Psas)Kp,ao cos θao −Kf,ao
dθao
dt

+Kb,aoQao cos θao
−Kv,aoQao sin 2θao, if Qao ≥ 0,

(Plv − Psas)Kp,ao cos θao −Kf,ao
dθao
dt

+Kb,aoQao cos θao, if Qao < 0,

(2.10)

Right Atrium
Right atrium description is analogous, and results in the following
system of equations.

dVra
dt

= Qsvn −Qti,

Pra = Pra,un + Era(Vra − Vra,un), (2.11)

Qti =
{
CQtiΘti

√
Pta − Ptv, if Pta ≥ Ptv,

−CQtiΘti

√
Prv − Pra, if Pra < Prv,

where right atrial volume is obtained from the balance between
inflow from venous systemQsvn and outflow through tricuspid valve
Qti and where time-varying elastance is written as

Era(t) = Era,min + Era,max − Era,min
2 ea(t). (2.12)
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The activation function is given by Eq. (2.3), while Era,min and
Era,max are the minimum and maximum elastance values, respec-
tively.

Tricuspid valve opening coefficient is obtained from angular as

Θti = (1− cos θti)2

(1− cos θmax)2 (2.13)

and valve motion is governed by

d2θti
dt2

=



(Pra − Prv)Kp,ti cos θti −Kf,ti
dθti
dt

+Kb,tiQti cos θti
−Kv,tiQti sin 2θti, if Qti ≥ 0,

(Pra − Prv)Kp,ti cos θti −Kf,ti
dθti
dt

+Kb,tiQti cos θti, if Qti < 0,

(2.14)

Right Ventricle
Finally, right ventricle description is deduced in an identical way
as

dVrv
dt

= Qti −Qpo,

Prv = Prv,un + Erv(Vrv − Vrv,un), (2.15)

Qpo =
{
CQpoΘpo

√
Prv − Ppas, if Prv ≥ Ppas,

−CQpoΘpo
√
Ppas − Prv, if Ppas < Prv,

where time-varying elastance is written as

Erv(t) = Erv,min + Erv,max − Erv,min
2 ev(t), (2.16)

and where ventricle activation function is. Again, Erv,min and
Erv,max are minimum and maximum elastance values, respectively.

The valve opening effect is computed from leaflet angular posi-
tion as

Θpo = (1− cos θpo)2

(1− cos θmax)2 (2.17)
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and valve motion is governed by

d2θpo
dt2

=



(Prv − Ppas)Kp,po cos θpo −Kf,po
dθpo
dt

+Kb,poQpo cos θpo
−Kv,poQpo sin 2θpo, if Qpo ≥ 0,

(Prv − Ppas)Kp,po cos θpo −Kf,po
dθpo
dt

+Kb,poQpo cos θpo, if Qpo < 0.

(2.18)

Systemic Circuit

The network of large arteries that bifurcates several time resulting
in a huge number of inhomogeneous small vessels is here brought
together and concentrated in a punctual description. Having dis-
regarded all the spatial informations, the set of resulting equation
is composed by ordinary differential equation, and the unique in-
dependent variable is time.

Systemic circulation is here divided in five sectors. Aortic si-
nus (subscript sas), large arteries (sat), arterioles (sar), capillar-
ies (scp) and veins (svn), which are thus independently modelled.
Each sector is described by three equations and the different pre-
dominances of particular characteristic is obtained balancing pa-
rameter values. A special case is represented by the venous system,
where very low acceleration entails negligible inertia. Consequently,
venous inertance is totally neglected. Large arteries description are
dominated by elastic behaviour while arterioles and capillaries re-
sults in a mainly resistive characteristic. A three sector description
of the network is here analysed. The following systems of equations
describe the systemic circuit.

dPsas
dt = Qao−Qsas

Csas
,

dQsas
dt = Psas−Psat−RsasQsas

Lsas
,

Psas − Psas,un = 1
Csas

(Vsas − Vsas,un),
(2.19)


dPsat
dt = Qsas−Qsat

Csat
,

dQsat
dt = Psat−Psvn−(Rsat+Rsar+Rscp)Qsat

Lsat
,

Psat − Psat,un = 1
Csat

(Vsat − Vsat,un),
(2.20)
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
dPsvn
dt = Qsat−Qsvn

Csvn
,

Qsvn = Psvn−Pra
Rsvn

,

Psvn − Psvn,un = 1
Csvn

(Vsvn − Vsvn,un),
(2.21)

Pulmonary Circuit

Pulmonary circuit is modelled in a similar way. Indeed, pulmonary
circulation is divided in five compartments: pulmonary arterial
sinus (subscript pas), pulmonary large arteries (pat), pulmonary
arterioles (par), capillary (pcp) and veins (pvn). The resulting
systems of equation are written as


dPpas
dt = Qpo−Qpas

Cpas
,

dQpas
dt = Ppas−Ppat−RpasQpas

Lpas
,

Ppas − Ppas,un = 1
Cpas

(Vpas − Vpas,un)
(2.22)


dPpat
dt = Qpas−Qpat

Cpat
,

dQpat
dt = Ppat−Ppvn−(Rpat+Rpar+Rpcp)Qpat

Lpat
,

Ppat − Ppat,un = 1
Cpat

(Vpat − Vpat,un),
(2.23)


dPpvn
dt = Qpat−Qpvn

Cpvn
,

Qpvn = Ppvn−Pla
Rpvn

,

Ppvn − Ppvn,un = 1
Cpvn

(Vpvn − Vpvn,un).
(2.24)
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2.1.2 Numerical Scheme

The system of ordinary differential equation is solved in time by
means of a multistep adaptative solver for stiff problems, imple-
mented by the ode15s Matlab function (MATLAB version 7.9.0
(2009) Natick, Massachusetts: The MathWorks Inc). The rela-
tive error tolerance, RelTol, is set equal to 10−10. The absolute
error tolerance, AbsTol, is in general imposed equal to 10−6, ex-
cept for equations involving aortic and pulmonary flows, Qao and
Qpo, where a more stringent tolerance (10−10) is required to avoid
numerical oscillations.

The variable order solver adopted is based on the numerical
differentiation formulas (NDFs) and is chosen because is one of the
most efficient and suitable routines for stiff problems. In fact, the
equation representing the cardiovascular system shows some stiff-
ness features, including some terms that can lead to rapid variation
in the solutions. This aspect is particularly relevant for valve dy-
namics, where sudden variations of leaflet angular position occur
when valves open and close.

2.1.3 Initial Conditions and parameters values

Initial conditions are given in terms of pressures, volumes, flow
rates and valve opening angles. The total volume is taken as the
average value for a healthy adult, Vtot=5250 ml. Initial condition
considers that all the valves are closed and no flow is present. Ini-
tial pressures in the circulatory sections are given as typical values
reached during a normal cardiac cycle. Volumes in the four cham-
bers are obtained at t=0 subtracting from the total volume, Vtot, all
the volume contributes at the generic vascular section i, using the
constitutive relation Pi,t=0−Pi,un = 1

Ci
(Vi,t=0−Vi,un), where Pi,t=0

is imposed as previously said. Table 2.1 summarizes the adopted
initial values. Cardiovascular parameters are shown in tables from
2.2 to 2.6.
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Variable Value (t = 0)
Vla,0 60 ml
Vlv,0 130 ml
Vra,0 39 ml
Vrv,0 110 ml
Psas,0 100 mmHg
Qsas,0 0 ml/s
Psat,0 100 mmHg
Qsat,0 0 ml/s
Psvn,0 10 mmHg
Ppas,0 20 mmHg
Qpas,0 0 ml/s
Ppat,0 20 mmHg
Qpat,0 0 ml/s
Ppvn,0 10 mmHg

θmi,0 = dθmi,0/dt 0 rad
θao,0 = dθao,0/dt 0 rad
θti,0 = dθti,0/dt 0 rad
θpo,0 = dθpo,0/dt 0 rad

Table 2.1. Initial conditions.

Parameter Value
CQao 350 ml/(s mmHg0.5)
CQmi 400 ml/(s mmHg0.5)
Elv,max 2.5 mmHg/ml
Elv,min 0.07 mmHg/ml
Plv,un 1 mmHg
Vlv,un 5 ml
Ela,max 0.25 mmHg/ml
Ela,min 0.15 mmHg/ml
Pla,un 1 mmHg
Vla,un 4 ml
CQpo 350 ml/(s mmHg0.5)
CQti 400 ml/(s mmHg0.5)
Erv,max 1.15 mmHg/ml
Erv,min 0.07 mmHg/ml
Prv,un 1 mmHg
Vrv,un 10 ml
Era,max 0.25 mmHg/ml
Era,min 0.15 mmHg/ml
Pra,un 1 mmHg
Vra,un 4 ml

Table 2.2. Heart parameters.
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Parameter Value
Csas 0.08 ml/mmHg
Rsas 0.003 mmHg s/ml
Lsas 0.000062 mmHg s2/ml
Psas,un 1 mmHg
Vsas,un 25 ml
Csat 1.6 ml/mmHg
Rsat 0.05 mmHg s/ml
Lsat 0.0017 mmHg s2/ml
Psat,un 1 mmHg
Vsat,un 775 ml
Rsar 0.5 mmHg s/ml
Rscp 0.52 mmHg s/ml
Rsvn 0.075 mmHg s/ml
Csvn 20.5 ml/mmHg
Psvn,un 1 mmHg
Vsvn,un 3000 ml

Table 2.3. Systemic circulation parameters.

Parameter Value
Cpas 0.18 ml/mmHg
Rpas 0.002 mmHg s/ml
Lpas 0.000052 mmHg s2/ml
Ppas,un 1 mmHg
Vpas,un 25 ml
Cpat 3.8 ml/mmHg
Rpat 0.01 mmHg s/ml
Lpat 0.0017 mmHg s2/ml
Ppat,un 1 mmHg
Vpat,un 175 ml
Rpar 0.05 mmHg s/ml
Rpcp 0.07 mmHg s/ml
Rpvn 0.006 mmHg s/ml
Cpvn 20.5 ml/mmHg
Ppvn,un 1 mmHg
Vpvn,un 300 ml

Table 2.4. Pulmonary circulation parameters.
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Parameter Value
Kp,mi, Kp,ao, Kp,ti, Kp,po 5500 ml/mmHg
Kf,mi, Kf,ao, Kf,ti, Kf,po 50 s−1

Kb,mi, Kb,ao, Kb,ti, Kb,po 2 rad/(s ml)
Kv,mi, Kv,ti 3.5 rad/(s ml)
Kv,ao, Kv,po 7 rad/(s ml)

θmax 5/12 π rad

Table 2.5. Valve dynamics parameters.

Parameter Value
Tac 0.875 RR s
Tme 0.3

√
RR s

Tce 3/2 Tme s

Table 2.6. Temporal parameters. Activation times are
those typically introduced in the time-varying elastance
models89;131, and are here settled considering that, at
RR=0.8 s, the ventricular systole lasts about 0.3 s, while
the atrial systole length is about 0.1 s70.
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2.2 Multi-scale model

In current literature the effectiveness of the multi-scale mathemat-
ical approach for the description of the cardiovascular system has
been recognized17;100;163. Consisting in coupling of submodels of
different dimensions, multi-scale modelling allows to evaluate the
interactions of different sectors, each of them described with the
most suitable level of detail. Indeed, left ventricle, its bounding
valves, large arteries and microcirculation volumes are described
independently, although then solved together.

With the aim of obtaining an optimal balance among com-
putational efforts, required data and results, one-dimensional de-
scription of large arteries has been adopted by the majority of
authors2;15;17;56;100;122;124;125;139;140;144;171, while three-dimensional
(3D) models are usually limited to detailed descriptions of local vas-
cular conditions17;18, although very recently a full scale 3D model
has been proposed200. Several studies concerned the mechanical
description of the arterial walls, namely the so-called constitu-
tive relation, that associates stress and deformation. Even though
the arterial wall tissues display a complex non-linear viscoelastic
behaviour77;80;193, several simplified constitutive laws have been
adopted. They range from the linear elastic description15;56;125 to
more complex linear2;8;14;55 or non-linear17;145 viscoelastic charac-
terizations.

For what concern heart modelling, the lumped description in-
troduced by Sagawa155 has been largely successful, being time-
varying elastance able to accurately reproduce the main features
of the contracting myocardium17;89;100;145;163. Finally, in spite of
the key role of aortic valve in the heart-arterial coupling, just a few
authors introduced a physically-based description of aortic valve
leaflet movement in their models89;116. Valves are in fact generally
approximated as an ideal diode plus a resistance, thus ignoring
important dynamical features163.

Microcirculation fluid mechanics is by far too complex for being
described with similar fully-non linear system of continuous equa-
tions. Indeed, micro-circulation networks have been modelled as
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2 – Mathematical modelling

regular fractal networks125, where non-linear terms have been dis-
regarded, or by a zero-dimensional approach, using three-elements
Windkessel models193, thus avoiding spatial discretization.

Venous return has received less attention, mainly due to the
fluid dynamic complexity of such collapsible conduits; however,
some lumped17;19 and one-dimensional models113 have been pro-
posed.

In the next Section we present a multi-scale (1D/0D) model
of the left ventricular-arterial interaction. Large artery are de-
scribed with fully-non linear one dimensional Navier-Stokes equa-
tion, where non-linear viscoelastic mechanical properties of the con-
taining vessels are considered. Left ventricular dynamics are mod-
elled by means of time-varying elastance function. Aortic valve
motion is obtained from balance of force acting on its leaflet, while
mitral valve is assumed ideal. Finally, Windkessel description of
small-vessel network is used.

2.2.1 Hydraulics of the large arteries

One dimensional description of large arterial blood flow assumes
that vessel geometry and flow field are axisymmetric and flow is
laminar93. Arterial walls are considered impermeable and longitu-
dinally tethered. A small vessel radius-to-length ratio is assumed
125 and vessel deformations are small and only radial. Therefore,
deformed sections remain perpendicular to the axial direction and
vessels maintain constant length56. Effects of suspended particles
are neglected and blood is assumed Newtonian, incompressible and
characterized by constant density, ρ, and kinematic viscosity, ν 122.

Under these assumptions, the mass and momentum balance
equations integrated over the transversal section are

∂A

∂t
+ ∂Q

∂x
= 0 (2.25)

∂Q

∂t
+ ∂

∂x

(
2π
∫ R

0
u2rdr

)
= −A

ρ

∂P

∂x
+Ag sin γ + 2πν

[
r
∂u

∂r

]
r=R
(2.26)

where x and r are the axial and radial coordinates, respectively, t is
time, A is the vessel cross-sectional area, P is the radially-constant
pressure, Q = 2π

∫ R
0 urdr is the flow rate (R the vessel radius and
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2.2 – Multi-scale model

u = u(r) the axial velocity profile), g is the gravitational accelera-
tion, and γ is the angle between axial and horizontal directions.

In order to compute the convective and viscous terms of equa-
tion (2.26) a velocity profile has to be assumed. Left-ventricular
periodic ejection imposes a pulsating flow throughout the arterial
tree, making the velocity profile time-variable both in shape and
in its mean value. This entails that flow and wall shear stresses
are not in phase15, the core flow being mainly subjected to in-
ertial forces while the outermost part being mainly influenced by
viscous forces. The diameter reduction from the large central ar-
teries to the small arterioles determines a spatial dependence of
the importance of the viscous boundary layer with respect to the
central, almost flat, portion of profile. Lighthill101 suggested that
the boundary layer thickness remains almost constant along the
arterial tree, thus playing a marginal role in large arteries but be-
coming comparable to the arterial radius in more distal and small
vessels. A first-order estimate of the boundary layer thickness, δ̃,
is given from the equilibrium between inertial and viscous forces
at the interface between viscous layer and inviscid core. It gives
δ̃ =

√
ν/ω ≈ 1 mm, where ω = 2π/T being T the cardiac period.

To date, several velocity profiles have been proposed183. Com-
monly, flat profile56;171, various parabolic forms2;8;17;33;105 and a
profile joining a linear viscous layer and a flat inviscid core124 are
commonly adopted. In all these cases, velocity profile depends only
on the flow. Differently, Bessems et al 15 proposed a flow field de-
pending also on the spatial derivative of pressure, while Reymond
et al.145 implemented a velocity profile obtained from the Womer-
sley theory.

Aiming at a good balance between physiological likelihood and
computational complexity, we propose a new velocity distribution
by assuming a central flat profile joined to a parabolic boundary
layer of thickness δ. The local velocity u(r, x, t) takes the form

u(r, x, t) =

ũ(x, t) if 0 < r < R(x, t)− δ(x, t)
R(x,t)2−r2

2R(x,t)δ(x,t)−δ(x,t)2 ũ(x, t) if r ≥ R(x, t)− δ(x, t)
(2.27)

where δ(x, t)= δ̃ if δ̃ < R(x, t) and δ(x, t)=R(x, t) otherwise. Since
cross-sectional integral of velocity profile must equals flow, the local
velocity of the flat core ũ(x, t) is related to arterial flow and radius
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2 – Mathematical modelling

as
ũ(x, t) = 2Q(x, t)

π(δ(x, t)2 + 2R(x, t)(R(x, t)− δ(x, t))) .

Using profile (2.27), the convective term of equation (2.26) can be
written as

∂

∂x

(
2π
∫ R

0
u2rdr

)
= ∂

∂x

(
β
Q2

A

)
(2.28)

where β is the Coriolis coefficient (or momentum correction factor)
computed as

β(x, t) = 4
3

3A2 − 4A3/2√πδ + 2Aπδ2

(2A− 2
√
A
√
πδ + πδ2)2

. (2.29)

In the limit δ/R(x) → 0 typical of the large arteries β = 1, while
in the small vessels (where δ = R) β = 4/3 as in the Poseuille flow.

The viscous drag force term becomes

2πν
[
r
∂u

∂r

]
R

= 8AQ
√
πν

δ(−4A3/2 + 6A
√
πδ − 4

√
Aπδ2 + π3/2δ3)

= N4(x, t).

(2.30)
and, accordingly, equation (2.26) becomes

∂Q

∂t
+ ∂

∂x

(
β
Q2

A

)
= −A

ρ

∂P

∂x
+Ag sin γ +N4. (2.31)

2.2.2 Constitutive relation

Equations (2.25) and (2.31) contain three dependent variables,
namely P (x, t), Q(x, t) and A(x, t), so a third equation is needed.
By linking pressure and area, the constitutive relation quantifies
wall deformation induced by a change of pressure. We choose
Q(x, t) and A(x, t) as dependent variables because the correspond-
ing differential system results more suitable to be numerically simu-
lated by Discontinuous Galerkin method; moreover, 1D models are
generally written in the domain {Q,A}. It follows that pressure
has to be written as a function of the vessel area.

The arterial wall exhibits a vessel-dependent anisotropic non-
linear viscoelastic behaviour, due to the complex interplay among
the fibrous elastic interlocked elastin, collagen, and active smooth
muscles80;121;182;193. The mechanical properties depend on artery
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2.2 – Multi-scale model

function: large elastic central arteries serve predominantly as a
cushioning reservoir, long muscular arteries actively modify wave
propagation by changing smooth muscle tone, and arterioles alter
the peripheral resistance by changing their calibre to maintain the
mean arterial pressure121. Accordingly, from the central arteries
to more peripheral vessels a reduction of the relative importance
of the elastic components (elastin and collagen) occurs, while the
action of smooth muscle component increases. Along with these
structural characteristics, it is worth recalling that deformability
also depends on geometry, being a function of diameter.

In this model a non-linear viscoelastic constitutive relation is
considered. For the sake of of clarity, we present separately the
elastic (Pe) and the viscous (Pv) pressure components, so that

P (x, t) = Pe(x, t) + Pv(x, t). (2.32)

The elastic component is modelled following Langewouters96 and
Reymond et al.145. Therefore, the elastic component of arterial
compliance, CeA, is written as

CeA = ∂A

∂Pe
= Ced(d(x)) Cep(Pe). (2.33)

where Ced and Cep are the geometry- and pressure-dependant com-
ponents, and d(x) is the tapered arterial diameter. Using the
Bramwell-Hill relation the geometry-dependent term is written as
Ced(d(x, t)) = A(x, t)/(ρPWV (x, t)2), where PWV is the pulse
wave velocity, which can, in turn, be expressed as a function of the
diameter as PWV (d(x, t)) = a2/d(x, t)b2 , where a2 =13.3 m1.3/s
and b2 =0.3145. In the geometry-dependent term the diameter is
approximated as d0(x), i.e. the diameter evaluated at the reference
pressure P0=100 mmHg, being its changes small during the cardiac
cycle.

The pressure-dependent component can be written as96

Cep(Pe) = a1 + b1

1 +
[
Pe−PmaxC

Pw

]2 , (2.34)

where a1, b1, PmaxC , and Pw are fitting parameters. Reymond et
al.145 demonstrated that relation (2.34) holds throughout the main
arterial tree.
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In order to obtain Pe as an explicit function of area, and recall-
ing that we work in the {Q,A} space, equation (2.33) is integrated
and fitted with an invertible function, Ap(Pe), as

Ap(Pe) =
∫
Pe
CepdPe ≈ a3P

1/3
e + a5, (2.35)

where a3=1914 N2/3/m4/3 and a5=-45348 N/m2 in the physiologi-
cal pressure range of 50-120 mmHg (the coefficient of determination
is R2=0.994).

The elastic component is then obtained as the product of the
inverse of the function Ap(Pe) by the geometry-dependent compo-
nent, Ced(d0(x)). After some manipulations one obtains

Pe(x, t) =
(
ρ
PWV 2(d0(x))

a3

A(x, t)−A0
A0

− a5
a3

)3

. (2.36)

Finally, the elastic component of the constitutive equation is
obtained from equation (2.36) by expanding it as a polynomial
function of the area A(x, t), i.e.

Pe(x, t) = B1(x) +B2(x)A(x, t) +B3(x)A(x, t)2 +B4(x)A(x, t)3

(2.37)
where the space-dependent coefficients Bi (i = 1-4), which embed
information about the local mechanical properties of the arterial
walls, are written as

B1 = − 1
a3

3

(
a3

5 + PWV 6ρ3 + 3PWV 4ρ2a5 + 3a2
5PWV 2ρ

) [
N
m2

]

B2 = 3ρPWV 2

A0a3
3

(
ρ2PWV 4 + 2ρa5PWV 2 + a2

5
) [

N
m4

]

B3 = −3ρ2PWV 4

A2
0a

3
3

(
a5 + ρPWV 2) [

N
m6

]

B4 =
(
ρPWV 2

a3A0

)3 [
N
m8

]
.
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It is worth recalling that this procedure can be easily extended to
other forms of non-linear elasticity.

About the viscoelastic behaviour, we follow the recently recalled
17 approach of Kivity and Collins87, by posing

Pv(x, t) = kh0

2
√
A0(x)R0(x)

1√
A(x, t)

∂A(x, t)
∂t

(2.38)

where k is the wall effective viscosity and h0 is the arterial wall
thickness at reference pressure. Exploiting the continuity equation
(2.25) time derivative can be eliminated so that

Pv(x, t) = −B5(x) 1√
A(x, t)

∂Q(x, t)
∂x

. (2.39)

where B5(x) = (kh0)/(2
√
A0R0).

Finally, the constitutive equation reads

P = B1 +B2A+B3A
2 +B4A

3 −B5
1√
A

∂Q

∂x
(2.40)

that, substituted into equation (2.31), gives

∂Q

∂t
+ ∂

∂x

(
β
Q2

A

)
+A

ρ

∂

∂x

(
B1+B2A+B3A

2+B4A
3−B5

1√
A

∂Q

∂x

)
=

= Ag sin γ +N4. (2.41)

2.2.3 Left ventricle

Left ventricle (LV) is represented by a time-varying elastance model
155. The elastance, ELV (t), modules force of contraction by relating
the left-ventricular pressure (PLV ) to the corresponding volume
(VLV ) as

ELV (t) = PLV (t)
VLV (t)− V0

, (2.42)

where V0 is a corrective volume.
The elastance function is described as131

ELV (t) = Emin,LV (1− Φ(t)) + Emax,LV Φ(t) (2.43)
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being Emax,LV and Emin,LV the maximal and the minimal elas-
tance, respectively, and Φ(t) the activation function

Φ(t) =
{
aΦ sin( πttce )− bΦ sin(2πt

tce
) if 0 < t ≤ tce

0 if tce < t < T
(2.44)

where aΦ = 0.9, bΦ = 0.25, tce is the time for onset of constant
elastance, and T is the heart period.

2.2.4 Cardiac valves

Mitral valve is modelled as an ideal diode with a resistive com-
ponent. The flow through the mitral valve is given by QMI =
(PLV − P̄LA)/RMI , where P̄LA is the imposed left-atrial pressure
and the resistance RMI instantaneously switch from a value of 3
mmHg s/L145 to infinite when the pressure gradient becomes neg-
ative.

Differently from the mitral valve, aortic leaflets are modelled
to move freely between a minimum, θmin, and a maximum, θmax,
opening angle, depending on the forces applied, and leaflet dy-
namics results from a system of ordinary differential equations, as
described in the apposite Section for the lumped model.

Following Blanco et al.17, the pressure-flow relation for the aor-
tic valve is

L
dQ
dt +RQ+B|Q|Q = Θ(PLV − P ) (2.45)

where P is the ascending aorta pressure, L accounts for the iner-
tance of the fluid, B is the turbulent flow separation coefficient,
and R is the viscous resistance. The aortic valve opening angle dy-
namics is modelled following Korakianitis and Shi89, as described
in the precedent Section for the lumped model.

2.2.5 Small arteries and micro-circulation

The arterial tree is terminated by three-element Windkessel mod-
els, namely lumped representations of the distal arterial behaviour.
Distal circulation response is represented by a first entering resis-
tance R1, followed by a parallel combination of a resistance R2
and a capacitance C. As reflections vanish at high frequencies145,
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2.2 – Multi-scale model

the first resistance R1 equals the characteristic impedance of the
terminating vessel, while the second resistance is calculated as the
difference between the total resistance RT and R1. The capacitor
C considers the effect of the volumetric compliance of the distal
arterioles.

This distal model corresponds to

dQ
dt −

1
R1

dP
dt = P − Pven

R1R2C
−
(
1 + R1

R2

) Q

R1C
(2.46)

where Q and P are flow and pressure at the distal boundary, and
Pven = 5 mmHg is a constant pressure in the microcirculation.

2.2.6 Vessel bifurcation

At any arterial bifurcation, conservation of total pressure and mass
are set. Considering a generic bifurcation where a parent vessel (1)
splits into two daughter vessels (2 and 3); the conservation of total
pressure reads

P1(L1, t) + 1
2ρū1(L1, t)2 = P2(0, t) + 1

2ρū2(0, t)2

P1(L1, t) + 1
2ρū1(L1, t)2 = P3(0, t) + 1

2ρū3(0, t)2 (2.47)

where the subscripts refer to the vessel number, L is the vessel
length, and ū is the mean velocity. Mass conservation further en-
tails

Q1(L1, t) = Q2(0, t) +Q3(0, t). (2.48)

These relations are solved along with the outgoing characteristics
of the three vessels.

2.2.7 Numerical Method

In the next Section a detailed description of the mathematical
model is proposed. The model is solved using a Runge-Kutta
Discontinuous-Galerkin method40: first, space is discretized by a
Discontinuous-Galerkin approach, then time evolution is described
by a second-order Runge-Kutta scheme.

47



i
i

i
i

i
i

i
i

2 – Mathematical modelling

Conservative form

In conservative form, model (2.25) and (2.41) reads

∂U
∂t

+ ∂F(U)
∂x

+ S(U) = 0 (2.49)

whereU = [A(x, t), Q(x, t)]T are the conservative variables, whereas
the corresponding fluxes and source terms are

F(U) =


Q

βQ
2

A +
4∑
j=2

j−1
ρj

AjBj −
B5
ρ

√
A
∂Q

∂x

 ,

S(U) =


0

4∑
j=1

Aj

ρj

dBj
dx + B5

ρ
√
A

∂Q

∂x

∂A

∂x
−N4−Abx

 ,
where bx = g sin(γ) is the longitudinal projection of the gravita-
tional acceleration.

To solve system (2.49) in a one-dimensional generic domain Ω
discretized into Nel elemental non-overlapping regions Ωe = [xle, xre]
– such that xle+1 = xre for e = 1, ..., Nel and ∪Nele=1Ωe = Ω – the weak
form of equation (2.49) is written(

∂U
∂t

,ψ

)
Ω

+
(
∂F
∂x

,ψ

)
Ω

+
(
S,ψ

)
Ω

= 0 (2.50)

where ψ is a set of arbitrary test functions in Ω and (v,p)Ω =∫
Ω vpdx is the standard L2(Ω) inner product between two generic
function v and p whose domain is the closed interval Ω. Decom-
posing the integrals in equation (2.50) into elemental regions, one
obtains

Nel∑
e=1

[(
∂U
∂t

,ψ

)
Ωe

+
(
∂F
∂x

,ψ

)
Ωe

+
(
S,ψ

)
Ωe

]
= 0. (2.51)

The second term can be integrated by part, obtaining

Nel∑
e=1

[(
∂U
∂t

,ψ

)
Ωe

−
(
F, dψ

dx

)
Ωe

+
[
Fψ

]
∂Ωe+

(
S,ψ

)
Ωe

]
= 0. (2.52)
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In order to discretize the problem in space, U is assumed to
belong to the finite dimensional space of the L2(Ω) functions –
that are polynomials of degree 1 on each element Ωe – obtaining
the approximate solution Uh (subscript h marks an element of
such a space). Even if the solution Uh can be discontinuous at
boundaries between elemental regions, information propagates by
upwinding the fluxes F on the third term of equation (2.52).

The approximate solutionUh = Uh(x, t) on the element Ωe can
be represented as

Uh(xe(ξ), t) =
2∑
i=1

αi(t)φi(ξ)

where αi are the time dependent unknown weights, φi(ξ) are the
trial functions on the reference element Ω̂ = [−1,1], and the follow-
ing affine mapping between Ω̂ and Ωe is introduced

xe(ξ) = xle
1− ξ

2 + xre
1 + ξ

2 .

We choose first-degree Lagrange functions as expansion poly-
nomial basis, φ1(ξ)=(1−ξ)/2, φ2(ξ)=(1+ξ)/2, and, following the
usual Galerkin approach, the discrete test functions ψh are chosen
in the same discrete space as the numerical solution Uh.

Introducing the approximate solution Uh and the discrete test
function into relation (2.52), one obtains the weak formulation as

Nel∑
e=1

[(
∂Uh

∂t
,ψh

)
Ωe

−
(
F(Uh), dψh

dx

)
Ωe

+

+
[
FLF ψh

]
∂Ωe +

(
S(Uh),ψh

)
Ωe

]
= 0 (2.53)

where FLF are the upwinded numerical fluxes. They are obtained
using the Lax-Friedrichs method as

FLF = 1
2(F(U−) + F(U+)− λmax(U+ −U−))

where U+ (U−, resp.) are the variables on the right (left, resp.)
side of the boundary and λmax is the maximum eigenvalue of the
matrix H(U) of the quasi-linear form (see eq. (2.55), below).
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2 – Mathematical modelling

The formulation (2.53) is then advanced in time by a second-
order Runge-Kutta explicit method. The choice of such a low-order
time-advancing scheme is coherent with the spatial discretization,
in which the order of the expansion polynomial is one. This method
is stable if the well-known Courant-Friedrichs-Lewy (CFL) condi-
tion is satisfied.

Treatment of the boundary conditions

When characteristics have slopes of opposite signs – as in the
present situation, see below –, the differential system (2.25) and
(2.41) needs only one physical condition at each domain bound-
ary. However, the solution of the numerical problem requires to
prescribe both variables at each boundary. For this reason, ex-
tra relations (called compatibility equations) have to be written at
each boundary by projecting the differential equations along the
outgoing characteristics.

Quasi-linear form

In order to formulate compatibility conditions, system (2.49) is
written in quasi-linear form as

∂U
∂t

+ H(U)∂U
∂x

+ S2(U) = 0 (2.54)

where the terms

H(U) =


0 1

1
ρ

4∑
j=1

jAjBj+1 − β
Q2

A2 2βQA

 ,

S2(U) =


0

1
ρ

4∑
j=1

jAj
dBj
dx −N4 −Abx


are obtained by neglecting viscoelasticity. Notice that the charac-
teristic variables move along the corresponding characteristic direc-
tions for a spatial distance equal to the product of the time step by
the local wave celerity. Being both time step and celerity small, the
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2.2 – Multi-scale model

spatial distance is very small thus allowing the viscoelastic effect
to be neglected.

Let Λ and L be the eigenvalue and left eigenvector matrices of
H(U), respectively, so that LHL−1 = Λ. They read

Λ(U) =
[
λ1 0
0 λ2

]
L(U) =

[
−λ2 1
−λ1 1

]
.

In the present case, the eigenvalues read

λ1 = β
Q(x, t)
A(x, t) − c(x, t), λ2 = β

Q(x, t)
A(x, t) + c(x, t)

where

c(x, t) =
√
A

ρ
(B2 + 2B3A+ 3B4A2) + (β − 1)βQ

2

A2

is the celerity of the propagation when the fluid is at rest. At least
in physiological condition, the system results strictly hyperbolic
because c is always greater than βQ/A, entailing λ1 < 0 (backward
propagation) and λ2 > 0 (forward propagation).

Compatibility conditions

Characteristic variables W are defined as

∂W
∂U = L(U). (2.55)

Due to the present structure of the matrix L, it is not possi-
ble to obtain the characteristic variables analytically. Therefore,
pseudo-characteristic variables are introduced by linearising equa-
tion (2.55).

By pre-multiplying the vectorial equation (2.54) by the left
eigenvector matrix, one obtains

L(U)∂U
∂t

+ L(U)H(U)∂U
∂x

+ L(U)S2(U) = 0

and then

L(U)∂U
∂t

+ Λ(U)L(U)∂U
∂x

+ L(U)S2(U) = 0. (2.56)
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In order to introduce the total derivative, the first term of equation
(2.56) is rewritten as

L(U)∂U
∂t

= ∂

∂t

(
L(U)U

)
−U∂L(U)

∂t

and the second term as

Λ(U)L(U)∂U
∂x

= Λ(U) ∂
∂x

(
L(U)U

)
−Λ(U)U∂L(U)

∂x
,

obtaining

∂

∂t

(
L(U)U

)
+ Λ(U) ∂

∂x

(
L(U)U

)
+

−Λ(U)U∂L(U)
∂x

−U∂L(U)
∂t

+ +L(U)S2(U) = 0.

By introducing the total derivative D/Dt, the last equation be-
comes

DL(U)U
Dt

−Λ(U)U∂L(U)
∂x

−U∂L(U)
∂t

+L(U)S2(U) = 0. (2.57)

If time is now discretized so that ∆t = tn+1−tn is the time step
(the subscript n denotes the n-th time instant), the total derivative
can be approximated as

D

Dt

(
Ln+1Un+1

)
≈ Ln+1Un+1 − L?nU?

n

∆t =

= LnUn+1 − L?nU?
n

∆t +
(
Ln+1 − Ln

)
Un+1

∆t (2.58)

where the superscript ? refers to the point located at the distance
from the boundary equal to c ·∆t. By assuming that(

Ln+1 − Ln
)
Un+1

∆t ≈ U∂L(U)
∂t

the departure of the pseudo-characteristic from a generic state U?
n

is taken as

LnUn+1 = L?nU?
n + ∆t

(
Λ?
n

∂L?n
∂x

U?
n − L?nS2(U?

n)
)

(2.59)
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2.2 – Multi-scale model

where Ln = L(Un) and Λn = Λ(Un).
Finally, because the pseudo-characteristics at the initial state

are set null, equation (2.59) needs to be balanced by subtracting
the initial condition to the dependent variables105, i.e.

Ln(Un+1 −U0) = L?n(U?
n −U?

0)+

+ ∆t
(
Λ?
n

∂L?n
∂x

(U?
n −U?

0)− L?n(S2(U?
n)− S2(U?

0))
)

(2.60)

where the subscript 0 refers to the initial condition. Since the
reference condition (uniform pressure of 100 mmHg and no flow) is
assumed as initial condition, the same subscript 0 is used to define
both quantities.

The formulation (2.60) has to be coupled with the physical
boundary conditions (2.47, 2.48) at every (internal and external)
boundary. The corresponding non-linear systems are solved by an
adaptive trust-region-dogleg method.

2.2.8 Initial Conditions and parameters values

Sizes and distal values of the arterial tree refer to the benchmark
data set collected by different authors in the last 60 years: the
starting data set collected by Noordergraaf et al.123, has been sub-
sequently adapted171;192, and recently updated145. Since we are
not interested here in a detailed description of the cerebral circu-
lation, and considering that the effect of such a district has been
found to be minimal on the aorta145, we chose to limit our net-
work to the main 48 arteries by excluding the cerebral arteries,
as proposed in Stergiopulos et al.171. Similarly to Reymond et al.
144, resistances have been multiplied by a correction factor (here
equal to 1.95) in order to obtain realistic ranges of pressure. Wall
thickness, viscoelasticity coefficients, parameters of the aortic valve
pressure-flow relation, and the extreme values of the elastance are
the ones adopted in Blanco et al.17. Heart rate is set to 75 bpm,
gravity is not considered, and blood rheological properties used are:
ρ = 1050Kg/m3 and µ = 0.004Pa s. Finally, taking advantage of
the symmetry, only one leg is simulated.

Simulations were carried out with a time step equal to 3 ·10−4 s
and a mean element length of 2.5 cm, resulting in a maximum CFL

53



i
i

i
i

i
i

i
i

2 – Mathematical modelling

number of 0.2. Error analysis confirmed that the model is second-
order accurate, i.e. the error scales proportionally to the square
of the time step. Results showed not to be sensitive to the initial
conditions, converging to the same periodic solution. Choosing an
initial condition of constant pressure (100 mmHg) and no flow, the
numerical scheme reached the convergence – fixed to a maximum
difference of pressures between two consecutive cardiac cycles less
than 1 % – in around five heart cycles.
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Chapter 3

Results from the lumped
model

In this Chapter the results obtained from the application of the
lumped model are presented. In particular, the lumped model has
been used to understand and characterize the atrial fibrillation.

3.1 Atrial fibrillation

Atrial fibrillation (AF) occurs when the electrical activity of the
atria, governed by the sinoatrial node, is disorganized, causing ir-
regular and rapid heartbeats58. AF can lead to disabling symp-
toms, such as palpitations, chest discomfort, anxiety, fall in blood
pressure, decreased exercise tolerance, pulmonary congestion, which
are all related to rapid heart rate and inefficient cardiac output.
Moreover, the persistence of fibrillated conditions can enhance heart
failure and stroke, being AF responsible for 15 to 20 percent of
ischemic strokes, and increasing the risk of suffering an ischemic
stroke by five times103.

The estimated number of individuals with atrial fibrillation
globally in 2010 was 33.5 million38. AF incidence gets higher with
age: 2.3% of people older than 40 years are affected, up to more
than 8% of people older than 80 years90, with a prevalence which
is markedly amplifying in industrialized countries5. AF currently
affects almost 7 million people in the USA and Europe, but be-
cause of the rise of life expectancy in Western countries, incidence
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3 – Results from the lumped model

is expected to double within the next forty years103. Nevertheless,
AF is responsible for substantial morbidity and mortality in the
general population12, with an increased risk for all-cause mortality
53. Treatment of AF gives rise to huge healthcare costs. The treat-
ment for diagnosis and therapy was estimated around 6.65 billion
per year for the US44.

For the above reasons, AF is a subject of broad interest under
several aspects. Some examples are, among many others, statistical
analyses on the heartbeat distributions74;177, risk factors82;179 and
correlation with other cardiac pathologies184.

However, several key points on the consequences of AF are not
completely understood104. Literature data, as we will show later
on, reveal for example contrasting trends regarding pulmonary and
systemic arterial pressures during AF: hypotension, normotension
and hypertension seem to be equally probable when AF emerges.
Invasive measures could, for instance, better clarify how AF acts
on arterial systemic and pulmonary pressures. But, these and
other non-invasive measures are often difficult to be performed
especially during atrial fibrillation, since the heart rate variabil-
ity causes problems to oscillometric instruments and the clinical
framework often requires immediate medical treatment. Moreover,
the anatomical and structural complexity of some cardiac regions
(e.g., right ventricle) makes estimates not always feasible and ac-
curate71. This leads to a substantial absence of well-established
information regarding the behaviour of the right ventricle and cen-
tral venous pressure during AF. Nevertheless, AF usually occurs
in presence of other pathologies (such as hypertension, atrial di-
latation, coronary heart disease, mitral stenosis). Therefore, the
specific role of atrial fibrillation on the whole cardiovascular sys-
tem is not easily detectable and distinguishable. It is still nowadays
debatable whether atrial dilatation acts mainly as cause or effect of
AF events130;157, while the role of hypertension as causative agent
and predictor makes it difficult to discern whether it is also a con-
sequence of AF184.

This research arises in this scenario and aims at being a first
attempt to quantify, through a stochastic modelling approach, the
impact of acute AF on the cardiovascular variables with respect to
the normal rhythm. Structural remodelling effects due to persistent
or chronic AF are not taken into account.
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3.1 – Atrial fibrillation

Our goal of understanding the global response of the cardiovas-
cular system during fibrillated paroxysmal events can be achieved
by means of a lumped-parameter approach89, which is here car-
ried out paying particular attention to the stochastic modelling of
the irregular heartbeats and the reduced contractility function of
the heart. In particular, the beating model accounts for a time-
correlated regular beat typical of the normal rhythm, while the
irregular fibrillated beating is composed by two differently corre-
lated random distributions.

The proposed approach has a double advantage. First, AF con-
ditions can be analysed without the presence of other side patholo-
gies. Therefore, the outcomes should be read as purely consequent
of a fibrillated cardiac status in a healthy young adult. To this
end, the AF parametrization through the modelling is presented
to highlight single cause-effect relations, trying to address from a
mechanistic point of view the cardiovascular feedbacks which are
currently poorly understood. Second, the main cardiac variables
and hemodynamics parameters can all be obtained at the same
time, while clinical studies usually focus only on a few of them at
a time. The present global response is indeed compared with more
than thirty works in literature, which describe the variations of
different hemodynamic features between normal sinus rhythm and
atrial fibrillation conditions. The overall agreement with clinical
state-of-the-art measures is rather good. Moreover, additional in-
formation related to the statistical properties of the cardiovascular
variables as well as hemodynamic parameters (such as right ven-
tricle data) which are difficult to measure and almost never offered
in literature, are here provided. An accurate statistical analysis
of the cardiovascular dynamics, yielding the main values and the
probability distributions, is not easily accomplished by in vivo mea-
surements, while it is here carried out thanks to the statistically
stationarity of the performed simulations.

Cardiac cycle simulation: physiologic and fibrillated beat-
ing

The main aim of the present work is to compare the cardiovascular
outcomes of the physiologic case (normal sinus rhythm, NSR) with
those during acute AF events. We recall that RR [s] is the temporal
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3 – Results from the lumped model

range between two consecutive heart beats, while the heart rate,
HR, is the number of heartbeats per minute, so that HR = 60/RR
bpm.

The normal heart-beating is an example of pink noise, which
means that the electrocardiogram has an approximately 1/f power
spectrum74;88, where f is the beat frequency. The presence of
a pink noise induces a temporal correlation, differently from the
white noise, which is instead uncorrelated. During NSR the RR
interval is usually Gaussian distributed75;137, with a coefficient of
variation cv=σ/µ, where σ is the standard deviation and µ is the
mean value of the RR distribution, which is between 0.05 and 0.13
137;168. Thus, we here extract the RR intervals from a pink Gaus-
sian distribution with an average value for normal adults, µ=0.8
s, and choosing cv=0.07. Pink noise is generated as follows. An
uncorrelated temporal signal is created extracting values from a
white Gaussian distribution. A Fourier transform of the signal is
carried out and the spectrum is multiplied by a filter so that the
resulting spectral density is proportional to 1/f . In the end, an in-
verse Fourier transform is performed to recover the filtered signal
in time.

During AF, the RR distribution can be unimodal (61% of the
cases), bimodal (32%), trimodal (5%), or multimodal (2%)191. The
presence of multiple modes is often attributed to a modification of
the atrio-ventricular node conduction properties148;191. Here we
focus on the unimodal distribution, affecting the large part of AF
patients, which can be fully described by the superposition of two
statistically independent times74;75, RR=τ+η. τ is extracted from
a correlated pink Gaussian distribution (mean µG, standard devi-
ation σG), while η is drawn from an uncorrelated exponential dis-
tribution (rate parameter γ). The resulting RR distribution is an
exponentially modified Gaussian (EMG) distribution, with mean
µ=µG + γ−1, standard deviation σ=

√
σ2
G + γ−2, and probability

density function:

p(RR;µG, σG, γ) = γ

2 e
γ
2 (2µG+γσ2

G−2RR) (3.1)

× erfc
(
µG + γσ2

G −RR√
2σG

)
,
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3.1 – Atrial fibrillation

where erfc(·) is the complementary error function. The parame-
ters are suggested by the fibrillated RR data available75;168, and
by considering that the coefficient of variation, cv, is around 0.24
during AF177.

In Fig. 3.1a, the fibrillated and physiologic distributions, from
which RR intervals are extracted, are shown for comparison.

Two other important features of the AF are introduced into the
model. First, there is a complete loss of atrial contraction42;138,
which can be taken into account, for both atria, by considering a
constant atrial elastance. In so doing, we exclude the atrial kick, i.e.
the atrial contribution to the ventricular filling during late diastole.
Second, a reduced systolic left ventricular function is experienced
during AF29;175 and this aspect is included by decreasing the max-
imum left ventricular elastance, Elv,max, to a value depending on
the preceding (RR1) and pre-preceding (RR2) heartbeats175:

Elv,max = 0.59RR1
RR2 + 0.91 mmHg/ml. (3.2)

A reduced contractile capacity is also observed for the right ventri-
cle71. However, since the partial disfunction of the right ventricle
cannot be easily traduced into elastance terms, here we prefer not
to change the Erv,max value with respect to the normal case.

Runs

The duration of AF episodes can greatly vary, depending on which
kind of fibrillation is considered58. For example, during parox-
ysmal atrial fibrillation recurrent episodes usually occur and self-
terminate in less than 7 days. Permanent fibrillation instead in-
duces an ongoing long-term episode, which can last up to a year or
more.

The model equations are integrated in time until the main
statistics (mean and variance) of the cardiac variables remain in-
sensitive to further extensions of the computational domain size,
highlighting the statistically steadiness of the results. The first
20 periods are left aside since they reflect the transient dynamics
of the system. In fact, the NSR configuration shows periodic so-
lutions after 5-6 cycles (also refer to89), therefore we can assume
that for both NSR and AF simulations the transient dynamics are
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Figure 3.1. (a) RR distributions: NSR (µ=0.8 s, σ=0.06 s), AF
(µG=0.5 s, σG=0.05 s, γ=6 Hz). (b) Autocorrelation functions,
R. (c) RR temporal series. (d)-(e) Power spectrum density, PSD:
(d) NSR, (e) AF. Light: NSR, dark: AF

completely extinguished after 20 periods. Once the system exceeds
the transient and reaches a statistically stationary state, 5000 cy-
cles are then simulated for the normal and the fibrillated cases.
Our choice of computing 5000 heartbeats can be thought of as a
representative acute fibrillation episode of about one hour length,
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3.1 – Atrial fibrillation

affecting a healthy young adult without pre-existing and structural
pathologies.

The two simulated cases are listed below:

(a) Normal sinus rhythm (NSR)

• RR extracted from a correlated pink Gaussian distribu-
tion: µ=0.8 s, σ=0.06 s;

• Time varying (right and left) atrial elastance;
• Full left ventricular contractility: Elv,max=2.5 mmHg/ml.

(b) Atrial fibrillation (AF)

• RR extracted from an EMG distribution: µG=0.5 s,
σG=0.05 s, γ=6 Hz; µ=0.67 s, σ=0.17 s, cv=0.26;

• Constant (right and left) atrial elastance;
• Reduced left ventricular contractility, Eq. (3.2). de-

pending on the preceding, RR1, and the pre-preceding,
RR2, heartbeats:
Elv,max = 0.59RR1/RR2 + 0.91 mmHg/ml.

For both NSR and AF we report the autocorrelation functions,
R, (Fig. 3.1b), the RR time series (Fig. 3.1c), and the power spec-
trum density, PSD (Fig. 3.1, panels d and e), computed directly
from the RR series (thin curves), and estimated through the Welch
method (thick curves) to smooth the oscillations. The NSR spec-
trum shows the typical 1/f power-law scaling observed in healthy
subjects, while the AF spectrum displays two distinct power-law
scalings which is a common feature of a real fibrillated beating74;75.
As for the autocorrelation function, R, during AF it immediately
drops to zero, revealing furthermore its uncorrelated nature with
respect to the NSR.

3.1.1 Results

The proposed goal is to quantify, through a stochastic approach,
the impact of atrial fibrillation on the cardiovascular variables with
respect to the normal rhythm. We focus on the most relevant vari-
ables of the cardiovascular model, in terms of pressures, P , and
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3 – Results from the lumped model

volumes, V . The temporal series, the probability density func-
tion (PDF), and the main statistics (computed over 5000 periods)
are reported, trying to highlight significant trends emerging with
a fibrillated heartbeat. The ranges where the temporal series are
visualized are therefore chosen as representative of the general be-
haviours.

We also evaluate pressures and volumes at particular instants
of the heartbeat: end-systole (ES) and end-diastole (ED). Left (or
right) end-systole is the instant defined by the closure of the aortic
(or pulmonary) valve, while left (or right) end-diastole corresponds
to the closure of the mitral (or tricuspid) valve.

Other important hemodynamics parameters, referred to the left
ventricle, are evaluated: the stroke volume (SV ), the ejection frac-
tion (EF ), the stroke work (SW ), and the cardiac output (CO).

When in vivo fibrillated data are available, they are compared
with the present outcomes. To provide a quick overview of the
comparison, the current results and the available literature data
are summarized in Table 3.1, where the variations during AF with
respect to NSR are synthesized as follows: + increase, − decrease,
= no substantial variation, / no data available. It should be re-
minded that measurements come from very different types of arry-
thmia, i.e. persistent, chronic, paroxysmal, induced, benign fibril-
lations. Moreover, AF is usually present along with other patholo-
gies, which can themselves substantially affect the cardiac response.
Nevertheless, depending on the clinical case, different techniques
(cardioversion, catheter ablation, drugs treatment, ...) are used
to restore the normal sinus rhythm, as well as differing follow-up
periods (from 24 hours to 6 months) are analyzed. The invasive-
ness of some medical procedures, together with the anatomical and
structural heart complexity, can contribute to the incompleteness
of data regarding certain hemodynamics variables (e.g., right ven-
tricle measurements).

Keeping in mind these aspects, the literature data should not
be taken for a comparison on the specific values (which can largely
vary from case to case), but as indicators of general trends during
AF.

The pressures P are expressed in terms of [mmHg], the volumes
V in [ml], the stroke volume SV in [ml], the ejection fraction EF
in percentage, the stroke work SW in [J], the cardiac output CO
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3.1 – Atrial fibrillation

Variable Present Literature
Model Data

Pla + + 43,161
Plaed + /
Plaes + /
Plv - /
Plved + - 3
Plves - /
Pra = + 3,35,39,161
Praed = /
Praes - /
Prv = /
Prved + - 3
Prves - /
Vla + = 126, - 35
Vlaed + + 1,165,172,178,198,199
Vlaes + + 1,165,172,178,198,199
Vlv + /
Vlved + + 6,178, = 126
Vlves + + 6,178, = 126
Vra - /
Vraed = + 178*
Vraes - + 178*
Vrv - /
Vrved - + 178*
Vrves = + 178*
Psas - - 42,138, + 61, = 3,39,85
Psas,s - + 61,81, = 3,39,85
Psas,d - + 61,81, = 3,39,85
Pp - - 81
Ppas = = 143,161, + 3,39
Ppas,s - + 35,39, = 3
Ppas,d + + 3,35,39
Psvn - /
Ppvn + + 3,35,39,47, = 126
SV - - 3,43,61,72,156, = 85
EF - - 6,35,60,178,198, = 199
SW - - 84,126
CO - - 35,42,37,47,63,72,85

- 39,43,84,112,126,138,156,180
= 3,61,143,161

Table 3.1. Present outcomes (II column) and literature data (III
column): + increase during AF, − decrease during AF, = no sig-
nificant variations during AF, / no data available. All the variables
of the present model are intended as averaged over 5000 cycles. *
Slight increase which is significant only after 6 months.

in [l/min], the temporal variable t in [s]. Mean, µ, and standard
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3 – Results from the lumped model

Variable NSR AF AF with normal
LV contractility

Pla µ = 9.12, σ = 0.74 µ = 10.29, σ = 0.70 µ = 9.16, σ = 0.75
Plaed µ = 8.71, σ = 0.05 µ = 10.73, σ = 0.12 µ = 9.59, σ = 0.08
Plaes µ = 10.06, σ = 0.10 µ = 11.11, σ = 0.15 µ = 10.08, σ = 0.15
Plv µ = 43.23, σ = 45.18 µ = 40.64, σ = 38.98 µ = 45.21, σ = 45.37
Plved µ = 11.25, σ = 0.40 µ = 17.16, σ = 0.82 µ = 17.23, σ = 0.94
Plves µ = 100.18, σ = 0.78 µ = 86.45, σ = 2.99 µ = 96.76, σ = 2.83
Pra µ = 7.90, σ = 1.56 µ = 7.50, σ = 1.55 µ = 8.06, σ = 1.71
Praed µ = 7.70, σ = 0.10 µ = 7.72, σ = 0.33 µ = 8.29, σ = 0.54
Praes µ = 10.41, σ = 0.09 µ = 9.73, σ = 0.28 µ = 10.56, σ = 0.32
Prv µ = 13.33, σ = 8.84 µ = 13.06, σ = 8.65 µ = 13.53, σ = 8.78
Prved µ = 10.48, σ = 0.13 µ = 11.81, σ = 0.55 µ = 12.66, σ = 1.21
Prves µ = 19.38, σ = 0.32 µ = 17.67, σ = 0.89 µ = 18.00, σ = 0.89
Vla µ = 56.53, σ = 6.25 µ = 65.95, σ = 4.64 µ = 58.41, σ = 5.03
Vlaed µ = 55.37, σ = 0.35 µ = 68.84, σ = 0.80 µ = 61.26, σ = 0.54
Vlaes µ = 64.41, σ = 0.67 µ = 71.41, σ = 1.00 µ = 64.53, σ = 1.03
Vlv µ = 93.19, σ = 27.72 µ = 108.76, σ = 23.43 µ = 88.62, σ = 25.80
Vlved µ = 119.79, σ = 1.68 µ = 126.93, σ = 5.03 µ = 110.30, σ = 5.28
Vlves µ = 55.95, σ = 0.97 µ = 79.72, σ = 7.34 µ = 56.69, σ = 2.19
Vra µ = 48.70, σ = 11.17 µ = 47.36, σ = 10.34 µ = 51.10, σ = 11.38
Vraed µ = 48.72, σ = 0.64 µ = 48.77, σ = 2.20 µ = 52.62, σ = 3.59
Vraes µ = 66.71, σ = 0.63 µ = 62.22, σ = 1.88 µ = 67.72, σ = 2.17
Vrv µ = 70.36, σ = 25.95 µ = 62.90, σ = 22.42 µ = 66.87, σ = 25.03
Vrved µ = 98.25, σ = 2.98 µ = 81.90, σ = 8.27 µ = 87.75, σ = 11.16
Vrves µ = 34.41, σ = 0.33 µ = 34.69, σ = 8.27 µ = 35.09, σ = 1.68
Psas µ = 99.52, σ = 10.12 µ = 89.12, σ = 9.10 µ = 99.47, σ = 10.20
Psas,s µ = 116.22, σ = 1.32 µ = 103.66, σ = 3.00 µ = 114.92, σ = 2.98
Psas,d µ = 83.24, σ = 2.42 µ = 77.24, σ = 5.18 µ = 86.23, σ = 6.11
Pp µ = 32.99, σ = 1.13 µ = 26.42, σ = 6.20 µ = 28.69, σ = 3.54
Ppas µ = 20.14, σ = 4.00 µ = 20.10, σ = 3.37 µ = 20.15, σ = 3.78
Ppas,s µ = 26.73, σ = 0.22 µ = 25.38, σ = 0.74 µ = 26.03, σ = 0.84
Ppas,d µ = 14.27, σ = 0.39 µ = 15.68, σ = 1.21 µ = 15.21, σ = 1.41
Psvn µ = 13.89, σ = 0.16 µ = 12.84, σ = 0.16 µ = 14.04, σ = 0.19
Ppvn µ = 9.60, σ = 0.46 µ = 10.72, σ = 0.45 µ = 9.64, σ = 0.49
SV µ = 63.84, σ = 2.63 µ = 47.21, σ = 8.32 µ = 53.61, σ = 7.26
EF µ = 53.27, σ = 1.46 µ = 37.12, σ = 6.01 µ = 48.40, σ = 4.29
SW µ = 0.87, σ = 0.02 µ = 0.57, σ = 0.14 µ = 0.74, σ = 0.06
CO µ = 4.80, σ = 0.17 µ = 4.38, σ = 0.67 µ = 4.92, σ = 0.55

Table 3.2. Mean (µ) and standard deviation (σ) values for the
analyzed parameters. II column: NSR, III column: AF, IV col-
umn: AF without the reduced and variable LV elastance (i.e.
Elv,max = 2.5 mmHg/ml). The pressures P are expressed in
[mmHg], the volumes V in [ml], the stroke volume SV in [ml],
the ejection fraction EF in percentage, the stroke work SW in [J],
the cardiac output CO in [l/min].
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3.1 – Atrial fibrillation

deviation, σ, values of the present simulations are summarized in
Table 3.2 for all the variables here considered. Second column refers
to the NSR, third column to the AF case, while fourth column refers
to AF without the forced decrease of the LV elastance (Elv,max is
constant and equal to 2.5 mmHg/ml).

Left heart pressures

The left atrial pressure increases during atrial fibrillation, by shift-
ing its mean value from 9.12 mmHg (NSR) to 10.29 mmHg (AF).
The range of values reached during AF is a bit less wide than in the
normal case (AF σ=0.70, NSR σ=0.74). The PDFs of end-diastolic
and end-systolic left atrial pressures (see Fig. 3.2b) also reveal that,
during AF, end-diastolic and end-systolic pressure values are by far
closer to each other than in the normal rhythm. The differences
emerging in the temporal series of normal and fibrillated cases (see
Fig. 3.2a) are mainly due to the passive atrial role. When the
heartbeat is longer, Pla slowly increases until it almost reaches a
plateau value. When instead the heartbeat is shorter, the pressure
rapidly grows and no plateau region is observable.

A decrease of the left atrial pressure is found43;161 after car-
dioversion in patients with AF, a result which is in agreement with
the present observations.

During AF the left ventricular pressure reduces its mean value,
from 43.23 mmHg (NSR) to 40.64 mmHg (AF), and the standard
deviation value as well (NSR σ=45.18, AF σ=38.98). Lower max-
ima values in the fibrillated case are in general found (see Fig.
3.2c), while the longer the heartbeat, the higher is the next maxi-
mum value with respect to the previous one. For a long heartbeat
the pressure remains constant for more than 50% of the RR inter-
val, while for a short heartbeat a phase of constant pressure almost
disappears.

The PDFs (see Fig. 3.2d, e) of end-diastolic and end-systolic
pressure values show, during AF, an increase and a decrease, re-
spectively. As for left atrial pressure, the fibrillated sequence tends
to get the two values closer. In particular, the peak corresponding
to the end-systolic pressure value shifts from 100 mmHg (NSR) to
87 mmHg (AF). By focusing on the end-diastolic left ventricular
pressure, we observe an increase of its mean value during atrial
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3 – Results from the lumped model
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Figure 3.2. Left heart pressures: (a) left atrial pressure series,
(b) PDFs of left atrial end-systolic and end-diastolic pressures. (c)
Left ventricular pressure series, (d)-(e) PDFs of left ventricular
end-diastolic and end-systolic pressures. Light: NSR, dark: AF.
Symbols indicate end-systole (×) and end-diastole (•) values.

fibrillation: µ = 11.25 mmHg (NSR), while 17.16 mmHg (AF).
Although there is no clear evidence of the effects of AF on the
left ventricular pressure (only one work3 showed a decrease of the
end-diastolic pressure during induced AF), an increase of the end-
diastolic left ventricular pressure is in general a symptom of heart
failure risk and ventricle dysfunction109.

Right heart pressures

Even though the mean right atrial pressure is frequently reported
to increase its mean value during atrial fibrillation3;35;39;161, here
we do not identify substantial differences with respect to the phys-
iologic case, in terms of mean value (NSR µ=7.90, AF µ=7.50)
and standard deviation (NSR σ=1.56, AF σ=1.55). The compar-
ison of the time series in Fig. 3.3a mainly highlights the lack of
the atrial kick in the fibrillated case. The PDFs of end-diastolic
pressures confirm no strong differences in the mean values, while
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3.1 – Atrial fibrillation

the mean end-systolic pressure is shifted toward lower values dur-
ing AF (see Fig. 3.3b). Both end-systolic and end-diastolic pres-
sure PDFs present pronounced right tails during AF, meaning that
higher maxima values are possible.
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Figure 3.3. Right heart pressures: (a) right atrial pressure series,
(b) PDFs of end-diastolic and end-systolic right atrial pressures.
(c) Right ventricular pressure series, (d) PDFs of end-diastolic and
end-systolic right ventricular pressures. Light: NSR, dark: AF.
Symbols indicate end-systole (×) and end-diastole (•) values.

Probably due to the geometrical and structural complexity of
the right ventricle71 and to the difficulty of invasive measures, ef-
fects of AF in terms of right ventricular pressure are not easily
available71. Although there are no significant variations of the
two fundamental statistical measures (NSR: µ=13.33, σ=8.84; AF:
µ=13.06, σ=8.65), an inspection of the temporal series (Fig. 3.3c)
reveals that higher values are possible during AF. As for the left
ventricle, higher maxima are more probable after a long heart-
beat, while after a short heartbeat the maximum pressure value is
usually lower than the previous one. When considering the end-
diastolic pressure (Fig. 3.3d), an average increase is experienced
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3 – Results from the lumped model

during atrial fibrillation (NSR µ=10.48, AF µ=11.81), with val-
ues that are much more spread out (NSR σ=0.13, AF σ=0.55).
On the contrary, end-systolic pressure decreases during AF (NSR
µ=19.38, AF µ=17.67), thereby getting closer to the end-diastolic
mean value. The only available result come from induced AF3,
showing a decrease of the end-diastolic pressure.

Atrial Volumes

Atrial dilatation, together with systemic and pulmonary hyperten-
sion, is by itself one of the most important risk factors for AF82;179.
For this reason, when looking at the available data in literature it
is not easy to discern whether atrial enlargement is a cause or a
consequence of atrial fibrillation.

In the present work, at least for the left atrium, we observe
an average increase of the atrial volume during atrial fibrillation
(NSR: µ=56.53, σ=6.25; AF: µ=65.95, σ=4.64), which is there-
fore here considered as a consequence of AF. This average enlarge-
ment is confirmed by higher average end-diastolic and end-systolic
volumes (end-diastolic volumes: NSR µ=55.37, AF µ=68.84; end-
systolic volumes: NSR µ=64.41, AF µ=71.41). Several results
1;165;172;178;198;199 agree with an increase of the left atrial (end-
diastolic and end-systolic) volumes during AF. Only two works
are not aligned, by remarking no substantial differences126 or a
decrease35 of the left atrial volume when a fibrillated heartbeat is
present.

Concerning the volumes of the right atrium, during atrial fibril-
lation we observe a small decrease of the mean (NSR: µ=48.70, AF:
µ=47.36) and end-systolic (NSR: µ=66.71, AF µ=62.22) values,
while the end-diastolic volume remains unvaried (NSR: µ=48.72,
AF: µ=48.77). Right atrial volume is rarely measured during atrial
fibrillation and sometimes only to assess the effects of varying vol-
ume loading conditions and heart rate199. A statistically significant
decrease of right atrial end-diastolic and end-systolic volumes after
cardioversion was found only after 6 months178.

Ventricular Volumes

End-systolic and end-diastolic left ventricle volume data are not
often offered in the atrial fibrillation literature, maybe because the
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3.1 – Atrial fibrillation

related ejection fraction better synthesizes a similar kind of infor-
mation. The available results show an increase of both end-diastolic
and end-systolic volumes during atrial fibrillation6;178, while in one
case no significant variations are encountered126. Here we find an
increase of the mean values of end-diastolic (EDV) and end-systolic
(ESV) volumes during atrial fibrillation (EDV: NSR µ=119.79, AF
µ=126.93; ESV: NSR µ=55.95, AF µ=79.72), as well as an increase
of the mean left ventricle volume (NSR µ=93.19, AF µ=108.76).
The shifts of the EDV and ESV toward higher values during atrial
fibrillation are clearly detectable by the PDFs reported in Fig.
3.4c. Braunwald et al.22 found a direct proportion between the
end-diastolic volume and the heartbeat length (RR). This relation
can be verified by considering the fibrillated temporal series in Fig.
3.4a. The left ventricle is overfilled when the beat is long, while
is under-filled when the beat is short. Figure 3.4f shows the re-
lation Vlved(RR), confirming the positive correlation between RR
and Vlved.

During atrial fibrillation the right ventricle experiences, with
less data dispersion (coefficient of determination, R2=0.99), a fill-
ing dynamics similar to the left ventricle: overfilling occurs for
long beats, while under-filling follows a short heartbeat (Fig. 3.4b,
g). The PDFs reveal that end-systolic values are more spread out
maintaining the mean value of the NSR, while end-diastolic vol-
ume decreases even if during atrial fibrillation important overfill-
ing are possible (see Fig. 3.4d, e). The mean RV volume is lower
than in normal conditions (NSR µ=70.36, σ=25.95; AF µ=62.90,
σ=22.42). Although not included as a common effect of atrial
fibrillation, the combined action of irregular heartbeat and over-
filling can compromise the right ventricle function71. Due to the
complex geometrical shape, the right ventricle volume is not eas-
ily estimated. Recent magnetic resonance images178 show, after
cardioversion, a slight decrease of right ventricle (end-systolic and
end-diastolic) volumes which is significant only considering a six-
month follow-up.

Systemic and Pulmonary Arterial Pressures

Systemic and pulmonary arterial pressures are perhaps the most
controversial hemodynamics variables regarding the effects of atrial
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Figure 3.4. (a),(c),(f) Left ventricular volume: (a) temporal se-
ries, (c) PDFs of end-systolic and end-diastolic left ventricular vol-
umes. (f) AF: left ventricle end-diastolic volume (Vlved) as func-
tion of RR. (b),(d)-(e),(f) Right ventricular volume: (b) temporal
series, (d)-(e) PDFs of end-systolic and end-diastolic right ventric-
ular volumes. (g) AF: right ventricle end-diastolic volume (Vrved)
as function of RR. (f),(g) Power-law fittings of the data and co-
efficients of determination, R2, are introduced. Light: NSR, dark:
AF. Symbols indicate end-systole (×) and end-diastole (•) values.

fibrillation. The first reason is that systemic hypertension is among
the most common risk factors inducing atrial fibrillation82;184. More
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3.1 – Atrial fibrillation

recently, AF has been reported in patients with pulmonary hy-
pertension151. Therefore, it is not straightforward to identify the
specific role of AF on systemic and pulmonary pressure levels. Sec-
ondly, systemic arterial pressure is in general variable during AF,
and often difficult to estimate as the irregular heartbeat causes
problems for non-invasive blood pressure measurements. Because
of the beat-by-beat variability, the heart’s efficiency and perfor-
mance can be reduced, leading to a consistent decrease of the blood
pressure. In this context, hypotension is more worrying than hy-
pertension.

The variability of systemic arterial pressure is present in the
literature of fibrillated data. During AF no substantial differences
in terms of systolic, diastolic and mean pressures are displayed3;39,
in particular when patients are not affected by other pathologies
85. An increase of these quantities is instead registered by Giglioli
et al.61. Furthermore, Kaliujnaya et al 81 showed an increase of
diastolic and systolic pressure, along with a decrease of the pulsatile
pressure.

We notice a decrease of the mean and standard deviation val-
ues of the systemic arterial pressure during atrial fibrillation (NSR:
µ=99.52, σ=10.12; AF: µ=89.12, σ=9.10), which is in agreement
with the common sign of hypotension caused by a decreased cardiac
output42;138. The average decrease is accompanied by a decrease
of the mean systolic (NSR µ=116.22, AF µ=103.66, see Fig. 3.5b),
diastolic (NSR µ=83.24, AF µ=77.24, see Fig. 3.5b), and pulsatile
(NSR µ=32.99, AF µ=26.42) pressures. The arterial pulse pres-
sure, Pp=Psyst − Pdias, is the variable which is mostly affected by
the variability of the heartbeat (NSR σ=1.13, AF σ=6.20), reach-
ing values that oscillate from 10 to 50 mmHg (in the normal case,
Pp varies from 29 to 36 mmHg). The analysis of the fibrillated time
series (Fig. 3.5a) highlights that the pulsatile pressure amplitude,
Pp(RR), increases with the length of the preceding heartbeat, RR1,
while decreases with the increase of the pressure amplitude of the
preceding beat, Pp(RR1). These findings are summarized in Fig.
3.5 (panels c and d), and confirm what observed by Dodge et al 52.

As the systemic pressure, the pulmonary arterial pressure suf-
fers from the same variability of registered data during fibrillation
events. The mean value remains unchanged during atrial fibril-
lation (NSR: µ=20.14, AF µ=20.10), in line with the findings of
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3 – Results from the lumped model

Resnekov et al 143 and Shapiro and Klein161. An increase is instead
displayed by the results of Alboni et al 3 and Clark et al 39. Sys-
tolic pressure decreases (NSR µ=26.73, AF µ=25.38, see Fig. 3.5f).
Chirillo et al 35 and Clark et al 39 register an increase, while Al-
boniet al 3 do not measure significant variations. Diastolic pressure
increases during atrial fibrillation (NSR µ=14.27, AF µ=15.68, see
Fig. 3.5f), and this result aligns with all the other available data
3;35;39. Both systolic and diastolic pressure values are more spread
out during AF (see Fig. 3.5f). The temporal dynamics is analogous
to the arterial systemic pressure (Fig. 3.5e): a large pulsatile pres-
sure amplitude is due to a long preceding heartbeat and is followed
by a smaller pressure amplitude.

Pulmonary and Systemic Vein Pressures

The pulmonary capillary wedge pressure (or pulmonary vein pres-
sure) is an indirect estimate of the left atrium pressure, usually
obtained with an invasive catheterization through right atrium,
right ventricle and pulmonary artery. Mitral valve stenosis and
mitral regurgitation as well as aortic valve stenosis and aortic re-
gurgitation can elevate the left atrium pressure, which almost fully
transmits back this increase to pulmonary capillaries. During AF
an increase of the pulmonary vein pressure is observed by several
studies3;35;39, while no particular differences emerge from others
47;126. An increase of the mean pulmonary vein pressure is con-
firmed by the present data (NSR µ=9.60, AF µ=10.72), and is in
agreement with an increase of the left atrium pressure (see Section
3.1).

The systemic vein pressure (also referred to as central venous
pressure) estimates the pressure in the thoracic vena cava and ap-
proximates the right atrial pressure. As for this latter variable,
the systemic vein pressure decreases during atrial fibrillation (NSR
µ=13.89, AF µ=12.84). To the best of our knowledge, no data
treat the effects of atrial fibrillation on the systemic vein pressure.

Stroke Volume and Ejection Fraction

The stroke volume, SV , is the difference between end-diastolic and
end-systolic ventricular volumes and here is used to represent the
volume of blood pumped from the left ventricle with each beat,
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Figure 3.5. (Top) Systemic arterial pressure: (a) temporal se-
ries; (b) PDFs of systolic and diastolic pressures. (Middle) AF
pulsatile arterial pressure, power-law fittings of the data and
coefficients of determination, R2, are provided: (c) amplitude,
Pp(RR), as a function of the preceding heartbeat, RR1; (d) am-
plitude, Pp(RR), as a function of the pulsatile pressure of the pre-
ceding beat, Pp(RR1). (Bottom) Pulmonary arterial pressure:
(a) temporal series, (b) PDFs of systolic and diastolic pressures.
Light: NSR, dark: AF.

SV=Vlved−Vlves. SV coincides with the integral of the flow across
the aortic valve.
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There is almost unanimity among the collected data in lit-
erature saying that atrial fibrillation reduces the stroke volume
3;43;61;72;156. The relative increase of SV when passing from AF
to NSR is up 40%43;61;72 and in one case is around 30%156. Only
Killip et al.85 found no substantial differences with respect to the
normal conditions.
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Figure 3.6. Ejection fraction. Power-law fittings of the data and
coefficients of determination, R2, are added in panels (b), (c), (d).
(a) Ejection fraction PDFs. (b) AF: ejection fraction, EF (RR), as
a function of the preceding beat, RR1. (c) AF: ejection fraction,
EF (RR), as a function of the end-diastolic volume of the preced-
ing beat, Vlved(RR1). (d) AF: ejection fraction, EF (RR), as a
function of the pre-preceding beat, RR2. Light: NSR, dark: AF.

The present results fully agree with the measured data in lit-
erature: from a fibrillated to a normal condition there is a relative
increase of SV of about 35% (average SV : NSR µ=63.84, AF
µ=47.21). The standard deviation of the stroke volume is much
higher during atrial fibrillation (NSR σ=2.63, AF σ=8.32), due to
the ejection variability introduced by the irregular heartbeat(see
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the PDF in Fig. 3.6a). Greenfield et al.64 discovered that an in-
verse relation between stroke volume, SV (RR), and the heart rate
of the preceding beat, HR(RR1), exists, a trend which is positively
verified by our results (see Fig. 3.6b).

The same concordance found for the stroke volume is encoun-
tered in literature regarding the ejection fraction. We recall that
the ejection fraction is the fraction of blood ejected into the sys-
temic circulation by the left ventricle relative to its end-diastolic
volume, EF=(SV/Vlved)/100. Apart from one case199 where no
variation is found for the EF , all the other results6;35;60;178;198 agree
in observing a decrease of the EF during atrial fibrillation.

We are in agreement with the literature data, by noting a de-
crease of mean EF during atrial fibrillation, from EF=53.27%
(normal case) to EF=37.12% (fibrillation), with values that are
much more spread out (NSR: σ=1.46, AF σ=6.01, see also the
PDF reported in Fig. 3.6a). Gosselink et al.62 determine an ejec-
tion fraction of about 34% during atrial fibrillation, evidencing a
positive correlation between EF (RR) and RR1 (length of the pre-
ceding beat), and between EF (RR) and the end-diastolic volume
of the preceding beat, Vlved(RR1). The same correlations are ob-
tained by Muntinga et al.114, and here furthermore confirmed (see
Fig. 3.6b and 3.6c). Gosselinket al.62 also recognize a negative
correlation between EF (RR) and the pre-preceding beat, RR2, a
trend which is in qualitative accordance with the present outcomes
(Fig. 3.6d), despite their sparsity as highlighted by a low coefficient
of determination, R2=0.11.

Stroke Work, Pressure-Volume Loop and Cardiac Output

Stroke work, SW , represents the work done by the left ventricle
to eject a volume of blood (i.e., stroke volume) into the aorta, and
quantifies the amount of energy converted to work by the heart
during each heartbeat. The left ventricle stroke work is computed
at every heartbeat as the area within the left ventricle pressure-
volume loop.

Available results on stroke work show a decrease during atrial
fibrillation84;126. The relative decrease with respect to the normal
rhythm is about 14%126. The stroke work here measured show a
mean value of µ=0.87 J in the normal case, and µ=0.57 J in the
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3 – Results from the lumped model

fibrillated case, leading to a relative decrease of about 34% dur-
ing AF. The standard deviation is about one order of magnitude
larger when beats are irregular (NSR σ=0.02, AF σ=0.14). Stroke
work slightly varies during NSR, while wide oscillations are possi-
ble during fibrillation events (Fig. 3.7a). A direct proportionality
between SW (RR) and the preceding heartbeat, RR1, was found
52, and here ascertained as well (Fig. 3.7b).

Left ventricle pressure-volume loops of 5000 cycles are reported
for both NSR and AF in Fig. 3.7, panels (c) and (d), respectively.
Vertical lines represent the mean end-systolic and end-diastolic LV
volumes. Reverse flow evidenced by the lower right corner and
upper left corner of the PV-loop is due to heart valve modelling
89, accounting for the influence of the blood pressure effect, the
friction effect from the tissue, and from blood motion. The PV
loop markedly reduces during AF, as already observed through the
SW and also reported in literature23, while PV values are more
spread out during the 5000 fibrillated cycles.

The cardiac output, defined as the volume of blood being pumped
by the left ventricle in the time interval of one minute, CO=SV ×
HR, is probably the most evaluated variable to quantify to im-
pact of atrial fibrillation and several data are present in litera-
ture. A great part of these deals with measures before and after
cardioversion (or catheter ablation), showing a consistent recov-
ery of cardiac output when the normal sinus rhythm is established
again35;47;63;72;84;85;112;126;138;156;180. In absence of other important
pathologies, the relative increase with respect to pre-treatment
configuration (that is, fibrillated conditions) varies in the range
7 − 13% for the great majority of authors35;43;47;85;126;156, while
value of 18%39 and more than 50%72;180 have been also reported.
Furthermore, only few studies3;61;143;161 encounter no meaningful
changes in terms of cardiac output between normal and fibrillated
heartbeats.

The present outcomes align with the findings in literature: for
the cardiac output there is a relative increase, when passing from
fibrillation to normal rhythm, which is around 9.5% (NSR µ=4.80,
AF µ=4.38). The decrease of mean cardiac output during AF
is accompanied with an increase of the standard deviation (NSR
σ=0.17, AF σ=0.67), leading to a wider PDF (see Fig. 3.7c).
We can detect a positive correlation between the cardiac output,
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Figure 3.7. (Top) Stroke Work: (a) PDFs; (b) AF stroke work,
SW (RR), as a function of the preceding heartbeat, RR1. (Middle)
Pressure-volume loops of 5000 cycles: (c) NSR, (d) AF. Vertical
lines represent the mean end-systolic and end-diastolic LV vol-
umes. (Bottom) Cardiac Output: (e) PDFs; (f) AF cardiac output,
CO(RR), as a function of the preceding heartbeat, RR1. (b)-(f)
Power-law fittings of the data and the coefficients of determination,
R2, are included. Light: NSR, dark: AF.

CO(RR), and the preceding heartbeat, RR1 (see Fig. 3.7d). How-
ever, the data sparsity around short beats indicates that the pres-
ence of rapid beats is not sufficient, by itself, to reduce the cardiac
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3 – Results from the lumped model

output during atrial fibrillation.
The contemporary decrease of stroke work and cardiac output

confirms that during atrial fibrillation the left ventricle experiences
a reduced efficiency and performance.

3.1.2 Discussion

To better understand which hemodynamic changes are dominated
by the forced decrease of the LV contractility and which changes
do occur due to the heart rate variability, a fibrillated simulation
with normal LV contractility (Elv,max = 2.5 mmHg/ml constant) is
performed. Results in terms of mean and standard deviation val-
ues are summarized in the fourth column of Table 3.2. Trying to
extract synthetic information from this new simulation, we observe
that the changes mainly controlled by the heart rate variability
involve the following variables: ejection fraction, stroke volume,
stroke work, pulmonary arterial pressure, LA volume, LV pressure,
RV pressure and volume. In fact, for these parameters the trends
of the variations occurring during AF with reduced contractility
with respect to NSR are confirmed by the AF simulation with nor-
mal contractility. On the contrary, changes related to RA volume
and pressure, LV volume, systemic arterial pressure and cardiac
output, are mainly driven by the reduced contractility. For exam-
ple, indeed, the reduced LV contractility is the main responsible
of the cardiac output drop. When the contractility is normal, the
accelerated HR makes the cardiac output even increase. It should
be noted that dividing the contributions of reduced contractility
and heart rate variation is not always straightforward: while dur-
ing AF the reduced LV contractility enhances a general increase
of the LV volumes, the reduction of quantities related to the LV
volumes, such as SV and EF, is in large part imputable to the
irregular beating.

This work represents a first attempt to quantify, through a
stochastic modelling, the role of acute AF on the whole cardio-
vascular system, thereby leading to a double advantage. First,
atrial fibrillation conditions have been analysed without the pres-
ence of other pathologies (e.g., hypertension, atrial dilatation, mi-
tral regurgitation), which can all concur to affect the hemodynamic
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3.1 – Atrial fibrillation

response. In this regard, our findings about moderate systemic hy-
potension and left atrial enlargement should be interpreted as pure
consequences of AF alone and not induced by other pathologies.
In particular, the reduced LV contractility promotes a reduction
of the systemic arterial pressure, while the atrial enlargement is
first due to the heart rate variability. Second, the main cardiac
variables and hemodynamic parameters can all be obtained at the
same time, while clinical studies usually focus only on a few of
them at a time.

The present outcomes have been compared with more than
thirty clinical measures regarding AF. Although literature frequently
offers data which are in contrast one with the other (e.g., systemic
arterial pressure), the overall agreement is quite remarkable.

Reduced cardiac output with correlated drop of ejection frac-
tion and decreased amount of energy converted to work by the
heart during blood pumping, as well as higher left atrial volume
and pressure values are some of the most representative outcomes
aligned with literature and here emerging during AF with respect
to NSR. Keeping in mind the different nature of measurements
and clinical conditions, we here quantitatively compare (in terms
of mean values) the present results with the ranges of some spe-
cific data available in literature for the most commonly measured
hemodynamic parameters:

• Ppvn: present results (NSR: 9.60 mmHg, AF: 10.72 mmHg).
Literature data3;35;39;47;126 (NSR: [8÷19] mmHg, AF: [12÷21]
mmHg).

• SV : present results (NSR: 63.84 ml, AF: 47.21 ml). Litera-
ture data61;72;85 (NSR: [68÷ 70] ml, AF: [49÷ 62] ml).

• EF : present results (NSR: 53.27%, AF: 37.12%). Literature
data6;35;60;178;198;199 (NSR: [41%÷ 60%], AF: [12%÷ 52%]).

• CO present results (NSR: 4.80 l/min, AF: 4.38 l/min). Lit-
erature data35;39;47;61;72;112;161 (NSR: [4.1 ÷ 6.2] l/min, AF:
[3.8÷ 5.1] l/min).

As can be observed, the values predicted by the present model
fall within the typical ranges observed by in vivo measurements.
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3 – Results from the lumped model

3.1.3 Limitations

Limiting aspects of the study are the absence of short-term regu-
lation effects of the baroreceptor mechanism, which can act in or-
der to restore the hemodynamic parameters toward normal values.
The present model only represents acute episodes of AF lasting less
than 24 hours, while the anatomical remodelling due to the effects
of AF in the long-term is neglected. For this reason, effects and
underlying structural changes due to persistent or chronic AF are
not taken into account here. In the meantime, a clear distinction
between acute and chronic hemodynamic effects of AF in clinical
measurements is not possible. Literature data are contemporary
affected by short and long time feedbacks and compared with our
outcomes, accounting solely for the early mechanical response of
the system to isolated AF events.

Moreover, here we have focused on the unimodal RR distribu-
tion only, while a broader inspection of multimodal distributions
could give a more complete overview of the cardiovascular response
to AF.

Regarding some more specific aspects of the modelling, a few
results on the right heart behaviour do not fully agree with the in
vivo scenario, and this is probably due to the fact that the reduced
contractility of the right ventricle and the ventricular interaction
(here both neglected) should be properly accounted for. In the
present work, the pulsatility properties of the heart are modelled
by means of the time-varying elastance. This approach only phe-
nomenologically accounts for the local Starling mechanism. More-
over, we have exclusively focused on the relation between elastance,
the reduced contractility due to AF and the beating interval, RR.
Other existing dependencies (e.g., on the patient disease condition)
are not considered.
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Chapter 4

Results from the
multi-scale model

This Chapter aims to describe the results obtained through the use
of the multi-scale mathematical model presented in Section 2.2..

In the first Section, the model is firstly semi-quantitatively val-
idated against up-to-date literature data. Afterwards, in second
Section, a first subject-specific validation is carried out by de-
veloping a new setting procedure. Pressure at ascending aorta,
brachial, radial, femoral and posterior tibial, along with maximum
and minimum left-ventricular volume and ejection fraction, have
been checked in a group of six young healthy volunteers. Later on,
after the encouraging results of the precedent work, the subject-
specific setting procedure has been improved, becoming fully de-
terministic and avoiding uneasy and unnecessary measurements for
input determination. In third Section subject-specific results, ob-
tained from the multi-scale model and its setting procedure, are
compared with central pressure esteems obtained from reference
commercial instrument in a population of around 50 young healthy
subjects. Finally, fourth Section present a wide study of the fluid
mechanics of an ageing cardiovascular system. Starting from ref-
erence literature data an age-dependent model characterization is
described. The analysis of the obtained results gives an embracing
description of the most important phenomena: pulse wave propa-
gation, reflection, re-reflection, pulse pressure amplification, transit
time, and the role of the left-ventricle.
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4 – Results from the multi-scale model

4.1 Semi-quantitative validation

In this Section a semi-quantitative comparison of the model out-
comes with the characteristic behaviour of the cardiovascular sys-
tem is described.

Figure 4.1 shows that the model gives a left-ventricular pressure-
volume loop in agreement with the typical physiological values70.
A cardiac output of 4.4 l/min, an ejection fraction of 53 %, and an
emptying during the first third of the ejection time equal to 65 %
testify the good performance of the model70.

Figure 4.1. Left-ventricular pressure-volume loop. The vertical
lines mark the typical physiological ranges70.

Flow and pressure conditions at the aortic valve are reported
in figure 4.2.

A well-known characteristic of the flow through aortic valve is
that an amount of backflow accompanies the leaflet closing move-
ment, due to the interactions among the pressure gradient, mechan-
ical response of leaflet tissues, and vortices in the Valsalva sinuses.
Once the valve is closed, the backflow determines a local instanta-
neous increase of pressure, called dicrotic notch or incisura, which
then propagates forward. All these features are well reproduced by
the model: negative values of the flow clearly occur at the closing

82



i
i

i
i

i
i

i
i

4.1 – Semi-quantitative validation

Figure 4.2. Flow (top) and pressure (bottom) through the aortic
valve. The backflow and the consequent rise of the local pressure
are marked with arrows.

time, while aortic pressure exhibits the consequent increase in pres-
sure. The backflow that accompanies valve closing is also evident
in the upper left corner of the loop of figure 4.1, where a small
increase of volume occurs in the early relaxation phase.

The periodic left-ventricular ejection induces pressure and flow
waves that propagate and reflect along the arterial tree. In fig-
ure 4.3 some model results are presented. As expected, the central
pressure varies between about 80 to 120 mmHg70. Figure 4.3 shows
that pressure waves properly become steeper and increase in am-
plitude during propagation, while their celerity changes183. Model
simulations give a mean pulse wave celerity around 3.7 m/s in the
ascending aorta, 4.2 m/s in the thoracic aorta, 5.2 m/s at the il-
iac bifurcation, 7 m/s in the femoral artery, and of 8.5 m/s in the
posterior tibial. Both values and the increasing trend moving away
from the aortic arch are in agreement with typical physiological
data70.

Even flow wave propagation matches very well the physiologi-
cal behaviour, exhibiting the typical amplitude reduction139. This
latter is due to (i) the compliance of the arteries, which accommo-
dates flow during the systolic phase, (ii) the inertial forces, which
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4 – Results from the multi-scale model

Figure 4.3. Flow (top) and pressure (bottom) at different
sites along the aorta. The arrows indicate the increasing
distance from the heart.

limit blood accelerations, and (iii) the bifurcations, where the flow
divides in different branches.
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4.2 – Subject-specific validation: small subject set

4.2 Subject-specific validation: small sub-
ject set

Due to experimental and clinical difficulties, few studies reported
a validation of the cardiovascular models. Some authors validated
their model predictions using a mock circulatory loop24;78, while
others used an in vitro realistic model of the main arteries2;107.
Very few validations have been carried out against in vivo measure-
ments on humans: a local arm model was validated in the ARCH
Consortium project27; Reymond et al.145 described a statistically-
based semi-quantitative validation; Olufsen et al.125, Reymond et
al.144, and Bollache et al.20 quantitatively validated their models
by a subject-specific analysis. However, all the in vivo validations
were carried out by imposing a measured inflow condition, thus de-
coupling heart and arterial tree modelling. Finally, Reymond et al.
144 invoked the development of a procedure that “personalizes to
some extent the generic arterial tree based on fewer and clinically
feasible measurements”.

In this Section we propose an effective procedure for subject-
specific model setting and we validate it against a small population
of six young healthy subjects.

4.2.1 Measurements on the population

The population consisted of six healthy male 24 ± 1 years old
subjects. The clinical work was done at the “Città della Salute
e della Scienza” Hospital in Turin, at the Echocardiography lab-
oratory of the Hypertension Center, Department of Medical Sci-
ences, University of Turin; the study was approved by the local
ethical committee, protocol number CEI/330; all subjects gave in-
formed consent to the approved study. To check model outcomes
in different body areas, blood pressure was measured (3 times at 2
minutes interval) using a validated automatic oscillometric device
(Omron Matsusaka Co, Kioto, Japan) at the brachial artery level.
Brachial, radial, femoral and posterior tibial pressure signals were
evaluated by means of a high fidelity tonometric device (SPC 301,
Millar Instruments, Houston, TX, USA). Calibration of tonomet-
ric waveforms were carried out with systolic and diastolic values
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4 – Results from the multi-scale model

recorded with the oscillometric device. Central pressures were es-
timated by means of SphygmoCor System (Atcor Medical, Sydney,
Australia). All measurements were made with subjects in a sta-
tionary supine position. Left ventricular volumes were obtained by
transthoracic echocardiography from apical 4Ch and 2Ch views or
from 3D echocardiography whenever possible: end diastolic (EDV)
and end systolic volumes (EDV) were evaluated by the Simpson’s
disks method and stroke volume (SV) was calculated as the dif-
ference between these values; ejection fraction (EF) was computed
as SV/EDV*100. Heart rate (HR), ejection time (ET), preejec-
tion time (PET) and activation time (tce) (i.e., the Q-T interval
70) were evaluated from the analysis of the ECG, recorded simul-
taneously to flow velocity by Pulsed Doppler at the level of the
left ventricular outflow tract in apical 5Ch view. For each individ-
ual, height and weight were measured and the body mass index,
BMIPT , was evaluated. Mean pulse wave velocities were measured
between carotid and both femoral and radial and between femoral
and posterior tibial arteries by foot-to-foot method. Briefly, pulse
wave velocity was obtained as time leg between transcutaneously
obtained pressure divided by measured distance between the two
recording sites. The measured quantities are listed in table 4.1.

Inclusion criteria were male sex, age and no relevant health
issue after outpatient clinical evaluation. Subjects with measured
blood pressure values higher than 140/90 mmHg were excluded.
Whenever a diagnosis of hypertension was suspected, a 24 hours
blood pressure monitoring was required and performed.

4.2.2 Setting of the model parameters

In order to describe a specific subject a number of model parame-
ters were tuned starting from in vivo measurements. The parame-
ters underlying the subject-specific calibration were: length, diam-
eter and mechanical properties of the arterial vessels, heart rate,
left-ventricle contraction time, mean left atrial pressure, maximum
myocardial force of contraction, and overall peripheral resistance.
Subject-specific parameters were obtained by multiplying the cor-
responding values reported in the reference data set used in the
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4.2 – Subject-specific validation: small subject set

Table 4.1. Measured values for each individual of the population.
Pressure is expressed in mmHg. P. Tibial stands for posterior
tibial. Q̄ is the mean aortic valve outflow.

Subjects
1 2 3 4 5 6

Height [m] 1.71 1.79 1.80 1.74 1.75 1.83
Weight [kg] 58 89 80 65 72 77

BMIPT [kg/m2] 19.8 27.8 24.7 21.4 23.5 23.0
HR [bpm] 60 60.5 60 83 67.5 57
tce[s] 0.415 0.407 0.388 0.320 0.402 0.465

PET [s] 0.057 0.059 0.054 0.050 0.056 0.062
ET [s] 0.286 0.333 0.325 0.251 0.296 0.310

EDV [ml] 107 149 103.5 87 97 135
ESV [ml] 48 87 43.5 39 45 62
SV [ml] 59 62 60 48 52 73
EF [%] 55 58 56 56 54 54
Q̄ [l/min] 3.76 5.00 3.60 4.00 3.30 4.16

Central pressure 105.5/69 105/67 90/56 115/80.5 101/65 98/63
Brachial pressure 115/60 129/65 115/51 140/80 120/65 116/64
Radial pressure 120/68 128/66 115/55 140/80 120/65 118/63.5
Femoral pressure 116/68 125/60.5 101/48 124.5/76 114/59 116/65
P. Tibial pressure 116/66 124.5/64 115.5/54 120/70 109/60 115.5/68

general result section (see Reymond et al.145) by suitable subject-
specific corrective coefficients ηi as reported in the following pro-
cedure (subscript i specifies the parameter considered).

(a) The arterial lengths strongly correlate with the individual
height78;167. Therefore, the corrective coefficient ηL was calculated
as the ratio between the subject height and an average height as-
sumed equal to 1.75 m.

(b) Arterial diameter correlates with several characteristics, like
age, sex, race, height, weight, body mass index (BMI), and hyper-
tensive condition49;73;91;152. We focused on BMI because (i) indi-
viduals considered in the validation share the same age, sex and
race, (ii) no hypertensive subjects are included, and (iii) BMI is
very often related to the arterial diameter91. We analyzed several
literature data46;49;73;91;152;194;203 and found that the ratio between
the diameter and BMI variations (with respect to the mean values)
is almost constant and is approximately equal to a=0.0056 m2/kg.
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4 – Results from the multi-scale model

It follows that the corrective coefficient for the diameter results

ηD = 1 + a (BMIpt − BMIref ) (4.1)

where the reference value BMIref is assumed to be 22 kg/m2.
(c) Subject-specific mechanical properties of the arterial wall

were determined in the following way. Real pressure wave veloci-
ties were assessed from pressure signals measured along the main
arterial paths and using ECG as a time reference. The ratios of
such velocities to the corresponding ones predicted by the model
(using the typical data set), were averaged to obtain the subject-
specific corrective coefficient ηW . Finally, coefficients Bi of each
artery were modified accordingly.

The heart rate and the left-ventricular contraction time were
obtained directly from the ECG. The corrective coefficient for the
mean left atrial pressure, ηPLA , was obtained by assuming that the
end-diastolic pressure in the left atrium and ventricle are equal, i.e.
there is no mitral flow at the end of the filling phase160. Conse-
quently, ηPLA depends on the measured EDV as

ηPLA = Emin,LV (EDV − V0)
P̄LA,ref

(4.2)

where P̄LA,ref = 7.8 mmHg, and Emin,LV and V0 are the minimum
left-ventricular elastance and the corrective volume of the reference
data set, respectively.

(d) The maximum elastance factor ηE was quantified according
to Shishido et al.164, who evaluated the maximum left-ventricular
force of contraction as a function of the pressure at the end of iso-
volumic contraction, the end-diastolic and end-systolic pressures,
the SV, and the pre-ejection and ejection periods. As the pres-
sure at the end of isovolumic contraction and the end-systolic one
can be approximated with the end-diastolic and end-systolic cen-
tral pressures, respectively, the estimation of ηE for each subject
is deducible from measured data. We further assumed that the
minimum left-ventricular elastance Emin,LV does not change sig-
nificantly between individuals.

(e) Finally, the unique resistance coefficient for all the termi-
nating models ηR was chosen in order to fit as well as possible the
diastolic pressure in the measurement sites. Notice that ηR is the
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4.2 – Subject-specific validation: small subject set

only coefficient in our subject-specific validation obtained by fitting
model outputs on measured data.

Table 4.2 lists the corrective coefficients obtained for each sub-
ject. Some preliminary model trials showed that changes of rheo-
logical properties in the physiological range (±40%) impact results
less than 1 %. Therefore, the same blood viscosity was used for all
subjects.

Table 4.2. Values of the subject-specific corrective coefficients for
each subject of the population.

Subjects
1 2 3 4 5 6

ηL 0.97 1.02 1.03 0.99 1.00 1.04
ηD 0.99 1.03 1.01 1.00 1.01 1.01
ηW 0.925 0.95 0.985 1.00 1.00 1.00
ηPLA 0.95 1.31 0.91 0.75 0.85 1.23
ηE 0.99 0.73 0.95 1.58 1.09 0.66
ηR 1.18 0.86 0.99 0.88 1.15 1.06

4.2.3 Results

As presented above, in the subject-specific validation some of the
model parameters used to describe a typical (generic) young man
are modified in order to fit quantities measured on specific subjects.
The aim is to show how the adjustment of few key-parameters
gives reliable subject-specific setting of the model for a population
of young healthy male. The validation is carried out by quantita-
tively comparing outcomes of the subject-specific models with data
obtained from non-invasive in vivo measurements.

Figure 4.4 shows the comparison between measured and simu-
lated pressure waves for the subject 3 (similar results are obtained
for all the subjects). The subject-specific left-ventricular pressure-
volume loop, with the measured extreme values is also reported.

The overall agreement is very satisfactory. In all measure sites,
both the shape and the systolic and diastolic values are in close
agreement with the measured ones. The timing of peaks as well as
their values are well reproduced, demonstrating that the pressure
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4 – Results from the multi-scale model

Figure 4.4. Comparisons between measured (lighter lines)
and simulated (darker lines) pressure waves for the subject
3. The simulated left-ventricular pressure-volume loop is also
shown along with the measured end-sistolic and end-diastolic
volumes (dotted lines).

wave propagation along the arterial tree is well simulated. More-
over, in all sites the diastolic decays of the modelled and measured
arterial pressures exhibit similar slopes, testifying that resistive and
capacitive properties downstream the measuring sites are correctly
quantified by the model. Although small errors on maximum and
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4.2 – Subject-specific validation: small subject set

minimum values occur in the central pressure profile, simulated
pressure wave shows a second late-systolic peak that the profile
reconstructed with the SphygmoCor does not provide. It is worth
noting that such a negative augmentation index is normally associ-
ated with a young condition70. Finally, the left-ventricular volume
range only slightly differs from the measured value.

For each subject, table 4.3 lists the percentile errors of pres-
sures and ventricular quantities obtained with the subject-specific
models. The errors about the left-ventricular sector are small and,
in particular, the assumption about the left atrial pressure (that
determines the EDV) gives very good results, determining an EDV
error smaller than 0.4 % for all the subjects. The simulated ESV
is always bigger than the measured value, but errors are limited,
as well as errors about SV, Q̄, and EF.

Regarding the arterial tree, all the errors about the maximum
and minimum pressure are generally lower than 8 %, with single
values equal to 10 and 12 %, respectively. Mean pressures exhibit
an error lower than 7 %, although spurious errors reach 10 %, while
the root-mean-square error reaches a maximum of 13 % even if is
normally lower. The average of the root-mean-square errors for
every subject is less than 8.5 %. For all the subject, the posterior
tibial artery presents bigger error than the femoral one, while the
best results are observed on the ascending aortic pressure.

Table 4.3 also shows the errors resulting from the model used
without subject-specification, namely the generic model with ηi=1.
They are (sometimes remarkably) high and demonstrate the effec-
tiveness of the proposed subject-specific setting procedure. Finally,
model was run with a flat velocity profile instead of relation (2.27),
by obtaining errors systematically higher of about 4-6 % depending
on the individual. Such increases are small but not negligible and
justify the caution into modelling the velocity profile.

A systematic sensitivity analysis is beyond the scope of this
work. However, our experience about model behaviour allows to
give some indications about the impact of coefficients ηi. ηR is the
most sensitive parameter, being able to (almost uniformly) affect
pressure values throughout the heart-arterial system. Also ηE has
a significant impact, but mainly concentrated in the systolic phase.
Small changes of ηD affect the pulse pressure, while heart variables
remain substantially unaltered. Finally, small changes of ηW and
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4 – Results from the multi-scale model

Table 4.3. Percentile errors corresponding to the subject-specific
models (SS) and the generic model (G) with respect to the mea-
sured data. The first block corresponds to the left ventricle, while
the others refer to pressure waves. For pressure blocks, max, min,
and mean indicate the percentile errors of the maximum, mini-
mum, mean, while rms is the root-mean-square of errors during the
complete cycle pressure. ¯rms is the average root-mean-square in
all the measuring sites. A.Aorta and P. Tibial stand for Ascending
Aorta and Posterior Tibial, respectively.

Subjects
1 2 3 4 5 6

SS G SS G SS G SS G SS G SS G

L
ef
t
V
en
tr
ic
le EDV 0.3 3.1 0.2 -26 0.4 6.4 0.4 26.6 0.3 13.6 0.3 -18.4

ESV 6.1 8.3 9.6 -16.1 4.6 20.3 7.2 34.1 0.7 16.2 9.3 -15.6
SV -4.5 -2.1 -6.9 -6.7 -2.7 -3.5 -5.0 -20.6 -0.1 11.3 -7.6 -20.7
Q̄ -4.8 15.4 -2.0 -13.2 -2.8 20.5 -5.3 8.5 -0.1 21.3 -7.4 4.3
EF -2.7 -2.5 -3.6 -5.5 -1.7 -3.5 -3.8 -3.5 -0.6 -1.5 -4.2 -1.5

A
.A

or
ta

max 2.3 6.2 6.2 6.7 2.2 24.5 2.0 -2.8 4.1 10.8 5.1 14.4
min -0.1 7.5 1.0 10.7 0.2 32.9 1.4 -8.1 7.6 14.1 1.9 17.7
mean -0.7 5.5 5.9 11.3 2.6 33.4 0.9 -3.5 2.6 10.2 4.4 15.8
rms 3.1 13.0 6.3 15.5 4.5 36.5 3.5 9.0 4.3 11.8 5.8 21.1

B
ra
ch
ia
l max 4.1 6.9 -1.2 -4.6 -1.7 6.9 0.7 -12.5 1.4 2.4 3.0 5.8

min 1.1 8.3 -3.8 0.6 1.1 27.4 -8.2 -18.7 -6.9 1.5 -5.6 1.6
mean -4.5 8.6 -5.0 2.9 -3.4 26.7 -9.5 -15.6 -8.1 -0.9 -4.1 3.9
rms 7.1 21.4 6.9 15.9 5.2 37.6 9.8 23.1 9.5 11.6 7.7 15.3

R
ad

ia
l max 1.0 3.8 2.3 -2.6 -0.5 8.3 1.6 -11.0 2.3 3.8 1.9 5.5

min -12.1 -6.6 -7.8 -3.6 -4.9 15.5 -4.5 -20.6 -4.1 -2.4 -4.4 -0.5
mean -9.8 -17.4 5.9 5.2 -2.4 27.6 -5.0 -13.9 3.7 7.8 -1.7 11.6
rms 13.0 17.6 7.3 17.0 4.1 38.9 8.0 22.8 5.9 16.3 5.2 25.7

Fe
m
or
al

max 0.8 6.2 2.1 -1.5 8.7 22.0 9.6 -1.1 3.9 8.1 5.2 6.4
min -4.5 -2.5 -0.5 9.7 4.1 38.3 -3.5 -12.6 0.8 12.5 -8.8 2.1
mean -6.8 -7.3 -1.3 3.8 2.3 32.5 1.1 -6.1 1.6 9.8 -3.8 4.3
rms 8.8 16.6 3.9 12.9 6.4 41.5 6.2 16.1 5.2 19.7 9.6 17.4

P
.
T
ib
ia
l max 7.8 7.9 4.0 0.3 2.2 8.3 6.0 6.2 -1.6 14.7 6.2 8.3

min -12.1 -20.3 -11.5 -18.8 -12.8 -4.0 -7.0 -25.8 -12.4 -13.2 -10.3 -23.5
mean -5.8 9.2 -5.0 3.1 -5.1 27.7 -3.9 -14.2 -6.5 2.0 1.5 15.0
rms 8.9 25.6 7.5 14.7 9.2 38.8 7.1 26.7 10.0 20.9 8.7 26.6

¯rms 8.2 18.8 6.3 15.2 5.9 38.7 6.7 19.5 7.0 16.1 7.4 21.2

ηL have modest effects on model outputs.

4.2.4 Limitations

In spite of the good results of our subject-specific approach, it is
worth recalling some limiting aspects of the present approach.
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4.2 – Subject-specific validation: small subject set

Firstly, we assume axisymmetric geometry, wall impermeabil-
ity, no longitudinal artery deformation, and Newtonian blood be-
haviour. Moreover, the structure of the pressure-compliance re-
lation for the arterial walls is maintained through all the arterial
tree.

Cerebral circulation, venous return, and coronary arteries are
not taken into account in our model albeit their implementation is
readily possible. However, when one is not interested in the specific
investigation of the cerebral circulation, its effect on the rest of car-
diovascular system can be conveniently simulated by suitable distal
boundary conditions for carotid and vertebral arteries145. Even the
assumption of constant pressure at the interface between arterial
and venous side is generally accepted15;78;145;171. The lacking of
the coronary artery modelling is more impacting, since coronary
arteries have an important role on the amount of blood carried
and on the arterial system behaviour during diastolic period.

Another weak point concerns the reference central pressure,
which is not measured but obtained by a transfer function, even
if this latter is validated and used in the clinical practice. Sim-
ilarly, the flow rate is only validated at ventricular level, where
simulated mean blood volume has been checked against measured
data. Indeed, spatially-distributed flow measurements would add
interesting information about the model ability to reproduce not
only the blood pressures but also flows in different body areas.

Finally, from the clinical point of view, we are aware of the lim-
ited number of subject-specific tests and the fairly-homogeneous
conditions of individuals. The reduced spectrum of individual con-
ditions allowed us to impose a general value to the minimum left-
ventricular elastance. Moreover, we preferred to test our subject-
specific procedure on males only because the relation between pulse
wave velocity and diameter, which is used in the computation of
the constitutive relation, has been obtained by a collection of pre-
vious works that measured clinical data prevalently on males (the
male to female ratio is 40:3, when it is specified). However, in fu-
ture works we will test our model and setting procedure involving
female and old subjects, possibly in not healthy conditions.
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4 – Results from the multi-scale model

4.3 Subject-specific validation: large subject
set

The encouraging results obtained from the subject specific vali-
dation presented above allow us to pursue further improvements
on subject-specific multi-scale modelling. The main progresses de-
signed rely on both setting procedure and on the number of volun-
teers forming the population. Indeed, the limiting aspects of the
precedent subject-specific setting procedure, mainly connected to
the need of iterative fitting convergence for quantification of the
resistance of the distal models, have been overcome.

The aim of the present Section is to present the improved
subject-specific setting procedure and to check its capacity to pre-
dict central pressure from non-invasive measurements in a clini-
cal context. Indeed, although some very interesting application of
subject-specific 1D/0D mathematical model in clinical context has
been proposed20;27;78, the need of simpler model characterization
has been widely highlighted69;144;163. To this aim, a population
of 45 healthy young subjects has been recruited and several non-
invasive measurements have been collected. Blind check against
reference commercial instrument for systolic and diastolic central
pressure estimation is finally performed.

Although this analysis is a part of a larger on-going work, the
presented results will allow the Reader to effectively understand
the major outcomes of this approach.

4.3.1 Measurements on the population

A number of 45 volunteers were recruited and the same measure-
ments described in Subsection 4.2.1 were performed. Equal inclu-
sion and exclusion criteria were also adopted. The resulting pop-
ulation shares with the previously-described subgroup sex, mean
age and no notable differences were found neither in pressure level
nor in pulse wave velocities.

4.3.2 Setting of the model parameters

As introduced, the setting procedure described in the last Section
has been improved and reviewed in order to accomplish standard
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requirements of clinical practice.
The parameters underlying subject-specific calibration were:

length, diameter and mechanical properties of the arterial vessels,
heart rate, left-ventricle contraction time, mean left atrial pres-
sure, maximum myocardial force of contraction, and overall pe-
ripheral resistance. With a scheme similar to the one described in
the precedent Section, subject-specific parameters were obtained by
multiplying the corresponding reference values by suitable subject-
specific corrective coefficients ηi as reported in the following pro-
cedure (subscript i specifies the parameter considered).

Arterial lengths, heart rate, left-ventricular contraction time
and mean left atrial pressure were computed from in vivo measure-
ments as already described in the precedent Section. Furthermore,
in the calculation of maximum elastance factor we chose to avoid
the use of measured pre-ejection time (PET), due to difficulties
on reliably measure it. We thus adopt a fixed pre-ejection time of
0.00562 [s] for every subject.

The others subject-specific correction factor have been modified
with respect to what described in Subsection 4.2.1.

(a) Arterial diameter correlates with several characteristics, like
age, sex, race, height, weight, body surface area (BSA), body mass
index (BMI), and hypertensive condition49;73;91;152. Although in a
the previous Section we focused on BMI, further literature analysis
revealed that BSA performs better.

Analysing literature data49;51;102;146;147;197 about aortic diam-
eter (from 18962 subject, with a total number of measurement of
35436) and underlying the overall agreement noted, we obtained
an average relation between BSA and aortic diameters D(BSA).
Such a relation has been obtained as a weighted average of the
relation of every literature data over the number of measurements
included. We then quantify the corrective coefficient for diameters
as

ηD = D(BSA)
Dref

(4.3)

where the reference value Dref is assumed to correspond to a body
surface area of 1.9 m2.

We further highlight that this simple characterization is strength-
ened by the fact that (i) individuals considered in the validation
share the same age, sex and race, and (ii) no hypertensive subjects
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4 – Results from the multi-scale model

are included.
(b) Subject-specific mechanical properties of the arterial wall

were determined from measured pulse wave velocities at the differ-
ent districts. In detail, three corrective coefficients ηW where quan-
tified for every subject. From carotid-femoral pulse wave velocity
we quantified the corrective coefficient affecting aorta and carotid
arteries ηW (ao), while from carotid-radial and femoral-tibial pulse
wave velocities the corrective coefficients concerning the arteries of
the arm ηW (arm) and of the leg ηW (leg) are obtained.

Starting from reference values of the three pulse wave velocities
c̄ao, c̄arm and c̄leg of 5.96, 7.37 and 9.38 obtained averaging the
measured data from the whole population, we define the mechanical
properties corrective coefficients as

ηW (ao) = cao(SS)
c̄ao

(4.4)

ηW (arm) = carm(SS)
c̄arm

(4.5)

ηW (leg) = cleg(SS)
c̄leg

(4.6)

where the quantities with (SS) are the measured data. In this way
we avoid possible errors arising from eventual difference between
subject-specific and original data in the method used for calculating
pulse wave velocity174.

(c) Finally, the resistance coefficient for all the terminating
Windkessel models, ηR, is calculated as the ratio of measured dias-
tolic brachial pressure to measured mean left-ventricular outflow,
i.e. stroke volume SV multiplied for heart-rate HR, in respect to
the corresponding reference ratio, characteristic of the model with
generic setting. We thus write

ηR = Pd/(HR · SV )
P̄d/(H̄R · S̄V )

(4.7)

where again bar refers to values characteristic of the generic set-
ting. Although the physical meaning of the resistance coefficient
would suggest the use of mean brachial pressure at the place of the
diastolic one, model results have suggested that diastolic pressure
was less affected by the large errors in systolic pressure.
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4.3 – Subject-specific validation: large subject set

4.3.3 Results

Clinical and hemodynamic characteristics of the population are
summarized in table 4.4.

Table 4.4. Clinical and hemodynamic characteristics of the
population. car, fem, tib stand for carotid, femoral and poste-
rior tibial locations, respectively. Results are shown as mean
(µ) ± standard deviation (σ).

Quantity µ ± σ

Age (years) 24±2
Height (cm) 178.1±6.3
Weight (kg) 74.8±10.2

bSBP (mmHg) 122.4±12.5
bDBP (mmHg) 67.7±9.2
BMI (Kg/m2) 23.4±2.5
HR (bpm) 62.2±11.1
ESV (cm3) 53.1±8.8
EDV (cm3) 129.9±20.3
SV (cm3) 81.7±18.7

Pulse Wave velocity
car-fem (m/s) 6.0±0.9
car-rad (m/s) 7.3±1.5
fem-tib (m/s) 9.3±1.5

In Table 4.5, mean central diastolic, systolic and pulse pressure
estimations by the mathematical model and the SphygmoCore are
shown, along with absolute and percentage differences for the whole
population.

In figure 4.5 a summarizing comparative plot is shown. Boxes
represent values obtained with the two methods, and vertical lines
report standard deviations. Furthermore, in top charts of figures
4.6 and 4.7 the best-fit linear regression of both systolic and dias-
tolic comparisons is shown. Differently, in bottom charts of figures
4.6 and 4.7 Bland Altman plots for both values are reported. When
errors are lower then 10% we assume that the esteem is acceptably
accurate. In all charts of both figures evaluations characterized by
discrepancies lower than the 10% of the SphygmoCore esteems are
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4 – Results from the multi-scale model

Table 4.5. Comparison between mathematical model and Sphyg-
moCore predictions for the whole population. Results are shown
as mean ± standard deviation. Pressures (Pr.) are expressed in
mmHg. P is the p-value.

Model SphygmoCore P Absolute difference Relative difference (%)
Systolic Pr. 110.1±19.1 102.2±10.2 0.0004 7.9±15.0 7.7±14.8
Diastolic Pr. 64.7±12.9 68.4±9.4 0.001 -3.8±8.0 -5.8±12.0
Pulse Pr. 45.5±10.8 33.8±6.2 0.0001 11.7±13.2 21.1±24.8

Figure 4.5. Comparisons between model (lighter line) and Sphyg-
moCore (darker line) central pressure predictions. P is the p-value.

highlighted by dark markers.

In Table 4.6, the population is divided in acceptable and im-
paired accuracy, and the corresponding averaged clinical and hemo-
dynamic data are shown. Whenever the difference between central
blood pressure values obtained with the two methods is lower than
10% the model performance is considered acceptable.
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4.3 – Subject-specific validation: large subject set

Figure 4.6. Comparisons between model (Model cSBP) and
SphygmoCore (SphygmoCore cSBP) systolic central pressure pre-
dictions. Top: linear regression analysis. Bottom: Bland Alt-
man plot. Discrepancies lower than the 10% of the SphygmoCore
esteems are highlighted by dark markers.
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4 – Results from the multi-scale model

Figure 4.7. Comparisons between model (Model cDBP) and
SphygmoCore (SphygmoCore cDBP) diastolic central pressure
predictions. Top: linear regression analysis. Bottom: Bland Alt-
man plot. Discrepancies lower than the 10% of the SphygmoCore
esteems are highlighted by dark markers.
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4.3 – Subject-specific validation: large subject set

Table 4.6. Comparison between clinical and hemodynamic vari-
ables of acceptable and impaired accuracy values of the population.

4.3.4 Discussion

Compared to peripheral value, central pressure is recognized to
be more descriptive of target organ damage149;150;154, and thus a
better predictor of future cardiovascular events.

We compare model prediction against reference commercial in-
strument SphygmoCore (Atcor Medical, Australia) for all the sub-
jects of the population.

Both diastolic and systolic central pressure estimations by the
mathematical model resulted to be significantly correlated with
the SphygmoCore esteems (r2=0.62 (coefficient of determination),
p<0.0001 and r2=0.89, p<0.0001 for diastolic and systolic values,
respectively). The mathematical model significantly overestimates
systolic pressures (+7 [-1,17] mmHg, p=0.0004) (median [25,75]
percentile range) and underestimates diastolic values (-3.9 [-9,0.8]
mmHg, p=0.001), leading to a global over-appraisal for pulse pres-
sure. A good accuracy (difference lower than 10%) was shown in
the appraisal of central blood pressure values in 48% and 56% of the
studied individuals, for systolic and diastolic values, respectively.

Subjects whose central estimations were inaccurate showed sig-
nificantly higher anthropometric values (height, weight, BMI and
BSA) as well as higher left-ventricular dimensions (especially corre-
lated to systolic discrepancies) and slightly higher values of celerity
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4 – Results from the multi-scale model

of propagation of the waves (mainly correlated to diastolic differ-
ences).

However, some comments have to be done about the Sphygmo-
Core used as reference. Indeed, prediction by SphygmoCore device
showed brilliant agreement with invasive central pressure measure-
ments only when invasive mean and diastolic pressure measure-
ments were used for calibration procedure34. In fact, recent large
meta-analysis34 showed that when this device is used with oscillo-
metric pressure calibration, as in the present case, the errors steeply
increase. Errors of -1.1±4.1 mmHg (mean± SD), -0.5±2.1 mmHg
and -0.8±10.3 mmHg for systolic, diastolic and pulse pressure, re-
spectively, obtained with invasive-setting procedure strongly grow
to -8.2±10.3 mmHg (mean± SD), 7.6±8.7 mmHg and -12.2±10.4
mmHg when non-invasive pressure were used34. These results fur-
ther highlight the need of new instruments for central pressure
estimation.

In the next paragraphs we explain how these errors reflect on
the comparison. Considering a generic error en

en = vm,n − vs,n, (4.8)

where vm,n and vs,n are the estimation obtained with the model and
with the Shygmocore for the generic n-th subject. The variance of
the error is thus written as

Var(e) = 1
N

N∑
n=1

(en − ē)2 = 1
N

N∑
n=1

((vm,n − vs,n)− ē)2 (4.9)

where the mean error is calculated as

ē = 1
N

N∑
n=1

en = 1
N

N∑
i=n

(vm,n − vs,n). (4.10)

We firstly deal with the bias of the SphygmoCore esteems, as
reported by Cheng and colleagues34. One can thus eliminate the
bias simply as

vsc,n = vs,n +A (4.11)
where the subscript sc refers to the result obtained from Sphyg-
moCore once corrected for the bias A. We thus obtain the n-th
corrected error ec,n as

ec,n = vm,n − vsc,n. (4.12)
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Afterwards, we deal with standard deviation σ, which is a mat-
ter of propagation of uncertainty. In the case of uncorrelated vari-
able, i.e. if the values obtained by our model do not depend on
the error of the reference instrument, the (unknown) variance of
the model result in respect to invasive (denoted by the subscript
i) measurement σm−i would simply be the sum of the variance of
the differences between model result and SphygmoCore predictions
σm−s and the variance of SphygmoCore values in respect to inva-
sive measurement σs−i. In such a case, the covariance between
model results and SphygmoCore esteems should be zero.

But this is not the case. Indeed, the difference between model
result and SphygmoCore esteems depend on the errors produced
by the SphygmoCore itself in respect to invasive reference values.
In such a condition, we are obliged to restore the role of non-null
covariance, thus writing

σ2
m−i = σ2

m−s + σ2
s−i − 2 cov(m, s). (4.13)

But there is no way of quantify this covariance, thus the stan-
dard deviation obtained comparing model result and Sphygmo-
Core esteems cannot be extrapolated considering error propaga-
tions. Consequently, we can not consider as valuable the informa-
tion regarding standard deviations. The only information we can
finally draw regards mean differences between both esteems. In
this respect, remembering relation 4.12, mean systolic error in re-
spect to statistically-derived invasive measurements is almost null
(+7-8.2=-1.2 mmHg), and very small positive residual exists for
diastolic value (-3.9+7.6=3.7 mmHg).

4.3.5 Limitations

The main limitation of the present study concerns the term of com-
parison of the model predictions. Since invasive pressure measure-
ments were not available, we analyse the model esteems through
comparison against a commercial device for central pressure estima-
tion. But, the non-invasiveness of the study entails that Sphygmo-
Core esteems are possibly affected by large errors. Consequently,
although we easily deal with mean error, standard deviation cannot
be given for such a comparison.
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Other limitations regard the limited number of individuals screened,
and the relative homogeneity of their characteristics.

Further studies are needed to check model outcomes against in-
vasive central pressure measurements in a population with different
sex, ages and pathological conditions.
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4.4 Investigation on ageing process

Cardiovascular ageing is an important process that deeply influence
human life. As with all living matter, arterial and cardiac tissues
underneath a degenerative evolution which strongly influences the
ventricular-arterial interaction. As a result, ageing has been found
to be the most important risk factor for cardiovascular diseases30.

The cycling behaviour of the ventricular ejection imposes time-
and space-dependent pressure and flow regimes through the ar-
teries. Consequently, arterial tissues are subjected to a damaging
cycling stress state, as expected by fatigue theory129, which results
in both a generalized stiffening and a diffused enlargement of large
arteries. The complex interaction between this degeneration and
pressure wave pattern entails an augmented load to the ventricle,
which becomes progressively stronger in order to preserve blood
supply to cells necessary to life.

Being age-related increase of ventricular load a direct conse-
quence of wave pattern changes, fluid-mechanics processes play a
mayor role. Although this widely accepted role, there still exists
a lack of systematic qualitative studies on arterial ageing through
physical description.

The present Section aims to reproduce and analyse the fluid
mechanics of an ageing arterial system by means of mathemati-
cal modelling. In detail, firstly the age-dependent setting of the
multi-scale heart-arterial interaction model is presented (Subsec-
tion 4.4.1). Afterwards, the main obtained results are confronted
with up-to-date literature data (Subsection 4.4.2). Finally, a dis-
cussion (Subsection 4.4.3) includes the physical interpretation of
the resulting processes, along with an embracing description and
characterization of the cardiovascular ageing.

4.4.1 Age-dependent modelling

With progressive ageing the behaviour of a healthy cardiovascular
system changes. The main characteristics of the ageing cardiovas-
cular apparatus includes an increased stiffness and a diffuse geomet-
rical remodelling of large arteries and an increased left-ventricular
maximum force of contraction.
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Aiming to reproduce the heart-arterial interaction during age-
ing several physiological quantities are modelled as a function of
age. Starting from literature data, we modify the corresponding
parameters of the model, obtaining an age-dependent characteri-
zation of left ventricular-arterial interaction.

Arterial quantities

The arterial quantities underlying age-dependent setting are diame-
ter, mechanical properties of the arterial wall, length and thickness.

Diameters The evidence that aorta and common carotids non-
uniformly dilate with ageing is widely accepted21;45;54;70;76;79;118;153,
while the behaviour of medium vessels is still matter of debate. In
this respect, the majority of authors either do not find any corre-
lation between age and medium-vessel diameters or do not reach
statistically significance11;79;98;188, although a weak increase even
in medium arteries as been reported21. Consequently, we choose
to do not change the diameter of muscular arteries.

Following Virmani et al.186, we subdivide the aorta into four
different parts, while carotids are considered together. The age-
dependent diameter is written as

∆D(y) = αD (y − 20) [mm], (4.14)

where y is age in years and the coefficients αD are 0.1282, 0.1467,
0.1425, 0.1038 and 0.0239 for ascending aorta and aortic arch,
descending thoracic aorta, supra-renal aorta, sub-renal aorta and
carotids, respectively.

Wall thicknesses The structural changes affecting large arter-
ies during ageing become evident analysing their wall thickness h.
During ageing we assist to an increase of intima-media thickness
95;99;117;118;129;186 mainly concentrated in the intima65;129;186. In
this process there are firm evidences of a disorganization, fragmen-
tation and calcification of elastin fibres65;118 while collagen fibres
progressively acquire further cross-link54;65.

Coherently with the data source adopted for diameters, we fol-
low Virmani et al.186 and subdivide the aorta into four different
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parts where the thickness increase is set as

∆h(y) = αh(y − 20) [mm], (4.15)

where the coefficients αh are 0.0041, 0.0071, 0.0064, 0.0088 and
0.007 for ascending aorta and aortic arch, descending thoracic aorta,
supra-renal aorta, sub-renal aorta and carotids, respectively.

Even though these changes are implicated into the increase in
stiffness, in our mathematical model the arterial thickness has a role
only in determining the volume where arterial wall viscoelasticity
applies, since the stiffening of the arteries is considered directly by
imposing the increase on pulse wave velocity thorough the consti-
tutive relation.

Lengths Only recently the age-related large arteries elongation
has been quantified. All the authors agree that only the aorta
elongates with age, while iliac173 and carotid92;173 do not, but there
are still controversies on the specific distribution along the aorta.
In fact, Sugawara et al.173 and Hickson et al.76 found a elongation
of 0.9 mm/y of the ascending aorta and ascending arch and 0.8
mm/y of the aortic arch, respectively, but none on the descending
part. This quantities are confirmed by Kröner et al.92 that report
a values of 1.05 mm/y of the aortic arch but do not investigate
further downstream. Although the total lengthening of the aorta
found by Rylski et al.153 and Craiem et al.45 are similar to those
already mentioned, i.e. 1.04 and 1.24 mm/y, respectively, these
investigations found a diffuse, non-uniform, elongation of all the
aortic segment investigated.

Since the statistically significance of the data proposed by Sug-
awara et al.173 is elevated with respect to the others data analysed,
and considering the convincing argumentation against an effective
elongation of more tethered segments proposed by O’Rourke et al
128, we chose to uniformly modify only the ascending aorta and the
ascending part of the aortic arch imposing a total elongation of 0.9
mm/y on the corresponding vessels.

Mechanical properties Large arteries stiffen with advancing age
54;65;70;76;92;108;111;118;121;128;141;185 in a non-homogeneous way76;129.

Incremental Young modulus at a defined pressure, eventually
mediated through the different layers, should be the information

107



i
i

i
i

i
i

i
i

4 – Results from the multi-scale model

used to characterize arterial wall mechanical properties. However,
such a measurement can only be achieved by invasive technique,
which cannot be used neither in large-population studies nor in
clinical practice. By the way, in the next future non-invasive tech-
nique along with local pressure measurement or estimation will
probably give to physicians further possibility to analyse in-vivo
arterial mechanical response.

But to date, most of the authors measured a unique non-invasive
value that should represent the overall large-arterial stiffening: the
carotid-femoral pulse wave velocity, i.e. the ratio between the es-
timated distance and the measured time lag of pressure measure-
ments at these locations. The choice was firstly dictated by both
its non-invasive nature and its simplicity. By the way, even such
a widely used system of measurement conserves some kind of con-
troversy, specifically relied to distance measure and to automatic
identification of the foot of the waves. Considering physician’s per-
spective, in this Section we will occasionally speak about stiffening
with the improper meaning of a increase of celerity of propagation.

Thanks to enormous advances in measurement technique (mainly
ultrasonic phase-locked echo-tracking system and cine phase-contrast
magnetic resonance imaging), recent works have evidenced that
different districts of the aorta degenerate non homogeneously, and
almost all the authors agree on a decreased aortic stiffening rate
moving away from the heart.

Differently, the stiffening of other, smaller and more muscular,
arteries is still matter of debate. Even if a pulse wave velocity grow-
ing trend in both upper and lower limb arteries has been found9,
more recently none age-related changes on femoral11;83, carotid-
brachial111, radial21, iliac66 and femoral83 mean celerities have
been measured. These controversial evidence can be ascribed to
different vasoactive stimuli, which deeply influence stiffness indices
of peripheral muscular arteries83. With a conservative approach,
we choose to limit age-dependent mechanical changes to aorta and
carotid arteries.

Since the work of Vermeersch et al 185 has a much bigger sta-
tistical basis in respect to the other published works, we choose
to follow the mean carotid-femoral pulse wave velocity increase re-
ported in this work. Afterwards, we use the spatial distribution of
such a stiffening proposed by Hickson et al.76. In detail, we modify
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4.4 – Investigation on ageing process

aortic and common carotid pulse wave velocities c as

∆c = αC1 (y − 20) + αC2 (y − 20)2 [m/s] (4.16)

where the list of coefficients is given in table 4.7.

Table 4.7. Values of the stiffening coefficients. Abd stands
for abdominal.

arch thoracic mid abd. late abd. carotids
αC1 -0.004 0.011 0.005 0.06 -0.118

αC210−3 0.44 0.58 0.53 0.29 1.94

It is worth noting that such as wave celerity of propagation
increase results from changes on arterial diameter, thickness and
incremental Young modulus. Indeed, for a given incremental Young
modulus pulse wave velocity increases with thickening and de-
creases with enlargement.

Left ventricle elastance and systole duration

The dramatic changes affecting the arteries have a counterpart on
the heart functioning. As suggested by several authors30–32;41;50;141,
left ventricular behaviour changes in order to maintain as efficient
as possible the heart-arterial interaction and thus preserving the
amount of blood ejected159.

The well known ventricular load growth with age determines
a consequent increase in left ventricular maximum elastance. In
order to impose this variation in the age-dependent model we follow
Redfield et al.141 that found a 0.5 percent increase on maximum
elastance per year. This value is similar to the 0.8 %/year reported
by Cohen and colleagues41.

Since our mathematical model is addressed to study LV-arterial
systolic interaction the age-dependence on the left ventricular di-
astolic filling is not important as long as the final end-diastolic
volume does not change with age32;94.

Finally, although the heart rate does not change during ageing
32;54;57, several studies have reported an increase in systole duration
(QT interval)106;119;176. Following the data proposed by Mangoni
et al.106 we impose an age-dependent systolic duration as

tce = 0.37 + 0.372 10−3 y [s]. (4.17)
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It is worth noting that systolic period become increasingly impor-
tant with age.

4.4.2 Fluid mechanics of ageing

As a result of the imposed age-dependences of several model pa-
rameters, the evolution of the heart-arterial interaction system with
age can be reproduced. In the following Section we present the re-
sults obtained along with a comparison with the up-to-date knowl-
edge. We especially focus on ascending aortic, left ventricular and
brachial sections because they are one of the most interesting loca-
tions for medical community. However, since blood flow and pres-
sure field at these locations result from the widespread behaviour
of the cardiovascular system, and especially of the aorta, we pursue
a study of the whole large arteries.

Ascending aorta

Since it is recognized as the better predictor of different pathologies
187, we firstly focus on ascending aortic condition.

On the top-left box of figure 4.8 the evolution of the ascending
aortic pressure profile during ageing is proposed, while on the top-
right box an overview of maximum, minimum and pulse pressures
at the same location is showed as a function of age.

Analysing the results showed, we can see that systolic value in-
creases with increasing rate with age, resulting in an increment of
more than 10 mmHg from 20 to 80 years old. As a reference, we
report the 12 mmHg increase in systolic pressure invasively mea-
sured by McEniery et al 108 in a similar age range. Our maximum
increment on a decade basis is 4.8 mmHg, a value slightly smaller
that the 6.5 mmHg/decade reported by Chen et al 32 from inva-
sive measurement. Differently, literature data using non-invasively
calibrated transfer functions report much higher values76;142, but
the systematic error reported by following this practice34 seems to
account of such a disparity.

On the other hand, diastolic pressure firstly grows until around
55 y.o. and then slightly decreases with advancing age. Both the
increasing and then decreasing pattern, and the position of the
maximum around 55 years are well documented in literature108;142.
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4.4 – Investigation on ageing process

Figure 4.8. The left column reports pressure profile at ascending
aortic (top) and brachial (bottom) arteries at different ages. Right
column shows systolic (x), diastolic (∆) and pulse (O) pressure,
at same locations for different ages. From 20 to 80 y.o. with a 2.5
years step, the darker the younger.

Systolic and diastolic patterns in turn determine that pulse pres-
sure, i.e. the difference between maximum and minimum pressure,
firstly decreases and than inflates. More specifically, from a pulse
pressure of 48 mmHg at 20 y.o. there is a decline until the minimum
value of 44 is reached around 42 y.o.. Afterwards, pulse pressure
increases and reaches a value of 54 mmHg at 80 y.o.. Very similar
values have been obtained from in-vivo measurements by McEniery
and colleagues, who obtain a values of 50 mmHg at 20 y.o., which
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4 – Results from the multi-scale model

declines to the minimum value of 47 at 40 y.o. and then grows the
maximum value of 57 mmHg at 80 y.o.. Analogously, Redheuilet
al 142 measured values of 35, 33 and 60 mmHg at second, third and
seventh decade of life.

Figure 4.9. Zoom in systolic and early diastolic portion of as-
cending aortic pressure. From 20 to 80 y.o. with a 1.25 years step,
the darker the younger. Arrows indicate ageing direction.

Thanks to the zoom on systolic and early diastolic ascending
aortic pressure proposed in figure 4.9 we can appreciate how the
pressure curve at young age is characterized by a first inflection
point, here marked with the letter A, and a subsequent peak B,
which corresponds to the maximum systolic pressure, while diastole
presents a relative peak D.

With age the first inflection point A grows in absolute value, it
is smoothed and is slightly anticipated, while major changes affect
central systolic portion. Indeed, the first peak B is gradually over-
whelmed by the second peak C, and late systolic pressure finally
dominates. Consequently, the augmentation pressure, i.e. the pres-
sure difference between maximum and first inflexion, and the aug-
mentation index, i.e. the augmentation pressure divided by pulse
pressure, progressively increase with age, as reported by several
authors108;121;142;181;195. Differently, the increased activation time
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results in a delayed dicrotic notch with age. Similar backward mov-
ing pattern can be seen on diastolic part, where the isolated peak
D around half of diastolic time seen at young ages moves backward,
even reaching dicrotic notch. Therefore, diastolic decay becomes
more regular with advancing age.

Pressure distribution along the aorta

In figure 4.10 maximum and minimum local pressure in a cardiac
cycle are shown all along the aorta at different ages.

Figure 4.10. Maximum and minimum pressure along the aorta
at different age. From 20 to 80 y.o., with 2.5 years step. The
darker the younger. Central vertical lines represent the location
of left-subclavian and renal bifurcations.

The well documented121 pulse pressure amplification is here
showed. Indeed, for all ages, maximum pressure at more distal
locations are higher than their first aortic counterparts, while min-
ima are lower. Furthermore, maximum pressure from 20 to (at
least) 50 y.o. presents a peak located in the thoracic aorta, here
highlighted by the letter A. This local maximum gradually disap-
pears with age, leaving an almost-uniform pulse pressure amplifi-
cation with distance from the heart. A quantitative verification of
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the systolic trend is obtained by analysing the few data proposed
in literature regarding simultaneously invasive pressure measure-
ments along the aorta (see figure 4.11). As we can see, different

Figure 4.11. Maximum pressure along the aorta normalized to
maximum pressure at aortic root. Comparison between simulation
data and invasive measurements from literature59;97;127.

authors59;97;127 reported a local maximum pressure peak localized
around late thoracic aorta.

Brachial artery

Since long time ago, physicians measure brachial pressure by means
of oscillometric devices. Although recently central pressure has
been proving its superiority in predicting morbidity and mortality
150;154;187, and considering that non-invasive method for aortic pres-
sure quantification are still missing34, brachial pressure is still used
as a fundamental quantity for patient pressure characterization in
clinical practice.

In the bottom charts of figure 4.8 brachial pressure profile are
showed during ageing. From the bottom-left side, we observe a
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progressive deformation of the pressure waveform, which results
in a somehow similar trend with respect to what described for
ascending aortic pressure, as visible in the right column of figure
4.8. Indeed, maximum pressure grows with increasing rapidity with
age, while diastolic pressure firstly increments and then decrements
after around 50 years old. Brachial maximum pressure increases
of almost 14 mmHg from 20 to 80 years old, whose great majority
(around 12.5 mmHg) is concentrated in the age range from 45 to
80. Indeed, from 20 to 45 y.o. maximum brachial pressure does not
vary substantially. Despite the absolute values suffer from strong
inter-variability, very important overall agreement on ageing trend
has been reported. Indeed, Franklin and colleagues57 measured
a very similar pattern, with an almost-stationary value until 50
y.o., followed by a steep increase of around 10 mmHg until 80 y.o..
Similarly, Smulyan166 and colleagues found a steady value between
40 and 55 y.o., followed by a marked growth of 5 mmHg in the
successive five years. Analogous overall increases are obtained by
McEniery et al 108 (7 mmHg from 20 to 80 y.o.), Kim et al 86 (+11.4
from 20 a 60 y.o.) and Segers et al 159 (6 mmHg from 38 to 53 y.o.).

About diastolic pressure, our numerical results show an increase
from 67 to 71 mmHg from 20 to around 55 y.o., and then a decrease
to 70 mmHg at 80 y.o.. Similarly, McEnieryet al 108 found a values
of 73 mmHg at 20 y.o. that grows to a maximum of 79 mmHg at
50-60 y.o. and then decrements to 75 mmHg at 80 y.o.. Similarly,
Redheuilet al 142 measured values of 62, 79 and 69 mmHg at 20,
50-60 and 70 y.o., while Kim and co-workers86 found values of 70,
79 and 77, at 20, between 50 and 60, and 70 y.o.. Slightly higher
values where obtained by Franklin and colleagues57, where diastolic
brachial pressure at 20 y.o. of 73 mmHg irregularly increases to 76
mmHg at around sixty and then decreases to 70 mmHg at 80 y.o..

Our resulting trend for brachial pulse pressure shows a first
decrease from 70 to 66 mmHg from 20 to 45 y.o., followed by a
marked increase to 80 mmHg at 80 y.o.. Indeed, McEnieryet al 108
report brachial pulse pressures of 50, 47 and 57 mmHg at 20, 40
and 80 y.o.. Similarly, Franklin and colleagues57 and Redheuilet
al 142 measured values of 37, 36 and 56 mmHg and 48, 46 and 66
at 20, between 40 and 50, and more then 70 years old subjects,
respectively. Substantially analogous trend has been reported by
Kim and co-workers, who found values of 46, 46 and 50 at 20 years
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old and in the third and sixth decades.

Left ventricular condition

The important changes affecting large arteries during ageing have a
counterpart on the left ventricular mechanics, as already described
in the Section 4.4.1.. The resulting age-dependent left ventricular
pressure-volume loop is reported in figure 4.12. The ascending

Figure 4.12. Left ventricular pressure-volume loop at dif-
ferent age. From 20 to 80 y.o., with 2.5 years step. The
darker the younger.

aortic systolic pressure growth has its counterpart in the increasing
left-ventricular pressure during the ejecting phase. Furthermore,
the end-systolic volume, i.e. the left-ventricular volume at the end
of the ejection, is almost preserved, as found by several authors
54;108;159. As measured by Mangoni et al.106, these changes result
in an increased left-ventricular work, which our model quantifies in
about 17 %, from 0.9 to 1.05 Joule.
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4.4.3 Discussion

In this Section we give some physical interpretations of the ob-
tained results, along with a description and characterization of the
cardiovascular ageing.

Once left-ventricular pressure exceeds the ascending aortic one
the aortic valve opens, thus connecting the fulfilled ventricular vol-
ume with the arterial tree. As a result of the higher ventricular
pressure a positive pressure gradient exists, thus determining an ac-
celeration of the blood contained in the ventricular volume through
the aorta. This ejected amount of blood enters the aorta and gen-
erates a first pressure pulse that propagates along the arterial tree.

Locally, the passage of pressure wave leads to a cycling stress
state on the arterial walls. As described by the theory of fatigue of
the material129;196, this cycling stress entails a cumulative damage
on the arterial wall matrix, especially affecting elastin, because it is
mainly synthesized during early life and because undergoes a very
slow turnover4;193. Differently, the larger turnover of the collagen
and its enhanced cross-link imply a good conservation of its overall
mechanical properties4.

The reduction of elastin presence and the continuous collagen
synthetization determine a progressively increase of collagen pre-
dominance in relation to elastin4;193. Since collagen is much more
stiffer that elastin, large arteries matrix stiffens with age193. Ves-
sels structural properties reflect on the celerity of propagation of
waves. Indeed, the stiffer the vessel walls are, the faster the trav-
elling waves propagates.

At the same time, several processes, whose description is out
of the scope of the present analysis, concur in a plastic increase
on diameter. Briefly, a mix of pro-inflammatory mechanisms, the
exhaustion of aortic distensibility reserve4 and collagen and fi-
bronectin expression over a progressively-more damaged matrix
seem to play key roles in such a plastic deformation.

It is important to underline that an increase in diameter entails
a rise of vessel deformation capacity, thus producing a decrease in
pulse wave velocity c for a given incremental Young modulus Einc
and arterial wall thickness h. Indeed, Moens-Korteweg relation
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reads

c =
√
Einch

Dρ
. (4.18)

Since during ageing the arterial wall matrix stiffening overwhelms
the plastic-remodelling effect (i.e. the increase on diameter) pulse
wave velocity increases with age.

Characteristic impedance and first pressure pulse

Both increased stiffness and plastic enlargement affect the capacity
of an arterial section to receive an amount of blood. This property
can be efficiently described by the characteristic impedance ZC ,
which is a local property of an artery and, approaching the limit
at high frequency of input impedance, quantifies the pressure-flow
relation in absence of reflection121;134;193, when pressure and flow
are in phase134;193. The characteristic impedance of a given section,
at least for large artery, can be calculated as

ZC = ρc/A, (4.19)

where A is the cross-sectional area134. Geometrical remodelling
and increase in wave celerity have antagonist roles on characteristic
impedance: the former tending to decrease it, the latter increasing
it.

Since characteristic impedance is obtained by neglecting viscous
effect, as generally accepted at least in large arteries193, it is a real
number. Physically, the characteristic impedance of the first part
of the aorta defines the load the heart would have if the aorta
were infinitely long, where no reflections arise. Practically, the
ventricular load is by far bigger, because the total resistance, i.e.
the low frequency limit of input impedance, is much bigger than
the characteristic one. In fact, more distal circulating districts are
formed by very small vessels, where hydraulic resistance is higher.
A classical example can be obtained by assuming Poiseuille profile
in such a small vessels, thus writing resistance as

R = P

Q
= 8µl
πr4 , (4.20)

where l is the artery length and r its radius. Resistance thus in-
crease proportionally to the fourth power of the vessel diameter.
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In figure 4.13 the resulting trend for characteristic impedance
of several aortic sections over age is showed. The changes affecting

Figure 4.13. Characteristic impedance with age at every 5 cm of
distance from ascending to abdominal aorta.

first aortic part entail an initial decrease of the local characteristic
impedance in all the sections, although different degree of reduction
are present, and a late increase at old age. Abdominal sections
are characterized by larger decrease from young to middle age,
while the late increase often disappear. Evidence of decreasing
trend are reported in literature4;159. Evidently, arterial remodelling
effect dominates characteristic impedance one, especially for young
people.

Consequently, in the very initial ejection phase (where no reflec-
tions can interfere) the decline of characteristic impedance results
in a reduction of first pressure pulse for a given ejection pattern.
Furthermore, plastic enlargement produces an increase on total
blood inertia, thus requiring more energy in order to accelerate
blood in early systolic phase, and reducing the amount of energy
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available for pressure increase in the early ejection phase.

Pulse pressure amplification

The initial pulse pressure generated by ventricular ejection subse-
quently propagates through the arterial network. Once travelling,
the pressure pulse underneaths important changes that have a pri-
mary role on the behaviour of the cardiovascular system. In detail,
the initial pulse pressure is gradually amplified (see figure 4.10) and
become steeper25;183.

In order to start the analysis of the pulse pressure amplification
and of its evolution with age, we firstly introduce the theoretical
model about pressure propagation proposed by Zamir202. Starting
from one-dimensional equations describing inviscid flow in a thin,
uniform and non-tethered linear elastic vessel, where only small
radial displacement are considered, and further considering a non-
null ending reflection coefficient, Zamir analytically obtained the
pulse pressure spatial distribution along a simplified version of the
aorta.

Considering the simplest case, in which a complex exponential
pressure eiωt of unitary modulus is applied at the tube entrance,
and neglecting re-reflection at the tube entrance, one can write202

P (x, t) = Px(x)eiωt = (e−iωx/c + Γeiω(x−2l)/c)eiωt (4.21)

where the spatial distribution Px(x) depends on the celerity of
propagation c, on the length of the conduit l, on the ending reflec-
tion coefficient Γ and on the fundamental frequency of oscillation
of the pressure at the entrance ω.

Applying previous formulation to a simplified version of the
aorta, where lateral branches and space-dependences of both di-
ameter and local celerity are neglected, and characterized by a
fundamental frequency equal to the heart one, and further intro-
ducing age dependences on geometrical and mechanical properties
and on ending reflection coefficient, one can obtain the theoretical
predictions showed in figure 4.14. A total pulse pressure amplifi-
cation of about 22% characterizes theoretical result at young age.
Furthermore, a slight decrease on pulse pressure amplification is
predicted with age, resulting in a value around 18% at 80 years
old.
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Figure 4.14. Comparison between pulse pressure amplification for
a elastic uniform aorta with non-null ending resistance202 with age
(continuous lines) and model results at 20,50 and 80 y.o.. The
lighter the older. Aortic length has been normalized.

Aortic length plays a major role in pulse pressure amplification:
theory predicts that pulse pressure amplification assumes a cycling
behaviour in space. In figure 4.15 the obtained results for a tube
with aortic characteristic but by far longer than aorta (25 times)
are showed. In particular, maxima distribution is regulated by the
ratio of wavelength to tube length, which has changed with age by
increased celerity of propagation. Such a maximum pressure wave
behaviour on space affects little real aorta, since the fundamental
wave-length is much more than 4 times its length, so that aor-
tic pulse pressure increase somehow uniformly through its whole
length, as shown in figure 4.14.

But real aorta is by far more complex, and other characteristics
deeply influence pulse pressure amplification and can account for
the depart from the analytical solution. Firstly, aorta is tapered
and exhibits several bifurcations. Furthermore, it is characterized
by a non-linear space-dependent viscoelastic mechanical response
(see equation 2.40). The space dependence enhances pulse pressure
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Figure 4.15. Pulse pressure amplification for a very long elastic
uniform aorta with non-null ending resistance202 with age. Dis-
tances are normalized to true aortic length. The box represent
true aortic length. The lighter the older.

amplification since characteristic impedance increases when mov-
ing away from the heart134 (see figure 4.13). The non-linearities
of the mechanical response enhances celerity of propagation of the
wave’s peak, since celerity at systolic pressure exceeds its diastolic
counterpart of around 20%134, resulting in a steepening of trav-
elling wave. Finally, viscous dissipation, which arises from both
blood and vessel walls viscosities, attenuates pressure pulse, al-
though in a comparatively smaller measure134. As expected, figure
4.14 shows how our numerical results are characterized by both
higher values and less regular trends. Furthermore, aortic pulse
pressure amplification increases in middle age and then declines at
very old ages.

In order to understand how plastic remodelling and arterial
stiffening separately affect pulse pressure amplification, suitable
simulations have been conducted. In figure 4.16 we show pulse
pressure evolution along the whole aorta if arterial stiffening or
plastic remodelling are eliminated from normal ageing scenario.

Comparing the results shown in the uppermost and central
boxes of figure 4.16, it is clear that the absence of age-related
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Figure 4.16. Pulse pressure along the aorta at different ages.
From top to down: physiologic ageing, ageing without increase
of pulse wave velocity and ageing without plastic geometric re-
modelling. Distances are normalized to aortic length. From 20 to
80 y.o., with 10 years step. The darker the younger.

increase on pulse wave velocity has the effect of increasing pulse
pressure amplification. Indeed, ascending aortic maximum systolic
pressure and thus left-ventricular work are reduced with respect to
normal ageing, but late abdominal pressure is further enhanced.
Specularly, the negative role of an incremented aortic celerity on
ventricular condition is thus highlighted along with its reducing
role on pulse pressure amplification. The role of aortic increased
waves celerity on reducing pulse pressure amplification is partly
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explained by the analytical solution proposed by Zamir202 since it
results in a decreased rate x/c, thus flattening the amplification
trend, as shown in figure 4.14.

Differently, the bottom chart of figure 4.16 reveals that if plastic
remodelling is removed, i.e. original diameters are maintained, a
large increase on maximum ascending aortic pressure is observed,
not accompanied by similar increase at abdominal sections. The
pulse pressure amplification is thus augmented by the presence of
arterial plastic remodelling, highlighting the protective role of such
a deformation on ventricular work but worrying about actual pulse
pressure at more distal organs.

In summary, age-related aortic increase of pulse wave velocity
and diameters are antagonist with respect to the pressure pulse am-
plification: the former enhances aortic root pressure and reduces
abdominal values, while the latter lessens proximal more that dis-
tal pressure. With age, aortic pulse pressure amplification firstly
increases and then declines, highlighting that aortic enlargement
dominates in early ageing and stiffening afterwards. The balance
of aortic enlargement and stiffening thus play a key role in main-
taining low pressure level on aortic root and other internal organs,
simultaneously.

Reflection coefficients

One of the most important reasons why the theoretical predictions
of the pulse pressure amplification locally deviates from the model
results is related to local reflections. Indeed, every time travelling
waves encounter a difference in characteristic impedance , i.e. the
so-called impedance mismatch, a part of the wave is reflected and
backward propagating pressure and flow waves are produced.

At a bifurcation, an approximation of the amount of backward-
propagating wave produced by a change of impedance can be cal-
culated by means of a linearisation of the governing equation and
imposing the preservation of total pressure through the bifurcation
162. This yields

Pb = ΓPf and Qb = −ΓQf (4.22)

where the subscripts f and b refer to forward and backward waves,
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and the reflection coefficient Γ is calculated as

Γ =
ZC(in) −

∑
ZC(out)

ZC(in) +
∑
ZC(out)

(4.23)

where the subscripts in and out represent bifurcation inlet and the
outlet sections, respectively. A positive reflection coefficient means
that part of the forward travelling wave is reflected as a positive
compression wave, so that the backward propagating pressure sums
to the forward one while flow subtracts. Differently, when a pres-
sure wave encounters a negative reflection a negative backward ex-
pansion wave is generated, which subtracts to the existing pressure
and sums to the flow.

Since we here consider only motion through the aorta, i.e. we
choose not to follow pressure waves along lateral branches, a bifur-
cation can be traversed in only two ways: forward, i.e. streamwise,
or backward, i.e. going back from abdominal to aortic root sections.

The important changes affecting stiffness and size of large ar-
teries impact reflection coefficients at various bifurcation. In figure
4.17 the reflection coefficients at aortic bifurcations are shown for
both forward and backward travelling waves.

Let us firstly focus on the reflection coefficients as seen for for-
ward travelling waves. First of all, we notice that the reflection
coefficients at aortic bifurcation are very close to zero, confirming
that aorta is well-matched for forward travelling waves145. The
existing balance between characteristic impedances seen at young
ages is lost at subclavian, renals and iliac bifurcations while is al-
most preserved in all the other bifurcations. In particular, in all
these three locations reflection coefficients substantially increase
and pass from negative to positive values. This means that, with
advancing age, backward compression waves are generated at the
place of expansion waves, resulting in an increasing sum of reflected
waves generated.

Another important feature of aortic wave propagation relies in
the reflection coefficient for backward propagating waves. Indeed,
backward waves generated at a bifurcation are partially re-reflected
at every most proximal bifurcation. At young age, bifurcations are
not so much well-matched for backward propagating waves as they
are for their forward counterpart162. This protective phenomenon
has been called wave trapping 48;132;189 and substantially smooths
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Figure 4.17. Reflection coefficients at every aortic bifurcation as
seen by forward (left) and backward (right) travelling wave along
the aorta during ageing. From left: Brachiocefalic, left common
carotid, left subclavian, intercostals, celiac, superior mesenteric,
left renal, right renal and inferior mesenteric bifurcations. From 20
to 80 y.o., with 10 years step. The darker the younger. Distance is
normalized to aortic length. Arrows highlight changing directions.

out the effect of backward waves on first aortic locations, resulting
in a horizon effect 48;121. As showed in figure 4.17, reflection coeffi-
cients for backward waves are all negative and are generally bigger
in modulus than the correspondent forward ones. A backward wave
thus produces a re-reflected forward expansion wave that enhance
forward flow and reduces pressure in more distal location, while the
remaining pulse goes beyond the bifurcation and enhances pressure
and reduces flow upstream. A more negative coefficient better pro-
tects upstream aorta from reflected wave. Our numerical results
showed that most of the backward reflection coefficients move to-
ward zero for increasing age, resulting in an increased amount of
backward waves that reaches the aortic root, although an opposite
behaviour is found at iliac bifurcation.
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In figure 4.18 the different contributions of arterial plastic re-
modelling and stiffening on the most-changing reflection coefficients
are shown. Since the behaviour of both reflection coefficients is only

Figure 4.18. Reflection coefficients at renal (left) and iliac (right)
bifurcations as seen by forward (top) and backward (bottom) trav-
elling wave along the aorta during normal ageing (+), and without
increase on pulse wave velocity (o) and on diameters (♦). From 20
to 80 y.o., with 10 years step. The darker the younger. Distance
in normalized to aortic length.

slightly modified when the increase on celerity is neglected, aortic
enlargement is the most impacting action. Again, it is important
to point out how arterial plastic remodelling and stiffening act in
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an opposite way, although here one exception exists (reflection co-
efficient for backward waves at renal bifurcation).

Although large reflections are generally originated at bifurca-
tions or at very distal sections (arterioles), the general increasing
trend of characteristic impedance moving away from the heart (see
figure 4.13) produces a diffuse impedance mismatch and thus dif-
fused negative reflection36. Consequently, although with much less
degree with respect to bifurcations, reflections arise even inside ev-
ery single vessel. However, the coupling between ageing-associated
increase in diameter and mean wave celerity damps the difference of
characteristic impedance between two generic section on the same
arterial segment with advancing age, as visible in figure 4.13, at
least before renal arteries. The resulting reduction of diffuse reflec-
tions exasperates the importance of reflection at bifurcations.

Increased magnitude of the reflected waves

As outlined, several processes influence the magnitude of reflected
wave generated. Firstly, the initial amount of pulse pressure gen-
erated by early ventricular ejection phase creates the baseline con-
dition. In this respect, the age-related decrease of characteristic
impedance downsizes the amount of forward pressure pulse. Oppo-
site role is played by left ventricular strengthening, which enhances
ejection velocity, consequently increasing first pressure pulse. The
combined effect entails a slight increase on early pulse pressure.

Secondly, the balance between arterial plastic remodelling and
celerity of propagation with ageing entails a modest increase of
pulse pressure amplification (see top chart of figure 4.16 and figure
4.14). Consequently, the slightly augmented amount of forward
wave generate by left ventricular ejection with age is further am-
plified before reaching impedance mismatches. At bifurcations the
large increase on reflection coefficients, mainly consequent to geo-
metrical remodelling, further enhances backward waves generation.
Finally, the reduction on trapping properties for backward wave of
the aorta allows backward waves to travel in an easier way. All
these processes result in an increase on reflected wave reaching
first aortic sections.
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4.4 – Investigation on ageing process

Arrival time of reflected wave arrival at aortic root

Backward pressures waves sum to its forward counterpart at ev-
ery location, resulting in the effective pressure. Let us introduce
the transit time, i.e. the time a wave needs to reach the reflecting
site and to come back to a generic section. Since we are princi-
pally interested in analysing the effect of travelling waves on left-
ventricular load, we here only consider the transit time as seen from
the first aortic section. Indeed, transit time variability plays a fun-
damental role in ascending aortic pressure profile, which in turn
determines the left-ventricular load and work and it is correlated
to several disease190.

The transit time of a generic wave can change for the following
reasons. Firstly, a change on the distance of reflecting site, since
closer reflecting site entails lower transit times. Secondly, the celer-
ity of propagation depends on local mechanical properties of the
artery crossed and on pressure level. In fact, arteries are character-
ized by a non-linear elastic behaviour. For this reason, the higher
the pressure is, the stiffer the arterial wall is and thus the faster
the wave travels.

In order to understand the impact of such a timing on ascending
aortic pressure profile, it is useful to show how pressure is composed
by its forward and backward propagating pressure waves. In a
frictionless system, as generally accepted in the aorta193, one can
write

Pf = P + ZCQ

2 Pb = P − ZCQ
2 . (4.24)

In figure 4.19 the ascending aortic pressure decomposition is in-
troduced. Before analysing the age-dependent evolution, we firstly
concentrate on the youngest condition considered, i.e. the darkest
lines in figure 4.19. Forward component steeply increases at the be-
ginning of systole where backward propagating wave is still around
minimum. Indeed, the increase of reflected component starts with
less steepness and with a delay, since a definite time is needed be-
fore the amount of reflection grows to a significant value, even if
reflections are known to arise also close to the ascending aorta36.
By analysing the darkest backward pressure profile we notice the
existence of three peaks (marked by arrows in the figure): the first
one, which at this age corresponds to the maximum, is due to the
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4 – Results from the multi-scale model

Figure 4.19. Forward (top) and backward (bottom) propagating
pressures components at ascending aorta. From 20 to 80 y.o., with
5 years step. The darker the younger. Arrows indicates first,
second and third peak of backward pressure waves at 20 y.o..

reflection of the closer site (mainly first aorta and arms), the sec-
ond peak is primarily formed by reflections from abdominal aorta
and iliac bifurcation, and the third is more diffused and principally
comes from distal reflections at the end of the legs and from com-
plex re-reflection patterns. Forward pressure wave profile presents
a predominant early peak followed by a minor second peak mainly
due to reflection of backward waves at the interface with the LV.

Let us firstly analyse the age effect on backward travelling pres-
sure component. Referring to the bottom chart of figure 4.19, and
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4.4 – Investigation on ageing process

remembering that arterial stiffening is limited to the aorta, we see
that the first peak (first arrow from left) moves to the left only
slightly. Indeed, the second peak (central arrow) increases in mag-
nitude and returns earlier in a much more degree, gradually merg-
ing with the first peak. Even if it does not significantly increase in
magnitude, also the third peak (third arrow from left) returns ear-
lier, determining a different curvature of the total pressure during
diastole. The key role of the second peak on the maximum pressure
is indisputable (see top-left box of figure 4.8 and figure 4.9). Since
the second peak gradually merges to the first one, and considering
the limited importance of the third peak, there is less evidence of
two reflecting sites121.

Differently, the evolution of forward pressure wave with age is
minor and it mainly consists of the increased second peak due to the
larger amount of backward waves that re-reflect at aortoventricular
interface. Indeed, the expected increase of the forward pressure
wave due to enhanced ventricular force of contraction is deeply
smoothed out by the decrease of the local characteristic impedance,
in turn resulting from the antagonistic balance of remodelling and
stiffening.

Therefore, the early return of reflected pressure waves further
enhances central systolic pressure.

Role of the left ventricle

During ageing the necessary preservation of the nutrient cell sup-
ply imposes a constraint: the mean blood flow has to be conserved
in order to feed cells. The increased left-ventricular load thus en-
hances the strength needed to achieve a regular ejection, and the
left-ventricular response has been described by the increase on max-
imum elastance30–32;41;50;141.

The overall effect of increased force of contraction is the preser-
vation of total cardiac output, as shown in figures 4.12. Indeed,
simulations (not shown for sake of space) have shown that the ab-
sence of left-ventricular strengthening would entails an unaccept-
able decrease on mean blood ejected.

Fortunately, the tendency of enhanced force of contraction and
afterload to increase first forward peak is alleviated by the as-
cending aortic characteristic impedance, which decreases the same
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4 – Results from the multi-scale model

quantity. Their balance entails an almost perfect conservation of
the first peak of forward pressure (see figure 4.19).

Wave intensity analysis

A detailed description of the ageing wave propagation pattern can
be achieved by analysing the energy associated to single waves. To
this aim, wave intensity I(x, t), i.e. the product of the change in
pressure ∆P and the change in flow ∆Q on sampling time133, is
here analysed. Dimensionally, the wave intensity is an energy flux
per unit of sampling time carried by the waves when propagate.
Forward wave results in a positive wave intensity while backward
one entails negative values. Being such a quantity the algebraic
sum of its component, it is positive when forward waves dominate,
negative otherwise. However, a problem of wave intensity analysis
is that it depends on the time interval ∆t analysed. Consequently,
wave intensity is often normalized to the sampling interval ∆t writ-
ing133

I = ∆P
∆t

∆Q
∆t . (4.25)

In figure 4.20 a space-time plot shows wave intensity along the
normalized length of the aorta during systolic period at 20, 50 and
80 years old.
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4 – Results from the multi-scale model

The great majority of the ageing processes analysed in the pre-
vious Sections reveals their contribution to wave intensity pattern.
In particular, (i) the increase of mean celerity (see equation 4.16)
is visible as an increase slope of both forward (brightest) and back-
ward (darkest) wave fronts from left to right. (ii) The enhanced
reflections at the subclavian, renal and iliac bifurcation (see fig-
ures 4.17 and 4.18) are visible as a thicker, darker reflected wave
front produced at the corresponding locations (see letters A, B
and C), although the presence of concomitant dominating forward
waves hides the perfect location of reflected wave generations. To
help the reader, we have introduced apposite red line in the right
box, highlighting part of the hidden path of reflected waves. (iii)
The reduction of diffuse reflection entails more defined patterns of
backward dark front, as especially clear confronting left and cen-
tral charts. In fact, in the left box there exist wide portions were
the color is shaded, and soft transition in color happens in every
directions. However, moving to the right, in these area the color
contrast becomes more and more marked, showing how moving
waves are more defined. These changes highlight the decreased
relative importance of diffused reflections in respect to local reflec-
tions with age. (iv) The impaired re-reflections are visible as the
increased distance travelled by reflected wave from, for instance,
iliac bifurcation (see letter D). Indeed, looking at reflections gen-
erated at iliac bifurcation (C) in the left box, we appreciate how
backward travelling waves is completely smoothed before reaching
aortic arch (D). Differently, in the right box the same line lasts
until reaching aortoventricular junction (E), thus demarcating the
impaired protective role of reflection coefficient for backward trav-
elling waves with age. (v) The early arriving of reflected waves
at first aortic location (see figure 4.19) is clearly distinguishable.
Referring again to reflection from iliac bifurcation for the sake of
simplicity, we highlighted with apposite vertical lines on Time axis
its arrival at aortic root in central and right boxes. In the right box
reflected waves arrive early. (vi) Reflection of backward waves at
the interface between left-ventricle and aortic root are visible, espe-
cially in the middle and right figures (letters E), where well-defined
white line arise. These forward waves generated in last systolic
portion are responsible for the second peak of forward waves seen
to arise with age (see figure 4.19). (vii) Backward waves coming
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4.4 – Investigation on ageing process

from legs are almost completely smoothed out by the strong de-
crease of (negative) re-reflection coefficient at the iliac bifurcation
(see for instance letter F and corresponding dashed lines). Indeed,
backward waves travelling from the leg are clearly visible in the
left box, while completely disappear with age, where iliac bifurca-
tion increasingly isolates leg from aorta. Finally, (viii) the effect
of increased left-ventricular activation time with age (see equation
4.17) is deducible from the augmented horizontal distance between
first ejection front and dicrotic notch, as outlined by reporting the
distance between first ejection and dicrotic notch characteristic of
young age (left) on the chart of old age (see horizontal red line on
abscissa).

Closing the loop

In order to help the reader to summarize the complex interacting
ageing processes, in figure 4.21 a conceptual scheme is proposed.

135



i
i

i
i

i
i

i
i

4 – Results from the multi-scale model
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Schem

eofthecardiovascularageing
process.

R
ed

arrow
sareassociated

w
ith

a
negativeeffect(increase

in
PP,m

ax
systolic

pressure,LV
w
ork,etc.),w

hile
blue

arrow
s
represent

a
beneficialeffect.

136



i
i

i
i

i
i

i
i

4.4 – Investigation on ageing process

The cycling behaviour of the heart induces pulsatile flow field
through arteries. The consequent repeated cycling stress state act-
ing on the arterial wall tissues entails a cumulative stress129, espe-
cially on elastin fibre. Despite such a theory was originally deduced
for non-living material, the very slow turnover of elastin deter-
mines that considerations from fatigue theory are practically effi-
cient on this material129. The degeneration of elastin and the faster
turnover of the stiffer collagen, along with complex biochemical ac-
tivities4, imply a stiffening and a plastic remodelling of the arte-
rial walls. Consequently, arterial walls become stiffer and thicker,
diameters grow and the very large arteries become longer. The
increased incremental Young modulus and thickness enhances ar-
terial rigidity thus fastening the celerity of propagation of waves.
As we have shown, increased celerity and diameter play antagonist
roles on a great variety of hemodynamic processes.

Firstly, increased pulse wave velocity enhances ascending aor-
tic characteristic impedance, while plastic enlargement damps the
same quantity (see equation 4.19). Since the effect of increased
diameter overwhelms, ascending aortic characteristic impedance
slightly decrease with age, especially from young to middle-aged
individuals (see figure 4.13). Secondly, both arterial pulse wave ve-
locity and cross-section affect pulse pressure amplification: the for-
mer tends to decrease pulse pressure amplification while the latter
to increase it. Celerity of propagation tends to increase pulse pres-
sure at first aortic sections and to decrease it more distally while
plastic remodelling ensues mayor decrease on proximal aorta (see
figure 4.16). The resulting behaviour is characterized by a slight
increase in pulse pressure amplification. The antagonist role of ar-
terial stiffening and geometrical growth is further evident analysing
the changes of reflection at the most important bifurcations (see
figures 4.17 and 4.18). Geometrical remodelling largely dominates
the opposing role of aortic stiffening, thus resulting in a rise of re-
flection coefficients at main bifurcations for forward propagating
waves and reducing the negative coefficients as seen for reflected
waves.

The large growth of reflection coefficients entails an increased
amount of reflected wave generated at main bifurcations, despite
the decline of ascending aortic characteristic impedance largely mit-
igate this effect by reducing forward waves entity. Furthermore, the
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4 – Results from the multi-scale model

augmented celerity of propagation anticipates the backward wave
arrival at first aortic sections (see figure 4.19), thus enhancing left-
ventricular work. In turn, the consequent increase of ventricular
afterload tends to reduce cardiac output. Being the mean blood
flow a quantity indispensable to life, the cardiac muscle responds
strengthening its contracting capacity, thus maintaining a balanced
ventricular-arterial interaction30.

The overall result of the age-induced degeneration of the aortic
and ventricular condition is an increase in pulse pressure through-
out the vessel network. The increasing trend of aortic root pressure
has been obtained without increasing distal resistances, confirm-
ing that the healthy pressure elevation is a pure result of wave
propagation, as only recent studies have shown31;141, and stressing
the limitation of lumped description of the cardiovascular system
13;68, where the increase in (distal) resistance has to be imposed to
overwhelm the inefficiency of reproducing wave phenomena. This
pressure growth is in turn responsible for a further increase in the
cumulative damage of the aortic walls, thus creating a positive loop:
the more the arteries are damaged, the more they will degenerate.

4.4.4 Limitations

The limitation of the present work are mostly related to its mod-
elling nature. Several simplification are in fact needed to repro-
duce the flow field. Firstly, axisymmetric geometry, wall imperme-
ability, no longitudinal artery deformation, and Newtonian blood
behaviour are assumed. Cerebral circulation, venous return, and
coronary arteries are not taken into account in our model albeit
their implementation would be straightforward. Furthermore, char-
acteristic impedance is calculated neglecting viscosity, as normally
accepted in large arteries193 and therefore reflection coefficients are
real numbers, and no lag is considered between forward wave ar-
rival at an impedance mismatch and the corresponding backward
wave generation. Finally, the age-dependent parameter setting is
achieved by means of heterogeneous literature data. Consequently,
the resulting ageing pattern should be seen as an averaged healthy
process, where subject-specific conditions are not considered.
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Conclusions

Mathematical description of the cardiovascular system is a fast-
growing research area and the ground is ready for important step
forward. The results obtained in the present Thesis, which span
three years of intensive work, seem to confirm that the use of math-
ematical models can break the boundary between research and clin-
ical practice.

We have developed a lumped model of the global circulation
and a multi-scale (1D/0D) model of the left ventricular-arterial
interaction, and both have showed strong agreement with literature
data on their generic implementation.

Through the lumped model and a stochastic representation of
irregular heart beat, we have been able to analyse paroxysmal
atrial fibrillation, without the presence of other, often concomi-
tant, pathologies (e.g., hypertension, atrial dilatation, mitral re-
gurgitation), which can all concur to affect the hemodynamic re-
sponse. Reduced cardiac output with correlated drop of ejection
fraction and decreased amount of energy converted to work by the
heart during blood pumping, as well as higher left atrial volume
and pressure values are some of the most representative outcomes
aligned with literature and here emerged during atrial fibrillation
with respect to normal sinus rhythm.

However, the most important information come from the use of
the multi-scale model. We design and test a subject-specific set-
ting procedure, with the crucial characteristic of being based on
only non-invasive measurement. The aim was to show how the ad-
justment of few key-parameters gives reliable subject-specific set-
ting of the model for a population of young healthy male. The
validation is carried out by quantitatively comparing outcomes of
the subject-specific models with data obtained from non-invasive
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4 – Results from the multi-scale model

in vivo measurements. Pressure at ascending aorta, brachial, ra-
dial, femoral and posterior tibial artery, along with maximum and
minimum left-ventricular volume and ejection fraction, have been
checked in a group of six young healthy volunteers, highlighting
strong agreement.

The encouraging results obtained from the first validation al-
lowed us to pursue further improvements in the subject-specific
setting procedure for the multi-scale model. Consequently, ame-
liorations in the setting procedure have been introduced, avoid-
ing the need of iterative fitting convergence for quantification of
distal-model resistance, improving arterial mechanical character-
ization and reviewing the anthropomorphic indices used. Blind
check against reference non-invasive commercial device for systolic
and diastolic central pressure estimation on a population of 45
healthy young subjects has been performed. Both diastolic and
systolic central pressure estimations by the mathematical model
resulted to be significantly correlated with the instrument coun-
terparts (r=0.62, p<0.0001 and r=0.89, p<0.0001 for systolic and
diastolic values, respectively). However, the mathematical model
significantly overestimated systolic pressures (+7 [-1,17] mmHg,
p=0.0004) and underestimated diastolic values (-3.9 [-9,0.8] mmHg,
p=0.001), leading to a global over-appraisal for pulse pressure. A
lecture of these results can be given by analysing the performance
of the reference device. Although having demonstrated impres-
sive agreement against invasive central pressure when invasive val-
ues were used for its calibration, recent large-scale meta-analysis
showed both underestimation of systolic (-8.2±10.3 (mean± SD))
and overestimation of diastolic (7.6±8.7) values when fully non-
invasive use is performed. Further comment on subject-specific
mathematical model reliability on central pressure evaluation can
be given only when invasive pressure measurement will be used
as reference. To present, only a statistical viewpoint can be given,
which strongly suggest the potential of this method in daily clinical
activities.

Furthermore, multi-scale model has been used in understanding
the cardiovascular ageing process, highlighting new features of such
a complicated process. Indeed, aiming to reproduce heart-arterial
interaction during ageing several physiological quantities have been
modelled as a function of age. Starting from literature data, we
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modified the corresponding parameters of the model, obtaining
an age-dependent characterization. The quantities underlying age-
dependent setting were: arterial diameter, mechanical properties,
length and thickness, and left ventricular maximum elastance and
systolic duration. The transversal antagonist role of aortic plas-
tic enlargement and stiffening has been widely analysed by means
of suitable simulations. Firstly, increased pulse wave velocity en-
hances ascending aortic characteristic impedance, while plastic en-
largement lessens the same quantity. Since the effect of increased
diameter overwhelms is antagonist, ascending aortic characteris-
tic impedance slightly decrease with age, especially from young to
middle-aged individuals. Secondly, both pulse wave velocity rise
and cross-section growth affect pulse pressure amplification. The
former tending to decrease pulse pressure amplification while the
latter to increase it. The resulting behaviour is characterized by
a slight increase in pulse pressure amplification. The antagonist
role of arterial stiffening and geometrical growth is further evident
analysing reflection coefficient changes at the most important bi-
furcations. The latter largely dominates the contrasting role of the
former, thus resulting in a rise of reflection coefficients at main bi-
furcations for forward propagating waves and reducing the negative
coefficients as seen for reflected waves, at least in mayor bifurca-
tions. The large increase in reflection entails an increased amount
of reflected wave generated at bifurcations, despite the decline of
ascending aortic characteristic impedance largely mitigate this ef-
fect by reducing first pressure pulse. Furthermore, the augmented
celerity of propagation anticipates the backward wave arrival at
first aortic sections, thus enhancing left-ventricular work. In turn,
the consequent increase in ventricular afterload tends to reduce
cardiac output. Being mean blood flow a quantity indispensable to
life, the cardiac muscle respond strengthening his contracting ca-
pacity, thus maintaining a balanced ventricular-arterial interaction.
The overall result of the age-induced degeneration of the aortic and
ventricular condition is an increase in pulse pressure at all the lo-
cation analysed. This growth is in turn responsible of a further
increase in cumulative damage on the aortic walls, thus creating a
positive loop: the more the arteries are damaged, the more they
will degenerate.
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Concluding, pathophysiology studies could include mathemat-
ical model in their setting, and clinical use of multi-scale math-
ematical model appears feasible. Further work should be done
to develop light, economical and practical setting procedures for
different pathological conditions, and to check it against invasive
pressure measurements in a wider range of conditions.
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