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Abstract

In this work a nine-nodes shell finite element, formulated in the framework of Carrera’s Unified
Formulation (CUF), is presented. The exact geometry of cylindrical shells is considered. The
Mized Interpolation of Tensorial Components (MITC) technique is applied to the element in order
to overcome shear and membrane locking phenomenon. High-order equivalent single layer theories
contained in the CUF are used to perform the analysis of shell structures. Benchmark solutions
from the open literature are taken to validate the obtained results. The mixed-interpolated shell
finite element shows good properties of convergence and robustness by increasing the number of
used elements and the order of expansion of displacements in the thickness direction.

1 Introduction

The efficient load-carrying capabilities of shell structures make them very useful in a variety
of engineering applications. The continuous development of new structural materials leads to
ever increasingly complex structural designs that require careful analysis. Although analytical
techniques are very important, the use of numerical methods to solve shell mathematical models
of complex structures has become an essential ingredient in the design process. The finite element
method has been the fundamental numerical procedure for the analysis of the shells.
The most common mathematical models used to describe shell structures may be classified in
two classes according to different physical assumptions. The Koiter model [1] is based on the
Kirchhoff hypothesis. The Naghdi model [2] is based on the Reissner-Mindlin assumptions that
take into account the transverse shear deformation. It is known that when a finite element
method is used to discretize a physical model, the phenomenon of numerical locking may arise
from hidden constrains that are not well represented in the finite element approximation. In
the Naghdi model both transverse shear and membrane constraints appear as the shell thickness
becomes very small, thus the locking may arise. A locking phenomenon that is particularly well
understood is the shear locking of plates [3]. In shells the shear locking is still present, but
another and more severe type of locking, referred to as membrane locking, appears [4][5]. The
most common approaches proposed to overcome the locking phenomenon are the use of standard
displacement formulation with higher-order elements (see [6],[7]). The numerical results show
that high-order elements are able to contrast locking for the shell problem in its displacement
formulation. However, in the case of very small thickness and when the element is not of degree
as high as needed, the numerical solution exhibits a loss in the rate of convergence [5]. Another
remedy for the locking is the use of several techniques of reduced-selective integration (see [8],]9])
but they fail because the additional degrees of freedom at the center of the element produce
spurious modes. Finally, in scientific literature it is possible to find many examples of modified
variational forms to overcome the locking problem (see [10]-[15]) and they provide good results.
In this paper we propose a new shell finite element based on the refined Equivalent Single
Layer (ESL) theories contained in the Carrera’s Unified Formulation [16]-[20]. The classical
models, such as Koiter and Naghdi models, can be also obtained from an ESL theory with linear
expansion of displacements along the thickness by applying penalty techniques. In the wake of
Bathe et al. [21]-[24], the Mixed Interpolation of Tensorial Components (MITC) method has
been extended to variable kinematic models for the case of shell elements with nine nodes. The
aim of the work is to prove that the extension of MITC to high-order ESL shell elements is



feasible and to show that such an extension is numerically efficient. The performance of the new
element is tested by solving benchmark problems involving very thin shells. The results show
both the properties of convergence and robustness.

The outline of the paper is the following. In Section 2 we recall the main features of the Unified
Formulation. In Section 3 the geometry of cylindrical shells is described. In Section 4 the MITC
technique is extended to Unified Formulation. Section 5 deals with the governing equations. In
Section 6 we report several numerical results. Section 7 contains the conclusions that can be
drawn from this work.

2 Variable Kinematic model via Carrera Unified Formula-
tion

Carrera Unified Formulation (CUF) is a technique which handles a large variety of bi-dimensional
models in a unified manner [16]. According to CUF, the governing equations are written in terms
of a few fundamental nuclei which do not formally depend on the order of expansion N used in
the z direction. The application of a two-dimensional method for shells permits to express the
unknown variables as a set of thickness functions depending only on the thickness coordinate
z and the corresponding variables depending on the in plane coordinates o and (. So that, a
generic variable, for instance the displacement u(«, 3, z), and its variation du(a, 3, z) are written
according to the following general expansion:

u(a, B,2) = Fs(2)us(a, 8),  dula, B, 2) = Fr(2)0u, (o, ), with 7,s=0,....N (1)

Bold letters denote arrays and the summing convention with repeated indexes 7 and s is assumed.
The order of expansion N goes from first to higher-order values. A Taylor expansion is employed
as thickness function F'(z):

u= Fyuy + Fru, + ... + Fyuy = Fru, with 7=0,1,...,N (2)

Fo=2=1 Fi=z'=2 ..., Fy=2" (3)

It is possible to obtain the Naghdi model [2] from a theory with first order of expansion, by
considering a constant transverse displacement through the thickness. An appropriate application
of penalty techniques to shear correction factor leads to Koiter [1].

3 Geometry of a thin shell

Let R? be the usual euclidean space (O, z,y,2) and let Q be an open bounded subset of R?
with closure Q. Let (&;1,&2) denote a generic point of the set . Let @ be a smooth one-to-one
mapping of ) into R3. The middle surface S of the shell (see Figure 1) is the image in R® of the
set ) through the mapping ®:

P = (O, Dy,P3): QCR*— SCR? (4)

Thus we have S = ®(2). Let us set a, = ®, = 0P/9¢,. The vectors ai,ay are linearly
independent at each point of Q and define the tangent plane to the midsurface S at each point
®(£1,&2). Let ag be the unit vector normal to the tangent plane. The set of vectors a1, aq, as
define the covariant basis at the point ®(&1, &2). The first fundamental form is ang = @, -ag, with
a = det(aqp). Denoting by a®? the components of the inverse matrix to (aqs), we introduce



the contravariant basis a® = aaﬁag and we set a® = as. The second fundamental form is

bog = a3 - aq3 = a3z - ag and the following relation holds:
a”‘ﬁ . bﬁ,y = b,o; (5)

Let us consider a cylindrical shell. In a system of Cartesian coordinates (O, z,y, z), the region
occupied by the midsurface of the shell is:

S={(z,y,2) €R®: —L/2<x<L/2, y*+2*=R?} (6)

where L and R are the length and the radius of the shell, respectively. Let us take a curvilinear
coordinate system (o, 3, z) = (&1, &2, 2) placed at the center of the upper part of the midsurface.
The 3D medium corresponding to the shell is defined by the 3D chart given by:

@(Q,B,Z) :¢(avﬂ)+za3(avﬂ) (7)
Then, the midsurface S of the cylindrical shell is described by the following 2D chart:
¢1 (Oé, ﬁ) =

¢2(a, B) = Rsin(B/R) (8)
¢3(a, B) = Rcos(B/R)

With such choices, the region  C R? corresponding to the midsurface S is the rectangle:
Q={(e,8): —L/2<a<L/2, —Rw << Rn} (9)

In the Unified Formulation the unknowns are the covariant components of the displacement
ur(a, 8), vr(a, B) and w, (e, 8), for 7 = 0,1,..., N. The strain-displacement relations are given
by the linear part of the 3D Green Lagrange strain tensor and they are:

Eaa = FTUT,a

g = F. _(1 + i)& + (1 + i)vr,ﬁ}

R R R
[ z
€ap = Fr|urp+ 1+*/U‘ra:|
o= Fo i (14 S "
Eaz = w‘r,aF‘r + uTFT,Z

vy

R} + F, {(1 + %)vr}

EBz = F,,- Wr g
Ezz = w'rF'r,z
where the previous geometrical assumptions are applied. For more details about mathematical

passages, the reader can refer to [25]. These geometrical relations can be expressed in matrix
form as:

e, =(Dp+ Ap)u

11



where subscripts (p) and (n) indicate in-plane and normal components, respectively, and the
differential operators are defined as follows:

o 0 0 0 0 o 1.0 0
D,=|0 H 0|, Du=[0 0 93|, Dp.=0.-An.=09.0 H 0|, (12)
ds Ho, 0 00 0 0 0 1
00 0 00 0
A, =0 0 £H| ,A,=|0 £ 0. (13)
00 0 00 0

and H = (1+ %).

4 CUF extended to MITC9 shell finite element

Considering the (covariant) components of the strain tensor in the local coordinate system

(&,1m,2), the MITC shell elements are formulated by using - instead of the strain components

directly computed form the displacements - an interpolation of these strain components within

each element using a specific interpolation strategy for each component. The corresponding

interpolation points - called the tying points are shown in figure 2 for the MITC9 shell element.
The interpolating functions are arranged in the following arrays:

Nym1 = [Nai, N1, No1, Npi1, Ng1, Np]
N2 = [Naz, N2, No2, Np2, Np2, Nps] (14)
Nm3 = [NP7NQ7NR7NS]
For convenience, from this point on we indicate with the subscripts m1, m2 and m3 the quanti-
ties calculated in the points (A1, B1,C1, D1, E1, F1), (A2, B2,C2,D2, E2, F2) and (P,Q, R, S),
respectively.

According to MITC method, the strains components are interpolated on tying points as
follows:

€11 Npio 0O 0 €111 €111
€p = |€22| = 0 Nina 0 €22,,, | = [N1] |e22,,,
[£12]] L O 0 Nmz| [€12,s €12,,5
(15)
€13 Ny 0 0] |e13,, €131
Ep = |E23| = 0 ng 0 €232 | = [N2] €232
1 €33 ] L 0 0 1 €33 £33

where the matrixes N1 and N2 are introduced.
Applying the finite element method (FEM), the unknown displacements are interpolated on
the nodes of the finite element by means of the Lagrangian shape functions N; (for i = 1,...9):

u = F;N;q,, (16)



where q,, are the nodal displacements and the Unified Formulation is applied. Substituting in
eq.s (11) the geometrical relations become:

ep =I-(D) + Ap)(NiI)qn
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where I is a 3 x 3 identity matrix.
If the MITC technique is applied to the strains, the geometrical relations are re-written in
the following manner:

€T :FT [C3i7n]qTi

Pim

e’ :FT[Clim]q.,—i +Fr,z[02im}q7i

MNim

(18)

where the introduced matrixes are:

[Clim,]

N2 |[(Dog — An)(N.D)]s

[C2i7n]

1
[N2] [ nz (?7) (19)

_[(Dp + Ap)(NiI)}ml(L )
[Cs,,.] =[N1] | [(Dp + Ap)(Nil)|m2(2,:)
L[(Dp + Ap)(Nid)]1n3(3, )

(1,:), (2,:) and (3,:) respectively indicate that the first, second or third line of the relative
matrix is considered.
5 Governing equations

This section presents the derivation of the governing equations based on the Principle of Virtual
Displacements (PVD) in case of shell structures subjected to mechanical load. CUF permits to
obtain the so-called fundamental nuclei, which are simple matrices representing the basic ele-
ments from which the stiffness matrix of the whole structure can be computed.

The PVD for a shell reads:

/ (0eT 00 + 06Ty nc)dV = oL, (20)
174

where V' is the volume of the shell and T indicate the transpose of a vector. The first member
of the equation represents the variation of internal work dL;,; and dL. is the external work. G



means geometrical relations and C' constitutive relations.
The first step to derive the fundamental nuclei is the substitution of constitutive equations (C)
in the variational statement PVD, which are:

opc = a';m =C, sf,m +Cp sfljn
(21)
Onc = O'Zjn =Cpyp E;j” +Con e;";j"
with
Ci1 Ci2 Cis 0 0 Cg3
Cpp = ClQ C122 C’26 Cpn =10 0 C23
| Ci6 C26  Ce | 0 0 Cs6
_ - (22)
0 0 0 Css Cys 0
Cop=|0 0 0 Con=|Cis Cu 0
| C13 Caz Cse | 0 0 Cs

Then, one substitutes the geometrical relations (18) and the Unified formulation (1) in eq.(20)
and obtains the governing equation system:

kIT
T

du K us = Py, , (23)

where K is the fundamental nucleo of the stiffness array and it is expanded according to the

indexes 7 and s in order to obtain the matrix for the whole shell.
The boundary conditions of Neumann type state:

IT;? us = II; us (24)
The explicit form of fundamental nucleus is the following;:

K77 =C55N;,,, < NpyiNp1 > Nj,, < Fr F >4 4+C11Nja,,, < NpiNpi > Nja,, <FFs>a+

Ci6Ni 8,3 I Nm3Np1 >q Nja,, IFFs >4 +Ci6Nia,, < NpmiNps>a Njg,, <FrFs>a+
C66Ni,B,s < Nm3Nns >a Njg,s < FrFs>a

ml

In2 In2

TS1J 1
Ki3¥ =~ 045ﬁNim1 ANp1Np2 2o Ny, QF; Fs>a+Ci5N;,,, < NmiNp2 > Nj,, <HF; Fs >a+

C12Ni,0,y < Nyt Npa > Nj g, SHE Fy> a4 +Ci6Ns 0, < NmiNp3 o Nja,, <HEF Fo>q +
C26Ni,8,5 ANm3Np2 > Njg., <HEF Fs>p +Ce6N; 3,5 <A N3Nz > Nj o, AHEFF> 4

Ki3¥ =C13Ni apy < Nt Nj o <F.Fy >4 +C36N; g, < NypaNj o <F, Fy | DA+

1 1
C12§Ni,am1 AN N2 > Nj, <HF Fs>4 +026ENi,Bm3 ANp3Npa > Nj ., <HEF Fy> 4+

055Nim1 < lean >0 Nj,anl < FT,ZFS >a +C45Nim1 < leNn2 >0 Nj,ﬁng < FT,ZFSDA
(25)



TS1J 1
K21 T = C45ENim2 < ngan >q Njnl < FTFS,z > A +C45Nim2 < ngan >0 Njnl < HFﬁzFS,z >a+

012Ni,ﬁm2 < NmZan >ao Nj,anl < HFTFS >4 +016Ni,am3 < NmSan >a Nj,anl < HFTFS >a+
OQﬁNi,gmz < NpoNp3 o Njﬁns <QHF, F,1>4 +066Ni,am3 < Np3Np3 o Njﬁns <QHF, F,>4

K359 =CayN; g, < NpaNpa >0 Nj g, < H2Fp Fo >4 4Co6Ni g, < NpaNps >0 Nja,y <A H2E Fy> 4
026Ni,o¢m3 < N3 Np2 > N‘,ﬁng < HZFTFS >a +066Ni,ozm3 <A Ny3Nps >a Nj,ang < HQFTFS >4+

1 1
C44ﬁNi <]Nm2Nn2 >a Njn2 <]F7—Fs > A _044ENZ' <]Nm2Nn2 >q N

In2

ma ma <QHE Fg , >a+

< NmQNnZ >a N;

1
— C44EN1‘ Gnz HFT,st > A +C44Nim2 <A NpypoNpo >q N

In2

<QHPF. _F, >4

m2

TS1J 1
K23 J :022RNiﬂm2 < NpaNps >q Njn2 < HzFTFS >a +023N1'75m2 < ngNj >0 QHFTFSYZ >a+

1
CQ6RNi,o¢m3 <A Np3Npa > Nj, < H?F,Fs >4 +C36N 0,5 < NypaNj>o <HF F,  >a+

1 1
- C45§Nim2 < NiaNp1 >a Nja,, <FrFe>a —Cua—=Ni, . < NjpaolNpo o Njg,, < FrFe>a+

R m2
C45N7;m2 < NmQan >0 Nj,Oénl < HF‘,—7ZFS > A +C44Nim2 < NmanQ >q _]\/vj’gn2 < HF,,—)ZFSDA

K;f” =Cs55N; 0, < NpmilNp1 o Nj,, < FTFSTZ >4 +Cu5N;i8,., < NpmalNp1 >o Nj,, < FrFs,z >a+

1
CIZENi < NmaNp1 >q Nja, SKHEFg> g +C13 << NiNp1 g Njo,, <Fr Fs>a+

m2

1
O26RNimg < NmaNp3 >q Njg,, SHFFy >4 +C36 < NyNp3 >q Njg,, <Fr Fs>a

i 1

K357 =Cy ENW
1

CQGEN%Q

1
- O45ENi,am1 < N1 Npz2 > Njn2 R

1 <SHE Fg  >a+C4aN;g,,, < NpaNp2 o Nj

In2

A NmaNp2 >0 Nj g, <H?FpFy >4 +Co3 < NiNpo > Nj g, <HF, Fy>4+
< N2 Npsz > Nj,ang < H2FTFS >a +CS6 < N;Np3 >q Nj,ozng < HFT,ZFS >a+

1
QF Fs> 4 —Cuu—Nig, , <NmalNpa o N

In2

QF Fy>y +

Ci5Nia,,; < N1 Npa >a Nj

In2

QHF, Fy> 4

TS1j 1 1
K59 =C2255 Nizs A Nz Nz @ N, < H?F,F, >4 +C23 5 Niys A NomaNj o SHFLF B a+

1
CZSR < N; N2 > ij < HFT’ZFS >4 +C33 < NiNj >0 <1F,,-)ZFS,Z >a+

055Ni,am1 < lean >0 Nj,anl < FTFS >a +C45N7L,ﬁm2 < NmQan >0 Nj,anl < F‘I‘FS >4+
CasNi s < Nt Npa > Njg, SFFs>a4 +CuuN; g, < NpalNpa o Njg., <F-Fi>a
(26)

where <...>gq indicates fQ ...dQ2 and <...> 4 indicates fA ...dz (A is the integration domain
in the z direction).



6 Numerical results

The model we have introduced, unlike 3-D degenerate approach, does not involve an approxima-
tion of the geometry of the shell and it describes accurately the curvature of the shell. However,
the locking phenomenon is still present. In this work, such a model is combined with a simple
displacement formulation. The high-order theories contained in CUF, coupled with the MITC
method, allow us to increase the degree of approximation by increasing the order of expansion
of displacements in the thickness direction and the number of used elements. We analyze the
reliability of the model together with the finite element scheme, and we compare the numerical
results with the ones obtained with the first order approximation (see [7]) and the ones obtained
in the 3D degenerate approach (see [13]).

In this direction we consider two classical test problems. These problems are discriminating to
test the performance of the finite elements. We consider the pinched cylinder with a diaphragm
(Fliigge, [26]) and the Scordelis-Lo problem (Scordelis and Lo, [27]). The pinched shell with a
diaphragm is one of the most severe tests for both inextensional bending modes and complex
membrane states. The Scordelis-Lo problem is extremely useful for determining the ability of an
element to accurately solve complex states of membrane strain. A substantial part of the strain
energy is membrane strain energy so the representation of inextensional bending modes is not
crucial in this problem. We briefly describe each of the two test problems.

6.1 Pinched cylindrical shell

The first test we consider is the one called pinched shell. This structure has been analyzed in [7]
and the essential shapes are shown in Fig. 3. The pinched shell is simply supported at each end
by rigid diaphragm and singularly loaded by two opposed forces acting at midpoint of the shell.
Due to the symmetry of the structure the computations have been performed, using a uniform
decomposition, on a octave of the shell. Such a domain is described as:

S={(x,y,2) €ER>: 0<x<L/2,0<y<R,y>+2*>=R* (27)

corresponding to the rectangle:

Q={(e,8): 0<a<L/2 0<3< Rr/2} (28)

The physical data given in Table 1 have been assumed. The following symmetry conditions are
applied:

vs(,0) =0
us(0,5) =0 (29)
vs(a, R /2) =0

and the following boundary conditions are prescribed:

’US(L/27/3) :ws(L/276) =0 (30)



with s =0,1,..., N.

In Table 2 the transversal displacement at the loaded point C is presented for several de-
compositions n x n and different theories. The high-order equivalent single layer theories are
indicated with the acronym ESLN, where N is the order of expansion. The exact solution is
given by Fliigge in [26] and it is 1.8248 x 1075[in]. The results (m) are obtained applying the
MITC technique only to the membranal part of the in-plane strains (when 7 or s is equal to 0),
while the solution (m™) is obtained for MITC applied to all terms of the expansion. In both
cases, all terms of the expansion of the shear and normal strains are mixed interpolated. The
figure 5 demonstrate that the two solutions in the Koiter case (as for the other theories) differs
very little, especially when the number of elements is high (mesh 13 x 13). Therefore, we can
refer always to (m™) solution in the following analysis. The element shows good properties of
convergence and robustness by increasing the mesh. According to Reddy [28] and Cho [29], the
results obtained with high-order theories are grater than the reference value because Fliigge refers
to a classical shell theory. Indeed, the solution calculated with the Koiter model is very close to
the exact solution for mesh 13 x 13, while the Naghdi model that takes into account the shear
energy gives a higher value, as one can expect. The ESL theory with linear expansion (ESL1)
produces such a high value because the correction of Poisson locking it has been applied (for
details about Poisson locking one can refer to [30]), but in the case of cylindrical shell structures
this correction gives some problems. The remaining theories provide almost the same results and
they converge to the same value (1.842 x 10~5[in]) by increasing the order of expansion and the
number of used elements.

6.2 Scordelis-Lo problem

The problem deals with a cylindrical shell known in the literature as barrel vault. The shell is
described in Fig.4. This typical shell is used in civil engineering using conventional processes by
Scordelis and Lo [27]. The essential features of such example can be also found in [12]. The shell
is simply-supported on diaphragms and is free on the other sides. The shell is loaded by its own
weight P. The barrel vault is a portion of cylindrical shell, with midsurface described as follows:

S ={(x,y,2) € R®: —L/2 <2< L/2, —Rsin(21/9) < y < Rsin(27/9), z > 0y* + 2> = R%}
(31)

Applying the mapping (8) we get the following expression for :

Q={(o,8): —L/2<a<L/2, —R27/9 < 8 < R2mw/9} (32)

The physical data given in Table 3 have been assumed.

The covariant components of the vertical load are: p; =0, po = —Psin(8/R), p3 = P cos(G8/R).
The barrel vault has a symmetric structure. Thus, the computations have been performed only
on a quarter of the shell, using a uniform decomposition. The following symmetry conditions
have been assumed:

(33)



and the following boundary conditions are prescribed:

vs(L/2,0) = ws(L/2,8) =0 (34)

with s =0,1,..., N.

The exact solution for the present problem is given by McNeal and Harder in [31] in terms of
transversal displacement at the point B and it is 0.3024[ft]. In Table 4 this quantity is calculated
for several decompositions n x n and different theories. In this case, we provide only the (m™)
solution because the results obtained in the case (m) are very similar, also when a coarse mesh is
considered. The table confirms the considerations done for the pinched shell: the results converge
to the exact solution by increasing the order of expansion and the number of used elements. One
can note that in this case the ESL1 theory doesn’t give any problem because the shell is not
cylindrical. Another difference regarding to the pinched shell is that the high-order theories
and the classical theories provide almost the same results, because in this case we don’t have
local effects due to a concentrated load. In the Figures 6-8, for a given thickness of the shell,
we compare the performance of the MITC9 element in which the correction of both shear and
membrane locking has been applied (m™), with the performance of the element in which only
the shear locking has been corrected (s). For moderately thin shells (t/R = 0.01) the correction
of membrane locking is not so essential because for very fine mesh the two solutions converge.
Instead, for very thin shells (¢/R = 0.001 and ¢/R = 0.0001) the membrane locking phenomenon
is remarkable and in this case one can note the high performances of the new element. We
note that, as far as we know, the exact solution is not available for both cases ¢/R = 0.001 and
t/R = 0.0001; however, our results show a qualitatively correct limit behavior for the solution
(m™) and we can conclude that MITC9 element is completely locking free. The theory used for
this analysis is ESL4 but the behavior is the same also for the other models.

7 Concluding remarks

The aim of the present work is to present a shell finite element based on refined theories contained
in CUF, in which the MITC technique has been applied to overcome the membrane and shear
locking phenomenons. The results obtained by analyzing two classical test problems, such as
pinched shell and Scordelis-Lo problem, show that:

e The MITC9 shell element presents good properties of convergence and robustness;

e The MITC method remains effective in the case of shell FEs formulated on the basis of
higher-order theories contained in the Unified Formulation;

e The MITC9 element is completely locking free.

Future work could be directed towards the extension of MITC9 element to the analysis of
multilayered structures as well as multi-field problems.

Acknowledgments

M Cinefra acknowledges the support of FNR of Luxembourg.

11



References

[1] W.T. Koiter, “On the foundations of the linear theory of thin elastic shell.”, Proc. Kon.
Nederl. Akad. Wetensch., 73, 169-195, 1970.

[2] P.M. Naghdi, “The theory of shells and plates.”, Handbuch der Phisik, 6, 425-640, 1972.

[3] D.N. Arnold and R.S. Falk, “A wuniformly accurate finite element method for the Reissner-
Mindlin plate.”, SIAM Journal of Numerical Analysis, 26, 1276-1290, 1989.

[4] J. Pitkdranta, “The problem of membrane locking in finite element analysis of cylindrical
shells.”, Numerische Mathematik, 61, 523-542, 1992.

[5] C. Chinosi, L. Della Croce and T. Scapolla, “Numerical results on the locking for cylindrical
shells.”, Computer-Assisted Mechanics and Engineering Sciences Journal, 5(1), 31-44, 1998.

[6] H. Hakula, Y. Leino and J. Pitkdranta, “Scale resolution, locking, and higher-order finite
element modelling of shells.”, Computer Methods in Applied Mechanics and Engineering,
133, 155-182, 1996.

[7] C. Chinosi, L. Della Croce and T. Scapolla, “Hierarchic finite elements for thin Naghdi shell
model.”, International Journal of Solids and Structures, 35, 1863-1880, 1998.

[8] 0.C. Zienkiewicz, R.L. Taylor and J.M. Too, “Reduced integration techniques in general anal-
ysis of plates and shells.”, International Journal for Numerical Methods in Engineering, 3,
275-290, 1971.

[9] H. Stolarski and T. Belytschko, “Reduced integration for shallow-shell facet elements.”, New
Concepts in Finite Element Analysis, ed. by T.J.R. Hughes, et. al., ASME, New York, 179-194
(1981).

[10] J.J. Rhiu and S.W. Lee, “A new effcient mized formulation for thin shell finite element
models.”, International Journal for Numerical Methods in Engineering, 24, 581-604, 1987.

[11] T.Y. Chang, A.F. Saleeb and W. Graf, “On the mized formulation of a nine-node Lagrange
shell element.”, Computer Methods in Applied Mechanics and Engineering, 73, 259-281, 1989.

[12] K.-J. Bathe and E. Dvorkin, “A formulation of general shell elements - the use of mized
interpolation of tensorial components.”, International Journal for Numerical Methods in En-
gineering, 22, 697-722, 1986.

[13] M.L. Bucalem and K.-J. Bathe, “High-order MITC general shell elements.”, International
Journal for Numerical Methods in Engineering, 36, 3729-3754, 1993.

[14] D.N. Arnold and F. Brezzi, “Locking free finite element methods for shells.”, Methematics
of Computation, 66, 1-14, 1997.

[15] C. Chinosi, L. Della Croce and T. Scapolla, “Solving thin Naghdi shells with special finite
elements.”, Mathematical Modelling and Scientific Computing, 8, 1997.

[16] E. Carrera, “Theories and finite elements for multilayered plates and shells: a unified com-
pact formulation with numerical assessment and benchmarking.”, Arch Comput Methods
Eng, 97, 10-215, 2003.

12



[17] B. Brank and E. Carrera, “Multilayered Shell Finite Element with Interlaminar Continuous
Shear Stresses: A Refinement of the Reissner-Mindlin Formulation.”, International Journal
for Numerical Methods in Engineering, 38, 843-874, 2000.

[18] E. Carrera, “Multilayered Shell Theories that Account for a Layer-Wise Mized Description.
Part I. Governing Equations.”, ATAA Journal, 37, 1107-1116, 1999.

[19] E. Carrera, “Multilayered Shell Theories that Account for a Layer-Wise Mized Description.
Part II. Numerical Evaluations.”, ATAA Journal, 37, 1117-1124, 1999.

[20] E. Carrera, “A Study of Transverse Normal Stress Effects on Vibration of Multilayered
Plates and Shells.”, Journal of sound and vibration, 225, 803-829, 1999.

[21] K.-J. Bathe, P.-S. Lee and J.-F. Hiller, “Towards improving the MITC9 shell element.”,
Computers and Structures, 81, 477-489, 2003.

[22] C. Chinosi and L. Della Croce, “Mized-interpolated elements for thin shell.”, Communica-
tions in Numerical Methods in Engineering, 14, 1155-1170, 1998.

[23] H.-C. Huang, “Membrane locking and assumed strain shell elements.”, Compunters and
Structures, 27(5), 671-677, 1987.

[24] P. Panasz and K. Wisniewski, “Nine-node shell elements with 6 dofs/node based on two-level
approximations. Part I Theory and linear tests.”, Finite Elements in Analysis and Design,
44, 784-796, 2008.

[25] D. Chapelle and K.-J. Bathe, “The finite element analysis of shells.-Fundamentals.”,
Springer, Berlin, 2003.

[26] W. Fliigge, “Stresses in shells.”, 2nd edn. Springer, Berlin, 1960.

[27] A. Scordelis and K.S. Lo, “Computer analysis in cylindrical shells.”, Journal of American
Concrete Institute, 61, 561-593, 1964.

[28] J.N. Reddy, “Mechanics of laminated composite plates and shells. Theory and analysis.”,
2nd edn. CRC Press, Florida, 2003.

[29] M. Cho and H.Y. Roh, “Development of geometrically exact new elements based on general
curvilinear coordinates.”, International Journal for Numerical Methods in Engineering, 56,
81-115, 2003.

[30] E. Carrera and S. Brischetto, “Analysis of thickness locking in classical, refined and mized
theories for layered shells.”, Composite Strcutures, 85(1), 83-90, 2008.

[31] R.H. McNeal and R.L. Harder, “A proposed standard set of problems to test finite element
accuracy.”; Finite elements in analysis and design, 1, 3-20, 1985.

13



Tables

Pinched shell
Young’s modulus E 3 x 10% psi
Poisson’s ratio

v 0.3
load P 11
length L 600 in
radius R 300 in
thickness t 3in

Table 1: Physical data for pinched shell.

Theory [4x4m [4x4m™ | [10 x 10[m  [10 x 10Jm™ | [13 x 13Jm_ [13 x 13Jm™
Koiter  1.7733  1.7891 1.8189 1.8231 1.8227 1.8253
Naghdi ~ 1.7827  1.7984 1.8323 1.8364 1.8372 1.8398
ESL1 1.9048  1.9212 1.9541 1.9583 1.9591 1.9617
ESL2  1.7663  1.7805 1.8322 1.8361 1.8383 1.8408
ESL3 17676  1.7818 1.8341 1.8380 1.8404 1.8428
ESL4  1.7676  1.7818 1.8341 1.8380 1.8404 1.8428

Table 2: Pinched shell. Transversal displacement w[in]x10° at the loaded point C of the mid-
surface S.(exact solution: 1.8248 x 1075[in])

Barrel vault
Young’s modulus E  4.32 x 108 1b/ft>

Poisson’s ratio v 0.0

load P 90 Ib/ft?
length L 50 ft
radius R 25 ft
thickness t 0.25 ft
angle 6o 2m/9 rad

Table 3: Physical data for barrel vault.
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Theory [4 x 4Jm™* [10 x 10jm™  [13 x 13]m™

Koiter 0.2953 0.3015 0.3025
Naghdi 0.2954 0.3018 0.3029
ESL1 0.2954 0.3018 0.3029
ESL2 0.2954 0.3018 0.3029
ESL3 0.2954 0.3019 0.3029
ESL4 0.2954 0.3019 0.3029

Table 4: Barrel vault. Transversal displacement w]ft] at the point B of the midsurface S.(exact
solution: 0.3024[ft])

Figures

Figure 1: Definition of the middle surface.
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Figure 2: Tying points for MITC9 shell finite element.
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Figure 5: Pinched shell. Transversal displacement w(in]x10° at the loaded point C of the
midsurface S by varying the mesh n x n.
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Figure 6: Scordelis-Lo problem.

Thickness ratio t/R = 0.01. Transversal displacement w|ft] at
the point B of the midsurface S by varying the mesh n x n.
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Figure 7: Scordelis-Lo problem. Thickness ratio t/R = 0.001

the point B of the midsurface S by varying the mesh n x n.
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Figure 8: Scordelis-Lo problem. Thickness ratio t/R = 0.0001.
at the point B of the midsurface S by varying the mesh n x n.

ESL4(s)
ESL4(m") -

19

11 12 13

Transversal displacement w]ft]



