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Abstract

Given a parametric polynomial representation of an algebraic hypersurface S in the pro-
jective space we give a new algorithm for finding the implicit cartesian equation of S. The
algorithm is based on finding a suitable finite number of points on S and computing, by
linear algebra, the equation of the hypersurface of least degree that passes through the
points. In particular the algorithm works for plane curves and surfaces in the ordinary
three-dimensional space. Using C++ the algorithm has been implemented on an intel
Pentium running Linux. Since our algorithm is based only on computations of linear al-
gebra it reveals very efficient if compared with others that do not use linear algebra for
the computations.
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Introduction

The hypersurface implicitization problem has attracted many authors, also recently
and in the case of ordinary curves and surfaces has applications to Computer aided
Geometric Design and Geometric Modelling. The problem consists in determining
an implicit representation of an irreducible parametric algebraic hypersurface in the
projective space P" (in particular a plane curve or a surface). It has been classically
faced by elimination theory and can be solved by the computation of Grobner bases
or by the computation of resultants. New methods have been recently introduced
in [1]. All these methods have been implemented in various softwares of Computer
Algebra (see [1]). For doing these computations on the computer the hysurface has to
be parametrically represented by polynomials with coefficients rational numbers (or



more simply integers) and the result is an equation whose coefficients are rational
numbers (or integers). Another possible representation of the coefficients of the
parametric polynomials is in the set of integers modulo a prime number. In this
paper, we introduce a new alternative method that reconducts the implicitation of
S to the computation of the equation of the hypersurface that contains a suitable
set of points on S. The algorithm works both on rational (or integers) numbers and
on integers modulo a prime number. The algorithm is based on the fact that, if we
find an appropriate set T of general points on S, a polynomial F' vanishes on the
polynomials that represent parametrically S if and only if F' vanishes on 7. This
gives rise to a homogeneous linear system of equations. A non null solution of the
system (which can be found very easily by Gauss reduction) gives the coefficients of
the implicit equation of S. The algorithm of this paper applies to plane curves and
surfaces in the ordinary space. The notations and results tacitly assumed in this
article can be found in [3] and in [6].

1 Computing the implicit equation of a paramet-
ric hypersurface by points

Let P" be the n-dimensional projective space over a field k.

Definition 1.1 We say that an irreducible (algebraic) hypersurface S C P" is para-
metric if there exists a rational map & : P™ — P,

(D(t(]?tla 7tm> = (fO(t()?tla "'7tm)7 "'7fn<t0at17 7tm>>

given by homogeneous polynomials f;(to,t1,...,tm), @ = 0,1,2,...,n of the same
degree r whose image is a dense subset of S. We set

S = {(xo,.fl}l, ,LL’n) ep" | T; = fi(t(),tl, ,tm),’l = O, 1,2, ,Tl}

Since S is a hypersurface of P" it is also the set of solutions of a homogeneous
polynomial F' € k[Xy, ..., X,] in n 4+ 1 variables. We consider the polynomial F’
of least degree d that vanishes on S. The corresponding equation F' = 0 is said
to implicitize the parametric hypersurface S and F' is said to be the polynomial
defining S (F' is unique modulo constant terms of k).

Definition 1.2 [9] A set S ={Py,..., Py} CP™ of N = (d;m) points is in generic
position (or simply the points are in generic position) if it is not contained in a
projective hypersurface of degree < d.

Example 1.3 Six points that do not lie on a conic and ten points that do not lie
on a quadric surface are in generic position.



Lemma 1.4 Let S = {(z¢,....,xn) € P" | x; = fi(to,....,tm),i = 0,...,n} be a
parametric hypersurface given by homogeneous polynomials of the same degree r. Let
d be a fixed integer, and Py,..., Py be N = (Td;;m) points of P™ in generic position
such that Q; = ®(P;) form a set T of N points of P*. If F' is a homogeneous
polynomial of K[Xo, ..., X,,| with degree d" < d then F' vanishes on S if and only if

F' vanishes on T .

Proof.  Clearly, since T' C S, a a polynomial vanishing on S vanishes on 7. We
prove the converse by contradiction. Let F’ be a homogeneous polynomial of degree
d’ vanishing on the set of points T" and assume that there exists a point P € P™
such that F(®(P)) # 0. Then F'(fo,..., f,) is a non-zero polynomial of degree
d'r < dr vanishing on the N = (Td:;m) points P; and this contradicts the assumption
of generic position.

By Lemma 1.5 the computation of the equation that defines S is reconducted to the
computation of the equation that vanishes on a finite set of points. Before starting
the computation one has to find a set of points in generic position. Almost all sets
of N = (") points S = {P,..., Py} C P™ are in generic position ([7]). It follows
that a random choice for the coordinates of the P; gives points in generic position.
A systematic way of finding points in generic position in P is given by the following
two results.

Proposition 1.5 Let d and m be fized positive integers and a;; € k, 1 = 0,...,d,
j=0,...,m,. Suppose a;; # ayj, for anyi # 1, j=1,...,m. No hypersurface of
degree < d contains the N = (d+mm) affine points of the set

S ={(aj1,---ai,m) €E™| (i1, im) € N i1 + ...+ iy, < d}
Hence the set of N projective points
S ={(ai1,. G, 1) €P™ iy + .. H iy < d}
18 1M generic position.

Proof. We prove the first part of the statement by induction. the second part then
follows easily. When m = 1 the set S = {(a; € k | i < d} consists of d + 1 points
and no non-zero polynomial in one variable of degree d can have d+ 1 distinct roots.
Hence the claim is true for any d.

Suppose now that the claim is true for m — 1. It follows that, for any d
the set of the N = (“I™ ") affine points Sy = {(ai1,..., i, ym-1) € k™' |
(i1y. - yim_1) € N™ 14 + ... 44, 1 < d} is not contained in a hypersurface of
degree < d. We want to prove that any non-null polynomial F'(X7, ..., X,,) vanish-
ing on all points in S has degree greater than d. The polynomial Go(X1, ..., X;_1) =
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F(Xy,..., Xin_1, aom) vanishes on Sy, hence is null by the inductive hypothesis, then
F(Xy,...,.Xm) = (X — agm)F1 where the degree of Fj is less or equal to d — 1.
Repeating the same argument for the polynomial F (X1, ..., X,,_1, a1,,) and the set
Sy = (a1, i, ym-1) €K™V (i1, i) € NG+ iy < d—1}
and so on, we get F/(Xy,..., X,,) = HZ:O(XW —Qgm ) F" so that F' has a greater degree
than d.

From Proposition 1.5 we get immediately that:

Corollary 1.6 . Let d a positive integer and char(k) = 0 or char(k) > d. The
following set of N = (d+mm) projective points, where i; € N is identified with i; - 1,
18 1N generic position

S =iy, i, 1) €P™ | (iy, ... im) € N™ iy 4+ .. 4y < d}

Corollary 1.6 gives an algorithmic way to find a set of N = (dT;m) distinct
projective points T' = {®(P),... P(Py)} of a hypersurface S such that such that
{Py,... Py} are in generic position.

2 The algorithm

By the results of section 1, the problem of determining the implicit equation of a
parametric hypersurface S is reconducted to the problem of finding a polynomial
F' that vanishes on a suitable set of points on S. In this section we construct an
algorithm for solving this problem using only linear algebra.

Let T = {Q1,...,Qs} be a set of points in P* and d a positive integer. An
homogeneous polynomial F(Xjy, ..., X,,) of degree d vanishes on T if and only if,
for any i« = 1,...,s, F(Q;) = 0. This gives a homogeneous linear system with
coefficients in k& and indeterminates Xj,..., X,,. Denoting by 7;, ¢ = 1,...,h the
terms of degree d in the indeterminates Xj, ..., X,,, ordered with respect to any
term ordering, the set B = {7;,...,T,} is a basis of the k vector space of the
homogeneous polynomials F'(X7, ..., X,,) of degree d. Consider the matrix

Mo(T) = (T:(@Q;))

whose generic element (7;(();)) is the evaluation of the term 7; at the point Q);.
IfF=aT1+...+a,T, weset (F)g = (a1,...,a;) and denote with (F)% the
transpose of (F)p.
Hence F(Xj,...,X,) vanishes on T if and only if (F)% is a vector of the null
space of the matrix My(7T') and then there is a homogeneous polynomial vanishing
on T if and only if the rank rk(My(T')) of the matrix My(T') is less then (dzn).



All the previous results allow to formulate the following algorithm. Let S be a
hypersurface:

S = {(Ig,xh ,I‘n) e p” | T; = fi(to,tl, ...,tm)7i =0,1, ,n}

ALGORITHM
INPUT: degree d and coefficients of the polynomials f;
OUTPUT: Implicit equation F' =0 of S

1. Set d = 1.

2. Computation, in degree d, of the set T of points of Lemma 1.4

3. Computation of the matrix M,(T)

4 1f rk(My(T)) < (Td;;m) goto b else set d = d + 1 and goto 2.

5. Compute a solution (F')g of the null space of My(T) and stop.
The vector (F')g gives the coefficients of the implicit equation F' = 0 of S.

Our algorithm was implemented in C++ on an Intel Pentium running Linux.

We have tested the algorithm for the computation of the implicit equation of
hypersurfaces on various examples. Our results coincide with the ones obtained
by other authors which compute the implicit equation with other methods. Since
our algorithm is based on computations of linear algebra it reveals very efficient if
compared with others that do not use linear algebra for the computations. We only
quote the following example which was considered in [5] and [8].

Example 2.1 Let S be the following parametric surface of P2, over a field of char-
acteristic zero.

S = {(w0, .., 24) | ;o = t1ts — tol3, 71 = titots + tits, 1y = 2t1t5 — 2oty w3 = tit5}
By applying our algorithm we find that the implicit equation of S is
4:U3 + 8xor1 — 4dxgre — 4073 + 435% —4dxyx9 — 813 + x% + 22923 = 0
which agrees with the results of [5] and [8].
Remark 2.2 The problem of implicitizing a parametric space curve was tackled in
[2]
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