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CHAPTER 1
INTRODUCTION

Homological algebra is at the root of modern techniques in many areas of mathematics
including commutative and non commutative algebra, algebraic geometry, algebraic
topology and representation theory. Not only that all these areas make use of the
homological methods but homological algebra serves as a common language and this
makes interactions between these areas possible and fruitful. A relative version of
homological algebra is the area called Gorenstein homological algebra. This newer
area started in the late 60s but really took off in the mid 90s, with the introduction of
the Gorenstein (projective, injective, flat) modules. It has proved to be very useful in
characterizing various classes the rings. Also, methods and results from Gorenstein
homological algebra have successfully been used in algebraic geometry, as well as in
representation theory. But the main problem in using the Gorenstein homological
methods is that they can only be applied when the corresponding Gorenstein reso-
lutions exist. So the main open problems in this area concern identifying the type
of rings over which Gorenstein homological algebra works. Of course one hopes that
this is the case for any ring. But so far only the existence of the Gorenstein flat res-
olutions was proved over arbitrary rings (in 2014). The existence of the Gorenstein
projective resolutions and the existence of the Gorenstein injective resolutions are
still open problems. And they have been studied intensively in recent years.

We consider the problem of the existence of the Gorenstein projective precovers.
Their existence over Gorenstein rings is known (Enochs-Jenda, 2000). Then Pe-
ter Jorgensen (2007) proved their existence over commutative noetherian rings with
dualizing complexes. In 2011, D. Murfet and S. Salarian extended his result to com-
mutative noetherian rings of finite Krull dimension. Recently Murfets and Salarians

result was extended to right coherent and left n-perfect rings in the work of Gillespie



([7]) and Estrada-Iacob-Odabasi ([5]).

Our main result shows that the class of Gorenstein projective modules is special
precovering over any left GF-closed ring R such that every Gorenstein projective
module is Gorenstein flat and every Gorenstein flat module has finite Gorenstein
projective dimension. This class of rings includes that of right coherent and left n-
perfect rings. But the inclusion is a strict one: in [6], section 4, we give examples of
left GF-closed rings that have the desired properties (every Gorenstein projective is
Gorenstein flat and every Gorenstein flat has finite Gorenstein projective dimension),

and that are not right coherent.



CHAPTER 2
PRELIMINARIES

2.1 Modules

We begin our study by looking at modules, which generalize the concept of vector
spaces. A vector space is a special type of module in which the underlying ring is a
field. The definition of a module is also similar to that of a group action, with some
additional requirements on the set M. We recall the following definition for a module

M over a ring R.

Definition 2.1. Let R be a ring (not necessarily commutative nor with 1). A left

R-module or a left module over R is a set M together with
1. a binary operation + on M under which M 1is an abelian group, and

2. an action of R on M (that is, a map R x M — M) denoted by rm, for all
r € R and for all m € M which satisfies
(a) (r+ s)m =rm+ sm, for allr,s € R, m € M
(b) (rs)m =r(sm), for allr,s € R, m € M, and

(c) r(m+n)=rm+rn, forallr € R, m,n € M.
If the ring R has a 1 we impose the additional axiom:
(d) 1m =m, for allm € M

We use the term left R-module or left module over R since the ring elements
appear on the left. Similarly, we can define a right R-module or a right module over
R with the ring elements appearing on the right. If the ring R is a commutative ring
and M is a left R-module, we can make M a right R-module by defining mr = rm

for any m € M and r € R. In this case, we just call M an R-module. However, this



does not hold in general, hence not every left R-module is a right R-module and vice
versa. We will denote a left R-module M by gM, and similarly a right R-module N
by Ng. Modules over a ring R with 1 are called unital modules. Generally, we will
assume that the ring R is commutative with 1, unless otherwise noted.

For example, f R = Z and A is any abelian group, then A is a Z-module. For

any n € Z and a € A, we define:

a+a+ ...+ a (n times) ifn>0
na = 0 ifn=20
—a—a—..—a (—ntimes) ifn <0

Thus, we see by this definition of an action of Z on A that A is in fact a Z-module.
The converse also holds. That is, for any Z-module M, M is an abelian group. Hence,
Z-modules and abelian groups are one and the same.

A submodule of M is simply a subset of M which also satisfies the same restricted
conditions of a module (over the same ring R). If the ring R is a field, submodules
are the same as subspaces. Every R-module M has at least two submodules, M and

the trivial submodule 0.

Definition 2.2. Let R be a ring and let M and N be R-modules. A map o : M — N

1s an R-module homomorphism if:

(a) p(x +y) =p(x)+p(y), for all z,y € M and
(b) p(rz) =rp(zx), forallr € R, x € M.

Additionally, we denote the set of all R-module homomorphisms from M into N by
HO?TLR<M, N)

The set Hompg(M, N) is an abelian group under addition. If R is also commuta-
tive, Hompg(M, N) is an R-module. For ¢ €Hompg(M, N), the kernel (denoted Kery)

and image (denoted Im¢) are defined as usual.



A complez of R-modules is a sequence of R-modules and R-homomorphisms such
as

L NS ML NG NN s N

such that f; ;o f; = 0 for every integer i. In other words, Im(f;) CKer(f;_1).

Definition 2.3. A pair of homomorphisms X <Y 5y 7 is said to be exact (atY)
if Im(«) =Ker(B). Further, a sequence - - - ELEEN X1 ELN X, ELGEN Xnt1 Jnizg of

homomorphisms is said to be an exact sequence if it is exact at every X;.
Using the definition of exactness, can obtain the following result.
Proposition 2.4. Let A, B, and C' be R-modules over some ring R. Then
1. The sequence 0 — A Y B is exact (at A) if and only if ¥ is injective.
2. The sequence B % C' — 0 is exact (at C) if any only if @ is surjective.

Proof. The (uniquely defined) homomorphism 0 — A has image 0 in A. This will
be the kernel of 4 if and only if v is injective. Similarly, the kernel of the (uniquely
defined) zero homomorphism C' — 0 is all of C', which is the image of ¢ if and only

if  is surjective. O

As a direct result of this proposition, the sequence 0 — A S BHC S 0is
exact if and only if 4 is injective, ¢ is surjective, and Im(¢)) =Ker(¢). An exact

sequence of the form 0 — A Y B4 0 = 0is called a short ezact sequence.

Definition 2.5. The short exact sequence 0 — A ENY - JENV I of R-modules 1is

said to be split exact if Im(f) is a direct summand of B.

Given two modules A and C, we can form their direct sum B = A @& C. Then
the sequence

0ASAaC S C—0



where ¢(a) = (a,0) and 7(a, ¢) = ¢ is a split exact sequence. The following proposition

characterizes short exact sequences that are split exact.

Proposition 2.6. Let 0 — A 5y B % C = 0 be a short exact sequence. Then the

following are equivalent:
1. The sequence is split exact.
2. There exists f' € Homgr(B, A) such that f'f = 14.
3. There exists ¢ € Homgr(C, B) such that g’ = 1¢.

Proof. We will show that 1. is equivalent to 2. and note that 1. and 3. are equivalent
by a similar argument.

1. = 2.

Suppose the sequence 0 — A LB% o Sois split exact. Then B = I'm(f) ® G for

some R-module G. Consider the sequence
0—Im(f) > Im(f)eG—C =0

with ¢(x) = 2,0). Then there exists an R-homomorphism f’': B — Im(f) defined by

f'(xz,y) = x. So for any z € Im(f),

(f')(x) = f'(u(x)) = f'((x,0)) = =.

Hence f'v = 11m(p). Since Im(f) = A, f'f = 14 as desired.

2. = 1.

Suppose there exists an R-homomorphism f’: B — A such that f'f = 14 and define
amap ¢ : B— A®C by ¢(b) = (f'(b),g(b)). Note that ¢ is an R-homomorphism.
Now suppose ¢(b) = (0,0) for any b € B. Then f'(b) = 0 and g(b) = 0. By having
exactness at B,

g(b) =0 = b= f(t)



for some b’ € A. Thus 0 = f'(b) = f'(f(V')) = b’ by assumption. Hence b = f(V/) =
f(0) = 0. Therefore Ker(p) = {0} implying that ¢ is injective. To show that ¢ is

surjective, let (V/,b") € A@® C. Since g is surjective, 0" = g(b) for some b € B. So,

b =g(b) = g(b+ f(z))
for any x € A. To have ¢(b+ f(z)) = (V',0"), we need x € A such that

o' =f"(b+ f(z))
=f'(b) + f'(f(2))
=f'(b) + x

So choose © = b" — f'(b). Then,

p(b+ f(2) = (f'(b+ f(2)),9(b+ f(2)))
= (f'(0) + f'(f(2)), 9(b) + 9(f()))
= (f'(b) + =, g(b) +0)
— (b/7 b//)
Thus ¢ is bijective, and hence Im(p) = A @ C, making the sequence 0 — A ENY; N
O

C — 0 split exact.

Later we will use split exact sequences to characterize both projective and injec-

tive modules.

2.2 Categories and Functors

Definition 2.7. A category C consists of a class of objects, denoted Ob(C), and sets
of morphisms between those objects. For every ordered pair A, B € Ob(C), there is a
set Home(A, B) of morphisms from A to B. The objects and morphisms satisfy the
following azioms, for any A, B,C, D € Ob(C):



1. If (A, B) # (C, D), then Home(A, B)NHome(C, D) = ().

2. Composition of morphisms is associative, that is h(gf) = (hg)f for every f €
Home(A,B), g € Home(B,C), and h € Home(C, D).

3. Each object has an identity morphism, that is for every A € Ob(C) there is a
morphism 14 € Home(A, A) such that fl14 = [ for every f € Home(A, B) and

1ag = g for every g € Home(B, A).

Examples of categories include sets, abelian groups, and left R-modules, with
the morphisms being functions, group homomorphisms, and R-homomorphisms, re-
spectively. We denote the category of all left R-modules by gpMod, the category of
abelian groups by Ab, and the category of sets by Sets. A significant concept that

is defined in terms of categories is a functor.

Definition 2.8. If C and D are categories, then we have a covariant functor

F . C — D if we have
1. a function Ob(C) — Ob(D) (denoted F')
2. functions Home(A, B) —Homp(F(A), F(B)) (also denoted F') such that

i. if f € Home(A, B) and g € Homp(B,C), then F(gf) = F(g)F(f), and

ii. F(ida) = idpay for each A € Ob(C).

If C and D are categories, then we have a contravariant functor F : C — D

if we have
1. a function Ob(C) — Ob(D) (denoted F')
2. functions Home(A, B) —Homp(F(B), F(A)) (also denoted F') such that

i. if f € Home(A, B) and g € Homp(B, (), then F(gf) = F(f)F(g), and



. F(ida) = idpay for each A € Ob(C).

For example, we consider the functor Hom(M, —):gkMod—zMod. It associates a
module gA with Homg(M, A). It also associates a homomorphism gA ER r B with
Hom(M, f):Hom(M, A) —Hom (M, B) defined by g eHom(M, A) — fg €Hom(M, B).
One known result is that if 0 — A L B % € — 0 is a short exact sequence, then for
any rM we can apply the Hom functior and the resulting sequence

Hom(M,f) Hom(M,g)

0 — Hom(M, A) Hom(M, B) Hom(M,C)

is exact. This means that Hom(M, —) is an left exact functor. We see that if f
is injective, then Hom(M, f) is also injective. However, g being surjective does not
imply that Hom(M, g) is also surjective. Therefore, Hom(M, B) —-Hom(M,C) — 0
is not in general exact, unless M is in fact a projective module. We will look at

projective modules in the next section.

2.3 Projective, Injective, and Flat Modules

We now introduce the class of projective modules.

Definition 2.9. An R-module P is said to be projective if for any exract sequence
AL B o of R-modules and any g € Hom(P, B), then g factors through f. That

is, there exists some m € Hom(P, A) such that g = fm.

That is, P is projective if for any exact sequence A — B — 0, then the sequence

Hom(P, A) —Hom(P,B) — 0 is also exact. Another way of stating this is that
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whenever A L5 B is surjective, it follows that Hom(P, A) —)Hom(P’f)

Hom(P, B) is still
surjective. We will use the notation P to denote the class of projective modules.
Within the category of modules, we can also use free modules to describe projective

modules.
Definition 2.10. An R-module F' is free if it is a direct sum of copies of R.

It is known that for any R-module M, there exists a surjective homomorphism
F — M, where F is a free R-module. We see the connection between free modules

and projective modules in the following proposition.
Proposition 2.11. For any R-module P, the following are equivalent:
1. P 1s projective.
2. Hom(P, —) is right exact.
3. Fvery exact sequence 0 - A — B — P — 0 is split exact.
4. P s a direct summand of a free R-module.
Proof. See the proof of Theorem 2.1.2 of [2]. O

From this result, we immediately deduce that every free R-module is projective.
The converse, however, is not always true.

It is known that for every R-module M there exists a surjective homomorphism
Py — M with P, a projective module. Using this, we can construct an exact sequence
- = Py — P — By — M — 0 where each P; is a projective module. Such an exact
sequence, or complex, is called a projective resolution of M.

Later on, we will be interested in computing the groups Euxth(A, B) for two

(left) R-modules A, B. One way to compute these groups is by using a projective
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resolution of A, --- - P, - Py - A — 0. Apply the functor Hom(—, B) to the

“deleted” resolution, --- — P; — Py — 0, to obtain the complex

0 — Hom(Py, B) =% Hom(Py, B) < Hom(P, B) =% - --

Ker(a;)
Im(ai,l)
Extt(A, B) is called the i*" cohomology group, in this case derived from the functor

Then Ext%(A, B) = Kerag and Exty(A, B) = for any ¢ > 1. The group
Hompg(—, B). We often use the notation Ext’ instead of Ext when R is understood.
The groups Ext is another example of a category.

Next, we move on to the class of injective modules.

Definition 2.12. An R-module E is said to be injective if for any exvact sequence
0= AL B, then any f € Hom(A, E) can be extended to some g € Hom(B, E).
That is, f = gi.

We will use the notation Z to denote the class of injective modules. We have the

following result concerning injective modules.

Proposition 2.13. For any R-module E, the following are equivalent:
1. E is injective.
2. Hom(—, E) is right ezact.
3. Any short exact sequence 0 - E — U — V' — 0 is split exact.

Proof. See the proof of Theorem 3.1.2 in [2]. O
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There is another characterization of injective modules over Principal Ideal Do-

mains. First, we recall what it means for a module to be divisible.

Definition 2.14. A module rI is divisible if for any nonzero divisor r € R and for

any y € I, there exists some x € I such that y = rx. (i.e. y is divisible by r)
This is equivalent to saying that r[I is divisible if I = I for any r € R.

Proposition 2.15. Let R be a Principal Ideal Domain. An R-module E is injective
if and only if E is divisible.

Proof. See the proof of Theorem 3.1.4 in [2]. O

For example, Z is not an injective Z—module because Z is a Principal Ideal
Domain and the Z-module Z is not divisible. For instance, 3Z # Z. However, Q is
divisible as a Z-module since nQ = Q for every n € Z — {0}. Therefore, Q is an
injective Z-module.

One important result concerning injective modules, which holds over any ring R,
is that every R-module is a submodule of an injective R-module. In other words, any
R-module can be embedded into an injective R-module. Using this notion, it follows
that every R-module M has an exact sequence 0 — M — E° — E' — ... where
each E° is injective. This sequence is called an injective resolution of M.

Injective resolutions can also be used to compute the group Ext'(A, B). Start
with an injective resolution of B, 0 -+ B — E° — E' — .. then apply Hom(A, —)

to the “deleted” resolution, 0 — E° — E' — ... to obtain the complex

0 — Hom(A, E°) o, Hom(A, E') LN Hom(A, E?) LN

Then Ezt'(A, B) = M for any ¢ > 1 and Ext’(A, B) = Kerf,.

I m(Bi-1)
The last class of modules we are looking at are flat modules. Unlike projective

and injective modules, which are defined using the Hom functor, flat modules are

defined in terms of the tensor product. First, we recall the following key terms.
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Definition 2.16. Let M be a right R-module, N be a left R-module, and G be an

abelian group. A map o : M x N — G is said to be bilinear if

oz +a'y) =o(z,y) +o(2,y)
o(z,y+vy)=o(zy) +o(zy)
o(xr,y) = oz, ry)

forall x,2’ € M, y,yy/ € N, and r € R.

Definition 2.17. A map 0 : M x N — G is said to be a universal balanced map
if for every abelian group G’ and bilinear map ¢ : M x N — G’ there exists a unique

map h : G — G such that ¢ = ho.

MxN—2

Definition 2.18. A tensor product of a right R-module M and a left R-module N

15 an abelian group T together with a universal balanced map o : M x N — T.

The usual notation for the tensor product is M ®g N, or simply M ® N if R
is understood. Additionally, we use the notation o(z,y) = x ® y. We now have the

necessary information to define flat modules.

Definition 2.19. An R-module F' is flat if given any exact sequence 0 = A — B of

right R-modules, the sequence 0 - A® F' — B ® F is still exact.
We will use the notation F to denote the class of flat modules.

Proposition 2.20. Free modules are flat. More generally, projective modules are

flat.

Proof. See the proof of Chapter 10 Corollary 42 in [1]. a
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2.4 Noetherian Rings

Next, we need to recall some information about the class of Noetherian rings.

Definition 2.21. A commutative ring R is said to be Noetherian if every ascending

chain of ideals in R is finite.

When we consider a ring R that is a left module over itself, then its R-submodules
are its ideals. Therefore, for example, every Principal Ideal Domain is Noetherian.
Using this notion, we can say that an R-module M is Noetherian if every ascending
chain of submodules of M is finite. Since we are interested in Noetherian rings of

finite Krull dimension, we recall the following definitions.

Definition 2.22. A prime ideal P of a ring R is an ideal such that P # R and if

ab € P then either a € P orb € P, for all a,b € R.

Definition 2.23. For any commutative ring R the Krull dimension of R is the
mazimum possible length of a chain Py C P, C --- C P, of distinct prime ideals of R.
The dimension of R is said to be infinite if R has arbitrarily long chains of distinct

prime ideals.

For example, a field has Krull dimension 0 and a Principal Ideal Domain that is

not a field has dimension 1.

2.5 Covers and Precovers

Next we will discuss the concept of covers and precovers. First, we note that if C
denotes a class of R-modules and C', D are R-modules such that C' = D and C' € K,
then D € K. Hence we assume that the classes of modules K are closed under
isomorphisms. Examples of classes of modules include injective, projective, and flat

modules.
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Definition 2.24. Let R be a ring and let IC be a class of R-modules. Then for an

R-module M, a morphism ¢ : C'— M where C € K is called a K-cover of M if

1. any diagram with C' € K

Q

Y tmmmmmee

can be completed to a commutative diagram, and

2. the diagram

Qemmmaaon Q)

can be completed only by automorphisms of C.

So, if a K-cover exists, then it is unique up to isomorphism. Additionally, if ¢ :
C' — M satisfies (1) but maybe not (2) in the above definition, then it is called an

IC-precover of M.

If P is the class of projective modules, a P-(pre)cover is called a projective
(pre)cover. If the class IC contains the ring R, then K-precovers are surjective. We
say that a class K is (pre)covering if every R-module has a KC-(pre)cover.

Although our main result focuses on special precovers, which we will define in
Chapter 4, the following proposition demonstrates that there is a close connection

between covers and precovers.
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Proposition 2.25. Let M be an R-module. Then the IC-cover of M, if it exists, is a

direct summand of any K-precover of M.

Proof. Let C — M be the K-cover and C" — M be a K-precover. Then we have the

following commutative diagram

C

But then C' — C" — (' is an automorphism. So C'is a direct summand of C’. [J
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CHAPTER 3
GORENSTEIN INJECTIVE, PROJECTIVE, AND FLAT MODULES

3.1 Gorenstein Injective Modules

We can now introduce classes of Gorenstein modules, beginning with Gorenstein

injective modules.

Definition 3.1. An R-module G is said to be Gorenstein injective if there exists

an exact and Hom(Z, —) exact sequence
o= By —-FEy—>FE 1 — -
of injective modules such that G = Ker(Ey — E_1)

We use the notation GZ to denote the class of Gorenstein injective modules.
For example, any injective R-module is Gorenstein injective. However, not every
Gorenstein injective module is an injective module, so we have Z C GZ.

We can also give an equivalent characterization of Gorenstein injective modues
using left injective resolutions. First, let us expand on the notion of precovers as we

explicitly define injective precovers.

Definition 3.2. A homomorphism ¢ : G — M s said to be an injective precover
of M if G is an injective module and if for any ¢ : G' — M with G’ an injective
module, there exists p € Hom(G', G) such that ¢’ = @pu.

G/

/

¥
L

G M

¥

Recall that an injective precover ¢ is said to be a injective cover if any v €

End(G) such that v = ¢ is in fact an automorphism.



18

Qe-mmmoo-Q

Proposition 3.3. The following statements are equivalent:
1. R s a left Noetherian ring.
2. FEvery left R-module M has an injective precover.
3. Fvery left R-module has an injective cover.
Proof. See the proof of Theorem 5.4.1 in [2]. O

The existence of the injective (pre)covers allow us to give another definition of
left injective resolutions. First, consider a left R-module M and an injective precover
wo : Fy — M with kernel ky. Then consider an injective precover ¢y : F; — k.

Continuing this process, we obtain a complex
[= B3 E 5 E 5 M-0

with all E; being injective modules. This complex is not necessarily an exact one
since an injective precover may not be a surjective map. However, for any injective

left R-module A, the complex

Hom(A,on Hom(A,oo

Hom(A,I) = --- — Hom(A, Ey) s Hom(A, Ey) s Hom(A, M) — 0

is exact, since at each step we consider an injective precover. Such a complex [ is
called a left injective resolution of the module M.
Using left injective resolutions, the following proposition gives us another char-

acterization of Gorenstein injective Modules.
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Proposition 3.4. Let R be a left Noetherian ring M be an R-module. The following

are equivalent:
1. M is Gorenstein injective.

2. M has an exact and Hom(Z,—) exact sequence
o= By - - Ey—+M—0

with each E; injective, and Ext'(E, M) = 0 for all i > 1 and for any injective

R-module E.

Proof. Proof is similar to the proof of Proposition 3.12 for Gorenstein projective

modules. O

The following proposition gives us some of the properties of Gorenstein injective

modules.

Proposition 3.5. Let R be Noetherian and 0 — M’ — M — M" — 0 be an exact
sequence. If M' and M" are Gorenstein injective, then so is M. If M' and M are
Gorenstein injective, then so is M". If M and M" are Gorenstein injective, then M’

is Gorenstein injectve if any only if Ext*(E, M') = 0 for all injective R-modules E.
Proof. See the proof of Theorem 10.1.4 in [2]. O

Definition 3.6. The minimal length n of a finite exact sequence of an R-module M
O—=I, =1, 1— =L —=>Ij—>M—=0

with each P; being Gorenstein injective is called the Gorenstein injective dimen-

ston of M, denoted G.i.d.gpM .
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3.2 Gorenstein Projective Modules

Next, we consider the dual of Gorenstein injective modules, namely Gorenstein pro-

jective modules.

Definition 3.7. A module H is said to be Gorenstein projective if there exists an

exact and Hom(—,P) exact sequence
o> PP =P,
of projective modules such that H = Ker(Py — P_1).

We will use the notation GP to denote the class of Gorenstein projective modules.
Every projective module is Gorenstein projective, but again the converse does not hold

and we have P C GP. Recall the definition of Gorenstein projective dimension.

Definition 3.8. The minimal length n of a finite exact sequence of an R-module M
O—-FP, —-P41—= =P —=F—M=0

with each P; being Gorenstein projective is called the Gorenstein projective di-

mension of M, denoted G.p.d.gM.

Proposition 3.9. The projective dimension of a Gorenstein projective R-module G

15 either zero or infinite.
Proof. See proof of Proposition 10.2.3 in [2]. O

There is also an equivalent characterization of Gorenstein projective modules that
utilizes right projective resolutions as well as the concept of coherent rings. Recall

that a right projective resolution of the module H is a complex

J=0—H = P’°— P — ...
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with all P projective modules and such that
Hom(J,Q) =0 — Hom(H,Q) — Hom(P°,Q) — Hom(P*,Q) — ---
is an exact complex for any projective module Q).

Definition 3.10. A ring R is coherent if every direct product of flat left R-modules

1s flat.
Proposition 3.11. Fvery Noetherian ring is coherent.

Proposition 3.12. Let R be a right coherent ring and H be an R-module. The

following are equivalent:

1. H is Gorenstein projective.
2. There is an exact and Hom(—,P) exact sequence

0—H—P"— P —...

with each P' projective, and Ext'(H, P) = 0 for all i > 1, for any projective
R-module P.

Proof. 1. = 2.

By definition, there is an exact sequence --- — P, — B, Joo po pt s p2
of projective R-modules with H = Im(fy). In particular, this means that H has
an exact sequence 0 — H — P° — P! — P? — ... with each P! projective. The
sequence -+ — P, — Py — P — P! — P? — ... is also Hom(—, P) exact. So for

any projective module P we have an exact sequence
.- — Hom(P", P) — Hom(P°, P) % Hom(Py, P) & Hom(P,,P) — ---

Thus Im(a) = Ker(5). But P, - Py - H — 0 is exact and Hom(—,P) is left

exact. Therefore the sequence 0 — Hom(H, P) — Hom(F,, P) LN Hom(Py, P) is
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exact. This means that Ker(5) = Hom(H, P). Thus
.-« — Hom(P*, P) — Hom(P°, P) — Hom(H, P) — 0

is exact for every projective module P.

2. = 1.

Let --- — P, - Py — H — 0 be any projective resolution of H. Then --- — P, —
Py — P° — P! — ... is an exact sequence of projective modules.

Let Ko = Ker(Py — H). The exact sequence 0 — Kq — Py — H — 0 gives that for

every module P, we have a long exact sequence
0 — Hom(H, P) — Hom(FPy, P) — Hom(Ky, P)

— Ext'(H, P) — Eat'(P,, P) — Eat'(K,, P)
— Ext*(H, P) — Ext*(Py, P) — Ext*(K,, P)
— Ext*(H,P) — - -

Since Py is a projective module, Ezt' (P, P) = 0 for any 7 > 1 and for any module P.
If P is a projective module, then by hypothesis, we also have that Ext'(H,P) = 0
for all i > 1. The exact sequence given above gives that Ext'(Ky, P) =0 for all : > 1
and for any projective module P.
Similarly, Fxt'(K;, P) = 0 for any ¢ > 1 and any projective module P, where K; =

Ker(P; — Pj_1). In particular, for each j there is an exact sequence 0 — K; —

P; — K;_1 — 0, and this gives a long exact sequence
0 — Hom(K;_y, P) = Hom(P;, P) — Hom(K;, P) — Ext'(K; 1, P) =0

provided that P is projective. So each sequence 0 - Hom(K;_y, P) — Hom(P;, P) —

Hom(Kj;, P) — 0 is exact. Pasting them together, we obtain a sequence

0— Hom(H,P)— ---— Hom(Py,P) — Hom(P,,P) — - --
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By hypothesis, we also have the sequence
-+« = Hom(P*, P) — Hom(P°, P) — Hom(H, P) — 0.
Splicing them together, we obtain the exact sequence
-+« — Hom(P', P) — Hom(P°, P) — Hom(Py, P) — Hom(P,, P) — - -
Thus, H is Gorenstein projective. O

We have the following property for Gorenstein projective modules.

Proposition 3.13. Let R be right coherent and let 0 — M' — M — M" — 0 be a
short exact sequence of left R-modules. If M' and M" are Gorenstein projective, then
sois M. If M and M" are Gorenstein projective, then so is M'. If M’ and M are
Gorenstein projective, then M" is Gorenstein projective if and only if Ext'(M", Q) =

0 for all finitely generated projective R-modules Q).

Proof. See proof of Theorem 10.2.8 in [2]. O

3.3 Gorenstein Flat Modules

Lastly, we define Gorenstein flat modules, which were introduced by Enochs, Jenda,

and Torrecillas in [3] as a generalization of flat modules.

Definition 3.14. A R-module M is said to be Gorenstein flat if there exists an

exact and T @ — exact complex
o= = Fy = F =
of flat modules such that M = Ker(Fy — F_1).

We will use the notation GF to denote the class of Gorenstein injective modules.

It is known that every flat module is Gorenstein flat, and once again the converse does
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not hold so F C GF. The following propositions reveal some properties involving

Gorenstein flat modules. First, we recall the definition of Gorenstein flat dimension.

Definition 3.15. The minimal length n of a finite exact sequence of an R-module M
O—=F—-F5N.2—=—=F—=F—=M=20

with each F; being Gorenstein flat is called the Gorenstein flat dimension of M,

denoted G.f.d.gM.

Proposition 3.16. Let R be left and right coherent. Then every finitely generated

Gorenstein projective R-module is Gorenstein flat.
Proof. See proof of Proposition 10.3.2 in [2]. O

If we do not assume the R-modules in the previous proposition are finitely gen-
erated, then the result may not hold. We can also use this result for any Noetherian

ring R, since we know that every Noetherian ring is coherent.

Proposition 3.17. Suppose R is Noetherian and 0 — M’ — M — M" — 0 is an
exact sequence of R-modules. If M' and M" are Gorenstein flat, then so is M. If M
and M" are Gorenstein flat, then so is M'. If M’ and M are Gorenstein flat, then
M" is Gorenstein flat if and only if 0 - EQ M' — E® M is exact for any injective
module F.

Proof. See proof of Theorem 10.3.14 in [2]. O
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CHAPTER 4
MAIN RESULT

The existence of Gorenstein projective precovers over Gorenstein rings is known
(Enochs-Jenda, 2000). Even more recently, the existence of precovers over com-
mutative Noetherian rings of finite Krull dimension was proved (Murfet-Salarian,
2011). Then it was shown that if R is a right coherent and left n-perfect ring, then
the class of Gorenstein projective complexes is special precovering in the category of
unbounded complexes. Expanding on these notions, we will prove that the class of
Gorenstein projective modules is special precovering over any left GF-closed ring R
such that every Gorenstein projective module is Gorenstein flat and every Gorenstein
flat module has finite Gorenstein projective dimension. We will see that this class of
rings includes that of right coherent and left n-perfect rings, with the inclusion being
strict.

Before we arrive at our main result, let us recall the following definitions.

Definition 4.1. A ring R is left n-perfect if any flat left R-module has finite
projective dimension. In this case, there is a nonnegative integer n such that every

flat left R-module has projective dimension at most n.

Definition 4.2. A Gorenstein projective precover ¢ is said to be special if Ker(p)
is in the right orthogonal class of Gorenstein projective modules,

GP+ = {L|Ext' (G, L) = 0 for all Gorenstein projective modules G'}.

We also recall that a ring R is left GF-closed if the class of Gorenstein flat
left R-modules is closed under extensions. That is, for every short exact sequence
0+ A — B — C — 0 such that A and C are in the class of Gorenstein flat left
R-modules, then it follows that B is also in this class of modules.

Lastly, we need the following proposition.
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Proposition 4.3. Fvery module of finite Gorenstein projective dimension has a spe-

cial Gorenstein projective precover.
Proof. See Proposition 1 in [6]. O

Theorem 4.4 (Main Result). Let R be a left GF-closed ring. If every Gorenstein
projective module is Gorenstein flat and every Gorenstein flat R-module has finite
Gorenstein projective dimension, then the class of Gorenstein projective modules is

special precovering in gMod.

Proof. Let X be any left R-module. Since R is left GF-closed, the class of Gorenstein
flat modules is covering in g M od (by [10]). So there exists an exact sequence 0 — Y —
N — X — 0 with N Gorenstein flat and with Y € GF*+ c gp+ (because we have
that GP C GF). Since N has finite Gorenstein projective dimension, by Proposition
4.3, there is an exact sequence 0 - W — T'— N — 0 with T" Gorenstein projective

and W € GP+. Form the pull back diagram:

0 0

w w
0 A T X 0
0 Y N X 0
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The exact sequence 0 - W — A - Y — 0 with W)Y € gp+ gives A € GP+.
So we have an exact sequence 0 - A — T — X — 0 with 7' € GP and A € GP*. It

follows that T — X is a special Gorenstein projective precover of X. O

From this result, we obtain a the following corollary concerning cotorsion pairs.
First, a few terms. Given a class of R-modules IC, we denote the class of all R-modules
M such that Ext!(K, M) = 0 for every K € K by K+. This is the right orthogonal
class of R-modules in K. Similarly, the left orthogonal class of K, denoted i, the

class of all (left) R-modules N such that Ext!(N, K) = 0 for every K € K.

Definition 4.5. Let £ and C be two classes of R-modules. The pair (L,C) is a
cotorsion pair if L+ = C and *C = L. Further, a cotorsion pair (L£,C) is complete
if for every R-module M there exists exact sequences 0 — C' — L — M — 0 and

0>M—=>C"—L —0withC,C"eC and L, L' € L.

We are also interested in hereditary cotorsion pairs. A cotorsion pair (£,C) is
called hereditary if Ext'(M,N) =0 for all t > 1, for all M € £ and all N € C. It is

known that the following are equivalent:
1. (£,C) is hereditary.

2. For any short exact sequence 0 — M’ — M — M"” — 0, if M and M" are in

the class £, then so is M’.

3. For any short exact sequence 0 = N’ — N — N” — 0, if N’ and N are in the

class C, then so is N”.
This brings us to a corollary of our main result.

Corollary 4.6. Let R be a left GF-closed ring such that GP C GF and every Goren-
stein flat module has finite Gorenstein projective dimension. Then (GP,GP*) is a

complete hereditary cotorsion pair.
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Proof. We prove first that (GP,GP*) is a cotorsion pair. Let X €' (GP*). By
Theorem 4.4 there exists an exact sequence 0 - A —+ B — X — 0 with B Gorenstein
projective and with A € GP*. Then Ext'(X, A) = 0, so the sequence is split exact.
Since B =2 A® X it follows that X is Gorenstein projective. Thus L(QPL) = GP. The
pair (GP,GP") is complete by Theorem 4.4. Since the class of Gorenstein projective

modules is projectively resolving the pair (GP, GP") is hereditary. O

Lemma 4.7. Let R be a left n-perfect ring. If F is a flat R-module, then there exists
an exact sequence 0 — F — SY — St — ... — S — 0 with all S7 flat and cotorsion

modules.
Proof. See proof of Lemma 1 in [6]. O

Proposition 4.8. Let R be a left GF-closed and left n-perfect ring. The following

are equivalent:
1. G.p.d.gG < n for any Gorenstein flat module G.
2. G.p.d.rG < 0o for any Gorenstein flat module G.

3. Ext'(G, F) = 0 for any Gorenstein flat module G, any flat and cotorsion module

F, and alli > 1.

Proof. 1. = 2.

Proof is immediate.

2. = 3.

Let F be flat and cotorsion and let G’ be a Gorestein flat R-module. Then there
exists a strongly Gorenstein flat module G such that G’ is a direct summand of
G. Since there exists and exact sequence 0 - G — K — G — 0 with K flat it
follows that Ext'(G, F) = Ext'(G,F) for all i > 1. And since G.p.d.xG < oo and

Flat C GP*, there exists [ such that Ext/(G, F) = 0 for any j > [+ 1. By the above,
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Ezt'(G,F) =0 for all i > 1. Since Ext'(G', F) is a direct summand of Ext'(G, F) it
follows that Ext'(G',F) =0 foralli>1. 3. = 1.

See proof of Proposition 2 in [6]. O

We remark that it has already been proved in [5] that the class GP is special pre-
covering over any right coherent and left n-perfect ring R. However, for completeness,

we included a different proof of this result.
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