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ABSTRACT

Plates are susceptible to buckling under compression when the
thickness dimension becomes sufficiently small. Such mode of struc-
ture failure can prevail even if the plates were extended in tension.
Wrinkling of stretched thin sheets is a commonly observed phenomenon
that leads to complex deflection patterns, particu]arly in regions

close to the mechanical imperfections. Theoretical predictions of

the buckled displacement modes for plates weakened by mechanical de-

fects are presented in this work.

Variational calculus is applied to formulate a theory governing
the tensile and compressive buckling of thin plates weakened by cavi-
ties. By means of the method of finite element, any general shape of
mechanical defects can be treated. Ana]yzéd in detail are the cases
of a circular hole and narrow elliptical cavity. Various buckled dis-
placement modes are determined and displayed graphically by making use
of the graphic package TEMPLAT. The critical buckling loads are found
to decrease with increasing cavity size. MoredVer, local wrinkling of
the plate surface becomes less pronounced for the higher buckling

modes. The present method of solution applies equally well to plates

that are initially curved.




INTRODUCTION

The local intensification of stress and/or energy field near me-
chanical defects such as cracks, notches, inclusions, etc., is now
well-known. Most of the analyses pertaining to plate-like structure
consider the deformation to take place either in a plane or out-of-
plane in the global sense. These modes of deformation are usually re-
ferred to as plane extension and platéQBending such that the load in-
crement is assumed to increase slowly with the displacement. There is
anéther important class of problems that are referred to as "buckling"
in which the elements in a plate that 1ie originally in the same plane
are suddenly deformed or deflected in the transverse direction. This
may occur nonuniformly as a function of the in-plane space variéb]es,
particularly in regions near local defects or cavities regardless of

whether the load is applied in tension or compression. Buckling or

surface wrinkling will occur if the plate is sufficiently thin.

Classical plates buckling under compressive, shear and bending
Toads have been solved by application of the ffhite element method
[1,2]. These formulations, however, are not valid when defects are
| present in the plate. The additional influence of the local bound-

aries that change with deformation or deflection makes the problem

considerably more complex.

The fourth order differential equation governing the transverse
displacement of thin plates [3] interacting with the in-plane result-
ant stresses can be used. A new functional subjected to the changing

-2.




boundary conditions on the cavity or defect will be deveioped by ap-
plication of the variational principle [4]. The formulation is car-
ried out in matrix form with appropriate triangular finite elements
selected such that displacement and slope compatibi]ity of connecting
elements are satisfied. The three curvature components at each of the
three corner nodes are also introduced as variational parameters.

This results in an 18 degrees of freedom for each element.

The plate geometry considered in this work is that of a rectangu-
lar.p1ate with a cavity of any general shape. The edges of the plate
are simply supported and can be subjected to tensile or compressive
loads. Element stiffness and geometric stiffness matrices are devel-
oped [5,6] to transform the functional to a large scale standard
eigenvalue problem [6] which can be solved by the IMSL subroutine.
Results for the various different buckling displacement modes are ob-
tained for the cases of a circular hole and narrow elliptical cavity.

The influence of local wrinkling around cavities on the buckling load

is discussed in detail. Whether the cavity would fail by fracture

prior to or during buckling can be investigated by invoking the strain

energy density criterion [7,8].




FUNCTIONAL GOVERNING THE BUCKLING OF THIN PLATES

The equilibrium equation in the z-direction for a thin p]éte ele-

ment under the action of in-plane forces, Figure 1, can be written as

[3]
otw atw 3w _ 1 32w 2w _ 32w
Xy 2 IXZ 3y~ tayT ﬁ'(N 5?7'+ 2ny XY ¥ Ny 3?7) (1)

where w(x,y) is the plate deflection in the z-directibn, D the flexur-
al rigidity, and Nx’ ny’ Ny the in-plane forces per unit length of
plate boundary. Consider a small variation of the plate deflection,

sw, and assume that the in-plane forces Nx’ ny, Ny remain constant

during buckling [9-11]. Let the rectangular plate with a cavity be
simply-supported. Integrating equation (1) over the surface of the

plate A yields

a“w tw atw _ 32w 92w
D f [+ 2 g+ gymowdh = [ [ (N g 2Ny 3x0y
321 -
+ N -a-yz)awdA _ (2)

Carrying out the lengthy process of integrations by parts, the result

- 19
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Figure 1 - Notation for in-plane forces.




22w 2 52W.\2 N2y 52 2
Dy feleWy’ + (M) + 2v 2 28 + 2(1-9) (5555) 1A

b (1-v)s(2) 2¥_1gp

3y’ 3xdy
- D f f 3 W . 32W)
ay ayZ ox%
J ] W\ 2
+ (-l'\))(s(av):) 3X3y]dA = - 2 fAf 5[NX(_3-V'):_)
aN
W\ 2 W dw X
¥ Ny(5y° + 2N xy X ay]dA i} f f X (3%
oN aN oN
X |
+ ay‘y 5WdA - f f .."@-"Y')(SWdA
) oW
+ fAf Ei'[(Nx =~ N, N Xy ay)6w]dA
) ow
1T Ty 37 Ny soond )

with v being the Poisson's ratio. Rearrangement of equation (3) leads

to




D 32w\ 2 52 2 32 52 32 2
LSRN [(320) + (Gy#) + 2v 537 gyz + 201-9) (5555) 1A
P1 LT INEDT e BT o B M)
2 7p X\ X y\ oy Xy 9x 3y

3
¥ f f {GW[D 33332> - (N, %g'

a3w 33w
+ X)’ ay ]]’dA f f {GW[D 5}'3' W)

BN oN

ow XY
i (ny ax Ny ay y)11dA + f J [ax‘ax ay )

oN r 82w .

BN
aw, * Xy 3
* ay( 5% T )]5WdA - D f J xL (5x2

d d 52 2
v S0 + (1-v)5557 6(5y) 1dA

()2 s(Mn =0 (4)

The integrands in equation (4) can be identified with the shearing

~

forces per unit length Qx, Qy and the bending and twisting moments per

unit Tength Mx’ My, Mxy‘ Refer to Figure 2 for notations. Note that




Figure 2 - Notation for stress resultants and loading.




My = - Digzz * v 5y7)
92w 92w
My = - D(§y2'+ 5;29 (5)
_ 32w
Mxy - D(]'v)axay
Qx Qx tN ot ny 3y
(6)
5 MW,y W
Oy = @ *+ Nyy ax * Ny 5y
in which Qx and Qy stand for
_ 33w 33w
0y = - D557 * 5xy?) .
(7)
33w 33w
Oy = - Dlgyz * qyax)
Invoking the equilibrium of the in-plane resultant stresses,
d 0
_..Iill(_.}-___r\i?.(_x.:o
0X oy
X (8)
My, 2y
X Y

it can be shown that equation (4) reduces to
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32w, 2 2042 2w 52
std 1 1 " + 2"+ 20 T 24 201-0) (B8 1

] W 2 3w 2 W W
+ -2- f f [NX(_ + Ny('é:'y—) + 2ny 3)( ay]dA}

~

- ¢ (QX + Q m)éwds + ¢ (M g+ M m)a( )ds
C

+6 (M, 8+ M m)s(2)ds = 0 (9)
C

where 2 and m are the direction cosines defined in Figure 4. The con-
tour ¢ in Figure 3 is composed of the plate boundary Cq and notch
boundary Cy- With reference to any contour with normal n and tangent

s, the following relations may be established:

g (sz + Qym)Sst = i Qndwds (10)

and

G+ M mS(Fds + § (iyn + W) 5(2yds

Xy Xy

] w ow
B g Mn(s(an)dS ¥ g Mnss(as)ds

oW
= g Mna(gﬁ)ds + (Mnssw)C - g as > swds (11)
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Figure 3 - Boundary contours for this problem.
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Figure’4 - Definition of a rectangular coordinate on
the boundary.
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For a closed contour, (Mnsdw)C will vanish. Hence, equation (9) be-

comes

2 21 2 32\ 52
G{Q‘f FIEW + (G + 2o S 50+ 20 0 (B Jan

w 2 W 3w
+ 2’f f [N =) * Ny( 5y) * 2N,y 3x ay]dA}

oM 3

- § (@, + —e)owds + § M s(z)ds (12)
C

"
o

v

The integrands of the two contour integrals in equation (12) provide

the boundary conditions on the plate. For simply supported edges, the

following conditions prevail

} on ¢, and Cy (13)

n J

A functional F can thus be defined

D 32 2 32 -2 32 32 . 32 2
Feg ] L)+ ) oy 2(1-v) () 1A

1 W, 2 G w W
+ ﬁ-fAj [Nx(3§' + Ny(sy) + 2N Xy 3X ay]dA (14)

which consists of the sum of the strain energy and the potential en-

ergy.

-12-




FINITE ELEMENT FORMULATION

A. Shape Function

The general procedure of the finite element method can be found
1in [1,2]. It involves discretizing the plate into a number of finite

elements. The triangular element [12] with nodal points i, j and k is

adopted in this work. The deflection w, slopes gg, gy

2w 9%w 32w
dX%> 3y4?® 3xoy

garded as independent displacement components, Figure 5. The func-

, and three cur-

at each of'the three corner nodes can be re-

vatures

tional F in equation (14) may be written in matrix form by introducing

an appropriate interpolation function.

Let {£} be defined in terms of the independent displacement compo-

nents of a typical element, i.e.,

T _ oW oW 32w 92w 92w
{g} - {W_|, ('5_)(- ; ('53',')1$ ('572')13 ('5_}72')1: (axay)_': WJ"---
92w 32w |
ey (gyzok 3§5y0k} (15)

where the superscript T denotes the transpose of a matrix. The quan-
tities in equation (15) are éva1uated at each node. The displacement
funCtiOn.wi]] be represented by a fifth order polynomial in x and y.

A total of 21 terms are obtained. It can be expressed in terms of the
disblacement pattern function pi(x,y) and generalized displacement pa-

rameter_qi as

-13-




Figure 5 - Degree of freedom for each node in every element.
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W= Gyt QoX + QY + Qpx? + QXY + .o+ XYt F Ggy°

2] o
_21 p;(x,y)ay = {p} {a} | (16)
1=

Without going into details, the transverse d%sp]acement can be written

as

w = {p}' [RI{e} ‘ (17)
where [R] is a matrix whose elements depend on the coordinates of the

corner nodes in the element. Refer to Appendix I for the derivation

and notation.
B. Matrix Representation

The functional in equation (14) is composed of two portions, one
for the strain energy oVer'the'plate surface and the other dealing
with the potential energy of the in-plane stress resultants N*, Ny,

N . The following notations will be adopted:

Xy
, azw N
T 3X
_J_ %W L_ e | |
{e} =4 - Y2 = [EJ[R]{&} (18)
32w |
,' e 2 Bxay;

- =15~




{0}

{¢}

[S]

where

[E]

=

"
n

o

"
v -

r= [H][R]{&}

M {p}

|{e} = [G]{e} = [B][R]{E}

-16-
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[G]=Dfv 1 0 (23)
1=v
00T
[B] = [G][E] | (24)
ro )
X
[H] =4 Hp}' (25)
9_
L9Y
Equation (14) can thus bg discretized [1] in the form
F = %-fAf'{e}T[G]{e}dA + %.jAf (6} [S1{s}dA (26)
or
Y
F =% (£ [R]T (/] [E]"[GI[E]dA) [RI{E} +
+ %-{E}T[RJT (IAI [H1T[SICHIdA) [RI{E) (27)

Let the first surface integral be denoted by [KS] (element stiffness

matrix) and the second by [KG](geometric stiffness matrix). The

=-17-




Rayleigh-Ritz method may be applied to equation (27). An eigenvalue

problem is thus obtained with
([Ks] + A[Kg]){g} = 0 (28)

and A is the incrémenta] factor of the in-plane resu1tant stresses Nx’

Ny and ny.

The method of solution consists first of solving the two-dimen-

sional in-plane stress field for a given loading. The global element

and geometric stiffness matrices are then found to formulate the ei-
genvalue problem.. The eigenvalue A determines the buckling load. Use
is made of numerical integration in the area coordinates with four
sampling points [13]. Positive definiteness of the geometric stiff-
ness matrix is achieved by dividing equation (28) by A prior fo itera-
tion. The displacement, rotations and curvatures at each node for
each eigenmode are then obtained. Graphical representation of data is

carried out by the TEMPLAT package available at Lehigh.
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DISCUSSION OF RESULTS

Different combinations of load and cavity shape are considered
while the overé]] plate dimensions ake taken as 36 cm x 50 cm x 0.2
cm. The uniaxial load in the y-direction as shown in Figures 6 to 9
can be tensile or compﬁéssive. The Young's modulus of elasticity is

£ = 7.1 x 10% MPa and the Poisson's ratio is v = 0.33. Considered are

the following boundary conditions

2
oW 18 cm

n
I+

(free rotation); at x

=
i
o
d
-
|

25 cm (29)

"
I+

w=0, w7 0 (free rotation); at y

Qn el (free edge); at cavity boundary

Because of load and geometric symmetry, only one-quarter of the plate

needs to be analyzed. Figures 10 to 13 give the finite element grid

patterns for each one of the four cases.
A. Small Circular Hole (r = 3 cm)

Consider first the configuration of a small circular hole of ra-
dius r = 3 cm subjected to uniaxial tensile and compressive stress.
Buckling displacement modes correspondiﬂg to critical tensile loads of

2.000 x 10°, 4483 x 108, 6.543 x 10% and 8.309 x 10° N/m are found.

The results are d1sp1ayed in Figures 14 to 17 inclusive on]y for the

center portion of the plate. Wrinkling of the surface is most notice-
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Figure 6 - Platé with a small circular | Figuré 7 - Plate with atiarge circular
. hole r = 3 cm. S o hole r = 10 cm. g




. y
. 2 |
oW ~ y
?y?

! . | '

.l'\.-’ 50 cm 50 cm | . 2a |4 —— X
32w
el

36 cm
B . -
_— . Ny
Figure 8 - Plate with a narrow hor1zonta1 | F1gure 9 - Plate with a narrow vert1ca1
n!’1pt1ca1 cavity; b/a e111pt1ca1 cavitys b/a =

= 10 cm. - | S =10 cm.




Figure 10 - Finite element grid pattern for small circular hole.
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Figure 11 - Finite element grid pattern for large circular hole.
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Figure 12 - Finite element grid pattern for narrow horizontal
elliptical cavity.
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Figure 13 - Finite element grid pattern for narrow vertical

elliptical cavity.
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Figure 14 - The lowest tensile buckling mode of a plate with'a small circular hole,
r = 3 cm; buckling Toad = 2.000 x-10° N/m.
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Figure 15 - The second lowest tensile buckling mode of a plate with a small circu]ar'hole,
r = 3 cm; buckling load = 4.483 x 106 N/m. -
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Figure 16 - The third lowest tensile buckling mode of a plate with a small circular hole,
r = 3 cm; buck]ing'1oad = 6.543 x 10° N/m. |
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Figure 17 - The fourth lowest tensile buckling mode of a plate with a small circular hole;
- r = 3 cm; buckling load = 8.309 x 10° N/m.

e




able at the top and bottom side of the hole and it gradually dimin-
ishes at distances further away. The most noticeable out-of-plane lo-
cal deflection pattern is seen in Figure 15 with a buckling load of

4.483 x 105 N/m. The higher modes show that wrinkling is gradually

diffused throughout the plate.

When the load is reversed in compressioh, buck1ling becomes much
more pronounced. This is indicated in Figures 18 to 21 for critical
loads of 1.693 x 10%, 2.658 x 10%, 5.923 x 10% and 1.116 x 10° N/m
even though the magnitude of the local load is approximately two or-
ders of magnitude lower. Figure 18 correéponds to the first compres-
sive buckling mode which shows 1ittle or no local wrinkling of the
surface near the circular hole. The plate deformed as if the hole
were not present. Ripples in the plate start to develop at the higher
buckling loads with decreasing wave length. This can be clearly seen

in Figures 19 to 21. For more details, refer to the numerical results

in Tables 1 to 16 inclusive.

B. Llarge Circular Hole (r = 10 cm)

When the circular hole size is increased more than three times,
i.e., from r = 3 cm to 10 cm, the buckling local displacement fields
change dramatically. Figures 22 to 25 correspond to critical tensile
loads of 1.140 x 105, 4.031 x 10°, 7.006 x 10° and 8.707 x 10° N/m.
These values are lower than those in Figures 14 to 17 for the smaller

circular hole, LargerhoTe size tends to enhance buckling with more

pronounced out-of-plane displacement. It is interesting to note that

-30-




-ls-

25

e

S E T LT 14400750
'o"'c,:lll';’l 'Illl 'l' 'l "

2 AT AR KKIEKS

. AR

N B REEIISIES

A\

Figure 18-~ The 10West compressive buckling mode of a plate with a small circular hole,
| r = 3 cm; buckling Toad = 1.693 x 10° N/m.
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Figure 19 - The second lowest compressive buckling‘mode of a plate with a small circular hole,
r = 3 cm; buckling Toad = 2.658 x 107 N/m. -
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Figure 20 - The third lowest compressive buckling mode of a plate with a small circu]ar hole,
| r = 3 cm; buckling load = 5.923 x 10t N/m.
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Figure 21 % The fourth Towest compressive buckling mode of a plate with a small circular hole,
r = 3 cmy buckling load = 17116 x 10° N/m.
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Figure 22 - The Towest tensile buck]ing mode of a plate with a large circular hole,
r = 10 cm; buckling load = 1.140 x 105 N/m,
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Figure 23 - The second lowest tensile buckling mode of a plate with a large circular hole,
r = 10 cm; buckling load = 4.031 x 10° N/m. :
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Figure 24 - The third Towest tensile buckling mode of a plate with a large circular hole,
‘v = 10 cm; buckling load = 7.006 x 10° N/m.




-, v,

25

-88-

Figure 25 - The fourth lowest tensile buckling mode of a plate with a large circular hole,
r = 10 cm; buckling Toad = 8.707 x 10° N/m.




the number of the local buckling zones increases with decreasing am-
plitude as the critical load is increased. The two large zones in
Figure 22 switches to four in Figure 23 and eventually to six in Fig-

ure 24. At the critical load of 8.707 x 10° N/m, only slight wrinkles

of the plate can be noticed.

Buckling extends to a much larger portion of the plate when the
load is applied in compression, Figures 26 to 29 inclusive. The larg-
er size bpﬂe results in a greater reduction of the aVerage stiffness
of thé/plate. This reduces the compressive load at which buckling oc-

curs. They are given as 1.565 x 107, 2.624 x 10%, 4.830 x 10% and

8.597 x 104 N/m which are less than those given for the small circular
hoie in Fiqures 18 to 21 inclusive. Considerable amount of bulging of
the plate surface is observed in Figure 27 with a deflected zone where
the hole lies. The buckled pattern of four corner zones is developed
in Figure 28. Local concentration of wrinkling dies out at the higher
buckling modes. This is noticeable from the results shown in Figure

29. Refer to Appendix III for the numerical values of the displace-

ments, slopes and other parameters.
C. Narrow Horizontal Elliptical Cavity (b/a = 0.1)

Referring to Figure 8, a narrow horizontal elliptical cavity with
an aspect ratio of b/a = 0.1 is considered. It is stretched up to the
first buckling mode in tension at a load of 1.261 X 105 N/m. Figure

30 shows that considerable bulging occurred locally, the amp]itude‘of

which decreases at the ends of the cavity. This effect disappeared
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Figure 26 - The lowest compressive buckling mode of a plate with a large circular hole,
r = 10 cm; buckling load = 1.565 x 10* N/m.
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Figure 27 - The second lowest compressive buckling mode of a plate with a 15fge‘circu1ar hole,
r = 10 cm; buckling load = 2.624 x 10% N/m.
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Figure 28 - The third lTowest compressive buckling mode of a plate with a 1argé circular hole,
r = 10 cm; buckling load = 4.830 x 104,N/m. | | |
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Figure 29 - The fourth lowest compressive buckling mode of a plate with a large circular hole,

r = 10 cm; buckling Toad = 8.597 x 10% N/m.
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Figure 30 - The lowest tensile buckling mode of a plate with a narrow horizontal elliptical
cavity, b/a = 0.1, a = 10 cm; buckling load = 1.261 x 105 N/m.




completely at the second critical tensfﬁe load of 2.417 x 105 N/m.
This is shown in Figure 31 in which the plate is wrinkled slightly.

A double bulge near the narrow elliptical cavity is obtained in Figure
32 corresponding to the third tensile buckling load of 3.762 x 105

N/m. More diffused pattern of local bulging is seen at the next high-

er mode of buckling, Figure 33.

The elliptical cavity has 1ittle influence on the buckled shape of
the plate in Figure 34 for the first compressive critical load of
2.428 x 104 N/m. Local bulging becomes very pronounced in Figure 35
for the second mode of buckling in compression. Wrinkling of the
plate surface at large is seen for the next two buckling loads in Fig-
ures 36 and 37. Appendix IV summarizes the numerical results of the

parameters associated with the buckling modes shown in Figures 30 to

37.
D. Narrow Vertical Elliptical Cavity (b/a = 0.1)

As it is to be expected, the case of a narrow vertical elliptical
notch has 1ittle effect on the buckling pattern, Figures 38 to 45.
Figures 38 to 41 reveal only small amount of ripples in the plate for
the first four critical tensile buckling loads. Similarly, the buck-
1ing patterns also followed those for a plate without the cavity.
These results are illustrated in Figures 42 to 45 in which the out-of-
plane displacements of the cavity boundary is nearly the same as those

in regions undisturbed by the cavity. This is confirmed numerically

in Appendix V.
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Figure 31 - The second lowest tensile buckling mode -of a plate_with a narrow horizontal e111pt1ca1 |
cavity, b/a = 0.1, a = 10 cm; buckling load = 2.417 x 10° N/m. , - |
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Figure 32 - The third Jowest tensile buckling mode of a plate with a narrow horizonta] elliptical
cavity, b/a = 0.1, a = 10 cmibuckling load = 3.762 x-10° N/m.
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Figure 33 - The fourth lowest tensile buckling mode of a p]aie with a narrow horizontal elliptical
| cavity, b/a = 0.1, a = 10 cm; buckling Toad = 9.771 x 10° N/m. ‘




Figure 34 - The lowest cbmpressive buckling mode of a plate with a narrow horiZonta]velliptical
cavity, b/a = 0.1, a = 10 cm; buckling load = 2.428 x 104 N/m.
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‘Figure 35 - The second lowest compréSsive,buckling mode of a plate with a narrow horizontal

elliptical cavity, b/a = 0.1, a = 10 cm; buckling load = 2.863 x 104 N/m.
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Figure 36 - The third lowest compressive buckling mode of a plate with a narrow horizontal
— elliptical cavity, b/a = 0.1, a = 10 cm; buckling load = 5.794 x 104 N/m.
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Figure 37 - The fourth lowest compressive buckTiﬁg mode of a plate with a narrow horizontal
elliptical cavity, b/a = 0.1, a = 10 cm; buckling load = 1.032 x 105 N/m.
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Figure 38 - The lowest tensile buckling mode ofvé plate with a narrow vertical elliptical cavit
b/a = 0.1, a = 10 cm; buckling load = 3.956 x 10° N/m.
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Figure 39 - The secogd-1owest tensile buckling mode of a plate with a narrow vertical elliptical

cavity, b/a = 0.1, a = 10 cm; buckling load = 1.146 x 10° N/m.
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Figure 40 - fhe third lowest tensile buckling mode of a plate with a narrow vertical elliptical
cavity, b/a = 0.1, a = 10 cm; buckling load = 2.433 x 10° N/m. -
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Figure 41 - The fourth lowest tensile buck]iﬁg mode of a plate with a narrow vertical e]]iptical
cavity, b/a = 0.1, a = 10 cm; buckling load = 5.002 x 10° N/m.
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Figure 42 - The Towest compressive buckling mode of a plate with a narrow vertical e]]iptica]
cavity, b/a = 0.1, a = 10 cm; buckling load = 1.293 x 104 N/m. ”
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Figure 43 - The second Towest compressive buckling mode of a plate with a narrog vertical =
‘elliptical cavity, b/a = 0.1, a = 10 cm; buckling Toad = 2.702 x 10" N/m.
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Figure 44 - The third lowest compressive buckling mode of a p1atg with a narrow vertical
elliptical cavity, b/a = 0.1, a = 10 cm; buckling load = 6.075 x 10 N/m.
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Figure 45 - The fourth lowest compressive buckling mode of a plate with a narrow vertical
: elliptical cavity, b/a = 0.1, a = 10 cm; buckling load = 9.458 x 10% N/m.




CONCLUDING REMARKS AND FUTURE WORK

One of the simplifying assumptions in this work is that the buck-
1ing modes occur symmetrically across the width of the plate along
which the cavity lies. This condition was invoked simply to reduce
the computation time. It is not a restriction on the analytical ap-
proach. Anti-symmetric buckling displacement modes can be investi-
gated by the same procedure which should yield more informatibn on how

cavity shape and size influence the overall instability of plate-like

structures.

In the case of the narrow elliptical cavity, there is the likeli-
hood that the materials neak the ends of the cavity may undergo yield-
ing and/or fractﬁre, especially if the remote loading is tensile. It
is possible that fracture may take place prior to global or local
buckling. This can be checked from the fluctuations of the strain en-
ergy density function for the condition of fracture 1nftiation [7,8].
Moreover, in regions of high stress and energy intensification, local
material elements can be easily deformed beyond their elastic limits.
Such an effect can‘be beneficial as it tends to reduce the remaining

energy available for buckling and/or the creation of new fracture sur-

face.

Although the physical phenomena can be readily anticipated, the
stress and failure analysis required for analyzing the situation may
" not be straightforward. Yielding, for example, is a strain rate de- B

pendent process that may differ significantly in regions near the cav-
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ity from those at some distances away. Such effects cannot be consis-
tently accounted for by the classical theory of plasticity that in-
vokes too many simplifying assumptions,'one of which is the coinci-
dence of the uniaxial stress and strain curve with the effective
stress and effective strain curve. Neglected is the dilatational ef-

fect that cannot be justified on physical grounds in regions where

fracture may initiate.

¥

Only recently, a general theory [15] has been developed by making
use of the concept that failure, in general, is governed by the rate
of energy dissipated in a unit volume and unit area of material. Ma-
terial damage involves an exchange of volume and surface energy
through rate change of volume with surface. This enables the simul-
taneous and consistent treatment of stress and failure analysis with-
out invoking arbitrariness into the formulation. The application'of

this theory to buckling of plates weakened by cavities is a topic for

future considerations.
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~ APPENDIX I - DERIVATION OF THE SHAPE FUNCTION

The out-of-plane displacement field in equation (16) can be ex-

pressed in terms of the function pi(x,y) and generalized coordinates

q;- Let the degree of freedom at each corner node be defined as in

equation (15). Note that (%%)], (%%)2, (%%0 correspond to each mid-
3 _

side node respectively as shown in Figure 46. A 21 x ] matrix {e} 1is

obtained for each triangular element:

{g} )

(W
on’

{e} =4 - (30)
(Y
an’y

ow
(=)
| 93, |

The orientation of the normal slope n of the mid-nodes is defined ac-

cording to Figure 47.

Of_B'Is 829 B3<'"
(31)

Of_OL-‘,OLZ, a3<%;-glia1,a2, a3<21r

The derivatives of W in‘the normal and tangential directions can thus

be expressed as
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Figure 46 - Degree of freedom at the mid-side node.

-67-




0 . )
LU S1na-§—vl+ COSa—-w-

an X 3y
(32)
oW _ W . oW
3F coSo X + S1no 3y
The second derivative of w with respect to t and n follows
32w : 32w IR i : 92w
— e am + - +
T sinacose 537 (cos?a-sin a)axay sinacosa 7y (33)

where o is the direction angle as defined in Figures 47 and 48. By

substituting the coordinates of each node into equation (16), equation

(30) becomes

{e} = {q} = [P]{q} (34)

where the [P]i matrix at the ith corner node is a 6 x 21 matrix given

by
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Figure 47 - Definition of the orientation of the normal slope
at each mid-side node. R

Figure 48 - Definition of the direction angle a.
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L

The [P]1 matrix at the 1th mid-side node is a 1 x 21 matrix:
[P]] = [0, -sina1, cosay, -251na]x],...,-sina]y?
+ 4c05a]x]y?, 5sina]y?] (36)
Therefore, equation (16) becomes
w = {p}H [P e (37)

In order to condense the mid-side nodal variables, a cubic func-

tion is taken for the normal slope variation along the element bound-

ary, i.e.,
\\
W a_ +a,t + a,tZz + a,t3 | | | (38)
on 0 1 2 3 /

The corresponding boundary conditions are
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n on 1’ onot onat j
—- (39)
_ oW oW 32w 32w
t= dl’ an (571') > Jnot (anat)

where d] is the nodal distance between the ith and jth nodes. By

making use of the boundary conditions (39), the constants in equation

-

(38) can be evaluated as

oW
aq = (Eﬁ).
;
1 0%w
a1 = (anat)i
| (40)
3 oW oW 1 32w 32w
a2 H—[' ('a'h') ¥ ('5?1').] 'T[z(anat) ¥ (anat)]
1 J 1 1 J
2. = 2T - Ay pa b 4 W ]
3 d3 “‘on an’ . dZ 'anat anat
] 1 J 1 i j
Therefore, the normal slope at node 1 becomes
2wy = LW +<-*’1-“-’-)]+¥C'—1-[(93-‘-“—) S (2w (41)
on ] 2 -'9n ; on ; 8 onot ; ondt j

Putting equations (32) and (33) into equation (41) and making use of

the following notations
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-| = '2' S'ina-'
(1) _ ]
k2 = 7z C0S0y
(42)
kgl) = Jg-d]sina]cosoz1
kl(‘]) = Jg-d] (COSzoz-| - Sinza]) B
(ow/3n) can be written in the form
MWy (1),3w (1) /9w (1),9°w (1),3%w
(an)] = - K (ax)i k (ay ; - k3 (§§7)i + kg (5y7)1
(1),9%w (1) 0w (1),3w (1),9%w
tky (axay)i - Ky (ay). + ks (ay) k3 (§§7)
J J J
(1),9%w (1% 92w
k3 (Gy2), ke xay) (43)

The mid-side nodal variables can thus be exppessed in terms of the

corner nodal variables as

< (%%) r= [Z]{&} \ (44)
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The matrix [Z] is derived from equation (43). Therefore, {e} can be

related directly to {t}: (
[I. ~
{e} = [[Z_]{a} = [U]{¢g} (45)

in which [I] is an identity matrix. As a result, the displacement

field can be explicitly expressed as " -

W= {p}[PT ' [UTCe) = (p}T[R]MED (46)
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APPENDIX II
NUMERICAL RESULTS FOR THE SMALL CIRCULAR HOLE
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- APPENDIX II - NUMERICAL RESULTS FOR THE SMALL CIRCULAR HOLE

Table 1 - Deflection at each node of the
lowest tensile buckling mode.
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2.772
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6. 000
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» 000
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—+3435E-05
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-+ 7136E-05
-+1203E-04%4
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“QIOZZE-OS‘
" e3548E-06
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Table 2 - Deflection at each node of the
second lowest tensile buckling
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o ERnc AP e e e

000

© 254000

mode.
Node x (cm) y (cm) w (cm)
1 - 3,000 +000  <1523E-095
"2 T 264772 T15148 77 J38B40E=05
3 20121 2'121 01487E'04
4 1.148 2.772 «3478E-04
5 T 4000 77 3,000 T W433BE-04
j6f @[:6000O. -.;“3000_ -05059E795:
7 5,500 2.500 —.5348E-05
8T 4,500 T 4.500 " =.4215E-05
9 2,500 54500 +3503E-05
10 +000 6.000 «1922E-04
TI1T T 1150007 9000  =41202E-05"
- 12.. - 10.000 6,000 -~ =.1869E-05
13" - 640000 10.000  =.3976E-05
14 T ,0000 0 12000 T 7970E-05"
15 18.000 «000 .0000E+00
16 18.000 6.000 .0000E+00
U170 77124000 T 15,000 0 T .2420E-06
18 . 4000 © 18.000 -..2074E-05
197 718,000 . 154000 . .0000E+00
—207 " "18.000 25,000 " .000GE¥00
21 11.000 25.000 +0000E +00
22 4,000 25,000 +0000E+00

" +0000E¥00"
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w 3°W
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TS 4855E=06  =.8194E-06
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- o4226E-05 « 0000E+00
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- o 1960E-06 +«0000E+00
08888E'06 OOOOOE*OO

«0000E+CO

Table 3 - Continuation of Table 1, including the results of rotations and curvatures.
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« 0000E+00
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Table 4 - Deflection at each node of the
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third Towest tensile buckling mode.
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’04645E-05
T «481l4E-06

«2249E-06

" «1302E-05
-.2586E-05

»0000E+00
«0000E+00

15, OOO’”"”.bOOZE-O&
02927E’0&
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T;;%e 5 - Deflection at each node of the
fourth Towest tensile buckling
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207

{
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mode.

x (cm)

. 3.000

-  ;25772:7 
‘20121

MI;IQBJWMW.

« 000
6.000

5500

5:500T44
2500
«000

11.000
10.000
6.000
«000
18.000

18.000

12.000
S e000
*718 000

18000 -

11,000
4,000

75000

y (cm)

"« 000 7
1.148

2.121

3.000
« 000

2500
‘ 40500 _
5,500
- 6.000

« 000
6.000
10.000
12.000
« 000
6.000

15,000

118,000
'15.000
25,000
25.000
25.000
25,000

2.772 7

W (cm)

<2103E-05
- «2956E-05
+5720E-05

«6797E=05
06144E°05

-+3096E-05
.036705‘05

-+3306E-05
e 4277E-05
+8078€-05

-+9281E-07

01485E-05

~+4920E-05

«5873E-05
«0000E+00
« 0000E+00

«2726E=05
;ﬂ090665’06
-+ 0000E+00
" . 0000E+00

«0000E+00
«0000E+00

,00000E+00




1
~
P

Node x (cm) y (cm) w (cm)
1. - 3,000 #0000  -43924E-03
27T 24172 T T TO148 T T =03935E-03
3 2121 2121 -e3947E-03
| 4 14148 2772 -+3955E-03
"*“'5“‘”Tff.000 ..... 3,000 -.3951E-03
S 64000 --»;.ooo}a“ -.3351E-03
ORI A 54500 . 2.500 .33815_03
'""“8""“""4 500”"“”“% 500 =e3379E-03
9 2500 59500 - e3478BE-03
10 000 6.000 -¢3493E-03
Il "’“‘"‘II 000" .UOU“ ""”.214‘41:’-03
12 10 ,000 - 6000 -.2200E-03.
“"13 B 6 000 - 10.000 -«2488E-03
”‘I?“““’" .000'““‘12“000“*“ +2499E=03
15 18,000 «000  0000E+00
16 18,000 6.000 « 0000E+00
17 12.000 15.000 -+1001E-03
18 :000 18;000 “01369E-03
19 18,000 15.000 « 0000E+00
20 18.000 25.000 « 0000E+00
'21 11 000 25,000 . = .0000E+00
122 4,000 - 25. 000 .;.OOOOE+OO
23 7 4000 25,000 .0000E+00

Table 6 - Deflection at each node of the
lowest compressive buckling mode.

Table 7 - Deflection at each node of the
second Towest compress1ve buck-

§ f23 @;ﬁ‘ .000

1ing mnde.
Node x (cm) y (cm) w (cm)
1 3.000 «000 -,6639E-0¢4
2 2.772 '1.148 - +6469E-04
T 3T T20I21 T 720121 TT=L5897E-0%
ﬂ;ffé 1 148 | 2o 772 | QSZQQE 04
sfﬁ;5%';sa“.ooo .j 3,000 —.5023FE-04
6 6000 "”'WWZOOO -.4922E-04
7 5500 2.500 -e4177E-04%
- 8 4.500 4.500 ~«2174E-04
T T T 20500 07 75,500 =.8369E-05
;ﬁ;lo,;:a_».ooo 64000  —+2494E-06
© 11 11.000 -.“.boo. —.2675E=04
12 10,000 6,000 «1135E-05
13 6.000 10.000 «5847E-04
14 .000 12.000 «9323E-04
1% 18,000 "~ <000  .0000E+00
16 18,000  6.000 +0000E+00
17 12.000  15.000  .5859E-04
18 7 . <000 18,000  +1067E-C3
19 18.000 15,000 .0000E+00
. 20 18.000 25,000 «0000E+00
;ﬁjZI“ff*ll 000" " 25:000"  +0000E+00
S22 4 000" 25.000" - +0000E+00-
- 25.000. - .0000E+00




..6[..

Table 8 -

Node

DN S W
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w
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«1B71E-04
L 1786E-=04

«1322E-04

2 6793E-05
“7DO00E+00™ ™ -
. «2047E-04
" 91843E-04
“Y16I5E=04
. 7812E-05
. «0000E+00
T V2ZTT0ES04
. w2320E=04
© W 1251E-04
" 0000E¥00

«3240E-04

+2952E-04

«1503E-04
« 0000E+00
«1746E-04
« 0000E+0O

" .DOC0E+00
"+ 0000E+00 -
" {0000E+00

- —

oW 32w
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. +0000E+00 -.364DE-06
"e6370E-05 " -43305E-06 -
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~'..1589':3 -04" ", 0000E+00 ~ -
oOOOOE*OO  ” 09415E“06
*,.59185 05 «1906E-05
o I051E=04 " 32315E=05 "
«1375E-04 e« 2821E-05
«1525E-04% « 0000E+00
~ 2 0DO00E¥00 " "+6367E-06"
éa'.7184E -05 ﬁ‘.1475E -05
“«1411E=-04 .19485-053
"”"".17905—0"4' ® OOUOE +OO
«0000E+00 « 0000E+00
- «0000E+00 « 0000E+00
e9463E-05 « 8624E~-06
+1945E-04 « 0000E+00
«0000E+00 « OO00E+00
«0000E+00 « 0000E+00
. «1184E-04 . 0000E+00
gﬂ.19085-04 ,'00000E+00
;..1984E C4 | .OOOOE+OO o

e . -~ e e mewa -

Continuation of Table 5, including the results of rotations and curvatures.

92w 32w
Y% XY

¢« O000E+00  .C000E+O0O
e4176E-05 ~ =4¢3244E-05
«1435E-05 -e¢4092E-05
-+«1036E-05 ’02755E‘05
(6025E‘06”Wf';0000E+00"

~ 40000E+00 . 0000E+00
«2173E-05  =-.1059E-05
~I373E=05 ""=yI116€E=05"
.BB65E-06 =-.9473E-06
«2089E-07 +« 0000E+00
,_-0000E+00"”5f500005*00f
" 41019E-05  -.8204E-06"
 v6309E-06  -.8B70E=06
"”379535307”"“700005*00”
.0000E+00 . 0000E+00
.0000E+00 -.8539E-06
«244T7E-06 -+¢1473E-05
-e3719E-06 « 0000E+00
+0000€+00 -e1641E-05
«0000E+00 -+¢1796E-05

T .0000E¥00 =2 14B1E=05
,';OOOOE+OOTA“ .38915-06‘
.OOOOE+00" .OOOOE+OO‘




Table 9 - Deflection at each node of the
third Towest compressive buckling

mode.
Node x (cm) y (cm)
1 3.000 « 000
2 ! 2,772 1.148
T3 2.121 0 2.121
4  1l.148  2.772
5 -« 000 3,000
6 T 6.000
7 55200 2500
8 44500 4,500
T 9T T 245000 ”““§”Sb0”“
;*fld”f»a,;.ooo 6,000
37;11 11 000 »ur.OOO
12 10,000  6.000
13 6.000 10,000
_ 14,000 12,000
.15, 18000 rm.-OOO
1657 184000 - 6.000
17 124000 ;5Hooo_ |
18 .000° T 18,000
19 18.000 15.000
| 20 18,000 25.000
37?21ﬁ7?.11 000 . 25.000
22 44000 25.000
frizaw* ~-,.000 25.000

w (cm)

-+3486E-04
—«3251E-04

02526E’04t
-.1802E-04

-.1505E-04

1,000 =.2282EZ04

-«1416E-04%
«5TT7E-05

-;.1786E 04
«2398E-04.
-i9205E=05

;’.16365-04

«3987E-04
«3422E-04

——— e o -

T < O000E+00.

:L».oooos+oog
"<5918E-06
~.3059E=04

«0000E+00
« 0000E+00

 V0000E+00
-ﬁ 00000E+00g
' +0000E+00

Table 10 - Deflection at each node of the
fourth lowest compressive buck-
1ing mode.

Node x (cm) . y (cm) w (cm)

1 3,000 . 000 «2421E-04
2 2.2 1.148 «2152E-04
37777724121 T 24121 7 7 JT36TE-04
& 14148 2,772  +6392E-05
5 .000 3,000 +3685E-05
| 6.000 7 7,000 T1253E=04
7 54500 2.500 «4192E-05
”_“_a 4 500 40500 -01147E-04
97T 2. 500]“ff“5“500 -<1758E=04
10 -..ooo;;;;~6 000  =.1956E-04
11 11,000,000 -,9445E-06
12 10.000 6,000 =,1646E-0%

13 6.000 10.000 -.5635E-05
14,000 12.000 «9424E-05
7157 77718.000 2000 . 0000E¥00
16 18,000  6.000 «0000E+00
iww17L' ”;3!000'1- 150000 y 01149E-04
B ¥ <000 18,000 7 =.6630E=0%
, 19 . 18.000 15.000 00000E+00
20 18,000 25.000 «.0000E+00
21 771140007 25.000 T T,0000E+00
22 4,000 25.000  .0000E+00
23 .000  25.000 .ooooe+oo
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APPENDIX III - NUMERICAL RESULTS FOR THE LARGE CIRCULAR HOLE

Table 11 - Deflection at each node of the
lowest tensile buckling mode.

Node x (cm) y (cm) w (cm)
SRR | 10,000 000 «1407E-04
TT2TTTTT9,.659 T T 24588 T L1656E=04
3 80660 50000 02745E”04
4 7.071 7.071 «5487E-04
577 75,000 "”8”€60,¢;:.1014E 03"
'%%6 2 588 9 6595$1 41609E -03"
&7?7».”,.000 110.000 < 1801E-03
T8 T 14,000 T TS 0007 T T T36BE=05
9 13.500 5500 -+7487E-06
10 12,000 9.000 =-.1965E-05
T 1ITTTT9,0007 12,0000 TG 1131E-0% ¢
5;412-;- 5,500 ,.-13 500  .5132E-04
13 ,As.ooo © 15.000 = .8446E-04
14 18.000 7 T ,000 LO000E+00
15 18,000 6.000 «0000E+00
16 184000 15.000 . 0000E+00
j“‘l?ﬁff“io 700 T 17.000 =.2870E=05
218 .. 75.000 184500 © .2378E-04-
19,*¢,, «000  20.000 " <3073E-04
‘“20“““"18 ooo*””“25:000““““;oooos¥00‘
21 11.000 25.000 +0000E+00
22 4,000 - +25.,000 «0000E +00
23 25.000 «0000E+00

<000

Table 12 - Deflection at each node of
‘the second lowest tensile

buck1ing mode.

Node x (cm) y (cm)
1 10.000 +000
2 T T T 9,659 7 2.588
3 8.660 5000
4 7071 7.071
5 T T 89,0007 784660
6 . 2.588 9,659
7 ' 3.000 100000
T8 T 14,0007 5000
9 13.500 5500
10  12.000  9.000
7~I1“"“"'9.000~“' T12.000
| 12»n; 5 50 \w" 13.500
213 . .00 15,000
I?*Mm‘IB 00 "“"f’“TOOOW'"
15 18,000 6.000
.16 18.000 15,000
f*17"”’ 10 700'1f717.000'"
.18 5 000 - 18.500
?f19 ng | .000  1,200000
T207 '18-0007”“”257000
21 11.000 25.000
22 4000 25,000
72377000 25.000

w (cm)

-+« 7000E-06
—e¢2481E-05"
-01104E-04
—¢3248E-04
=J5199E<04"
~.2195E-04
«T020E-05"
- «2430E=05

47567E‘05
«9635E-05
-«1432E-05

-«2531E-04
01704670*

«0000E+00"

»0000E+00
+0000E+00

6548E=05"
-+8609E-05
f-9779E+95 :
«0000E+00"

«0000E+00
«0000E+00

- «0000E+00




Node

«0000E +00
V4O0T4E-0T -
- «1395E-05
-+3573E-05
<3301E-05
 «7391E-06

-+ 7333E-07
"+ 3490E-06"
«2544E-05
«5340E-05
 «3871E-05 -
7],.6228E—05”1

-+ 4071E- =05
-+ 5290E-05 "
-+«1061E-04
,“020855 04
-+ 2979E={
-+ 2277E-

QOOOOE*OO
«8269E-06
.1782E-05
2« 2603E-06
—e6976E-05"
-19265 04

Table 13 - Continuation of Table 9, including the results of rotations and curvatures.

92w
oXay

. 0000E+00
=V1027E<05
-—«2110E-05
-+¢9450E-06
- «2561E=05
e« 5245E~-05.

 J0000E*00
~ TOO00E¥00™~ " C000E¥00

" «1318E-05

-88_

"< 0000€E+00
e 9525E-06"
«1230E-05
e 1972E-05
L 3318E-05
-« T573E-06
'« 0000E+00
+0000E+00
« 0O000E+00
« 0O000E+00 .
" «1310E-05
-+«3690E-06

~.2177E-04
== 0000E+00
-+1122E-05
-.1422E-05
—e2294E=05""
=eT674E-05
‘=e1490E-04
“©0000E+00
. 0000E+00
. 0000E+00
. 3114E-07"

-.5029E-05

.oooos+oo
'-—lszaro
- 1667E-05
-+3111E-05
;:;94805-05
-.1565E-04
 .0000E+00
" U2661E-06
.1230E-05
. 2021E-05
- 2419E=05
~e64756-05

B e TR R Y v

—«1041E-06
«3387E-06
T a2639E=06
~ «1555E-06
«5159E-05
«0000E+00
«0000E+00
«0000E+00
W1741E-06
066475“06

, «1979E-06
»3451E-06
~ «9620E-06
 «2770E-05
OOOOOEfOO
«0000E+00
e« 2249E-06
-« 1455E-06
4559€E-06
«1205E-05

. +«0000E+00

«1815E-05

- w0000E+00 ~ "=,
+«0000E+00
«0000E+00
«0000E+00

oOOOOE+OO.u-
~«CO00E+0O0
'+ 0000E+00
+ C0O00E+00
« OD0OOE+00

: 000005+00 : 07964E 05 o
" SO000E+00 ~ "< 0000E+00
‘ 059815 06
-03906E‘05

-¢5651E-05

«0000E+00
« 0000E+00
«0000E+00

 I840E=06
+1808E-06
¢« 9793E-06

+ 0000E+00
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Node x (cm)

1 10.000
2 9.659
3 8.660
4 7.071
f.fS"“"“?“bbb;ﬂ
6 2.588

- 7 .000
T8 14.000
9 13.500

10 12.000
‘”TI””’ 9,000
12 .;5.500
13 .ooo“g_
) 14"“ 18.0060
15 18.000
16 18.000
T i A 10 7ooff*
;fw18_ 54000
g
20 18.000
21 11.000
- 22 4.000
+ 23 0. . .000

2000

y (cm)

#0000
2,588

5.000
7.071

’tféw660mm
e '9:659
10,000

~ «000
5.500
9.000

”fﬁlZ;OOOfH

‘13,500

Table 14 - Deflection at each node of the third
lowest tensile buckling mode.

w (cm)

+3320E-06
01646E‘05

07836E-05

_+2107E-04%
" #21971€-04
«4588E-05

E;;29735—04

=4369E-05

15.000

.000

6+ 000

15.000

17,000 -
18,500
20.000

'25.0b0'”

25.000
£5.000

- 295.000 -

4:.47015 05
 +5466E-05
«0000E+00

g:§OOOOE§dO 

-+5897E-05

-07428E-05
- 21333E-05
 <1456E-04
«1202E-04

"« 0000E+00
«0000E+00
«0000E+00

-+5305E-05"

«0000E+00
«0000E+00

Table 15 - Deflection at each node of the
fourth Towest tensile buckling

mode.
Node x (cm) y (cm) w (cm)
RES 10"000 :,.ooo ~e4422E-06
2 19,659 -2, 533,, ~+3924E-06'
3 B.660 ~;5 000 - -,5413E-07
Y Y0 ) & W v ) 2 '““:13715 =05
5 5.000 8,660 «2860E-05
6 mmﬁﬁg 588 9.659 «1896E-06
7 TTTTTL0000 L0, ooo#*u“;7zo7s”07f
8 14,000 ‘>,.ooo ~e4463E=06
. qmmm 13.500 ° 5,500 -.5243E-06
107 12% ooo“‘“““q ooo**““:53735106”
11 9.000 12.000 -.,2216E-06
12  5.500 13.500 -«4911E-06
13 +000 15.000 «2139E-05
14 18.000 .000 «0000E+00
15 18.000 6.000 «0000E+00
'__lbm_" 18.000 15.000 «0000E+00
17 1047007 77170000 T = 741I5E=06
18 5,000  18.500 f‘F.124QE-oq
19 ".000  20.000  .9770E-06
20 18.000 25.000 «.0000E+00 -
21 11,000 25,000 «0000E+00
22 4.000 25.000 «0000E+00
23 T .000 25,000

" 0000E+00"
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Table 16 - Deflection at each node of the
lTowest compressive buckling mode.

Node

1
2
3
4
5
6
7
V§ 8;
9

11
12

?fiéwiw_
ﬁle_

15
-6
17
18

Viiquhm”7
18, 000_;;
- 11.000

'“'4-000'“~

20
.21
5y

23

S0

x (cm)

1040007
' 9.659

84660
7.071
5.000
2588

T L0007
14.000
13.500
12.000

9.000
9500

- »000 7
18.000

18.000

18,000

10.700
2.000
«000

«.000

y (cm)

- «000

2.588
5000

8.660
9.659

10 OOO 37

54500 -

- 9.000

12.000
13.500

<000
6. 000
15.000 °
17.000
18.500

254000

25,000

25.000

- 7.071

15,0007

-~ 204000
f'25 » 000

w (cm)

~.3560E<03
-+3609E-03
-+3607E-03
- +3574E-03
—¢3523E-03

—+3476E-03

034475‘03
.1796E 03?
~e1774E-03

-+1892E-03
—+2126E-03
-¢2313E-03
-+2208E-03

" «0000E+00
«0000E+00

00000E+00

-«1084E-03

-+1315E-03

"=.1090€<03
_;.0000E+00f
. «0000E+00
«0000E+00

«0000E+00

Table 17 - Deflection at each node of the
second lowest compressive buck-

11ng mode.

Node x (cm)
TT1T 77104000
2 9.659
3 8.660
e
5 5000
6 2.588
“7- o000
'8 14.000
g
10 12.000 7
11 9.000°
12 5500
13 7 7,000
14 184000
15 18,000
16 T18.000
17 10.700
18 5000
'19'#"'"f*
----- zo_m 18.000 "
21 11, 000

23 « 000

7071 "

.OOOMWW

)/(cm)

|« 000 =

-;fz saa-,.
5,000
7.071

B.660
9.659

710,000
000
130500if'* 

5500

9.000

12.000
13.500

15,000
000

64000
“15.000

17.000
18.500

720,000
25,000

25,000
P Y — 000~ 25+ 000~

25.000

w (cm)

-+3052E-04
-.1785E-04
2 2276E-04
e 7224E-04
011395-03
«1393E-03

- «1465E-03
' =+1499E-04

+1106E-04

' «5381E-04

+»1052E-03
e1364E-03

" +1480E-03

+0000E+00

"~ «0000E+00.
"« 0000E+00

08976E“04
«1143E-03

9 1001E=03"
" Y0OOOE+00:
4 0000E+00
~ JOO0OE+00

.0000E+00
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Table 18 - Continuation of Table 13, including the results of rotations and curvatures.

Node

. o

b

O @~ O W N

FEERTIREES PINEPES

S
NS WN =

pd
~N~Now,m

ot
o

F:
(0 ¢

19
20
21
22
23

aw
3X

«4507E-04

+ 4316E-04
'+3406E-04

02292E-04

'+ 1306E-04
e D T66E-05

{;U@UGE¥b6f'm’
04470E -04
.3821E-04
'« 2911E-04

«1830E-04
¢ 9727E-05

' OD00E+00 .
«4572E-04
+3884E-0¢
+1973E-04"
«1264E-04
'« 4625E-05
+0000E+00 ~
'+ 0000E+00
:00000E+00“
40000E+00
'« 0000E+00

+«0000E+00
«1095E-04%

w
A

«2052E-04

+2535E-04

e 2674E-04
02688E-04

«2630E-04

«0000E+00

«8477E-05

«1321€E-04
olBOBE'04
«2156E-04

«2332E-04

-+ 0000E+00

«000CE+00

«0000E+00

«1333E-04
02014E'04

21966704
 +0000E+00

i1341E 04 |
T L.2081E- 04”mw

«2168E=-04

%2
XN
N

«3387E-05
¢ 2596E-05

-

«1932E-05
«1923E-05

" "0000E+00 "
.00005+00»
«0000E+00
«0000E+00

« 9240E-06
.1038E-05

. 0000E+00 ~
« 0000E+00

-+9204E-C6 .
}01894E'05'.
- «3539E-05

- «0000E+00
- . 7T450E-06
(+B047E-06

«0000E*+00 =
- +0000E+00
- 0000E+00

32w
ay

T T.0000E#00”
«4012E-05 -

.1029E-05
Z.9676E<06

-«1357E-05

-+8595E-06
=e4321E-06
. «0000E+00

+1059E-05
~.2395-07 "

-+5323E-06

-.5303E-06
= 9763E-06

_,.oooos+oov
«0000E+00
“+0000E+00
-,1222E-06

«5729E-07

22119E-06
 <0000E+00 -
© «0000E+00

.0000E+00™ -

«0000E+00

32w
3X3Y

« 0000E+00

‘02984E;05?
-+ 3574E=05
-.2481E-05
“09575E-06 '
-+ 4549E-06
~ «0000E+00

.OOOOE+OO

P.1880E-05

-+2103E-05

-.1574E-05
-.8580E-06
774 0000E+00.
~ «0000E+00.

-+.1848E-05

= 1B47E=05

-¢1580E~05
-e 1354E-0b6
'« 0000E+00.
«2128E-05
-+1553E-05

+3994E-06

«0000E+00
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Table 19 - Deflection at each node of the third
Towest compressive buckling mode.

Node x (cm) y (cm) w (cm)
“T1T 10, 0000 .000 7 =U1392E-0%
2 9.659 -  2.588 . «5718E-05
-3 "Be660 5,000 . .5413E-04
“m@—w~'ﬂ7;071”'W-‘7;071dw'V;8379Eﬁ04"
5 5.000 '80660 08402E-04
6 2.588 9.659 .7279E-04
— 77777 ,000  10.000  .6738E-04
C B 14 000.' '~,.000;, .6455E-05§
9 0 13 500 S - He 5005{: «2588E- 043
—io0 12. OOOMMJ 9,000 .50715-04
11 9.000 12,000 «4323E-04
12 5500 13.500 «2362E-04%
T137 7 .000 15,000 7 S4642E-06
'14' . 180000' oOOO . QOOOOE*OO
15  18.000 6.000  +0000E+00
16 18,000 15,000 "« O0000E+00
17 10.700 17.000 -e5847E-05
18 5 000 '18.500 -e2434E-04
”T1b‘ 77770007 7204000 =<3028E-04
20 18, 000 ~ 25.000 ;.ooooe+00i
21 11 '000- - 25, 000 4:.0000E+00£
T2 “4.000 7 " 25. 000"M' <0000E+00
23 «000 25.000 .OOOOE+OO

5

1ing mode.

Node x (cm) y (cm) w (cm)
~17" 10.000 =000 . 3380E-04
2 9.659 2.588 9.1600E 04
3 8.660 5,000 —+8304E=-05
T4 7,071 " T7.071° "~ +6385E-05
5 50000 80660 -3148E'04
' 6 2588 9.659 «4265E-04
7 .000 10.000 «4404E-04
8 14.000 « 000 01529E-04
9 13.500 5500 -«3811E-05
10 120000 9.000 09738E-05
11 7T 900007 12 ood'i"tit.“:z' 503 E=04
12 50500 | 130500. lfazSQE;OQ
13 .000 15,000 .1337E-04
14 18.000 .000 L.O000E+00
15 18.000 6,000 « 0000E+00
16 18000 13.000 . 0000E +00
17 100700 17, 000 . +1660E-04
18 5,000 18, 500 .9879E-05
_119 ;~-.0005 200000 | 02490E‘04
W'ZOW“W 18 OOOWWM"Z5;OGﬁM“" «0000E+00
21 11.000 - 25.000 »0000E+00
22 4,000 1 25.000 « 0000E+00
23 25,000 " .0000E+00

Table 20 - Deflection at each node of the
fourth lowest compressive buck-

~ = 2500

J

=P
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APPENDIX IV - NUMERICAL RESULTS FOR THE NARROW HORIZONTAL ELLIPTICAL CAVITY

Table 21 - Deflection at each node of the
lowest tensile buckling mode.

Node x (cm)
1 1,000
2 .968
3 - ogeE - -
4 «368
5 148
6 126"
k _7.‘“ .50100 .
m '8  f <077
g gy
10 e 000
i 11 6.000
12 5000
- 13. 3.500
14 1.500
15 0240

16T T o110

17 - .000
18 11.000
19 11,000

20 3.000

21 500
5E T leb0

23 . 18,000 . -

24 18.000

25 8.000

26 »000
27 18,000

28 7. 7.000

29 000

254000
25+000

y (cm) w (cm)

« 000  -,9166E-06
2.500 -«9158E-06
5000 -,9047E-06
9300 -+ (288BE-06
9.890 —¢95622E-06
9920 ~ -.5525E=06
9.950 -.5428E-06
9.970 -+.5363E-06

9.990 " "=, 5299E=06
10.000 —e5268E-06

« 000 -+1490E-06
4,000 -e4%4348E-06
‘74500 -«5298E-06
90800 -08631E‘06
9.990 —e5414E-06

10,100 7=,5000E-06
10,400 -.3988E-06
'0000 =~§1052E-05
7.000  +1647E-05
11,000 -¢1175E-05
-101500 ‘03963E-06
11,5000 ~ +6352E-07
.000 - .0000E+00
12.000 - «0000E+00
15,000 -,1756E-04
16,000 -«2532E-06
25.000 «00C0E+00

" .0000E+00
. 4 0000E+00

Table 22 - Deflection at each node of the
- second lowest tensile buckling

mode..
Node x (cm) y (em)  w (cm)
1 1.000 - 000 42420E-06
2 968 < 24500 - 41267E-06
TR U866 T 5.000 7 0 L,3988E-06
4 6368 90300 01768E'05
5 0148 90890 03812E'07
6 TTT126 7 0 9.920 +4323E-08
7 . «100 - 9.950 . -.2583E-07
-8 «077 - 9970  -.3927E-07
QT U045 T T 9,990 —.4716E-07
- 10 «000 10.000 -4874E-07
g 11 60000 0000 ‘olSO?E“O?
71277 T 5.000. 0 4.000 .2440E-08
13 '3.500: T7.500 " +1435E-06
14 1,500 9,800 ' =-.2132E-05
15 "“";240“””"'¢;990“*m-;6521E:08
16 .110 10,100 =-.3735E-07
§ 17 «000 10.400 «1038E-06
7187 11,000 ©  L000 ' ~-.1423E-06
19  11.000  7.000 = .1126E-08
- 20 3,000 - 11.000 =«5234E-07
21 T T Te500 10500 7 TLI1767E-06
- 22 .000 11.500 «2207E-06
- 23. 18,000 «000 «0000E+00
24' 180000 lZ.OOO ,QOOOOEfOO'
25 8.000 15.000 e4364E-08
26 - «000 16,000 «95895E-07
27 18,000 25,000 «0000E+00
—2B7 7 "7.000 7 25,000 T .COOOQE+00
129, 4000 25;000f57’}0000E¥90
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Table 23 - Continuation of Table 17, including the results of rotations and curvatures.

Node

e e ———————e e ——— r e e s . .-

O(D*JO“W-PU)NHﬂ

.
X

. +1335E-06
.1178E-06
"~ «13643E-06
-~ (489E-07
‘076315'07
-26522E-07"  ~ J2722E-06
-«5117E-07  +2736F-06
-¢3761E-07 - <2750E-06
=« 1726E-07"" "~ J2781E=06" "

W
oy

~ «0000E+00
«4360E-08
 2426E-07 7

«2010E-06
«2709E-06

«0000E+00  .2799E-06
' «2158E-06  .0000E+00

.1473E-06  <7123E-07
| .2867E-06  .5531E-07
-.2961E-06  .1481E-06
-+8975E-07  .2953E-06

'=e1604E-07 -e1790E-06
°.1383E'06 03858E-06
", 0000E+00 ~~ . 4B10E=06
~«5057E-06 . .0000E+00

" «1549E-05" . ,0000E+00
[=e1551E=05 ~=.1931E-05

-«9109E-C7
«0000E+0O

«0CO0E+0O
+«00COE+0O

. +0000E+00. - —.2120E-05
~ +0000E+00

+0000E+00 ./ . =2 2637E-06

32w
X2

+92279E-09

- «3153E-07
~e9262E-07
‘03623E-06
—«1778E-06
-« 2704E-06

-¢3967E-06
. =.5556E-06
=« 35990E-06

« 0000E+00

«5320E-07
¢ 6131E-07
« 3914E-06

«1051E-07

B -+1507E-06
-+4123E-07  .3044E-06 -.2653E-06
. +0000E+00 ~ = .3617E-06
‘oBllBE?O?faf 00000E*O0‘

V926BE-06" " <.2748E-06

« CO00E+0O

~+3675E-06
T =21214E-05 " -

«1272E-05

'02132E‘06
~ +«0000E+00

«0000E+00
+«0000E+00

T V4414E505

« O000E+00
« COO0E+00

3%w 3w _
oy~ XY
«0000E+00 « 0000E+00
03675E-07 ilOBZE’O?
e 2441€E-07 "~ -.5801E-07
«2160E-06 -e9663E-07
«1094E-06 e 1924E-06
«1503E-C6" = +1588E-06
«2182E-06 «1398E-06
403231E-06 01191E’06
"« 278&4E-06"""" ~T6984E=07
«2494E-06 « COO0E+00
«0000E+00 « 0000E+00
«3304E-06 e 4641E-07
«1511E-07 «3104E-06
02724E-Ob -+ 2009E-06
«2192E-06 «1015E-06
«2412E-06 = +9271E-07
.2482E~06 . 0000E+00
«0000E+00 « 0O000E+00
«6432E-06 . 7317E-06
«8375E-07 -+.8866E-06
s 7506E-07 -+4908E-07
 +2016E-06 . 0000E+00
- «0000E+00 - «0000E+00
~ «0000E+00 = .1283E-06
e9231E-05 -=.1772E-05
6783E-06 « 0000E+00
. 0000E+00 «3645E-06
«0000E+00 -.1014E-05

«0000E+00

.,T.OOQOEfOO
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Table 24 - Deflection at each node of the
third Towest tensile buckling

247777184000
' ﬁ25i@ : 8!000
264000
" 27 718.000 < 25.000

28 7.000
29 ' 0000

12,000 -

. 15,000

25,000
25000

mode. | -

Node x (cm) y (cm) w (cm)
1 1.000 000 . +5656E-06
2  +968 24500  +4443E-06
T3 T G866 T 5.000 T L72BBE-0T7
4 «368 9.300 ‘64926‘06
5 :148 90890 064125_06
6T 7T W126 7 94920 . b6403E-06
7 4100 9.950.  ..6396E-06
. "18 _'. -« 077 90970*$‘736395E;06‘
T W045 7 T 9,990 T L.6395E=06
10 0000 10.000 «6395E~-06
: 11 60000 « 000 —«1065E-05
712777 75.000 0 44,000 =.5396E-07
13 3.500 7.500  .5378E-05
- 14 o 1.500 | 90800 'f'04096E’06
15 T 240 - G.990 < 6473E-06
| 16 .110 100100 06464E-06
17 «000 10.400 e 6267E-06
--18  11.000 = .000 -  <1040E-05
; 1191  ;1l|00O : ;-71000»  +;52915;067
207 3,000 11,000 - -.7367E-06
21 W500 104500  L7462E-06
22 000 11.500 «1008E-05
23 18.000 « 000 «0000E+00

. 0000E+00 -
1 ~ =+3009E-06
. 164000 43776E-06
T «0000E+¥00

«0000E+00
. 0000E+00

Table 25 - Deflection at each node of the
fourth Towest tensile buckling

Node

COLO®NOUV S WN

mode.

x (cm)

1,000
«968
 «866
368

<126
«100
«077

« 000

11 6.000
'._f,'j-lz_-~ 152600
13 3.500
“'14 .10500
15 240
16 110
17 000
JQIB ~ 11.000
19 11.000
20 3,000
21 .500
22 000
23 18.000
24 18,000
25  8.000
26 - «000
27  18.000
28 7.000
29 000

«148

 «045

N~

'y (cm) w (cm)
4000 -.1471E-05
2.500 -.1291E-05
5.000 =-,1758E-05
\9.300 ‘02852E‘05
9,890  -+3060E-05
9.920  =.3063E=05"
9.950 -.3063E-05
9;97o'ﬂif.3062E°05;
94990 -.3059E-05
10.000 -¢3055E-05
- &000 01146E-05
4,000 - .5118E-06
7.500 ~ =.2579E-06"
9.800 -+1092E-05
9,990 -.2932E-05
100100 -02966E‘05
10.400 -.2859E=05
' .000 .58106-07
 7.000  -.4086E-07
11.000° =-.3564E-06
10.500 =.2261E-05
110500 .3862E-05
«000 « 0000E+00
712.000 ~ TS 0000E+00
‘15.000 . .2880E~06
16,000 =.1545E=05
- 25,000  .0000E+00
254000 . 0000E+00
25.000 .0000E+Oq




Table 26 - Deflection at each node of the
Towest compressive buckling mode:

Table 27 - Deflection at each node of the
second Towest compressive buck-

1ing mode.
Node x (cm) y (cm) w (cm) Node. x (cm) y (cm) w (cm)
1 1.000 ,000  -354922E-03 1 1.000 .000 -.6272E-04
2  .968 - 2500 —.4838E-03 2 4968 . 2.500  -.5266E-0%
3T U866 T 54000 =L 4549E-03 "3 866 5000 --20745'02
4 .368 9.300 -.3643E-03 4 -368 9.300 -55695'04
5 «148 9.890 —+3485E-03 5 ~“f¥43_ww-“9'890,_“Wj65315f° |
"6 TTTe1267 T 94920 =43477E-03 6 77T TTLI26 7T 794920 L 637BETO
7 4100 9.950 ' —43469E-03 7 S 100 9.950 «6625E-0
‘8 . . 2077 'r¥°9;¢7bir(-.34635 03 8 077 94970 «6656E-0%
St T T V045 T 94990 T =03458E-03 TTQT T 4049 9.990 «6687E=0%
i 10 .000 10,000 -.3455E-03 10 «000 10.000 «6703E-04.
N 11 6.000 . 000 .3625E—03 11 6.000 « 000 -+e3758E-04
| 12 77520000 77 40000 =43729E-03 12 54000 4.000  -.2115£-0%
13 34500 7,500  ~¢3605E-03 13 3,500  7.300 ‘25212234
14 1,500 9.800 | =,3419E-03 14 1.500 ' 9.800 .63 o
15 ~ T .240 94990 =.3454E-03 15 .240 94390 OOt
16 .110 10,100 —.3425E-03 16 =~ .110  10.100 .,;-685;E;845
17 .000  10.400 =—.3341E-03 17 0000 10.400 7307070
18 112000 ~ .000 " =.2218E-03 18  11.000 -°°°-M-ff}4555;o¢
19 © 11,000  7.000 —~.1985E-03 19 11.000 7.000 Pl 0
20  3.000 - 11.000 -.3004E-03 20 3,000 © 11.000 -;4535 o
21 31000~ 10,500 = +3306E-07. 21 +500 -1° <200 e 0s
22 .000 11.500 =<3051E-03 . ez f:ﬁ*f'°°° 11 +300 s ggoe‘oos
23 18.000. . 000 . 0000E+00 23 718,000 -000.«2.-00005’004-
24 18.0000 12.000 . 0000E+00 _“*24 184000 m_1z °°°*;mg:9mw§?:bz_
25 8.000 15,000 =—.1656E-03 25 77 78,000 15.000 « 916 o
26 000 16,000 -.1975E-03 26 «000 16. 000 "1175§+00
27 18.000 25.000 . 0000E+00 27 18,000 254000 +0000 00
~28 T 7774000 " 25.000 77 ~ODODE*00 28" 777,000 7 25.000 - - .0000E+
29  ~ .000 25 000" *:.dbOoE+oo 29 ++000 zquoo _ﬁs.oocosﬁoo.
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11
12

17

25

Table 28 - Continuation of Table 21, including the

Node

QCD\JO\ﬂJ‘wWVP‘

10

13
14
15
16

18
19
20
21
22
23
24

26 |
27
28

29

w
oX

«2645E-04
«2599E-04
"W 2232E-04 T

«Bl46E-05
03171E-05

e 2624E=05"
501989E'05T

-« 1435E=05"

TeB40TE-06
« 0000E+00
«2650E-04

f:24025304

.17955-04

’.9159E 05

W3222E=05
«1360E-05
« 0000E+00
-« 3000E-04 ~

03285E°04
«2318E-04%

.§12995‘04

« 0000E+00
« 0000E+00

.OOOOE+00

 «2637E=04
«1055E=04
S 296%E=05
.« 0000E+00

/

M.OODUE¥Q,Qrt

92w
%

’fff;QbQOEfOfo"
«3368E-05
«3149E-05

e5014E-06
-¢3020E-05
- 4%467E-05"

‘.63225 -05"
“=41051E=04""

- 2a2183E-04 .

oW 32w
3y B33
+0000E+00  —.7550E-06
«8300E=05 . -.91056-06
«1676E-04 T -,7339E=06
«2808E-04 «1933E-05
029395-04 05989E 05
_7#;29505;04“‘ e 1226E=04
. "e2956E-04 - ;.1578E-04
«ﬂ~.2958E -04" ;;.1978E 04
»2956F~ 04“‘“"12216E 04
«2954E-04 « 0000E+00
00000E+00 CIOZQE“Ob
 .;8437E-05 ,,.71525-05
© a1682E=04. . +1164E-05.
«2362E~-04 .2951E ~-05
e 2B45E=04 T ,7610E=05 °
«2B875E-04 «1006E-04
«2776E-04 « CO00E+00
' "<0000E+00 fﬁ“74231£~06
«6821E-05" .81495-06
-..2111E—04 : .2316E-05
.2653E“U§‘“"”T4529E-
«2513E-04 « 0000E+00
«0000E+00 « 0000E+00
«0000E+00 « 0000E+00
«1572E-04 «1205E-05
«2304E-04 « 0000E+00
«0000E+00 « COO0E+00
.I?BWE‘UZ ......... .« UU00E+00D "

.OOOOE+00

0966IE;D
-e9453E-05
«0000E+00

2 2022E=05"
i 014465’05
;.31215-06
=e2758E=05 =

~e9427E-05
—«4106E-05

fff:0000£+00
e 388505-06

05809E°06

“TEITTSES05

-«1611E-05

«0000E+00.

oODOOE*OO

«3192E-06
-«1145E-05

«0000E+00

results of rotatinns and curvatures.

32w
dX3y

« 0000E+00.
2+ 1018E-05.

05314E°05
—« 8604E-05
.94025—05;
—e 1971E+05
461815-05

"'““TBQDIF‘OS”

« 0000E+00
. 0000E+00

'-J“IOIIE-UF'

¢173ZE-05
-« 2764E=05"
J5664E=05
-+ 3756E-05
« COOCE+00

W“DDOOE*OO

.1017E-05
-+1849E-05
=+ 3536F=05"
« COO0E+00
« 0000E+00'

‘01461E-05§
“'12805-05;

« 0000E+00
~+1897E-05

i .DDUUEFUU

.TU?ﬁE*US"
.0000E+00

.....



Table 29 - Deflection at each node of the

mode.

Node  x (cm) ~~ "y (cm) w (cm)

1 1.000 .000 e4645E-04
2 «968 2,500 «3349E-04
3 «866 5.000 -.1836E-05

*"4ff“i1f.368 9, 300““‘“:43705—04
5 7 L1488 };9 890 . —e4319E-04

6 e126. 9920 -.4312E-04
TYOTTTTTL100TT T 9, 950’"‘“:4304E -0%

8 077 9.970 -.4298E-04

9 «045 9.990 —.4292E-04

, 10 '”if“:boo;f 10,000 = 4289E-04
R .11 6 ooo;hsg 2000 . ‘:.2840E—04:
L7120 54000 - 4,000  +8225E-05
13T 3. soo“““” 7500 =.2975E-04
14 10500 9.800 'oélblE-OQ

15 0240 9,990 ~-.4280E-04
16T .1101*{i1021ooﬁ;‘“;4zsie;o4i

) 17 ¢gf ,.000:  710.4005f 041368-04"
18  11.000 000 - <1479E-04
“19° 711,000 7.000 T-.1592E-0%

20 30000 110000 -03638E“04

21 «500 10.500 -.4081E-04
T2 T L0007 0 114500 —.3513E-04
23 18,0000 .000 +0000E+00.

24  18.000 12.000  .0000E+00

25 8,000 15,000  .2768E-05

26 .000 16.000 «1350E-04%

27 18.000 25.000 «0000E+00

28 7 (7.0007°7..725.000 " «0000E+00.
29,000  25.000 . -0000E+00

third lowest compressive buck11ng

Table 30 - Deflection at each node of the
fourth lowest compressive buck-
1ing mode.

Node x (cm) y (cm) w (cm)

1  1.000 T 4000  .1692E-04

2 «968 2500 +9960E-05
3 4866 5.000 —.6444E-05
"§ . 0368 9.300 01260E 04.

:5 0148 90890 : OIOZZE.O4*
6 .126 9.920 ‘—.1oan—O4f

7 «100 9,950 —e9944E-05

8 e 077 9.970 -e9852E-05
9 4045  9.990  -.9760E-05
10 L0600 10.000 =-.9712E-05
11 6.000 2000 - .B983E-05
127 5,000 4,000 -.5389E-06
13 '5;506"j'w“7;5bb“‘“ «1215E=04
14 1.500 9.800 «9776E-05
_}gﬁk «240 9,990 -.9710E-05
16, <110  10.100 -.9221E-05
717 4000 1044000 -,7779E-05
18 . 11.000; 4000 . <3258E-05
19 11.000 @ 7.000 -.5862E-05
20 3.000 11.000 -¢3892E-05
21 . 4500 10,500 -.7229E-05
1522Qm~-_ﬁq000‘ ',110500f' 02455E 05;
.. 237 184000 - 000 .0000E+00f
247 --18.000° 12,000  <0000E+00
25 8,000  15.000  «H5507E-05
26 « 000 16,000 e 94564E-05

_ 27 18,000 25,000 _  .0000E+00
- 28 .- B 7 000 25,000  +O000E+00
29 .000 25.000 '*_.ooooe+oo
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APPENDIX V - NUMERICAL RESULTS FOR THE NARROW VERTICAL ELLIPTICAL CAVITY

Table 31 - Deflection at each node of the low-
est tensile buckling mode.

Node

s
HOOONOWHWN K

-
w N

NN N
W N

e P ok pud
~NOo U &

-
@®

OUN
ov

~N
&

NINVN
O W

N N
O @

x (cm)

18,000
18.000
18.000

18.000 .

11.000
4,000
- «000
11.500
10.400
11.000
10,000
6.000

«000

104400
10100
9.990
9.800
54500

«000.

10.100
10.000
- 94990

9970 "

94950
9.920

9.890

9.300
- 5000

4000

y (cm)
25,000
. 000
6.000
15.000
25.000
25,000
25.000
000
2500
3,000
9.000
14,000

 15.000 -
4000

«110

240

1.500
4,000
6.000
«000
« 000
045

.100

«126
<148

«368

.866
1.000

077

~+2225€-03

w (cm)
. 0000E +00
« 0000E+00
« 0000E+Q0
«0000E+00
« 0000E+00
« 0000E+00
«0000E+00

~.7823E-05
~«1884E-04
- .8089E-05
—e6T44E=05
~.2222E-04,

«3587E-04

‘.1913E’04%
-e2314E-04
-e2462E-04
‘024485*04
\§r89775-04;
«1207E-03!
‘02316E‘04:

-e2459E-04
—+2473E-04
02501E‘041
-+2530E-04,

~+2573E-04
—e2617E-04
‘03567E‘04

-e1439E-03]

Tab]e 32 - Deflection at each node of the
second Towest tensile buckling

Node

mode.

x (cm)
18.000

18.000

18.000
18.000
11.000

4.000

-« 000
11.500

10.400

"11.000

10.000
6000

«000
10.400

10.100
- 94990
9.800
5500

T« 000 " 7
110.100 -
10.000

9 995 -

9.970
9.950

9920 -
.’a f90a90;f?ffw
9300

5.000
« 000

y (cm)
254000
.000
6000

'15.000

25000
25.000

i 25.000°

+000

-0500'

3.000
9.000
14.000

15.000.
-« 000

«110
T 240
1.500
4.000

~=5045
077

«100
s v1
d_0148;

;.368"4 «.91978-06.
" 866
1.000

64000
ﬁ?.OOOQ,_
-,,.000,

w (cm)

«0000E+00
« 0000E+00
«0000E+00
«0000E+00
« 0000E+00
«0000E+00

" «0000E+00

«8219E-07
022725-06
«3770E-06

-« 7806E-07

«2139E-06

«3775E-06

02821E‘06_
«3801E-06
04411E‘06
e9161E-06
09921E-06.

 “«1131E-05
«3993E-06.
«5312E-06"

" e5451E-06
«>742E-06
«6058E-06

*a,.6597E-06

e 7T172E-06

«1608E-05
«1954E-05




Table 33 - Continuation of Table 25, including the results of rotations and curvatures.

Node

VO NCWV S WN

" e
"-
'

|
! -

k)
X

.« 0000E+00
«1874E~05
.1883E-05
«7788E-06

"~ «0000E+00

§ §0000EfO0 R
- «1272E-04
| q1406E‘06
' e1449E-04
+1376E=-04
- ¢ 2030E-04

«0000E+00

« 0000E+00

c7973E'05 

' «1237E-04
«T664E-05

05896E-05
«5516E-05

« 0000E+00

«1410E-04 -

01443E“04
QIQSIE-OQ

| e1464E-04
«1677E-04
 «1496E-04
W1512E-04
 «1821E-04
" «2940E-04
. 0000E+00

W 3W
X7 . xX?

" +«0000E+00 « 0000E+00
«0000E+00 « 0000E+00.
«0000E+00 « 0000E+00
«0000E+00 " +0000E+00
e2440E-06 « 0000E+00
«2369E-05 « 0000E+00
«3016E-05 ~~ " .0000E+00
.0000E+00 -03721E-05
«1181E-05 —.4609E~-05
«1935E-05 -+3203E-05
«1077E-05 -—e1874E-05
«2598E-05 -+1342E-06

" «5636E=05"" <0000E+00
«0000E+00 =.4969E-05
«4086E-06  -.4T770E-05
«9365E-06 -¢5321E-05

- «3017E-05 -«4583E-05
«1007E-04 06266E-06

 «1659E-04 «0000E+00
00000E+00 -048195-05
« 0000E+00 -e9661E-06
«1460E-06 -+3153E-05
oZ2T792E-Q6  -.4511E-05

 +3874E-06 —-.6201E-05

“‘052845'06' .;668535‘05
«6795E~-06 -e5T64E-05
«2408E-05 -.5804E-25
«1548E-04 «4894E-06

 W2328E=04  .0000E+00 -

/

32W
ay

"~ «0000E+00 -

«0000E+00

- «0000€E+00

«0000E+00
«0000E ¢+00
«0000E+00

«0000E+00

«0000E+00
«1683E-05

=«1297E-06

-.2000E-06

- .8339E-07
-=41011E-05
.0000E+00
" «3575E-05
" «3193E=05°

«6872E-06

-«1545E-05
-+4807E-05

+0000E+00
«00COE+00
«3907E-05

~ «9558E-05
- «54BBE-05

«5427E=-05

" «3785E-05
«2132E-05
| ‘06277E‘06
 =29251E-05

92w
oXdy

« 4886E=07"
. 0000E+00
+7707E-07
+1120E-06.

-+2103E-06
-+ 3696E-06

.900005*00
+« 0000E+00

-.1321E-05
-+ T913E-06
-+ (584E-06
-+9330E-06
~ =+ 0000E +00:
+ «0000E+00:
‘08975E+06
-¢9239E-06
‘013§2E:ﬂ5_
-+ 2460E-05

« O000E+00
« 0000E+00
+0000E+00
.1516E—05

TS T481E-06
~ «3032E-06
,“5.3LIZE506
T = 1213E-=05
-¢2204E-05
-+ 3216E-05
" "« 0000E¥00




Table 34 - Deflection at each node of the
third lowest tensile buckling mode.

Node

11
12

- 13
14
15

17
18

19

- - |
QOO S Wy -

-—

: ‘21.
- 29

23
24

S 25_ ... .__
26 -

27

28 -

29

x (cm)

18.000

©18.000
184000

18,000

11.000
4,000

 «000

11.500

10,400
11,000

10.000
6.000

T 7000 T
104400
104100
9. 990-_ ememrt e e

9.800
5500

"7 .000

10,100
~10. 000

9, 990"

9.970
9.950

9.920 T
 jw9‘89ofijf'_
:_9;300i£ fm?
5000

«000

y (cm)

25.000
«000

6.000
15,000
25.000
25.000

25.000

4000

.500;1
“34000

9.000
14,000

15.000
. «000
T e110
2240

1.500
4.000

- 6.000"
f;.OOO

%000

C 045 -

077
«100

126 -
(368  
866

1.000

w (cm)

« 0000E+00

 «0000E+00

«0000E+00
« 0000E+00
« 0000E+00
«0000E+00
«0000E+00
-¢3565E-05

‘«4301E-05

-¢3992E-05

’03846E’05

«6490E-05

"e1341E-04
«4633E-05
 «7787E-05
- «8952E-05

08156E-05

.04186E‘04
T 2735€-04
.3ff07812E‘05

. +8969E-05

«9084E-05
«9314E-05
«9547E-05

. «9902E-05
5[010265*04
«1812E-04
+644BE-04

«2763E-05

- SR
O VBNV HWN M

1J$4hq o
{

197
20
s
oy
.23

Table 35 - Deflection at each node of the
fourth Towest tensile buckling

mode.

Node

-
N

‘ .

. . I tae B
' 6

1

]

17
18

24

;ﬂu26? ,
21
‘wpze,

29

x (cm)

18,000
18. OOO’“fj

18.000

11,000

4.000

184000

.0005

11,000
10.000
6.000

9.800
5500

9.970
9.950

94920
" 9e 8907 T

~ 11.500
10.400

TTUTL0000
10400
© 104100
9990

94300
J.3000
- «000

-y (cm)

154000
.__~0000f‘g
L1110 -
T 0240 T -

-_—

25.000
25.000

7254000
;';QOOOﬂ

| 0500
3,000
9,000
14,000

1.500
4,000

,,'.QOOTffI’b 000 "
10.100?f}f_
10, 000

L 92990 IR _.; U‘fy e

.OOO
. 000"

077
«100

866
1. 000

0000)“
" 6.000
15,000

T?,lei;;
| 143595
.368ﬂ

w (cm)”

254,000 "7 "L 0000E+00
~ «0000E+00
'« 0000E+00
«0000E+00°

«0000E+00
«0000E +00

 "20000E+00
 ¢4400Ef05
-+3023E-05
" «9253E-05

«6625E-05
-¢3487E-05
-e (4 T76E-05.
-.3295E-05
060475-053
= T054E-05"

-+6829E-05

-+¢1969E-04%
.12365-04;
obOﬁ?E‘OS;

-+7060E-05"

-~ T159E=05"
-« 7359E-05
-« 7561E-05

- 7867E=05"

oﬂl?ﬁE‘OSé
=a1444E-04"
=%19B9E=-06"
-«1998E-04
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Table 36 - Deflection at each node of the

Node

i

1
2
3

O ®~No WU

lTowest compressive buckling mode.

x (cm) y (cm) w (cm)
18,000  25.000 «0000E+00
18.000 « 000 «0000E+00
'18;000'f“"f67000”'“'§0000E¥00'
18.000 ' 15.000  .0000E+00
11.000 25.000 +«0000E+00
4,000  25.000 «0000E+00
«000 25.000 «0000E+00
11.500 « 000 -+1064E-03
10;400""“””’:500f”f¥11220E-03"
. 11.000 3,000 . —,1183E-03
10,000 - 9.000  -.1522E-03
T 65,000 < T14.000 =-+e1950E-03
« 000 15.000 -—«2113E-03
10.400 .000 -OIZIBE-O3
10‘1001§ff~_;1IOf;[f;IZSBEéO3‘
94 qqo,;;_,:,zqo;g‘_,12735é03'
94800 1. 500 . -.,1318E-03-
5,500 T4.,000 ' -.1903E=03"
0000 60000 702214E-03
10.100 000 -.1258E-03
10, 000" ~ 000 - +1270E-03
9. 990?:':;50045ﬁ1: 01272E 03}
9,970 - L0077 - .1274E-O3f
9,950 T TLI00  =.1277E-03
9.920 126 ‘012815’03
: 9.890 . 0148. ‘11285E-03
: 19;3007T f“7.368ffﬂ -%1361E-03
 ,* 5;000”‘;" ;866f{7 .1822E-03_
4000 1,000 =-+2003E-03

Table 37 - Deflection at each node of the
second Towest compressive buck-

Node

Q@NO VS WN

1ing mode.
x (cm) y (cm) w (cm)

18.000 - 25.000 «0000E+00
18,000 «000 «0000E+00
18,000 ~ 6.0000 ~ .0000E+00

| 185000; '150000 . OOOOOE*OO‘
11.000  25.000 «0CO0E+00
44,000 = 25.000 «0000E+00
000 25.000 «0000E+00
11.500 « 000 «2132E-03
104400 3500 7T #2447E=03
© 11.000 3.000 . .2081E-03
- 106000 QQOOOV '01315E;03'
" 5000 144000 = ~ <T998BE=0%
« 000 '15 000 e 7321E-04%
10.400 «000 - «2456E-03
10.T00 T 4110 T Te2546E=03
94990 - .240 *_.2575E-03’
© 9.800  1.500 «2531E-03

- 53500 4,000 T 42724E-03
«000 6,000 «2449E-03
10100 «000 «2547E-03
10,000~ .000  42578E-03
94990 .,.045 ._.2580E-03;
94970 - <077 1 .2586E-03
9950 T 100 e2592E-03
9.920 «126 «2600E-03
9,890 148 «2609E-03
794300 - T w368 7 .2764E-037
'*175 000;‘17 »866-.  +3423E-03.
" «000 1,000 «3583E-03
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Table 38 - Continuation of Table 29, including the results of rotations and curvatures.

Nbde

— p—

NN PN S et b e s e g E
u1q;unohécnocq~qosUnbtunok-OHOCD~Joﬁm;buqnn~

N N
~No

oW oW
X ay

'« 0000E+00 «0000E+00
 «1705E-04 «0000E+00
<1898E-04 "~ JOO00E+00
- +1917E-04 = .0000E+00
'« 0000E+00 .1649E-04
"«0000E+00"  +2585E-04

' «0000E+00 «2713E-04

' «1471E-04 «0000E+00

o I356E=04" = BO9GE-06
«1525E-04 -.2813E-05
+1604E-04 —=,1747E-05
"e9199E-05 ~ J6641E=-05
+0000E+00 «1053E-04

' «1332E-04 «0000E+00
«1292E=04 77 -.3031E=06"
«1290E-04. =.7154E=06
' «1360E-04 -,2229E-05
 eB598E=05"""~=,4623E=05"
- +0000E+00 -,4225E-05
' 0 1287E~-04 «0000E+00
+1272E-04:""-T0000E+00 "~
0 1270E=04" - =,1719E-06 " -
+1268E=-04 ° =,3146E-06
e1267E=04  =,4192E-06
0 1265E-04 -.5469E-06
«1264E-04 -.6631E-06
¢ 1232E=04. " =.1695E=05
| «7893E-05 - -=e3114E-05
;.ooooe+oou” ,365&5705 9

?~;0000E+00

92w 9w - 3%w
axz oY% XY
«0000E+00 «0000E+00 -e2646E-05
« 0000E+00 «0000E+00 « 0O000E+00
"« 0000E+00 «0000E+00 - +9193E-06~ "
+0000E+00 «0000E+00 ~e 1392E- 06ff
« 0000E+00 «0000E+00 | -+1852E~- 05
-+« 0000E+00 «0000E+00 =,7405E-06"
« 0000E+00 «0000E+00 « 0000E+00
«9973E-06 «0000E+00 « 0000E+00
"V 1108E=05 4.1219E;O5""f'.85205-06‘“‘
«8204E-06 —«b60B3E-06 = +4403E-06"
" 21297E-05 «8823E-06 0126ZE 06
«1626E-05 " e2382E=05 " -.2794%E- 06""~
« 0000E+00 «2524E-05 « 0000E+00
«1526E-05 «0000E+00 , «0000E+00
 51610E-05" ‘-.25595%05f“ j;87765~0”i]
41276E-05  —.1870E-05 . 1079E=05
+9843E-06 . =e8924E-06 :f‘4605E“06
«1843E-05  -=.3174E-06 ~~+1632E= 06*“
« 0000E+00 -«4505E-06 « 0O000E+00
«1933E-05 «0000E+00 « 0000E+00
Te7259E-06 7 JOO00E+00 " ~ s 0000E+007"
"e1810E-05 =.3750E-05 =~ +5314E- -06.
. «1785E-05  =-.3839E- 05f7 ‘b1l28E“05
+1989E-05 ~~ =.3387E=05 "~ +1365E=05""
«1852E-05 -e2911E-05 .1656E705k
«1436E-05 -e«15C0E-05 «1625E-05
" «1003E- 05" - .4515E-Oﬁf7””094515 06"
Q”-lebE 05 -+5584E-06 .1705E-Ob”f:"
084415 06 G 00000E+00 '




Table 39 - Deflection at each node of the
third Towest compressive buckling

mode.

Node x (cm), y (cm) w (cm)
1 18.000 25000 «0000E+00
z 18.000 . 000 « 0000E+00
377 18.000 " "6,000 " .0000E+00"
4 18.000 5,15 000" = .0000E+00
5 11 000~ 25, ooogau;.ooooe+oo
6 4,000 253000 " 20000E+00°
7 « 000 25,000 «0000E+00
8  11.500 e000 -.1145E-04
9 T I0.400° “"?*ZSQO}ii..llazs -04"
"'610 114000  .3.000  +3171E-05
11 . 10,000 . 9,000 . c44TH6E~-04%
";12’””"”6 000 " 14,000° ““21345E=04
13 «000 15.000 =-.2226E-05
.14 10.400 «000 =-.1229E-04%
o Isv. 10 100 ‘“ﬂ““:lla“““ "e1270E-04
?"16 9 990 i 4240 =41261E-04
17 9.800 12500 . —+5906E-05
‘”‘18‘“‘" 54 500“* "“4;000**“_.33985 04"
19 «000 6.000 - .5336E-04
- 20 10.100 e 000 -.1275E-04%
*”“21”*' 10 000 = 7 - SJ000 " =.1296E=04"
22294990 “e;045117 «1297E-04"
23 094970 077 =.1298E-04"
24 ““‘“9 950"**“1100“"“ «1299E-04
25 9,920 e126 -,1300E-04
26 - 9.890 148 -.1301E-04
By ““““9.300 T 93687 =41246E-04
28 5.000 w;abba;f_.7721e—05
29 - «000 .1.000 .1981E-04

Table 40 - Deflection at each node of the
fourth Towest compressive buck-

1ing mode.

Node

x\(cm)

18.000

18.000
18.000

18.000
11.000

44000

«000
11.500

10,400

11.000

10,000
" 64000 -

«000
10.400

10.100°

9.990
9.800

2500

«000
10.100

710,000

9.990

9.970 

9.950
9.920

9.890

94300
54000

«000

—

y (cm)

25,000

+ 000

T 6000
4'15q000 f;
25,000

- 25.000

25.000
« 000
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