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- ABSTRACT

Leontief inbut=output models having utility in studies of

national and regional economics are reviewed for application to ac- // ﬂw

Counting and resource allocation in a single firm. 1In particular, the

derivation from industrial accounts of technology coefficients which

are essential to such models is considered from the viewpoints of

(1) the appropriateness of underlying assumptions in the single

"industry environment, and (2) the means of aoquirtng these coeffici-
ents from industrial accounts,

Fundamental accounts reasonably satisfying the homogeneous re-
quirements are identified. A translation from the 1nduéf;ial -
accounting basis to model' format is giveﬁ including,%grtial treatment

e
for multiple outputs. The basic assumption that inputs equal outbutsl

" for a given period is relieved by formulation of a dynamic model

treating process delays. The dynamic model formulated is a structural

containing a stock-flow ratio, but no lags. The significance of this
~model 1é_thatfindustria1 resource al;ocation‘might be accommodated
utilizing availableAaccounting and production control.measures.
Applications involving the replacement of traditional double
entry, T-Account representations by a transactions matrix are con-
i

ceptualized. Conclusions and recommendations for continued study are

~given. = . h L

e e ey iemeeei a m e Ape s e nas
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INTRODUCTION

) /M. . - U4
i

- | | Statement of the Problem

Inc'reasing emphasis is being placed on centralized resource
‘management within the indus,tri%gl firm. Such emphasis is a logical |

consequence of (1) larger, more complex product with associated rapid

tors T r L Ty A Y R
S S S

obsolescence, and (2) current feasibility of systems optimization

"planning made possible by advances in‘irifo“rmation processing and

communication. The means of accomplishing optimum (or near optimum)

&

resource allocation are suggested in the recent development of linear

programming, and more geheral mathema,tical prdgramming models.

"

Two problems seem to have limited the application df nathemat\ical

programming to large and complex structures such as industrial firms -

| _ &
(1) the number of variables and equations or inequations required for

an adequate model are excessive with respect to computational capa-

bilities, and (2) the acquisition of process measurements or para-

y

meters has been inadequately_wresolved. The problem of acquiring
process measurements and paraﬁneters which might be uséd' 'in‘resource .
allocatioﬁ models is thé cenfral problem for this thésis. The centrafl
probiem is developed Within the context of Leontief in‘put—output con-
ceptswhich'include considerations for aggregative or consolidated
/, o treatment of accc;unts suggesting relief for the number of variables
and equations ~or»~»~ineduétions normally encountered in méth'em;tfical "‘pf'r‘dg-t
‘graiﬁming foﬁnﬁla-tibﬁ‘s‘ . .The Hsearch .fc;r .‘ar; approach to ‘the 'probleni’ ofi_

«

resource allocation wifhi‘n a largé industrial firm has led the author




Furthermore, these models include a basic consideration of

i‘,

n

; |
both of the Problems inhibiting applicatio

of mathematical pPprogramming
~ through prineiples of:

(1) An accounting transaction matrix

(2)

An account consolidation schenme,

(3) A set of process flow

parameters known as
coefficients, "1 |

"technology

.These principles’hold for the Leontief statical model. The

Leontief dynamic model extends thié list by addition of a stock-flow
ratio. Dorfman, Samuelson,

and Solow in (9) have shown that the

1"Technology coefficients"
relating outputs of a technical
coefficients,'

See Appendix,
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» and such that the total
.. . . 8et is representative of the total’

economy. By réasonably homogeneoys -

We mean that the Products included ip one of

these accounts have

:Easonablywidenticél‘input requifements pef dollar of Qufput.. In
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”addition‘the.numberwof such accounts must be within the bounds of

feasible computer proceSSingi,;The’aVailability of such a set is not
to be taken for granted. 1In Chapter III, review of a partlcular firm,
the‘Western Electrlc Company suggests that sub-classifications to the
general ledger work-in-process account do reasonably‘represent the
totaf economy based on the practice of allocating burden (assignment
of overhead as non-base and allowance on base hours w1th1n standard

costlng, plus 1nclus1ons in hourly rate), and that a specialized class

and that the number of such accounts is not'excessive.

The model further assumes what the econonist refers to as con-
stant'returns to scale, that is, homogeneity of degree one of a
production function (See Appendix). Since the firm nnder consider-.m
ation utilizes a standard cost accounting system in which set-up
charges are included in the standard cost computation it appears
reasonable to accept this assumption as it is one used effectively in
cnrrent planning. Under homogeneity of degree one, if we double out-

put we double all inputs. If we reduce output to any fracti onal

level, we reduce all inputs by like fraction. ‘Set-up costs are in-

cluded in standard costs for a given productlon ratei‘Proéided this
rate is maintaLned, assumption of a linear relation through zero is
sagisfactory. If the rate changes the nonhlinearbportions}shows up
as a volume variance 1n an assocrated var1ance account When a |

~

volume varlance becomes 31gn1f1cant 1t is common practlce to recompute

G

" - \
the standard at the new rate (add average var1ance) Provided that

C o e e e ———
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standard oosts'are recompuf%d with sufficient frequency or, that
transactions measured are standard cost plus variation the assumption
will hold. This is not to say that this may not be a problem for

further consideration but more critical problems exist in the follow-

~ 1ing areas which represent the primary contribution of this thesis,

The third assumption is that of a single form of output for a

given account. 1In Chapter IV a formulation based on the set of

- K-Orders accounts selected reveals the multiple nature of outputs

occurring, and proposes a means by which one of these, scCrap outputs,

might be resolved; and the second of three such outputs, inventory

'variation, might be minimized in its effect. The effect of investment

-variation (which equates to inventory variation in industrial ac-

counting) is well known and is the subject of Leontief's more general
dynamlc model contained in (27), and Hubble and Ekey s model in (22).
Adaptation of these models to the model evolved herein 1s left for
further study.

The‘twofremaining assumptions-—thatinputs equal outputs for a

given period, and that no process delays~occur--are related assump—'t'




and Homer in (20) but w1th the sStronger requlrement for periods

R longer than a 31ngle day and additional need for a cost dlstribution.'
e The overall objective is to develop an approach to the problem
% of central resource aliocation 1n an industrial firm that is, to
% distribute a future periods demand for multiple product over a set'off
- ¥ | accounts representing resources of labor,'materialé andvintermediate
products in such a manner as to take into“coosiderattonathe iimited
- g 1 o . capacity of individual activities:represented by t he accounts involVing
. a displacement in time. ’In»Chapter VI, eystems application eXtended
’ to an accountlng system de51gn accountang language development and
report generatlon is considered. | s
| " In Chapter VII conclusions of the Stuﬁy are enumerated with
§ suggested areas for continuingfetpdy;
§
%
» |
- L ]
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_ CHAPTER II -

THE LEONTIEF STATICAL INPUT-OUTPUT MODEL

Accouhting Basis

B | "The conceptual basis of the subéequent statistical analysis
‘. is rather simple. The economic activity of the whole country
is visualized as if covered by one huge accounting system.
Not only all branches of industry, agriculture, and transpor-
tatioh, but also the individual budgets of all private persons
», are supposed to be included within the system. Each business
'enterprise as well as each individual household is treated as
a separate accounting unit. A complete bookkeeping system
consists of a large number of different types of accounts,
For our particular purpose, however, only one is important:-
the expenditure and revenue account. It registers on the
- Credit side the outflow of goods and services from the enter-
Prise or household (which corresponds to total receipts or |
sales) and on the debit side the acquisition of goods or
services by the particular enterprise or household (corres-
ponding to its total outlays). In other words, such an
account descripes the flow of commodities and services as it
enters the given enterprise or household at one end and -
leaves it at the other. 1In contrast to g balance sheet, this
type of account is not related to a single‘instant but rather
to a period of time, say a year, a month, a week." ’

transactions for one period of time. Unlike the conventional T-

t account representation with debits on the left of the T and crgdits.on'
W | : ‘ . S ‘ . :

its right, and where for each credit there is an associated debit
(double entry) in another Téaccount;_this¢is a single entry record

where the debited acéount.is read from the row, the'Creditéd_account

- : N

&

. f — s - s e —
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read'from the colsnn. Each account ‘from the total set of acoounts is
represented by a row and a column, Tne matrix which he describes is
theoretical in the sense that accounts are considered for each.
| | .
individual household and each business enterprise. Sinoe'his con-
‘ception was that all acconnts»Were‘to be represented with no external
demands to be made on this system of accounts, this model was said}tgp
be ciosed. In subsequent development,'he represented the household ss
é demand seotor also supplying labor input,‘giving riseuto an open, or
exogenousiy determined model which willlbe considered in this article,
Since suoh a theoretical model is totally infeasible due to the
jenormous-number of accounts to be represented, he proceeds with the
‘de%elopment of a consolidation scheme by which two or more eccounts
might be summed by addition of their corresponding row and column
entries which would yield for the first time entries on the matrix
~diagonal (representing internal transsetigng?yjthin the consolidateéi
accounts; there would be no internsi transactions on the fundamental
accounts theorized). He proceeds to show that internal transactions
oi alconsolidated'account might be eliminated by"reduction of cor-

responding row and column totals yielding a net basis for transactions.

Given a consolidated transactions matrix of this type, and under
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nology matrix becomes useful in_eStimating the transactions which - -
would occur in the set of accounts under alternate external demand

requirements. - S

Related Models and Studies

In addition to the original statical closed model formulated in

- (26), varibus adaptations includiﬁg the statical open model, énd

dynamic models appear in'(4), (5)2'(9), (13), (14), (15), (21),.(22);

'(27). These adaptations have in common with the origingl model the

‘determinafion of a matrix of technology coefficients as flow pérameters.

- 0f particular Significance are Rosenblatt'sl"On Somé‘Aspects of Models
oy

- of Complex Behavioral Systems” (30), Hubble and Ekey's consideration

of‘"The Appiication of Inpﬁf-Output Theory to Industrial Plahning'and'

Forecasting" (22), Charnes, Cooper, and Ijiri's "Breakeven Budgeting

and Pregramming to Goals" (5), and the critical treatment given to the

-~ model by Dorfman, Samuelson, and Solow in "Linear Programming and

It

Economic Analysis' in (9).
Hubble and Ekey note the significant problem of translating a set

of industrial accounts into Leontief equivalents (while treating
' \

burden distribution via the model). Dorfman, Samuelson, and Solow
review the problems of the statical assumption. Charnes, Cooper, and
Ijiri review possible industrial extensions of the model under goal

programming.
) §

We are concerned here with the-assumpfions‘ﬁdderlying the

' development,of technology coefficients. These may be‘brought-Out by

reviéw of the developmént of the statical Leontief mddel.

L N\‘é . . N
& N

R
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,Fdrmulationv_

We consider a set of n fundamental Léontieflaccounts,representing

W'a closed economy (no external'inputs or outputs). The cumulative

transactions in such a economy over a gi&en period of time might be

§ D recorded in a transactions tableau as illustrated in Figure 1.
. | " | _

Outputs (Credits)

1 2 3 4 . .7 n Total
1 o Fi12 *13 *i¢ . . Fmmn g
? . - . =1%1j
L ; | 2 21 o  *23 *24 ., . 2n e
: “ X
. - | | Jj=1 23
Inputs 3  *31  X32 0 ¥3¢ ., . *3n <
- (Debits) e - | nj=1 3j
| | 4 Xa1 %42 X43 o . . *an 4
7 | | j=1%4j
' ] . . . . 5 . X .
R < xv | ' ‘ s
n nl Xn2  “n3 . . . 0 X
| 3 ; | =1"nj
n n n n 4
= .= = s
Total 1=1%il j=3¥i2 j_;¥i3 ~ j=1%in

g -

: 1.~VFiguré’l.Fundamental Closed Accounting Transactions Tableau

Since this set of accounts is considered to belfundamental, no trans-
i actions are recorded for xij, i=j. Sincé a fundamehtal level of ’
accounts exists by definition only, we may consider the effect'of'a

‘lesser number of accounts obtain_ed by consolidation, that is, we may

hypothesize a fundamental set, then successively consdlidate such a'

LS

.~ set to consider the effect of measurements where the true fundamentalﬁ_

-

. set is not subject to measurement. Consider the case were accounts

2 énd3‘ar63t0“bé‘con901%dated from the trangactions data. The new

.
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tableau'WOuldsbe that of'Figure 2, where corresponding*row.and‘column

entries are simply added . -
- Outputs (Credits)

1 | 2&3 4 . . n Total
- _ . . | Zn. i
X X ~ X
1 0 1?4- 13 14 1n 3=1 &3
283  *214%31  X324%33  X24,%34 - 2n+*an 3%1"23'-333
| 4 X41 %424%43 0 | X4n Z X, 5
Inputs | | - j=14J
{Debits) . ~ ., S,
- : n
n Xn1 xn2+xn3 Xh4 A 0 Ex .
" ‘ : | i=1 nJ
| n n o n
Total 2 Xj] Z Xj24Xi3 2 X34 = X
i=1 i=1 - i=1 i=1

Figure 2, Consolidated Gross Tableau
In this tableau we measure the internal.transactions of the combined
account as .2 gross amount and we consider the tableau a gross trans-
action representatlon.
‘ A net transaction representatlon might be obtained by e11minat1ng

the diagonal entry, subtracting 1t from its row and its column,

By success1ve consolloatlons one mlgpt group the initial sét of
fundamental accounts 1nto.sec¢brs*whlch maght represent various in-

v

dustrial sectors, household sectors, or governmeng sectors as in

Leontief studies. Limitations on accounts which may be consolldated

in this manner will appear 1n the subsequent develog%gnt of the model

&
-

however.

~

Consider, however, that we have obtalned a netted out consolidated

| array in Wthh one of the sectors represents households such house~,

e
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holds also supplying labor inputs into this system. We may represegZN

households as an external demand on the system, returning

an equiv-

~alent amount of labor as shown,in_Figure 3, in which the economy is

represented by two internal sectors and the households as

demand sector.

\

- Inputs (Debits)
Households Total Outputs
,xl2+Yl

. xglf"Yz

%011 %02=

S ®p1tX21 XpptXi1z  Yit¥
Figure 3. Demand Sector Representation

It is clear that total outputs are equal to total inputs,

an external

$

and that we

assume that Households make no demands on labor. We may write a

system of linear equations on this structure, replacing the'Total

Outputs with the equivalént notation
X192 4+ Y1 -
*21 + Y2
*01 + %o2=
First we wispto‘show that the third equation is dependent

under assumption that: o - N
%01+ ¥21 = %12 4 Y

X12 + X02 = *21 4+ Y2
*01 + ¥02 + *12 4 ¥31 = ¥12 + X21 4 Y1-4 Y2

nBy'addition;\

or, - *01 «

‘We have
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That is, the last expression is a linear combination of the first

- two equation and therefore dependent, Thus the first two equa-

L tions represent the system and this gives rise to the Leontief open

model with the last equation eliminated. The development is as

follows.

We may consider a system of accounts in which the transactions

for a given period are recorded as in Figure 4 where it is can-

§

in view of ultimate industrial use possibilities.

venient to con31der Producing departments and consuming departments

Consuming Departments . External Total

1 2 3 ‘ . J . - n  Demand Output
Producing 1 1 X
Departments 2 o RS X5
i *ij Yy Xy
n n Xn

- Figure 4, Accounting Transactions Tableau

Given that transactions might be cumulatively recorded in this manner,

1ncluding:the‘external trénsactions Yi (Xi is simply their sum) we

Wish to develop'a model Permitting determination of the xi for various

demand sets, Y. The recorded transaetions may be written in linear .

equations: ‘

- 21+ Xz - f23 - ..., Fyp oY

‘c o .;.Y
xnl xn? - xn3 U S S .+,xn =

" For convenienee the total outputs xoi‘, hav.e been Placed in the %
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diagonal openings (made possible by the fact that xij = 0 for 1 = j)

retaining a square matrix.

We may define an input-output coefficient, aij’ as follows:

V.5 ' _ / ¢ . a

ST iy 413 Lod
. :

N
.

The aij represent the input of account i for one unit of output of
3 Dot

account j, Xj being the total output of account j. Then:

X, . a.. X.
13 = ijJ 7J

N

Substituting the expression for the_xij we obtain:

| -a X
1-%2% - -8 X v

L]

X

"X, X3 . “22nfn = Y2

~ - e . . ° . . . . ° . o o ° ° . ° ° . '

—a lxl-anZXZ = e e e . T Xn = Yn

matrix of input-output coefficients, the equivalent matrix represen-

tation is: (I-A)X=Y
Provided that the Leontlef matrlx (I - A) has anvihverse:
= (I -4 Y

'This last equation might be used. for determinlng the set of trans—

_.} o ’actions X, resulting from a given demand set Y, prOVide that the_f

. assumptlons of the model hold

Y
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Assumptions Relevant to Coefficient Determination

We now wish to review these assumptions ‘as they are implicit in

use of the model, and constitute its limitations.

(1) We.have assumed that the total inputs to an aecount are

(2)

(3)

(4)

(5)

*of,.totalginputs

equal to its total output, thus:

. n
1=11ij = =1xiJ +'Yi
_ n
and T Yi = Xi - =1xij
n .
< X X
therefore, o1 ij = §

total outputs
This requires that investment or inventory remains stable
during the period treated or that it be incorporated within

elements of demand veetor.»

C.}!}

We have assumed that all inputs will vary linearly with

output, since: ®ij = i3 XJ

o N -

L 1f X3 = 0, then *ij = 0.

This is'inconsistent with any fixedcharges;$f production

such as set-up charges. The economist notes this as constant

‘returns to scale, or equivalently, homogeneitydgf degree one.
. | n |

We have assumed that the~xij_f0r i= j'é;e indeed zero, that
S
is, are capable of elimination.

We have assumed a single form of external demand (house- .

holds in Leontief's application, which return an equivalent

'amount of labor).

-We have assumed no process delays.

Consider a process where'two.intermediaté productsﬂsupply a

L
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single final product as shown by Figure 5, where activity
v : S .:lnte@'val,&/are equal multiples of accounting intérvals.

t-2 t-1 t t+1

Figure 5 Process Delay
The demand, l)3, is that demand for a single period. Inputs
from the first ;i.nte”rmediate process occur over one interval
immediately preceeding demand . “I’nputs’ from the second

intermediate process are ac¢cumulated over two periods in this

D
instance. Provided that 3 is stable over several months
t ) |
it is clear that the sum of ~23 s for a single period
(there will be two of them) will yield a correct measurement.

If the demand is not stable we are constrained to use a

dynamic model ‘treating the associated delays.

The first assumption with the resultant assumption of stable

—

inventory has been approached by the Leontief dynamic model (26), (9),

which creates a separate matrix for investment variation, and by

Hubble and Ekey in (22). We retain this assumption throumgh discussion
cOntained in subseqnent chapters III, IV, w'an.d V suggesting its dinclu-
sion by extension of the dynamic .mo‘del given in Chapter V in further
studies. The assumption of linear depencb.nce (homogeneit'y of degree
one of a production fun‘ct'ion) is a normal one; fof standard ccst
accounting 'prccesSes a,ndwi'll_ be e:),c:cep't(-:"d‘~ :on:this basifs'.‘.' o

The assumption that xi,j for i = J is zerc constifutes the fifst e

major aspéct of the problem‘of' -determining appfopriate technclogy
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coefficients from industrial accounts., It ma& be resolved by

selection of a set of reasonably homogeneous fundamental industrial
E : :'accounts. For such accounts the elimination process of Leontief is

| P
automatically incorporated. This is the subject of Chapter III.

P " The assumption of a single form of external demand is related to

=5

the problem of translating a set of industrial accounts into equiva-

lent Leontief accounts and tableau. It constitutes the second problem
.of determining appropriate technology coefficientswfrom industrial

accounts. A means of performing this translation and reconciling

difficulty is reviewed in Chapter 1V.

The assumption of no process‘%elay.is a third aspect of the
‘prdblem of determining appropriate technology coefficients from
| indﬁstrial accounts., It is a major problem which requires dynamic

adaptatign of the model. Such adaptation is reviewed in Chapter V

et e e e ot b e e o

under the .specialized condition of unilateral flow (that is, for xij

and given i and j, ¥ji = 0),

RRRP e s
a0 . B
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' CHAPTER III o f

\\/

ESTABLISHMENT OF FUNDAMENTAL ACCOUNTS N

Structive Analysis of One Firm .

In application of Leontief's models, the economy to be repre-

- 8ented is studied structurally by sector so that consolldations, or

aggregatlons as they are called, represent reasonably homogeneous

groupings having a like} technology", or set of input-output coeffici-

“ents. Aggregations within a firm might be expected to occur around

logical groupings within the management structure or product structure
heirarchy. A set of accounts might be\definedat.various levels of
this heirarchy in accord with the analysis sought, and furthermore,
the number of such accounts should be within the feasible bounds of

efficient computer Processing. Finally, it is essential to determine

- a level for such accounts within the heirarohy in which the accounts

are sufficientiy homogeneous to permit a check of the reasonableness

~of the assumptions. For these purposes, a review of the organizationalj'

structure of the Western Electric Company was undertaken to determine

in what manner a model might be developed.

The firm under con31deratlon is a wholly owned subs1d1ary of the

"-1mmediate study

AT&T Corporatlon Western Electric Co., Inc. - the manufacturing and

_supply arm of, the Bell System, with add1tiona1 respon51b111t1es for

serv1ces to telephone companies. Its organizational structure is

. undergoing change around regions, and around product centers ; how- |

~ever, the prlor status organlzatlon is be11eved to be adequate for the

PO st

SEET
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- The company has been managed through an exeeutive.policy
committee inclusive of nine vice-presidents representing the nine
divisions of the’company, the thence through some 100 administrative
officers and aSSistants including the managers at varieus locations.

The levels of supervision have been Chief Executive Officer,

. Executive Officer, Administrative Officer, Assistant Administrative

B B B Y X M S YN T B v o Sk X T
. .

Officer, Superintendent, Assistant Superintendent, Department Chief,
and Section Chief, embracing both line and staff functions. The
Superintendent level is the fourth level of management and includes

managers of distribution houses, installation areas, manufacturing

shops, as well as certain staff managers. The Superintendent is the

chief manager except at various major works.

The major divisions have been:

Manufacturing * Legai & Patent
,'»Serviee | g_ : . Finance
Administration Personnel and Public Relations
! | ; ) Engineering Organizational Planning i

. Defense Activities )
g | \ . While aggregate,sectors, as accounts; under the process of reorgani-
zation might be expected to encompass all or most of these divisions,
the primary concern of this article is for that area known as Manu-
facturing, representing 63% (approxinmtely) of the people in the firm.

»1;ﬁ J'@P' Subsequent consideration of Service and Defence Activities would

represent 95% of the people in this system. . . . ... ..

L U N O rv’ I

The Manufacturing D1v131on% as the flrst subset under consider-twdww;ﬂﬁ,_w,;.(

—— - . R i

ation, manufactures roughly 50 OOO items ranging from semi-conductors,;'
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manufacturing diviSion:maintains on approVal of headquarters a set of

.7“j‘of plant, accounts, current assets deferred assets, accounts payable

21

(transistors, diodes, etc.), switches, and relays at the Allentown

'Works, Allentown, Pennsylvania to central office switching equipment

at the Hawthorne Works, Chicago, Illinois. There are 11 of these

majorsworks locations plus associated plants in three manufacturing

‘regional areas.

A cursory review of organization numbers and functions as con-

tained in the company's telephone directory suggests that products

account sectors, with an approXimate»BO% addition for non-line sectors.
Thf lower 1level of aggregation is significant to the eventual use of

a resulting matrix. Matrices up to 450 x 450 have been treated in the
federal governments PARM system (33), where the matrices are pre-
dominantly right upper triangular, and,anydentries below the diagonal
are treated by an approximation techniquet

For purposes of this study a selective study has been made of

one subset to the manufacturing division, that is one works location.

It ig)anticipated that if a satisfactory model can 'be generated for
this works location, one might assume that a similar procedure might

be used for other works.,

Accounting Structure Relationship

From an accounting viewpoint, each works 1location within the

e~

igeneral 1edger.accounts. These accounts include the normal subsets
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labor, cash recievals, and work-in-process, profit and loss, and
operating variation: Standard and variance cost accounts are main-
tained almost exclusively. Within the sccounting system we are
primarily concerned with the work-in-process account,-and cost sub--
classifications thereof which may represent an Operating or line
department. 'Such accounts are believed representative of the total

economy since service or non-line operations are loaded onto standard

.costs accounted for in such accounts. i

The works location selected for study produces a most fundamental
product set (diodes, trans1stors-components) and therefore should

permit a reasonable check on the model. There are at this location

&

qroughly 27 operating or line departments of interest. It has been

found convenient at this locatlon to generate as subclasses to the
work-in—process account approximately 41 merchandise or K-Orders

representing developed product groupings. Incoming orders are assigned

to these K-Orders under the criterion:

- | 1. Like configuration. A

®

: o 2, Similar stage of development.

3. Similar process requirements around work
. . centers. ‘

These criteria should adequately provide for the homogeneous require-.
ments of Leontief aggregation groups. It should be noted that in

addition to the K-Orders, there are a group of some 200 so-called’

]

direct orders wh1ch represent for the most part work which 1is continu- .

1ng to undergo development in conJunction with the design group

r

”fSince these orders d not const1tute a large amount, of the net shop'

- xq-
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output, they are excluded from consideration here,

The existence of K

-

basis for study. and development.

-Orders provides in thig instance an empirical

They represent the total economy

Provided that they exist we may reasonably assume that xij

= J are equal to zero by prior elimination, by definition in

this instance, thus resolving the first problem of'establiahing

o
coefficients,
.
T . L
- - P .
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CHAPTER IV

SRR R

TRANSLATION OF INDUSTRIAL "ACCOUNTS INTO MODEL FORM

We now consider the problem of~translafing industrial accounts

into Leontief statical open form, including the problém of multiple

. I - _ _ P * T e ®
R AN A A N g e Ay o T TR Sy L et 0o PP NEENININTIEa - AR SEA LT AR B, e e T o e T

outputs. The problem may be clarified by'considering the set of

K-Order subclasses to the work-in-process account previously isolated

TR O D ot AT S 5]

as homogeneous groupings. We will defer the problem of process delay

£

5 ,1.4[:?_;‘{1.;!'37,’:

until the next chapter. Here we assume that a statical model applies.

R ISR e 5

; o ) | | It is proposed that the monthly closings of the K-Order subclasses
to the work-in-process account might be utilized to construct a

transaction tableau from which a technology matrix could be generated. -

' The K-Order, when represented as # T-Account, includes the class

of entries shown in Figure 6, below:

§" '~ . m K-Order Number

Debit Credit

1. Labor A 9. Good Product

2. Load | 6. Scrap

.

3. OthgyﬁK-Ordersw 7. Invengory (Balancing Entry) )

e bR s e i s T s T N R A . i

PR

4 . Coe -~ 4, Raw Materials

Figure 6. K-Order Representation as a T-Account
% - < ¥8. note that output in this instance includes three items - good
| . outpu%;"scrap, and inventory., Similarly, there are three external

: ~ |

finputs to the system - labor, load, and raw materials.

- The entries are clarified as follows:

B ‘1. ~Labor = This represents the number of direct hours worked multiplted

o




- ouflipe a procedure for generating technology coefficients. Let these

~ ..
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by the current standard ho&rly rate inclusive'of a non-
basic or allowance factor.

2. Load - This represents the number of hours worked times a current

load rate consisting of what is vq{iously called burden,

expense, or overhead as specially defined for this firm.
3. Other K-Orders - This repreSents the debit corresponding to a
- credit on some 6ther K-Order whenpfoduct is transferred
between K-Orders.
4. Raw Materials - This represents a debit when raw or, exceptionally;'
outside sourced components are.recievedkintb»stock against
the K-Order. | . .
5. .Good Product - This represents the quantity of delivered product
times their stanqard,cost'value at pfesent, hdwever,
separately accounted variance_could be.included with this
entry if»desired.
’6. Scrap - This represenﬁs the credit taken when $crap oﬁtput ié
accounted agéinst the K—Order, . |
7. Inventory - This represents a balancing entry which ﬁay'eithef be
positive or negative for the periodf“'(Separate~inventory"'“

~estimates are determined each month physically howéver.)

We may consider a hypothetical example of three K-Order‘accbunts.to

/

K-Orders have period book clégure as represented in Figure 7.

\

\




Figure 7 Hypothetlcal K-Order Closings
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K-X K-Y K-Z

Labor 36.2 | 85.9 Good 22,7 L76.0 156.5
;Load 31.3 | 11.7 Good to K-Y 26.3 0.0 0.0 .
Other K. 0.0 15.0 Scrap 11.7 | 12.4 22.3
Raw Mt. 149.6 ' 4.5 Inventory 12.4 (15.3) 111.8 "8.6 |

117.1 | 117.1 T ff_

-11.7 | -11.7 | |

105.4 | 105.4 73.1 | 73.1 187.4i 187 .4

The internal transaction has been subtracted from the first account to

ald the following discussion.

from these closing statements,

as follows:

We construct an equivalent tableau representation.

Labor

Load

Raw Mtl

4
Labor Load Raw Mtl K-X -K-Y K

~-Z External Demand Good Scrap Inv Adj

A transactions matrix might be constructed

0 0 -0 [36.2]22.7[28.1 0 o ] o,

0 0 0 [31.3]26.3}47.5 0 0 0 0

0 o | o 49.6[12.4]u1.8 0 0 0 0

0 0 0 0 11.7L o | 105.4 97.6| 15.0] 4.5
0 0 0 0 0| O 73.1 76.0 12.4{ (15.3)
0 0 0 0 0 0 187.4 156.5 § 22.3 8.6

In this table the Good Output,
toa T

Multiple outputs of

-Account output which we shall represent as External demand .

Scrap, and Inventory Balancing entry sums

this type require that external demends on the shop

o be factored by a scrap allowance factor developed from previous months

" “W*datalbéfﬁfé'USé as External Demand in any resultant model.

. v

Inventory

S P

l<1




27

ad,justment creates an error in derived coefficients when future demands

will not sustain a similar rate of change. To obtain coefficients one

might summarize several months data to reduce perturbations in

3 inventory.

gg::ﬁt Labor Load Raw Mt1l K-X K-Y K-Z External Demand
Labor "87.0 0 0 0 36.2 22.7 28.1 0
Load  105.1 0 0 0 31.3'26.3 47.5 0
‘Raw Mtl 173.8 0 0 0 49.6 12.411.8 0
K-x 117.1 0 0 0 0 11.7 o 105.4
K-y ’73.1 0 0 0 0 o0 0 73.1
K~Z 187.4 ~-ov( 0 | 0 | 0 o 0 187.4

In this form We may now recogni#e the desired set of linear equations.

Labor Load Raw Mtl K-Xx K-Y K-Z External Demand

Labor  87.0 - 0 - 0 - 36.2-22.7-258.1 - 0
Load -0 +105.1~ 0 - 31.3-26.3- 47.5 - o
Raw Mtl1 - 0 - 0 4+ 173.8 - 49.6-12.4-111.8 = 0
K-X ~0 -0 - 0 +17.1-11.7- o - 105.4 ™y
K-Y "0 -0 - 0 - 0 473.1- o - 73.1
| S ‘ S ' |
K-Z -0 -0 - o0 - ¢ - 0 +187.4 = 187.4
| =

By dividing each .column by its diagonal entry, and placihg this entry |
in a vector for multiplication, we may convert this system into an

equivalent matrix multiplication form: - N
_ % ,_ , :




~ to obtain an External Demand for use in the mbdellthepigginxﬁ_used

o - | -1 r -
Jr o o -3001 -.3105 -.1496-] 87.0 o
0 1 0 -.2673 -.3598  -.2535 105.1] ‘| o©
0. o 1 -,4236 = -.1696 -.5966 ﬁ 173.8 0
0O 0 o 1  =,1600 0 117.1 105 .4
: @ . . S ’ ’ | ) .
0O 0 0 o 1 0 73.1 73.1
| 0"’ ﬂ i 87.4 7.
ﬁo o 0 0 _‘9 1. th ,lﬁ 41

This last form is edhivelent fd the Leontief expression:

(I-4) X =
where 1 is the 6 x 6 identity matrix, and A is the'6~x 6 technology
mafrix of input;output’coefficients«&the left hand matrix above with
l’s'repleced by zeros).
Provided that (I - A) hee an inverse, then:

=(I -4aly

'The matrix will have an inverse based on diagonal ones,‘therefore,

~

P L e’
1 0 0 .3091 .3600 .1499

0 1 0 . .2673 .4026 .2535

0 0 1 .4236 .2374 . 9966

pd
N
&

o o o 1 .1600 . 0
0o o0 o o .1 0
{ . .
Lo o o 0 o 1

In the above develepment we have described how accounting

"transactipns of a particular class of work 1n-process accounts might

be translated into the Leontief statical open model The céefficients

derived depend on factoring of real externa15demand by a screp.faetor
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should be derived from the same data on which the coefficients are- .
determinéd, that is, derived from the accounting syétem. A similar
factor might be derived for inventory change only if inventory change
is expected to continue at existing rate - normally the inventory
adJusfment~does ﬁot follow similar rate, and this constitutes an error
in the method Qﬁiég has been treafed in dynamic Leontief models. One
might reduce the amount of this error by accumulating transactions

over severai accounting periods to average out temporary perturbations.
Inventory will be reviewed in Chapter VI after conéideration in the
next chapter of error in statiCally dgtermined coefficiénts based on

time lags.

A

[ 7 S P o
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CHAPTER V

T | THE DYNAMIC PROBLEM INVOLVING TIME DELAYS

Introduction

To this point we have restricted our attention to the open form
of the Leontief statical model, and to four of five assumptions con-
cerning the statical model. The fifth assumption concerned time lags.

To consider time -lags we must consider a dynamic_or time representative

'model.

e

Leontief considered the time element through what he considered . -
to be its équivalent_r a stock flow ratio — in his dynamic model (9).
: 5

He'mentions the usé of turn-over ratio by industrial managers. Given
'the inventory in an account}and its rate of output, one migﬁt detgrmine |
a turn-over period by dividing this inventory by the rate of output.

In this sense an inventory\measure would be an equivalent means of
acquiring a time interval since the flow.rate is measured.‘ This assumeg,
however, that there is no dead stock or gfock held for "safety' or
leveling. The relationship for stock and flow becomes more complex

in the model of Hubblé and Ekey ing(22).

Leontief recognized that a tréatment for inventory ﬁight béi(l) a
structural lag modei, (2) a stock-flow model, or (3) a combination of
both. His choice was dictated by_}he'mgcro 1eve1 of study where detail |
was not available. In this chapter we revert to the strﬁctural lag
»LépproaéhjbécQUée Of'fhé'availabilitj of data ffom.théwiirmé'gfdducfidé

control departments (delivery intervals), and because of the problems

RN S S

o o I
~associated with an inventory approach as mentioned above,

U ———— e ——— e
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Oﬁr objective remains the same as previous - the acquisition of
5 = "technology coefficients"”, the»fractional dollar inputs per dollar of
6utput for a given account but now the formal definition must be re-

lieved - in order td develope a structural lag model. The coefficient,

- e T RO TRy v N e ot e o B
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8;j defined: | | . | | )

| X
aij _ ij
J

>4

N

where xij = transactions for a sihgle period

X tbtal output of account:j for the period

J

will not hold. Wé‘will drop the period restrictions retaining, however,

%

the verbal meaning, "the fracfgonal dollar inputs required per dollar

output.” Our reason for doing this is the difficulty of acquiring the
true-relationship through the'accounting system when the period of

measurement is shorter than the overall intervals for the system. This

will be clarified by illustration.

' The Problem of Time Lags

Yo

The problem of time lag can be demonstrated in one special case

of the general model - one involving unilateral flow. A unilateral
.ﬂgiow is one in which for any givén accounts i and j, and transaction
;wxij, Xji is zéro. .It:stransaction matrix is nilﬁotent (a matrix AP
such tﬁat.AP’='O for some positive integer p is nilpotent) and may bé

~arranged to be triangular.




Consider the system of accounts

as shown in Figure 8.

o

13 + *14

X23 ;+ X24

Figure 8. Unilateral Flow Transactions Tableau

- ——— e ——
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The technology coefficients for this tableau are:
B : - }
| %13 = M13 - *13 _ X,
| | 3" Dy X3 3o
:ff a Xon X
B 23 = 23 = “23 _ 23
| X3 Dg *13 + %23 = 1 - 233 .
f “14 5 X4 - Xy o ooxy,
. X, D, X14 + X214
824 = Taq = Xyy . Xy, =1-%14
X, p, X14 + X34
; The transactions matrix might have been obtained from a process
| | |
| having real but unknown coefficients of 1/2 1/2 1/3, 2/3 respectfully; i
| and costs distributed linearly over activity intervals. For clarity in ‘ ;
the discussion which follows, we define thegépllowing time measurements:
Period - The Period of time betweep Successive closures of the
Unit interval - The interval of time that a Ssingle unit may be .
i
- Activity
2@;‘
Set-back - The interval of time that the last unit of a quantity
of units'repfesenting a futurgﬁperiod demand must - K '_Q - f‘
precede thé.completion of a éupported activity, o |
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With variable period demands for period t, t+l, t+2, -the

Period

Consider that transactions are measured in period t-1 where a

P

obtained as shown in Figure 9.

34 °

accounting system

Figure 9 Cost Distribution Under Dynamic Demand

X13°=5 -
%23 = 7.5
X |
14 = 5
24 = 6

“Bra

43 = 5

12.5

823 = 7.5

and 12.5
214 = 5

| 11
824 = 6

t-2 t+1 t 2
+ 4
Xb3=2.5
-
X54=5
D3_20
| | Pt Sy
| xé3=5 t'x53=54_$
Xy14=1 "JT Dy-3
%54=1 | *34=1 7
. -
X D
©13=10 3=20
A N
'23=5 X23=5_~
D
X14=10 4=30
Sy a—ﬁ
X X'
T24=10 24=10
-~y

complete set of overlapped demands will have occurred. Since the

does not recognize period demands it obtains:

# 1/2

# 1/2
£ 1/3

#yz/s‘

distribution of transactions from successive period demand might have

(U
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The coefficients meéasured are, thus, not the real but unknown

coefficients diétributing costs. Appropriate coefficients would only

be obtained if, (1) the demand was constant, or}ég) the 1ntervals

Inputs equal outputs for the first case

were equal. in the period

measured,

is a variation in inventory.

‘ we may observe an additional fact from the 111ustrat10n relative

to an input or output orientation. This was not significant in the

static model because no -time was associated with the model,

(whether as debits Or credits). We have assumed that their intervals

are backed off from the demand month, that 1s scheduled as late as

Possible based on these intervals, We must, therefore5 say that they

are output oriented.

) ds and Capacity, therefore
Weé may recognize g pProblem not unlike the problem of stock-flow coef—

f1cients

and that intervals updated in

a prev1ous perlod need not be . changed for an add1t10na1 period

forecast
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Formulation ofnyhamichodel Resolving Process Delays

How then might these redéfined'coefficients be determined in
/ A

*

dynamic processes with variable activity intervals, and activity

interv%;s longer than the accounting period? In the much simplified

exampla}given where intervals are multiples of accounting periods,

- where activity intervals of preceding and succeeding activities do not

. | dﬁerlap, and where a relatively simple cost distribution applies - we
may write the following equafions.' Superscripts denote the period,
and the activity interval is dependent only on the supporting shop or

i account.

t 1 t 1 t+l
(2) x = a D, + a.. D |
| 23 23 73 23 73 »
T : T
| . 2 23
él
t 1 t
3 X = a D ,
(3 =, T, 14 P4 :
t 1 t 1 t+1
. = a
+(4) x24 T, a24 D4 + T 24 D4
% r a a a a
But, 23 =1 - "13; 24 = 1 - “14
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”periods longer than one day. Homer's solution, similarly, requires

37

Therefore, equations (1) and (2) are sufficient yielding:

| -t
813 = %13
T |
D3
423 =1 - 213
t
84 = *14 Ty ¢
t
D
4
a : |
24 =1~ 814
The problem of determining teéhnology coefficients in the - -

general case is similar to the classical Gozinto scheduling problem

waoapproached by Vazsdnyi in (32) and by Homer in (20). Unlike these.

approaches, the problem here is the inverse one of determining the
"quantity going into”, under more stringent restrictions with respect
to periods and activity intervals, and with the additional need for a

cost distribution’

An Approach

- Vazsonyi approaches the sche@Uling problem by utilizing a period

of one day, intervals multiples thereof, and batched production for

L)

that intervals be multiples of the Periods when greater than one

period. Neither approach is sufficient for the accounting problem since

the periods are normally monthly and since any lesser perlod would
introduce exce551ve noise from perturbations in 1nventory Longer
periods require an alternate activity time relationship.

The time relationship of any two activities may be totally
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defined by twoxméasures - activity ihterval and setback, which may be

further clarified through use of the following diagram:

s

X
23

Tqy

12 | |
— > 55

Ty

<

The transaction, xij, is a given amount of acfiVity of account
or process i in support of account‘or process j. The supéort activity
will terminate at some point in time edual to or léSS than the termi-
nation of the suppdrted activity measured by a‘setback, s12, in\the
example. The setback is normally the leadtime of a_single_subassembly»
item over completion.of én assembly and is normally obtainable from
shop recérds. In the case of labor or load, the setback is assumed to
be zerd‘(although this is not. imperitive).

The activity interval is more cbmpiex. ‘The duration of a final
demand is one accounting‘period, by definition, and it is'reasonable
tq assume that product is delijered oﬁ'the first to last day of this
beriod. InComing subassemblieé may be expected to have a constant time
in their 6wn.shop, but we neither know the quantities required nor

whether they are batched or sequentally produced. The alternate

extremes might be as shown: | D ',
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The upper illustration depicts sequentially produced product. The

lower illustration depicts batch produced product. We are'interested

in a distribution of eosts. ‘If’we assume a linear buildup of costs on

individual units, the dotted lines in the above figure show the cumula-

tive costs in the first cese follow as S curve_distribution, a linear

distribution in.the lattert \If the cests on individual units followed
an S curve, the varianee of‘the cost distribution would be less, very
little cost would occur in the initial interval.‘ fhe point is that'

a unit interval may be taken as an activity interval, and costs al-
lowed to distribute linearly over this_interval as an approximation

to the variety of conditions which may prevail.

We anticipate that in practice it will be quite difficult to

- distinguish between a unit, a batch, or a sequentually produced order

interval. The intentrhere ie to show,that if.a unit or batch interval
is used, error in the exceptional sequentually produeed order will be
reduced by the cost distributien in most instances.. Production con-
trols interval input will be asSumed to be representative of planning
intervals fbr monthly increments as batch intervals (or equivalent
unitAiﬁtervals) in the!following derivation.

For the case of intermediate activities, a.similar case prevails,

Two such activities are shown in the following figure with a period

‘demand. -
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The end point is fixed by the sum of set-backs, and the unit interval

is known. Ihe use of unit interval and linear cost build-up is taken

) to be a reasonable approximation of the cost distribution in either

\
1ntermed1ate or final support activi%ies.

- distribution of costs will be discussed'subsequently. Unlike the

, approach of Vazsonyi and Morris, the set-back and the interval may be

presented by the transactions tableau of Figure 10.
1 2 3 4 o 6 7

Labor 1 0 o o 14 %15 *16  *17 X188

Load 2 0 0 Xpq Xy X26 X27 X
Mtl 3 0. %34 *35 x35 X3y Xgg 0
4 g xgy x, X470 o
3 | ) | |
5 ) | ' 0. 0  X57 Xgg 0
6 » 0 X7 Z%gg
7 0 0 D7
8 : o Dg

Figure 10.'<Mu1tistage Uni@ateral Transactions Tableay .

‘The associated set-back, and intervals may be given in a setback

——

matrix, S, and a columnvectag,I+,aSShown1n~Fignré~11.'Note that
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external support activitieg - labor, load, and material - take on the

interval of the Supported activity, as indicated by TJ.

Labor 1 0 0 0 O - 0 0 0o O-] rTJ § 1
Load 2 0 0 0o o o o o] §
3 © 0 o o o o ||y a
4 0 45 546 847 S4g||T, \
H ]
T
5 0 o %57 Ss58(|%s
| R \
6 o %67 %68 ||Ts 1
| ‘W
7 0 0 HT7
T
8 0 8
Figure 11. Setback Matrix and Duration Vector
R
The timeframed dollar flow for this system for a Single period demand
might be as shown in Figure 12, where the external input activities
(labor, load, and material) have been omitted for clarity,




X
57=257D7
T5

—t

X a, .a_.n
45="45 5777
-t 30= 40 5777

Ty

X
. 67=26707) _ |

“46="46%6777| ,

Figure 12 Multistage Activity Distribution in Time

If we now assume that costs accumulate in a linear manner over these

intervals we have a means of timeframing costs for successive period

demands.

-— - .- .Consider se@mwgqua%ionsfwhich_may*béﬁwrttféﬁ*for the"syétem'given:_

N
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equation (1).

asfdetermined‘by T4 ang S47

| / | 43

- t s t+1
(1) x =a D 1l - "47 + a

47’7 %47 4 g, -,

T, .
T4
t .. - t+1 ' 2 t+2 t+3 ‘
(2) a5 T Pas®s707 98458, “a5%707 L+ a, ®s707 L
+ T4 T4
T |
4
t480g o m o p° 1-545-85g
a45a57n7 45 + 757 + "4-3 4 a45 58 8 T4
T
4
Dt+1 22 t+3
a a S
+ 457588 1 4 %sP580g g, a,.%..D 45+ 58+ 4-3
| T, | T, T,

These equations are obtained in the following manner. Consider

period t-1 as the tipme displaced portion). The

at t

The transactlon_ 47 "is seen to extend over two periods

t

sad in any given period t, denoted x47, will

proportion of the demand

is simply 1-° 47 divided by T4 provided that intefvals and setbacks

- are measured in accounting periods, and that we

cumulation of cost over the activity interval.

assume a linear ac-

The proportion of the

demand at t+1 is equal to 47 + T4 m1nus one perlod all divided by

4( for the extremety)

t

A similaf development applies for the transaction x45, but in this

Mo,

e

Furthermore, the interval Tq extends over three

periods creating the

1ntermediate terms whose proportional amount is simply 1/T4

e

ln erder~tﬁ geﬁeralize these COn31derations

"done.,

We have summed over all external demands

rev1ew what we have

Di Which have a connecting R

[t
o
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path, and over each connecting path for each such demand. We have

'multiplied the coefficients iJ in each path to obtain the resultant

proportion of successive proportions.

R

minus one. Note that if the total setback is less than one‘period we

Cm take the first demand in periodvt; if the .total setback is greater than

; one period we take the first demand for a period one less than the

next largest integer for the summed setbacks. Having obtained the

. If the next largest integer for the

activity interval is greater than one then several Periods must be

considered.

Having determined the,first period we simply increment

- the first period by one, two, thre

€ = up to the next largest integer

is simply -

l/Ti.up to the last demand.

The extremity of the last demands generated

activity interval is equal to the sum cf setbacks plus the activity

interval minus the number of periods by which the demand leads the

period t

The linear proportion of the last demand is this extremity

T,
over "i,

A S
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. the iJ can be solved in 31mpler expressions first and successively

Lentered in the higher powered expressions in—the algorlthm

45

Therefore the generalized expression of the above ig obtained

by defining terms as follows:. -

Ty = next largest integer for ?;

Sik(p) = sum of the setbacks in“the'pth path from account i to k.

sik(p) = next largest integer for the pth path from account i to k.

aik(p) = product of the coeffic1ents in the pth path from i to k.

-k = the set. of externally demanded product

a given activity,

The generalized expression is-:

T
For i <1 t + Sik(p) -1 3 - &
B R T & A I R
9 > | | T,
For Ti >1 ¢ t + gik(p) -1 gik(p) -'Sik( )
| x' =ZZ %k(p)Pk —F
i p Ti
T -1 t +s -1+X
| a ik - 1
¥ ik(p) I Dy (p)® + Ty X
; Minimum

the triangular form will be shown. The setback summations and the

coeff101ent products can be generated for just these paths and finally

| Clearly, many of the ik(p) terms will be zero eliminating the V“‘“] -

#
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}associated expression. It 1is highly unlikely that even in large
matrices, 450 x 450, that more than 6 stage Processes will be en- |
countered Even the triangular form will be non-dense. An. i) term is
Zero whenever the associated ,iJ term is zero. The setback summation,

81k (p) ig not required in these cases. A means of generating'the re-

time, up to ‘all at a time', that is, a binomial expansion,
Example: How many possible paths from account 3 to account 8?7
There are’ 4 intervening~accounts. The@number of
n | 4) 4 4) 4) 4
possible paths is-: o)+!1) 4+ (2 + {3 + l4
But this is g binomial expansion, (1 + 1)4.

The number of paths equals 24 = 16

" Fortunately, in our own case we can expect a relatively nonrdense

_.upper triangular matrix, and it is highly unlikely that any process

% v
combination will exceed 6 or 7 stages. The approach advocated is to

generate the paths from a tree diagram representation taken from the

4
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transactions matrix, and pick off the combinations for storage in
tables since this‘need only be done once.

Given the matrix: _ 1 2 3 4 5 D

2 0 60 20 0 o
3 0O 50 40 o o
| ) 4 ¢ O 80 o ‘
- . 5 L% 0 200
o B ‘ | 34

We may draw the flow diagram from 1 to 5 (all other paths are obtained

from this):

The combinations are: .-, " | .

Path 1 - | 1, 3, 5 .
- Path 2 1, 2, 3, 5 -
| Path 3 1, 2,4, 5
| Path 4 ' 1, 3, 4, 5
Path 5 -1, 2,3, 4,5

4°

‘Thus we are sufficient to analyze 5 paths rether than 23 = 8. Much
greater economles are obtalned in larger far less dense matrlces

'\antieipated. .Algorlthms such as those given in reference (8) or (17)

mlght be utilized for programmlng of thlS step.

- . -~ . B . -~

o= : . R
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The setebacks gij(p), and coefficientdproddcts, ai,j(p) are
directly obtained from the combinations: )
| 815(1) = 213835 | ®15(1) = %13 + 35
®15(2) = %12%23%35 %15(2) = 512 + %23 4 S35
815(3) = 212824%5 | ‘ 515(3) = S12 +r324 + 545
815(4) = 213%34%5 | 15(4) = 513 4 534 4 545
815(5) = a12323a34a45 - 815(5) = 512 4+ %23 . 34 +.845 ,-

. The set of terms are easily arranged in tables for varying i within a k:

k =5 |
(1) 212223%34%45 293%34%5 334845 %5
(2) #13%34%s5 ,
(3) #12%24%5 83425
(4) 812723335 a23335 235

(5) ©13%35
From such a table the pattern for iterative solution of the 2ij becomes

clear. Based on the transactions matrix, Figure 13, wé solve for the

- largest j (last intermediate pProduct column), and largest i for which

a transaction is given, proceeding by decrementing the i and using the

| previously determined 1J s for succe331ve solution.

B

With the iJ's thus determined we obtain a system of linear

~equations for determining the transéctions anticipated in any giveﬁ,

period from a given demand schedule or forecast.

Let Aik(p) = Bik(p) >1k(p) - Sik(p)

. 3 N
T . . ’ .
. . h )
. . ¢ o
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if there are no relations such as 1 precedes 2, 2 precedes 3, 3 precedes

B aik(p) . . | - / |
ik(p) = T, S - 4
Cik(p) = Sik(p) + Ti

Dik(p) = Sik(p) ~ 1

The system of equations are then:

For Ti <1
| t+D
ik(p)
x, Lo hmmP T
J xp -
For 1i >1 o | T;-1 | 1
4Dy (s t+D;  +X
t _ A. D ik(p) + Bik(p) 7 Dy ik(p) ’
xij =2 X Tik(p)'k xol : min Cik(p) X

k p
A means of prereviewing the number of paths required in‘application of
the model is suggested by Hoffman in (17) which makes use of theorems
prdﬁen by Luce and Perry in (28).

. We define a preciqgnce matrix as the matrix identical to the
jtranSactions matrix exéept that the xij > 0 are replaced by ones. Only
’immediate pfecidence relationship is described by such a matrix (none | &
of the implied relations, that is, if 1 precedes 2, 2 precedes 3, the
implication that 1 precedes 3 is not described) therefore the set ofA
felations are said to be minimal. Further if 1 immediately precedes 2,

2 immediately precedes 3, then the chain 1-23 is said to be a 2-chain
since there are two prébedence reiations. In general such chains are

defined as n-chains inlike manner. The matrix is said to be consistent

1. A precidence matrix formed from a unilateral transactions matrix

will be minimal and consistent under these definitions.




Theorem: -

If the minimal set of precidence relationships in a

Precidence matrix, P, are given, then the entry pij

in.the nth power of P will equal C if the only if

PR TR L o L s s R BT S L S R e 1 L i = 2 Do et e g

Corollary:

o et S A SR TR B B T AT TR T,

-From the theorem, P® will determine all n chains.
. that a summation matrix, S =

n long.

as shown by Hoffman.

proceeding from the lowest column indice to the highest,

P, plus the jth column of P,

Example:

©CoOoOLOoOo
o0 oo
CoOoOmrO
OO KM K
O~ KHOO
ocoocoo
00 0O M
OO0 K KH
QO KHMNW

sentation.

there are c distinct p-chains between element i and J.
For a consistent matrix'having a finite number of
'elements, there exists.;ome N for which all m > N, Pm=0;

It follows

Z P® will count all chains up to chains
Since the precidence matrix is nilpotent, by raising it to a
finit;'power (its dimension) one has a means of determining a count of

all possible combinatorial chains for all ij pairs. Furthermore,

simple addition approach may be taken to determine the summation matrix

The summation matrix may be obtained from the precidence matrix by

The jth

column of S is equal to the summation of those preceding columns of S

as 1ndicated by the row indices of P having ones in the Jth column of

4 |
3
2
1

0l

In this Chapter the effect’ of time delay has been introduced via
a dynamic mode]l since time delay'cannot-be~treated in a static repre—

The effect of time delays on determlnatlon of technology

: coefficients having the. essent1a1 meaning of - required fracticnal
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dollar inputs per dollar of output’ (without period restriction) has

been demonstrated with the conclusion that such coefficient could only

be obtained if demand was Constant over periods, or the intervals of
supporting activities were equal - or offsetting adjustments were made
in the‘demands\(the Walrasian concept). The correlated input-output
relationship suggests that when there is a significant change in in-
vestment or inventory during the period under review one is constrained

to utilize a dynamic model, For these reasons formulation of a dynamic

model for acquiring the newly defined coefficients was undertaken.

cost distribution assumption, the lack of a direct correlation between '

! . :
demand and interval. Production controls estimates of interval, which

may be based on fonditions such as machine breakdown, epidemics, etec.,

are believed to be superior to derived intervals. Further, the one

scheduling where the plan dictates the action. This may be the‘price
~+ of master planning in centrallized systems.
,ﬁnder the assumptions of output‘orientation, Iinear unit or batch
cost distributions, and nominal demand variation over periods ;aformula
has been developed for transactions of‘a given period as a. function of

perlod demands, intervals ‘and set-backs utilizing coefficients or flow -

— [ @

o . v N , ~ \ -
- . - . . R - ¥ .

- ..\&v.}
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—

%,

"parameters derived from a Previous period. The intervals are taken ~

to represent capacity restraints. The formula permits an algorithmic
solution of the coefficients from previous actual and planned data in
which demands,ahd transactions are known and suéh that new planning
maprroceed onqa month to mdnth basis, the Primary objective of the
thesis. When the period is_long with respect to intervals and invest-

ment variation during the period is nominal, the statical model may -

. Prove to be adequate. When this is not the case, the complexit;es of

the dynamic model are envolved, and the model presented in this chapter

is the suggested approach.
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This article.has been primarily concerned With the determinatiop
; o of "technology" or, perhaps more ip context, input-output coefficients,

In this chapter, however, their ultimate utility in systems accounting

. designs will be‘reviewed.

The €quations obtained after deriving coefficients and ¢

terms were as follows:

¢ t+D

- x .= ZZ A,y D 1k(p) ;. for T3 < 3
J ok P | |
t+D Ti~1  t4D,. .
ik ik +X
xt =35 Aik(p) Dy @, Bik(p) & Dy (P)




ty, to, ..., th. Let B be a set of accounts, bi,

bz; ceey bp. The
general conditional might be stated° |

If t(i) then credit b(j,.., k,..1) and debit b(g,..,n,..)

rows represent cred1t entries, the columns represent debit. entries; e.g.,
for each credit there is a corTesponding debit. Let a matrix éentry of 1

a logic Unit. Each transaction would

carry a code (1,.....,m) There

"would be a one -many correspondence between the transaction code and

c - credit accounts thence to debit accounts

If there 1s one-to-one cormespondence between the switching matrix

and transaction types, then a 51mp11f1ed macro instruction might .be

| . . e . .
. . - ; X & T A . .
) ) ) - . . R ‘
° T _ e o e % e - . X . ' ' |
Bt R IR | | | |
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written. Let this macro be called TRANS. The instruction TRANS(I)

the subnoutine examining first its code, referring to the logic unit

to determine the appropriate accounts and debit and credit action on

the amounts of I. The plural is used for it is anticipated,that dollars,
manhours, and quantities are subject to 51mu1taneous processing, The.
transactions pnocessed in thlS manner would update the transaction matrix
based on random entries, ;We might define a macro, LOGIC, for the entry
of the switching matrix. We might also define a macro, ORG (a,b,c) as

a files organization generator allocating the appropriate memory space
for the accounting system based on the tree parameters, a,b,c, which
define the number of stages, the number“ofalevels, and the number of
accounting periods treated. Other macrosﬂwhich might be constructed are

BAL (a,b,c) - to create a balance sheet as described by Charnes Cooper,

‘and Ijiri in'(5) CASH - to create a cash flow analysis, STAT - .to

create an income statement as suggested by thel;ame article These and

other reports would be generated for that section of the tree defined

”by the input parameters Their data would be derived from the

transactions matrix,

Rosenblatt in (30) suggests a means for automatic trial balance

based on the transactions matrix. Let X be the transactions matrix. He

bd1
i

g SR N




A{ - pax (ritcj) - ry -
Bj = max (ri,éJ) = Cj

ri = *1j for j=1tom

€j =Xij for i = 1 to m

The Ai and Bj are usual balance sheet account entries, and for closed

systems (financial'accounting):

A; - By

is the usual debit-credit identity of double entry accounting.
The above are suggestive of the utility of an accounting system
design based on A transactions matrix concept permitting on-line.

update of integral files, accounting language development, report

generation, and system simulation.

R &
et .
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technology coefficents in applications of Leontief input

-output

herent in Leontief models, Means have been sought for resolution of

assumptions which are held to be excessive, and for which solutions

are not Provided by available literature.

We conclude that the Leontief statical model provides an

inverse relationship. We conclude qualitatively that those assump-

“tions relative to Process time delay, single output, and work-in-

demand or overall fill or balancing. We conclude that the dynamic




expressions given.

It is recognized that technology coefficients derived as outlined

in Chapter V will include at leagt four classes of error:
L

413 +(513 +oC4 4 +¥13 +€ iy

Here,BU is the error due to consolidating non-homogem®ous product,
The availability of K-Order subelassifications to Work-In-Process
accounts is believed to be the means of minimizing this error in an
industry model without excessive dimension.

The second error term °Cij, is the error due to cost distribution
assumption in the dynamic model given in Chapter V. The assumption
- presumes a linear distribution over a single unit interval irrespective
of batch or sequential productiont The degree of this error depends
on subsequent empirical and sensitivity study. Piecewise linear
distributions fitting hypothetical distributions or tracer lot
determinationsg might be incorporated if the error is significant.

The third error term, Xij’ is the error due to inventory lags -
transactions on inventory not occasioning fixed interval intermediate
account, labor, material, transactions. The Ccriticalness of this term

depends on the frequency of coefficient redetermination, the i)eriod

recorded demand. Since period inventories are subject to phys:.cal

determinations adaption including such determination might be included

-

if warranted

' The last error term,eu, represen‘ts the error due to changing

technology over time, Again the frequency of coefficient redetermination
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is critical - and if it is»rapidly chahging, some form of exponential
smoothing might be incorporated.

It is clear that further refinements require an incfeasingly

complex mcdel formulation, one possibly exceeding the data capacity of

current or evolving system. It is recommended that continuing studies

concentrate attention on mcdel sensitivity to varying parameters under

empirical trial ,conditions, retaining the simplicity characteristic of

Leontief models and the.model contained herein where it is warranted.

D
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APPENDIX

' ECONOMIC. PRODUCTION FUNCTION

Economic models have historically dealt.with broad, aggregate
theoretical considerations - total economies with emphasis on prioin;
theory. More recently distinction has been made between macrooconomics
of this sort and microeconomics dealing w1th economic actions of we11

defined individuals or groups of individuals. In microeconomics this

.1ndividualized study has resulted in continuing development of a theory
 of consumer behav1or and a theory of the flrm. In building a theory

of the firm efforts have been directed to formalizing a production

functlon, the firms ~output as a function of its 1nput variables.
Let X be the total output of indistry 1. Let X11s X271 Xq4 be_all

inputs to 1ndustry 1 from 1tse1f and industries 2 and 3. Then:

' Xl =F (X]_l, Xo1s x31)

The economlst notes the relationship to represent 'constantlreturns

to scale” if the functional relation is homogeneous of degree one.
- Consider proportionate increases in input variables of a pro-

duction function satisfying the following relation:

- is said to be homogéneous of degree k by definition. If k > 1 the

economist notes a condition of increasing returns to scale, If k = 1

"~ the relation is one of constant returns to scale.
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