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ABSTRACT

-

A numerlcal solutloﬂ?to Lowe's graphlcal method of

»thslope stability analys1s which -is based on limit equ1~

*3fﬂfactor of safety,ln SlOPQ,Stablllthanalyseslis included.

analyS1s hre subject to. a general dlscuss1on.

llbrlum-ls presented. Both a dimensional and dimensionless

solution are dlscussed and formulated in deta11 A computer

solutlon to the trlal and error procedure used to determlne

the factor of safety 1s outllned o Lm_'MH..Am..ﬁﬂnwnrr;;iléﬁy
An explanatlon of the meanlng and s1gn1f1cance of the

-

— . o e—

Water forces and thelr 1nfluence on the method of

~

The contour' .

method"[ Wthh 1nvolves determlnatlon of the water pressure

'dlstrlbutlon along the contour of an arbltrarlly chosen s011

"volume, is- suggested to be sultable for the numerlcal solutlon-

-— -

.n . 3 ) L v,

. . .
. SURPOR NI L Y

developed ' - e

P
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I.. INTRODUCTION

1.1 Slope Stability Analyses @
Slopes exist in many different forms. They may |
» be the result of early geological activity (natural
slopes) or may be artifioially constructed (dams, highf_‘ |
way and railroad embankments, etc.). ! e
In general, slope stablllty analysesrare concerned |
i ;.Wlth the failure state of a'slope.; Loss of stability- :
f‘ “(fallure)‘occurs.when an outer portion of a slopejstarts
to move in an outward and downward dlrectlon.f If 1t is
e ‘assumed that the separation zone along whlch fallure occurs'
i is a contlnuous line, 1t is possible to 1nvest1gate thed- e
’dstablllty of -a slope in a relatlvely s1mple manner.:.'
- _;;._ ‘u} - The e21st1ng methods of’analy51s~mostcommonly s
* ) ) used todaj are based on the_yell known limit_eqﬁglibriumd ~_~~~-
~QWH~—M“~ooncept “These methods 1nclude the ¢-circle methed,. the .
| | slldlng block method, the logafithmlc spiral method and the
| J ] Hh-sllces'methodf f L 4 L

.,ﬁ';-;g3 ”fi_"Lowe‘_' thodmeﬁ_analysis, which is subject to

ﬁ;f:_treatment 1n thlS thesxsllls.based on- themsliceS'method and

‘.“f*ff“:lj thus furnlshes one type of the many ex1st1ng llmlt equ:u.—‘.*~

e . N v
e A — - e = - oM
' L B I S TR ST S : ) "
o e N e llbrlum solutlons..‘hw.—.ww. . SR |
A A" i " 1-v"‘;“- f“‘ o . . ) . L= . . : . .A' \ ) e ). )
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1.2 Objective

The framework of a complete slope stability

analysis requires consideration of the follicwing three

aspects:

l. Methods of analyzing forces causing and
IEE resiSting failure
—f"ﬁ,fJZ. »Methods-of expressing'the,shear strength
. | | of the materials.ofa slope or embankment
o ;and its foundation | |
';43Q1‘Conditions of loading'of«the slope or”the'ti,;gu-ffi-
;‘itff.wf ;.‘ 'i“  embankment Cor

Only the flrst of these w111 be subject to o - :‘;f;f

— FE T . —
,,,,,

o detalled examlnatlon. The remalnlng two features 1nvolve
P e o o R
~ thoughts for another 1ndependent work R P

. {:}

-
e

| The method suggested by Lowe (1967) 1nvolves a
Co T Y.
SR graphlcal solutlon towthe problem.- However, 1t was found

that the method 1s well sulted to numerlcal solutlon by

.Jcomputer,'- s ‘.»;;_f o

A .
: - The‘magor objectlve of th1s work therefore;'is to |
s translate Lowe s 1nterpretatlon 1nto an analytical form 5h_°1;?f?hfﬂyn
’ '-%wh1ch can- béisoiveﬁ on the computer.w;w‘___:_nu_~ *
: i) Thewﬁlnor objectlves-lnolude theexpianatronof,thewﬁh:iigf.
’ meanlng of the factor of safety applled to slope stablllty i g
fffmﬂanalyses and the dlscussronwof the 1nfluence water forces 1nhi




stability problems. |

solution to Lowe's method of analysis, includes both a ;“ 

T qualitative and quanfitativediscussion about the factor

. of safety as well as a general discussion'about,the ,“f_'

L
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interaction problem between soil and water. R
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IT. FACTOR OF SAFETY

2.1 Historical Review

Concern for soil behavior dates back to the

dam and irrigation problems dealt with by ancient cultures

Lo

such as China and Egypt. Up to the elghteenth century

the state of art in 5011 mechanlcs was based exclusrvely

on experience and 1ntu1tlon 8011 mechanics obtalned

some sc1ent1f1c basis when Coulomb (1773) published his

famous essay on the classical earth pressure theory.

- Coulomb assumed the law of frlctlon, applicable to SOlld

bodles, was also valld for a granular materlal such as

“fgiygl@: soil;_ In the course of tlme, as heavier structures were

bullt addltlonal problems became subject to analytlcal

'?};; treatment : Ranklne (1857), Boussrnesq (1855) and. Culman

;gl- 3011 mass.- Partlcularly; the fundamentals of the 20th

o s s
/ e E .
$
= R
A »
[
P

7. of earth StruCEurés"in'the'earlyz20th century@WeIehaVailableQ“’ﬁl”' Sk

;rg?gnyQ;;rlﬁfeweenglneers relled on theoretlcal stablllty analyses.';Up {pfjgffj"'§
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~G
until 1935 (Sherard, Woodward, Giziensky and Clevenger,
1963) dam designers stil] were of the opinion that new
dams could most successfully be designed on the basis of
past experience. There appeared to be two reasons +to
suppert this view point. First, there was almost ho
opportunity to confirm or verify the analysis of a |
- structure at a real state of.failure. (Secondly,“an
understandiné of the behavior of the soil mass, even in o
“ an idealized manner, was not available to'mostengineere 4;y‘
Nﬁ,] at that time. - . ”,t s ﬁ | ‘;;p?
, It was Fellenlus (1927), Taylor (1937), and itff:-f;;{;f'

:Mb‘»»tTerzaghl (1944), who made the flrst ploneerlng efforts 1n a'“€9¥"n

- ”establiéhing”stability analyses of slopes and_provided, N
.."." . explanations for the complex behavior of soils in an ideal- .
. 'i2ed'manner;. | | , R | o e
MMWM;Mmautamz 2 Slgnlflcance of Factor of Safeﬁy - | -
: 3 N
An understandlng of the 51gn1f1cance of the*factor )

A

»:of safety 1nvolves con31derat10n of two 1mportant features<
S T

4 - 0. . ) ' —— \1 -
7

,.ffiih 7invl7 ~ One of them may be termed the requlred factor of ﬁy;i;e;f

_ — P

B T LY

‘“ItmLs prlmarily—depeﬁdent on two aspects* ‘f““ft.'va;x

(SN . . Ld . E .
N . ) . - . . o . . . -, .
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The second feature to be considered is the

computed factor of safety. It involves the quantitative
interpretation of the given material parameters with
respect to the chosen method of analysis. The computed
factor of safety is, in part, governed.by the mathematical
law of errors. This 1mportant fact is frequently over-
looked in stablllty problems., Instead, the method of
analysis, which'is merely an arbitrary means to solve the'
jproblem, ‘is overempha51zed For example, the presentatlon
of safety factors show1ng three or more s1gn1f1cant flgures

may 1nd1cate unfamlllarlty of the englneer with the problem |

s o

Ai~7id'f to be solved Such a solutlon may be of academlc 1nterest

gﬁnyfWQj.when comparlng dlfferent concepts based on the same phys1ca1 ';f:f~'

\EQ”assumptlons._ 3 e '*.'f.- * '*v'_lf»'*wr? |

(":"

The quallty of a. computed factor of safety 1n any .2¢l¥”“

”’Mfffffff”three points:

.l.a Method of ana1y31s chosen R “_y';’efh;"¢¢,"\';g

N . {

jf*',.'5f’l9t'ffv 2 5011 strength _‘,_ __-; ‘J-gggf

‘V,..—.‘.-<ioo.“m..-b.—o—-w-~w-~..-.m e unam
N ' e
]
®

| '?ﬁ|~ﬁoading“conditions.a'y:-“glf'w7 ;;_"lffiy*@”

{ -

‘*f;jf_;=»ﬁ‘;~f Slnce the three p01nts each 1nvolve arlthmetlc ;;;;Q;;;;;ﬁg,v

~——,
It .

’ﬂierrors,_errors due te phy51ca1 con51deratlons and errors due ﬁQ{f

‘*{;Ff}t¥f?*w te englneerlng Judgments, 1t follows that the cemputed factor"ﬁii]fffff

of safety must have a llmlted number of 51gn1f1cant flgures.
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the analysis. .

2.3 Methods to Determine IFactor of Safety

Soil is a complicated heterogeneous material, the

properties of which deviate greatly from those of elastic

solids which can be described by the well developed theories

of elasticity.

R All the theories for computing the factor of -

- safety in problems involving soil are therefore based on
| simplified assumptions. The realbbehavior ofla soil is far
T ‘more complex than the assumed behaV1or-of the phy51ca1 model
) ‘.used for ex1st1ng stabillty solutlons. Thus, the results.
B w.‘Aobta:Lned are far from belng exact and .hence, should always
H -:be understood as more or 1ess rough estlmatlons. ) :;
S “Idh-\ Thepresent concept for determunlng the factor of"
| if-fylsafety 1s based on the law of Coulomb frlctlon. The 1nves?i“-——

.
P Iutlgatlon is restrlcted to con51der1ng potentlal fallure

'zones only It should be noted that the llmlt equlllbrlum

| ;Llfmethod does not con51der a stress straln relatlonshlp.- The
E Q ;;Tfillmltlng state of equlllbriumgls reached when the critical
i?ﬁfstress state 1s obtalned at each p01nt along the contlnuous»;

“1;mwfallure zone. In other words, each p01nt 1n the stress space

0'~T lles ‘on. the Coulomb_.lfallure»envelope.

ijgj_;;dp@vf‘ It should be noted that there are other methods of ‘‘‘‘‘
?f! ”computlng the factor of safety For example, a polnt to ,%;;ggﬁﬂfﬁ
E :’A;‘; : - - S S R ot : ! @




point analysis based on the theory of elasticity which

characterizes lines of equal factors of safety against

flow may be used. The theory of perfectly plastic soils
may also be applied to the problem. However,.these lie

outside the scope of the present discussion.

S

.f2;4 Definition of Factor of Safetz
Froehllch (1955) suggested that a reasonable

deflnltlon of the factor of safety F, 1s:

SN - T | S o o o L *‘_
S = - available shear strength = | (@)
PR L L ) requ red shear strength T e R e S

Darvrmserest®

where the expre551on for F-is- vaild at each p01nt Wlthln

ST L A

the potentlal fallure zone.' The avallable shear strength, _ 'afh*°

-~

T; may be computed from Coulomb s law..

. - e et
e e e s £ o Srp———— .

o oo , Lo - -

~ . . where C.=v¢bhesion~of'the soil ° SRR S S

fwuffff;f‘;ht]f\?* ¢jé'1nterna1 frlctlon angle of the 3011

# . . »

éfifiyea&~£ﬁ¥eﬂﬁufg3fdf= natural stress on the fallure plane Lo .
i;jv;ﬂqﬁfj,ﬂQ ’Twe~d1fferent ways for“determlnlng F are p0551ble' '”,f{L :{;;_ff;33¢f§
. e “‘ - g ‘,_,.:;: B B e ' L S '. : - :
. ORI e The 1nd1rect<method Wthh establlshes a cohe51on-u"
{t;si'f?TfLéV%.frlctlon relatlonshlp on the ba51s of F equallng unlty,'wasJﬁy~

/ -~

,,;-v

aefW1dely used untll several years ago.ﬂ By assumlng F lﬁ7ht*_

'=%ﬁ&tﬁff%t?9and a glven value for the cohe31on,’a crltlcal frlctlon j;;§1f7;ﬁ?{.




angle, ¢k’ may be found which is necessary to arrive

at a limiting state of equilibrium, Conversly the

same concept may be applied by assuming a friction )

angle and subsequently determining the critical cohesion,

Cy s in order to produce a limiting state of equilibrium.

Fellenius (1927) suggested an approximate rule

- for 1nd1rectly flndlng F This rule was later adopted

.ﬂ'by Krey (1936), Taylor (1937), Terzaghl (1946),
(1964) and others.

Chugeav,

Fellenlus (1927) postulated the

follow1ng approximation:

e St e e @ ﬂ e
. S T e o - . : an . ¢k ‘ . ) o ’ e rie
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Cx = critical cohesion of the soil

f¢k = crltlcal frlctlon -angle of the s01l

e e aa ot i =
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'aPPrOXimatevalue”for F .. L T

3
n

‘~#gl;;\ parameter, Qk' 1t 1s p0551ble to determlne the magnlt d_ e e
e - e - | o

~ ;;{;¢;i of ¢k Wthh 1s reqU1red to arrlve at the 11

2d mltlngmstate

Q“wa_ ge Wthh 1s part of«~ e |
T the slope.d

- ol -

A mlnlmlzatlon process ylelds a palr ofﬂ(u

o L A
,

¢k)nun.wh1ch 1s based on the cflterla that F l Several

;*lefif‘ such palrs flnally determlne the so called frlctlen ang%e“%ffyirftff“
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. The valjdity of thls rule is demonstrated. ?L RIS

‘below (see Pig. 2). . e
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critical friction force with F equals

~
H

unity

chord

o)
O—l
1l

radius vector normal to R - |
. . : " |
a”’

©
Q
Il
Q

: | D = radius vector normal to R | | |
. - 1t

radius vector normal to R¢

I

radius vector normal to R B F e |

T - The parameters Cp and tan ¢k may be expressed her{m‘ds ]
u‘_’_fby Eq. (3) as c/r] and tan ¢/ry respectlvely. These . “‘imgn{f?h
'values may then be substltuted 1nto Eq - (5b) for Cy and- | 'h_d_;;' !
tan ¢k and- the resultlng forces, as expressed by Eqs. :‘:._7;};;;1 ﬂ

”(Sa) and’ (Sb) theni;in_turn,:substituted intc'Eq. €

resultlng 1n L s S e |

- — .. . " [ - .
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e ab c p + N tan ¢ O - S o
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If the dlfference between N and Nk'is Sﬁqll.and.pc,
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The second approach is the direct method, and was

suggested by Froelich (1955) , Bishop and Morgenstern

(1960) and Lowe (1967) among others.

: - The direct way of determining F is consistent
| with the definitions shown in Eq. (1). Explicitly it -
assumes the- following form: | |

s,
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Both the dlrect and 1nd1rect methods discussed - :_fm S E

v

e “gabove are in use today.

2 5 Ch01ce of Factor of Safety Y

’

A Lowe S analys1s (1967) arrlves at the factor :;"‘

of safety on a dlrect bas1s in Wthh the unknown force

. _.components are expressed in terms of the factors of

safety Eq.. (9) of Chapter 2 4 therefore was chosen

by Lowe- (1967}“W“The 1mp11cat10n of Eg. (9)“15 explained,

-in detall 4n Chapter 3. g.%@,;;»,,?e..;,-w;."?§ ﬁ SR

e

It should be noted that the lndlrect methodq

e ity b o e sy S L L

.fif? 0f ana1YSls could aiso have been applled The dJ.rect\Wf--?-}'-f_f\_.-'l,_}.-"'i,f,',i'-'JTHW""";";“W‘é

*@wff;;lﬁ;rnxmethod however, 1nvolves only one computatlonal process, A

‘];and furthermore,4doés“not’raiSthhe_questionngf*aCcuraCYﬁ7":r;w;,e%
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s . ITIT. ANALYSIS

3.1 General Aspects

]
K

The stability‘of an earth mass is guaranteed
if no continuous zone exists along which the shear :;\
strength of the material is.exceededratheach point such

'that a portlon close to the free boundary of the earth

mass is able to move in an outward and downward dlrectlon.~~*

To investigate whether instability or failure e
may or may not occur; it is necessary to analyze the

state of stress at least W1th1n poss1ble failure zones. . L ;f,

)

- Furthermore, the so—called "condltlon of flow fallure" ”.y;;jlfnit'

must be ‘known. If at a p01nt within the€501l mass, the

-----

condltlon of fwow fallure 1s attalned then the crLtlcal

ratlo of the two pr1n01ple stresses is. reached If the

-

max1mum pr1nc1ple ratio increases further, movement of the.

\surrounding partlcles starts,whatwlswknown as- theubeglnnlng****“”f”ff\

s -

{

'of plastlc flow._t

y

At the p01nt 1n questlon, Wthh may be- located some

L¥ry 4

dfstance“away from the free boundary, stresses are moblllzed B

v-tG counteract the plastlc flow.o Ultlmate fallure flnally

S s

takes place when a contlnuous zone 1s formed 1n whlch all

p01nts have the same condmtw nwas_des rlbed above.w All

planes parallel to the cons1dered plane in the 5011 mass may

» S

be assumed to have the same stress state.~ Thus, 1t 1s a‘ui ffi§fﬂf7t'

plane_stress problem in whlch;the meanjprlnc1ple stresses .~
PR Lo LT TR




normal to the considered cross section are neglectod

This assumptlon may be justified 1n order to reduce the

complexity of the problem:- bcvcra£>methods of approaching

the problem have been proposed.

Brahtz (1936) introducesstress.functions~and
] uses the theory of elasticity to compute a stress field.
From this fleld he determlnes lines of equal factors of T
safety which are defined as the ratio between avallable | ffﬁi
) shearlng strength and developed shear stress. Similar-;r.
- approaches were advocated by Bennett (1951) . T _
; ‘ a Other authors, 1nclud1ng Frontard (1922), Jakyf "p'ff;;g
o ‘(1936) and Drucker and Prager (1952) have suggested methods | ;.
a fln Wthh the shape and the locatlon of the slldlng surface ﬁ
‘-'may be rlgorously determlned Sof,; : V,'“f '1* .
_ The_thlrd approach whlchrls_probabiy—the—most
"/:w1dely used, is to choose any contlnuA s fallure‘surface :
anad place 1t nlthln the ;011 mass’f such a way that 5
2relat1vely speaklng, a mlnlmum factor of safetywag stil' xvf
o slrdrns“ex1sts;. .f'_”,én.{' N - : _ i
T “ | .»'; fmi - ) R .;~a:*wm:qu§
*__mEellenrusw{1927), deveioped a procedure for “5

S

SO

1nvestlgat1ng the stablllty of slopes~whlch 1s known as the-;wwwe{iif}

ot o~

Rt s b et ey i S i e e gt
B ) - RIS

”’Swedlsh Method or Sllp Clrcle Method It lS based on the

AL S

TRy

. ff concept of llmlt equlllbrlum»and assumes a c1rcular fallure
 plane. Fellenius (1927) proposed the new approach in-order Rl
= Q S S * S L » T : e o I v o nil i
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to analyze the safety of railway embankments against

instability. Circular failure surfaces were more or

less in good agreement to what was observed in nature.

3.2. Geometrical‘andPhysicai'éoncepts *
| The geometrical concept of the method suggested
hﬁhd by Lowe (1967) assumes circular fallure planes composed |
of one or more radii (Fig. 3).' The geometry of the |
.. . slope, or‘free boundary, may be 1rregular but should agree'
| W1th the general shape of ex1st1ng slopes, 1.e.,‘noj . )
ridoverhanglng portlons..,.:u-/k-h‘ - u'?; | : -
“Elﬁ~f~’d,-ay The phy51cal concept 1s based on the well—known

sllces method (Fellenlus, 1927) Wthh essentlally subd1v1des

the assumed fallure wedge (Flg 3) 1nto an arbltrarlly

chosen number of elements (Flg. 4) Wlth certaln postulates-»f,}jl}

about the dlstrlbutlon of_theM81dewforces actlng upon“a

; dtf}f’:i' sllce,'whlch 1n fact, corresponds to assumlng a partlcular‘ -

;, " type of stress dlstrlbutlon along the fallure zone, it isbf’

2 — |

; pos51ble to utlllze two equlllbrium eguatlons,“ These are

j 'rp?-lbmi; namely the sum of the horlzontal and sum of the vertical
5;55§¥¥ff}§;?3'forces}‘respecth81Y' must be ééﬁgito'zero;";'a_;;;i;;ftf;;;;;:fg:;34§




Fig. 5 shows an individual slice element as part

of the assumed failure wedge. Each element 1s described
by two vertical planes, the free boundary and the failure

surface as shown in Fig. 4,

The forces acting upon each slice may be cate-

‘gorized into the following groups:y | | - _

The
¥

1. external forces
2. internal forces.
.-'?s«'«eThe force R acting upon a slice (Fig. 5) may be cons1dered
'fto be composed of externally applled loads, the welght of
,the 5011 wedge,-"W" and the water forces,'"U", ‘which W1ll’;f{h

- be dlscussed in more detall in Chapter 4 The internal
- '_\.‘ R . ¢ ;
';for reactlon forces,non the other hand are presented by

‘fthe vectors EL, E, and P (Flg. 5) . Both the magnltude

*ﬁhand direction of the external forces are normally known.-u

4;However, nelther magnltude nor dlrectlon of the 1nternal

?Quymdb'd,‘lrorces are avallable.w All that 1s known\ls that the fahtg“frﬁflé;g~a

"correspondlng force Vectors must exist because of equlllbrlum

4

‘«;;ﬁgf _con51deratlons. s

[ . - o A At N ' T e

. e o gl £ a7y 8 e MO A ANE
Eiiatidenana et ’Vv--nbh’""‘ hed =

SN it s e b 2oy

N It should not be too dlfflcult to 1mag1ne that ;fdéfiffﬁfjgfp
TR the force system as presented in Flg.(S represents a

~”'l",ﬁ“;‘_*f_’j.,;—fy'statlcally hlghly 1ndeterm1nate problem and 51mp11f1catlons

-

T ] . : . . -
— B - s . - . . . . . - : . X L . . . . .

'}"Yttl{fgt,—' A flrSt step 1n the s1mp11f1catlon 1s to reduce“{“”;

-.(:«v .

the fdrce system from SlX to four unknowns by assumlng the




directions of r and E

I Taylor (1937) postulated that

a reasonable

approximation is +to assign EL a direction

which is the average of the boundary slopes at point 1

and 2 and to assign the direction of ER the average of

slope 1' and 2'. fThis postulate was adapted by Lowe.

‘Furthermore, Lowe makes use of Eq. 9 in Chapter 2 by

concludlng that the necessary shearing force can always

be expressed as a fraction of the available_shearing force

along the arc 2-2 (Fig. 5) in terms of the factor of

safety F. Thus

‘ . . c.
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AAAAA Hence,;vector P can be wrrttenean termswof a- component

ey nogmal to the fallure surface, 1 e., I R

‘f°-component tangentlal ho the fallure surfa

force as

normal force, and a
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el R P P
[ - - : o e v

. i




In Egq. (12), the directions of N and SD are known.

N pacsses through the center of the failure circle and SD
is perpendicular to N. The direction of CD in Eq. (11)
/ coincides with the direction of SD’ It's magnitude is known

when the length, I,, of the arc is specified,

The locatlons of the forces are not known because of
. a lack -Oon information concernlng the stress dlstrlbutlon along
the contour of a slice. Therefore the equilibrium condition

with respect to moments,cannot be satisfied. Hence, no use

T e The remalnlng four unknowns are N, ERlﬁEL and F. At | |
£ : , : d ' — o

thlS stage Lowe assumes the magnltud Eg and F are glven. L.
‘ggiaékf{Therefore, from equlllbrlum conslderatlons, the force polygon

fW1ll close and the two unknowns, EL and N, may be determlned

-

(Fig. 6b) However, the problem is not solved because the’

:assumed values ER and F are Stlll 1nvolved in the equlllbrlum _,fdffl

§ ————— e - . . R - L. A . —

'~{}5~?;vsystem of " the slice under con31deratlon. T L
PR Lo L R -"_%'tw_'

- . . - . - . vt : : . 4 s n...,.“"i\.’\

On the ba51s ot_the model descrlbed above, the follow-‘

| eylng §tepshare.possrblew~wFrom the boundary condltl’”““f the S
B kffflrst sllcew(FlgTssc)wwER must be equal to zero because l' 2',7'1_
f.rfr;fj:A_Qg75vanlshes. Thus, 1f F is arbltrarlly assumed ELsand N of the

/ "

§*._fffTQf£Q€}*f1rst sllce can be determlned fﬁSubsequently,rfrom Newton s law ;ﬂbf

“Nﬁhjffg{of "actlon ‘ reactlon" the 1nters11ce forces on two adjacent

I R | ~m?ﬁ,,;‘
“”_nplanes must have the same magnltude Wlth opp051te dlrectlons.,;ﬁgxfs

i gmeence, ER of the next sllce corresponds to---EL of~the prev1ous ﬂs,ja
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The implication of this is that, with a common

}

value for F within the given equilibrium system, all

slice forces may be found by proceeding stepwise from one

slice to the next until the last slice is reached (Fig.

6a) .

At the last slice, a secondary boundary condition

reguires that EL equals zero. If the computed E. of the

L
last slice is not zero, the arbitrary value for F has to

be changed and the process of going from sllce to sl{ge

‘must be repeated all over agaln until the ‘'second boundary

condition is satisfied.

°;;il"”"” o Thls approach Wthh has been solved graphlcally by

o Lowe, is sultable for convenlent formulatlon on ther

‘;;5_ ‘computer. The ‘use of,the computer appears to be more a”ffff”f?”““"

eff1c1ent than. the graphlcal approach 1f one recalls that,

to find a mlnlmum factor of - safety F, several fallure

c1rcles have to be 1nvest1gated for a spec1f1ed problem.

r

In addltlon, no mentlon has been made about the varlatlon ”i.

of the external loadlng condltlons.~ These may be of

—

51gn1f1cance in practlcal cases. Multlple 1oad1ng condltlons'

o2 - : S
e, ity
T bty ot v O ;

may be readlly examlned by the computer once a program 1s

establlshed L e R T e e

........

The numerlcal fermulatlon 1s based on the samej*

o
L

pr1nc1ples Wthh were followed by Lowe.~ The follow1ng

» \‘

"“”ﬂQ- sectlonTtherefore, 1nvolves only an algebralc?development )
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of those principles. The géometrical concept on which

the formulation is based on jis detailed in FPig. 7.

Fig. 7 represents a slice which is considered

to be part of the total failure wedge. The subscripts

- "i"'refer to the number of the individual slice within
" the given numbering system as illustrated in Fig; 4,
., From the‘figure it oan be deduced that there is a
| differentiation between sllces and vertlcal boundarles..? »
N The slice numbers follow the sequence 2, 4 ... 2N ; ‘aiLTJ L

-3whereas the Vertlcal boundarles follow the sequence X,

,""f)?!m;3mr54°'f°”2N +1, where N is the total number~ofFSlicesf-

The formulas which serve as the ba51c frameworke

o L PRI ki e

of the analy51s are stated below-', ef«( jf.N . _k'

‘3

X (horlzontal forces) =‘0
) Z (vertlcal forces) = b_ ~
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and similarly

R,i"'l " 2 3 . | S (17)

direction of side force EL i+1
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L vertlcal plane of a. slice has a corner, the u' S are
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- expressed as an average value of the slopes to the left
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-f_, and to. tnewrlght s1de of the cgtnerlmrmhe remalnang e
.7 -angles may be determlned directly from the geometry. S
- R For reasons of slmp11c1ty the resultant force R | o
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Thus, | RV 5
. ¥

where R, . = vertical projection of R of slice i -

RH ;= horizontal projection of R of slice i
, |

3.3.1 Implicit Form

For slice i, the following two equations maY5

" 'be obtained by combining Eq. (13), (14), (15): =~ ..
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Equations (20) and (21) represent two simultaneous
equations, linear in the two unknown quantities Ni and
E_ . S
L,1+1. o | .
| : | ' : e |
This system of equations can be written as: '
. ‘. - -l ~ " ' | L
R ) L,i+1 L . e e (22)
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CL,

P2 = 7 (Ry,; + 5 cos N,i T PR, op SER o g,

The implicit form presented in Eq. (22) is

valid for any slice "i". The interdependence of the

g+ This rather simple formulation is thought

to be suitable for the computer. If there is a matrlx

‘.subroutine'available for this, no further reflnements ;
W;ﬁt“°ff“of the basic formulation need be made.
- 3 3 2 EllClt Form
; After some algebralc manlpulatlons of Eqs. (20) |
and (21), the quantltLes N and EL 1+l may be expressed o
separately, 1n terms of the glven elements as follows- L
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It can be seen from Eqs. (25) and (26) that the

two quantltles E and N
L,i+l

mherefore, it should be possible

are 1ndepenoent of each other.

to?obtain F by applying ;1{ 
e EQ-‘(ZS) alone. It*was found”

as W1ll be seen later, that
F 1s convenlently determlned by u31ng Eqs. (25) and (26)

51multaneously. For thlS reason N is carr;edalong e T

throughout the analy51s.

o

Itmmay also be noted that N can be used to deter-

mlne the approx1mate stress dlstrlbutlonraiong the potentlal

fallure zone, once F is determlned

ThlS may have 1mportance

ol din 5011 mechanlcs problems when dlfferent types of Shear.r”iwi

e strengthlareuto-be cen51deredWAwThe normal stress along the

,,,,,

_,EJQ;_ A rather attractlve 1dea 1s to make the system,ffl

- Trlabened

Eqs._(25) and (26), dlmen51onless.@ If a set of vectorsfrx9?“  e
1s mult;plled by a scaler A a new set of vectors 1s ;f  lifﬁ3ff*eT  |

e




described all of which have the original directions, but
with magnitudes proportionally reduced by A. Hence, the
new set of vectors will obey the same laws as the

original one. Thus it is possible to write: | ‘ ,
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oL T where sL it1 = reduced 51de force at the vertlcal boundary
"'»f,ww,v;, f‘1+1 of sllce i
ui-= reduced normal force at the fallure surface of -
e %'sllce i
T A is valld for the total equlllbrlum system as well as«for
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expressed 1n terms of the slope geometry,'lncludlng the s
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The numbers n and m are reference numbers

associated with the corresponding components within

the slope geometry, where fV,nf fH!mf and ¢, are ceo-

metrical functions and a dimensional parameter, respec-

tively, and the y's represent the related unit weights;;

Egs. (29) and (30) can now be modified to read:
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where €p _1 = reduced 51de force at the vert1cal boundary
—1 of sllce i and the functlons "g" are exp11c1tly glven;
by Bg. (210,
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.5-}by Eq. (31) cannot always be establlshed For example,
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1t Should be notlced that the relatlonshlp glven
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there is no way to express an external p01nt load 1n any

;;one of . the terms RH or RV in terms of the geometry of

B the raliure medhanlsm and the geometry of the slope.; e
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N |

Nc = cohesion number

characteristic height of embankment

I

H

However, Eq. (35) requires the existence of a character-

~istic height. - . | :

The following is a demonstration of the formu-
.lw-ﬁllatiqn discussed above for a homogeneous slope (Fig; 8)

‘which does not have a characteristic height.

For reasons of_simplicityrit is assumed that . :f* ~{ ;’:W
vRV;i = Wi and RH,i é 0. ‘RV,i mey then-be exp;essedlas«

s follows: -
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e Hie v, i
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Yl(X)
Y2(>ﬂ - Yl(}d = r (sin © *'—E: ) | : (37a)

" where . . | | o

0 = independent variable of the polar

coordinate system
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be expressed as -
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distance from points Pl and P? (Fig. 8)
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and
(O0_+0 )

, cos w = sin H2 °_ - | (44Db)

w = arbitrary angle
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"r" left in the denominator.

In the case of an emnbank -

ment with a characteristic height H, Egq. (35) may be

‘intrcduced to vield an expression H/r which is always

expressible in terms of 8. 1In general, to eliminate

all r - terms in the equations, another parameter has

to be found which is closely related to r. This may be

accomplished by introducing "d" which is known through

the given coordinates of Pl and P2 (See Fig. 8). Hence,

o if the numerator and denomlnator of the left hand 51de

of Eq. (42) are multlplled by d

* which, by applying Eq. (44a); may be written as .
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Con51der1ng at thlS p01nt all the elements
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| _zlndependently. TO obtaln the most crltlcal failure

and

e

1i-1 ,
= J ¥(0) sin 6 46 + - (51)
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This form is dimensionless With*respect‘to the

v

RS given‘points Pl and P2 described by their coordinates.

The most crltlcal c1rcle pa551ng through the two p01nts

may now be determlned by varylng the varlables 9 and 6

o4

“:01rcle of the slope in the absolute sense, a subsequent

!" e
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'varlatlon in the two deflned p01nts Pl and'P2~onfthejf:
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uOf‘e'landJGh;‘ However, thlS is poss1ble only 1f the free
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’1

type of embankment ‘ The problem 1s s1m11ar to the one_
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treated above, requlrlng the 1ntroductlon ofrmore‘l ‘pl ”;;E
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geometrlcal relatlons.“ The sc0pe of the analy51s 1s beyond 5M
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anOlVlng water forces. | '*,-'}~ng ' ST T e

T IV. WATER FORCES

4.1 General Aspects

In soil mechanics problems, water forces fre-
quently are important factors which influence the

stability of a slope or dam. Examples include, the

overlaying water mass of a slope which acts on an imper-

vious facing and stabiliées the soil, and the internal
‘pore pressure, whlch may contrlbute to a possible slide

by pressing the soil outwards and thus reduces the

1nternal frlctlon, Many researchers 1nclud1ng Casagrande :’JQ;_

o

(1934), Ivanov (1940) and Polubarinova Kochina (1962), flljfffﬁf"

have trled to determine solutlons to practlcal problems fﬂ7iiﬁf;f*\‘

’ L .
- o L -

The graphlcal approach for f1nd1ng the forces _‘;.1rgfggk

whlch act’ upon the porous medla 5011 is probably more i:f t;my*;t'

effectlve than any of the ex1st1ng hand calculatlon o -.u.ifﬁgéﬁs_v
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methods.f Even though it 1s rather t1me consumlng, the»'

_; graph1cal method is easy to perform However, W1th the N;;_
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development of camputermsclencerertmls NOW - p0851blew oww'_ j}g;;;,
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'fmlemf—have been»*“

publlshed by Malcholuf (1966),_and Flnn (1967) However, no/‘;iﬂp
mentlon has been madé\regardlng the correlatlon of.glven;if;;fﬂc.f
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The purpose of this chapter, therefore, is to
suggest a general idea for taking into account water

- forces in conjunction with slope stability problems.

4.2 Uplift and Seepage

The important water cemponent in a stability
problem is the éore'waterpressure distribution in the
soil mass. It can be'estimated by using the theory of
flow through porous media. Thls theory is appllcable to";fﬂ,n;

anlsotroplc as well as to 1sotrop1c 30115 and is based

-

" on the followlng_assumptions;

1. The soil”ske;etOhﬁwhiCh"constitutes'thé;,’-
seepage media is_incompressible. B R

L2, The hydraulichgradientfwhich'eausesv
B flow of\water 1s due to graV1ty head loss

oo

‘.only.

| *fffB‘ The degree of saturatlon remalns constant

' “ifféf“nﬁ-'é4' The boundary condltlons are known.-h_‘

(flow out equals flow 1n) hd, ~~;7t~¥ﬂf
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It is relatlvely easy te solve the dlfferentlal
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by mcans of a computer using finite difference or finite

element techniques.

several methods may be applied to account for

“water forces in slope stability problems. The purpose
of the following discussion is to illustrate the "contour

method" proposed by Ivanov (1940) . It is essentlally the

same method as Lowe (1967) uses in his analy51s° It 1is,

however, more detailed and in partlcular, contributes to
/

the understandlng of what 1s meant by the terms Uplift .

and Seepage. } L - Do
. . T .l“

The maln advantage of thlS method is that 1t '”'ﬁw_fli7~
rGQU1reS knowledge of the pore pressure dlstrlbutlon onlyf |

along the contour of ‘the wedge or sllce to be con51dered

at the llmltlng state of fallure and not through the entlre

(-5.

3011 medla.. The problem 1s con31dered to be two dlmen51onaliw¢

<

and the s01l partlcles are assumed to be 1deal spheres._

I S Y

Flg-.9 ShOWsmanlarbltrarily»ehesen~sorl*volume“abcd““”S)' %“éfiE
through Wthh seepage flow occurs.' Con31der that the pressure o

B
- '1

glﬁgf%ffh' dlstrlbutlon albng abcd 1s known.w It lS poss1ble to expressasfblg*l

PO VY

x.,mw‘. -

&f*etlff{ll the forces actlng upon the water contalned 1n the pores of

ﬁ” the volume abcd in: terms efvthe forces UT77U ,7jk;ng,"1Figgﬁ
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acts upon the water 1n the enclosed volume,.vS and @ %{fflg:




are the corresponding components in the vertical and

horizontal direction, the dynamic equilibrium equation

for the water contained in the soii volume VS’ when N !

inertia forces are neglected, is: | e
¢ = - U, + U, + W o . - (53)

:'.or’.. o
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r U v URI | '_='-;wate’r forces (F ig . 9) S ,_ )

' unit~wéight of water .
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Thus, we can deduce from Egs. (53) and (54) that

QV = U, - UT - VS Y, I o o (57)

. and from Egs. (56) and (57)

0
I
.
|
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" - The components constituting Qv'and Q can now conveniently

'tation; Let us first con51der the vertlcal pro;ectlon Q

each point along the contour of the 5011 mass Vé.‘ ._j¥;73‘,fQ

R e »ﬁ'It,can,be”seen~that' ]
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The area (AT - AB), however, can now be written

~in another way, as: | .

it follows that: N ﬁ U

’ +
. . ‘ . sy

iy =Y Aafb'cid‘a'jf Vs Yw'(l‘o.*'n)ft,g;f”

. "

u._'f"- The flrst term of the rlght hand 51de of Eq..(63)

1s known as the seepage component and the second term as-

€

ﬁt;fjrj‘the hydrostatlc upllft A 'b' 'd a'lY may be pOSltlve

o '7as well as negatlve in its dlrectlon whereas the upllft

) )

?1s ‘always p051t1ve.;“ :
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Applylng the same concept to the 81de forces

./-’.

. ‘:vggone can write: fﬁr,'ffﬁ,mﬂffg“.;ﬂf;wiw5 S
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1f:;It‘snou }a= bewnotlcedfthat the hydrostatlc‘s“ae“w”fff

A

forces cancel each other 51nce the pressuresat all polnts'gf**;faf)fx

along a horlzontal plane are equal and oppOSIte. Thus a  ipfn“

pure seepage force can ex1st only'between two p01nts “"f?fh}dﬁf;hl”;éh

T

o
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The explanatlon above does not necessarlly con-f;néigp,,w




tribute directly to a method of accounting for water

forces. It does, however, provide a physical under- . | |

standing of the water forces which may act upon a soil

-7 mass when seepage flow occurs. For example, from Eg. (64) | g

)
/ ‘o . . a [ L
1t can be concluded immediately that in a static water ; | h
| i

condition only uplift has to be considered.

Another Way of interpreting'the'water forces k, T |
-actlng on the soil is to plot the plezometrlc heads w1th '_r,c'“' '3
reference to 0 -0 for ‘each p01nt along the contour of . "}}l,"-a j

the arbltrarlly chosen 5011 volume (Flg. 10) - All p01nts{¢ I T

of the contour abcd then lle within the pro;ectlon of "ac"
and 0 —;o, and the resultlng pressure area (A 'Q c'd' +. e

..

*t'};1755i l - n becomes A | such that ; : ‘-1'tog;»ff» -
- ;.~':Vé ( 0 ) a'b’ C'd a’ T
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’*%a5w~;mwt"5eepage and Upllft/in Eq (65) apparently are resolved to ,fi;;;;;';'

a s1ngle.quant1ty. The same pr1nc1ple applles to Q :ff fff:h;;h5"

—
[ e

"uf Qw*~7~v~can be seen by Eq (58)

L-;._. gl

T The concept Ab@ve is suggested for the use in- 0]
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computer solutlons to slope stablllty problems.“ The force ,_;;5-

fcomponents Qvgand Q may be determlned by uslng a. computed

.
-t .
[

“;rwhtt#epotentlal fleld in place of the flow net normally used
'f“iféjfln graphlcal approaches. The potentaal fleld may be computed __ff“

f”“?fon the bas1s of flnlte dlfferences or flnrte elements, rﬂﬁafjfffiff”li

fb' ; e C :5‘. s : .
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| Fblcholsr (1967, Fimn Gsee).
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As shown in Fig. 11, points on the contour of
the individual slices are selected, and the'piezometric | | |
‘head is computed on the basis of the given potential .
field using one of the many existing interpolation

methods. The number of points to be chosen between the | | ﬁ

corner points abcd essentially has to be found on the

basis of experience. The number will not be large since o “

|
it is known that the pressure distribution along a contour: - . |

“between any of the two points does not change markedly.' Lol ﬁ

-After having computed all the-pressure heads

at the selected p01nts on the contour, numerical 1ntegratlon o ; |

%
i
|
i

ifféffgeof the preSSure areas remalns. For this purpose either the

,3ff "trape201da1 rule or Gauss' quadrature formula are appllcable.;fﬁ

e T g =4 P o

Many computers have such a. subroutine available for problem o
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V. TRIAL AND ERROR PROCEDURFE

5.1 General Aspeccts

In Chapter 3 the two functions E_ . and N.,
L,1+1

as well as the corresponding functions e_ . and p., -
| Li,1+1 1

involve the factor of safety F which for convenience

was arbitrarily aSsumed to be known. In reality F}

remains to be determined en the basis of a trial and

error procedure. As was explained.ih Chapter 3, the value-

<y

for the factor of safety has to satisfy: _ e
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3 ! - N . ) E a - -
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"where_NS~is the chosen number of slices.

e S EL itl and N. are magnltudes of vectors all of .
g R E ) . | , - J 4 ) ’ . A" . - B
.. = ~‘which must be positive w1th1n the - glven equlllbrlum system.'.
SUEEE This-furnishes another 1mportant crlterlon.,'
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5’1%;4§5§f, A numerlcal 1nvest1gatlon has shown that 1f ~55 '

L 2N +1 1s plotted agalnsE“F““fhe functlon EL 2N +l

- . N . Y

“kzie};QQSClllates along F from plus to mlnus so that Eq. (66) maY 'i -

fitt]ﬁftf”ffbe satlsfled several tlmes., Furthermore, the varlatlon
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of NZN as a function of F shows distinct positive and

S
negative ranges for NZN » to the left and the right side
S
(Fig. 12).

respectively of Freal

The findings above lead to a third criterion

which may be expressed as

Pt - e tm— = rdm

‘(68a)

P o o

P Eaeterwef safety at”equlllbrlum state

SR VSO O P
T E 5

1t is p0531ble to predlct whether Fp‘é Freal

0 real

(66), (68b)

(67) reduces to- (68a) and Thus;
or F '>'F

P real

“Note that the same crlterla are valid for the dlmen51onleSSa<~*
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example is given diagrammatically below to contribute

more to the understanding of the problem.
Step 1: choose initial value F = F,

. r '

R
k-

real

RN

1 >
_unt;l FP- ,Frea

1 (68b) (67)

. Step 2: . choose-increment AF, and increment F

- fOllows~be—ﬁ. S

L - ~ —o — — R
) ’ "L* _ -"'.,_I\- - F ' . ‘ - -
T - | A Step 4 choese new 1ncrement AF¥<AF and_lngtement -
“ - /l"’«ﬁ“ut‘“* on F untll > 8
U D L pr Freal (6 b) (67) S
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and repeat furtheresteps analoglcally*to the p01nt yhere F

11?$m?t or Wlthln ‘the requ;red ..... aqcuracy. ;Freai

to (68a), (68b) then must ex1st w1th1n the llmlts

accordlng
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F_ - AF< F < F
P - real - "p |

indicated. The number of increments to be made with

-

one interval depend on the position of the initial

.
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the chosen intervals.
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For reasons of simplicity there are only two increments

points relative +o Freal as well as on the magnitude of
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VI. CONCLUSION

It has been demonstrated that Lowe's method of

analysis, which utilizes the two equilibrium equations

SRR e e

with respect to vertical and horizontal forces respectively,

can be suitably formulated on the computer. The theoretical | a
implications in Lowe's approach are simple‘to understand. | |
.The solution, however, is not straight forward because of -

the trial and error process required to arrive at the . o

desired facter ef~safety, | A o S |

n ) . .o .
J . 1 - : .
' : L |

A strong point of-the'particular approach is,

however, the fact that some . aspects of "501l—water 1nteract10n"

-can be convenlently 1ncluded 1n the analy31s.. e
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