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- © Plate-bending problems. of anisotropic plates with cracks_ s
“ are considered, The material of the-medium-is agsumed to be S

~homogeneous and rectilinearly anisotropic. The beharmonic equa- - .

tion for this prOblem is solved using the complex variable

s

*_method developed by Lekhnitzkii,  —
" ‘The bending stresses near the crack tip possess singulalities of -

. . =g . : : S .
the order of r ¥j where r is the radial distance from the crack o

. tips The fracture angles at which. the circumferential stress
chead of the crack tip becomes o moximun are calculated to

~ exhibit the phehomenon of possible forking of the crack, ;
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B ) -L;. II. Introduction * ) B g o t ;L!;f; ’_ :
e : . - B i = ; : -;ﬁ
‘“,-““*‘ Many materials such as wood, reinforced concrete, rolled )fﬁ,je
S materlals with grain orleptotion etc, are aonisotropic in nature. A,
‘- : While a numb r of prev1ous publieatlons [l, 2y 5) have considered S
| the stress dlstrlbutlon oround hole of vorlou shapes_;n. -f,‘e}:,rf/ ff-~'_1
onlsotfoplc plates, the pleate bendlng problem of plates w1th | o ’:
T — erack=-like 1mperfeotlons has yet to e 1nvest1gated.[ This dis- -
i sertation is conoerned.W1th the.oetermlnailon of crsok tip_stress S
field in a rectilinearly enisotropicpl@te subjected to out;of— N .
~.plane bending, The result oieruseful,in the'development of | )
~ fracture theories. o o - m- ‘ _ .
) o voeef \\"
-~ It is well known that the stress fleld near a oraoe tlp i
) . governs the onset of ropld crack propagatlon. Thls concept has i |
| ? been explored by Slh et al” (6) for plune extens1on ond.bendlngv'.f(__
groblems of cracks inuhomogeneoqs and isotropic bodies, -
S o —
a » - In the case of oracked podies'possessing direotional PTo-
—_ﬂPerties,-Sih ef‘al (7) ho;e ?roposed‘ofrooture csiterion in“.‘~~ e L
* ‘*#—mﬁj"—jm“k7conSistent“w{th‘the oonceﬁt of stresseintehsity factors for cracks
4n 1sotrop10 bodles. The resolts in (2) ' however, are volid only'”
: 1f the. body is. subgected to 1n-plone stretohxng and longltudlnal | /1__ -
\Jf: - .ﬁ_' @heer loads, - The order of the CT2 ok-tlp stress 51ngulor1t1es 18; L _.
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o r 2, r be:ﬁng the dlstmce measured from tqe era cl«. front wh:Lle ST T

the angula.r dls’cmbu‘clon of the stress depends upon the eluS'th e -

_'conetun’cs of the L.m.ootrop"c materlwl. The inverse squo,re-roe‘b . w_wm

stress s:!.ngulu:c'l'ty uppc oars ’co be typical of all crack problem e T s

:1n whlch su:rface ‘cra,ctlon are prescrlbed. This behav:.or ho,s N IR 1

e

. ever-been observed in situations— where the crack is.-along the = . .

|
]
a
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N
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2

bend line between two dissimilar materials [3] .

=ik
TS

S

_“'In what *‘follows.' the Prleém- of a th_rougoh crack in an T e e

R RS N e b s
I 4 A AR

' alnis@ropie_plate of infinite extent will be éemalated and | | T

solved, Special a‘bte;ltion-will be given _—jce the bending stresses - B
iri the neighborhood of the _crack point, Thei/na.)dm circum-Q o S e ﬁ
.i_'e:l—:'ential stresses that cause bren_c__l_;;i:gg of ._thecrqck are ) l B | |

determined for-certain values of the elastic constants,
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 - Con91der the problem of an infinite- homogeneous and

<
~
-
-\
™
[ 4
M —
> —_
, . tt-
*
X
3
-
‘, N
1 ! s
————— +
i
|
]
t -
P {
.-'.
5
4
.-
b
B
&,
]

_ "_anisotroplc plate, cdntulnlng a th%ougn crack of flnlte 1ength.

usual assumptionsfwill be made.

;b)' The“elemgnts_éf‘theﬂmid-plane of the plafe.remdin unstroined

el ﬁ_v_,_,,, o

The bendlng'and tW1st1nﬂ'coupleJ at infinity are to be sp901fled.

~ |
The crack conflgurutlon will be taken. as_the. degenerutg cagse of - g}
‘an elllptlcal opening. The problemﬁwill be solved in a rectangular | fﬁ
| oA . - 8
‘cartesian coordinate system;as shown in Fige 1o q . B
| | - | R S

Using theIPoissOﬁ:Kifbhﬁoff~fhepry of plate bending, the s

! : L . -

a) Lineor elements which are pérpendicular to fhe pid-plane . i ”
‘before deformation remain linear and perpendicular to. that

AN I~

~ plane after deformation, See Foz, 2, o ‘?
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T T o stress and straln is ESJ

- TR ~;“r ﬁ c _ :
o aB_asic Equatlons in Am.sotmplc Eiast:x.clty. o

-
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.

i .-\ e The generallzed Hooko !aw in terms of rectanguhr components

C e

e T T T

B ‘where,"-' : ' o B .

fx= €, 0x + Cr20y +c13<:Z + C16 Xy

012 w. + G220y -+ 230Z + Cog "xy
2= C130x + G23% 40 4Oty - (1)
CTVEs Gy 4 OasTax R
CL5Tyz + Cs55 ’zx -~ -

T Cagex ¥ Cogey + C36° + 066 ngy

B et ds

-C C *6‘

Oy 0&5 25 = Cay ‘16 "056 =0
‘as the problen pOSsesses elastic symmetry with reSpect to the

—

a ~ mid=plane of the plats. Solving for the stresses, eqs, (1) y:,_eld

% = Ayqx * Aizey + AIS ez + MgTxy
_°y A12""*"‘2:25’4’1@‘25ZJ’*‘\%’W

Azt T Anty T g ‘ot Mgy | .
Tyg = AMfyz + Alp5 “

. Ty : Fre, + : . L L
s e+ hss Tox e

Ty = = A gox + A65Y+A36¢z +A66 o

. % ’
- N ‘
: I's -
’ . -t - v J -

L FBr fh:;h' plates, the add_ltlonal assumptlon of %2 = o thmugh-

- out ths platc, is mtmduced, Th:l.s lmpllcs that
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el
-y

2= 1"‘,(“-135?‘ t gty HAg) AN
‘-'-Th‘e"strains can be expressed in-terms oi'_ the ph§e deflection -
“w (x, y) as (Fig. 22). - T
L R T [
N & -3’—"- T | . | |
Lo T " 62 / /\ _ - . o ]
, ayZ o D =T | o |
A 5 . ;"'Ii'--,',..
32w o ‘ . _
’xy = 20— o -
. &{ ay- | : - ‘ - - .‘\_: -

.
v
i
[PU I
~
{
o \
' ¥
- B ) .
— R ,--/

' where é1is the thlckness coordlnate.

The stress components must satlsfy the equlllbmum equations: N

a’x | afxy.. '“6sz. | ' . - i

0 o (5)

ox oy = 0% . e

'On multlplylng the first and second of egs. (5) by 2z and then

inteoratmg 211 three equations from - g to 2 through the plate

thickness, it is found that o e -
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~in whn.ch Mx, My are the bending moments, ny the tw.l.sting moment
T and Nx, Ny the shear ét*resses per unlt 1ength By means of eqs.

(2) and (3), theoe quantltles can be expressecf in term of W' (x,y)

T PO UV PO I

Mk = - (ayy—— + 2 + 2a
i 12,7 léaxﬁj

» o o

| h3 azw, : azw - azw L
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Inserblnc the last two of equa.tlons (7) 1n‘to ’c.he thlrd of
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equatlons (6) the dlfferentlal equatlon goverm.ng the deflectlon : B
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./ of thin anisotropic plates is B S C T T
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'y':hoge roots ,ca.nl be éompﬁted from the characteristic equatlon_\

. Ny v
I

agout +:L;8,26ﬂ3 + 2 (a5 * 2agg)u? +ha i u +"“11 =0 '(9?
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S - mined with the stipulation that they are hot equal. The foun

distinct roots may be written as — )é//
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- IV, Method of Solution = .- 0. i oo ot
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~ The general solutlon of w may?’be axpressed in terms of two

complex functions of Zl and 2. 2

L

(X,Y) ZRG(F (Z ) +*Fz (22)) E B (1) -

weiis

— e ———— - —t——— e e
=

wﬁere the'Vé.fiableg 71 and ‘.22 ére""“r»'elat.ed tOx, . }by the -
expréssions - - ,

oL mex sy +ea2 gy e
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e = ——Ro (py #a) + ay¢'(2).
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o ¥ .

o My,,= % lRe (Pz‘}; (Zl'; + ng) (Z&)] - o .
S 13 S ( 3)',.
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. 2. The first fundamentol ﬁroblex:}_ _r:f...v.fﬂ'_.‘ PR

'm'oment m( s) and'the' \éﬂcﬁii}r’aient' shear force p(s) per unit length

" The elassical theory of thin plates requires t_.hat the bending

e ———

| of the plate contour are k.nown over fs) ‘pbi'tionor‘th‘e éntire T R
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contour of the plate, - -
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where, N
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For this problem, the boundary cond:.tions g.lven by' eq, (15)
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- ~In eqs. (28), fl and f‘2

are given by eas: (16). T L s
emal forceo are upphEd to! the contour of the ho 19, then = _;‘; o

~~ A =B=zo, fl = f2 =0e . = I o o
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By changmg the varlables (J = 1 2) in egs. (;2?) t° the e

i/?'f .o T T
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8gs. (27 ), the boundary condltlons may: be arranged in the forms P
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- 0 o_"".((.) =% (‘._0‘1 (()) -,g{; o (<) =¢o wz(()J 3 f | (30) | |

: - Thifmctlons @(( ) and W(( ) ; Wthh are holomorp\hic :Ln31de the - -
unit circle r, may be determlned from eqs. (29) by means of the -
‘gc/)‘llow:i.ng Sg:hWarbz“ formula [h) s | L | - B o
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w*'rere f(O) is the value oi' tha real ;oj.rt of the umcta.on F(( ) on

r, a:nd ao :1.s a real constant.
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. ‘the functions
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| - A knowl edffe of the crack-tlp s’c.ress fleld is pertlnent to

5 the fomulatlon of fracture theories, To fac1lﬂtate the analysm

_—-—— o ’_7;’ polar coordlnate (r,a ) measured from the crack tip, ¢ as shown

U 1n Fig, 5, .w111 be introduced, i.e., - - el LT
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... - ‘1, .0rthotropic material - . - - " . oL _
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e e et e =

S ozdlna.te axes x, y and z, the material i3 sald to be orthotmplc. f

: O T In SUCh a caS‘e, Alg = A26 = A36 o in eq. (2) and hence 316 - -
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3‘26 = 0 1n eqs. (7) and (8) The c_haractemstn_.c .equa.tlon (9)
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not directly aieﬁg%he X - e.x:.s, \1 oy a.head of the crack tip,

there is a tendency for the crack to extend side waye. - Such

S : phenomenon may be referred to as "branchlng" of the crack

‘I’he precise dlrectlons of the branches my be predlcted by the

| anglpq 'rt. whlch MH 1s a ma.xlmnm.
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- _ +-VII, Discussion and Conclusions
4 -
i ’ . . - S ' i -~ |

The results ob’ca,lned in th:.s work is s:.mila.r to those found

S e proportional to the inverse sQuare-?root of the radial distance .

— : h

-measured fron the sn.ngular oraok point., The funo’clonal relat:.on- |

:ship of the stresses depends upon the elastlc oonsto.nts of the

e —

| ‘,1n [7] VThe bending stresses near the cro,ck tip were found to be - ‘*“"" o

-

S .‘ ___anigotropic m&temaL__ILma,y_,be;obnolude.thet*i;he~detsils o;f t}le
. l‘ooa,l sfresses are intimately connected with the nature. of a.nisotropy.'

._ ~ For instanoe, ~f:he orecl%-tip stress field for a pola.rly anisotropic
bod;r would be quite d.lfferent than that for a rectlllnearly a.n:n.sotropio

med:mm discussed in the present a.nalys:.s.

R 5 should be pon.nted out ‘that the present solutlon w111 not | p
| ¥ |

o P01sson-K1rchhoff theory of ple,te bend_lng utilizes appronmate
bounda,ry concht:.ons. Nevertheless, the theory does predlot the
) S qua.llta.tlve features of the physwal problem sufﬁolently well,

- - The phenomenon of branch craoks .and the 1/ / T 'stress sigularity will

be found even had the problem be solved by more rei‘lned theory of

;:he bendlng of plates. . o L | ', ~

g

formul‘..ted for a.n:.sotoroplo plates where all the three natural

bounda.ry oond.ltlons can be sa.t:x.sfn.ed. In th_:x.s way, the stress .

\For future work, " Relnssner type of plo‘be theory should be

a.ovure.te in the Tegion olose to the craok boundaryy since the L




i - | , - '...\; ) | . -. - | N . ’ ol -‘ ~ | . - —-' - | ’. | B -
- distribution around the crack tip may be <cdlculated for a better |
- understanding of the fracture strength of crecks in anisotropic =~
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