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~ ABSTRACT

A heuristic model is developed for obtaining the monthly pro-
duction schedule in a multiproduct shop with a constraint on aggre-
‘ AN |
gate capacity.

The effects of certain approximations employed in the model
development are investigated through computer simulation, the cri-
terion for evaluation being the achieved service fével."The results.
indicate that while the service level obtained satisfactorily follows

the specified service level in the aggregate, the modeirpresented“

favors the products with the higher mean monthly demands.

e




- CHAPTER I .

INTRODUCTION |

Backgpound

' The topic of "production smoothing' has been given considerable

‘attention in the literature durihg the past several years, The  con-
- cept genérally involves balancing the,costs associated with carrying

inventory on the one hand against the costs of changing the level of

production on the other;‘the objective beingﬂto minimizeuthe over-
all cost. | | ’ n

Production smoothing problems may-befrdughl§;divided into two
categories:

1. Smoothing production for a single product over n periods.

2, Smoothing production from period to period when several

products are competing for facilities.

Methods of handling the?single product category, which will
not be discussed further, vsry from exact mathemat;cal solution for -
s{mpler problems to approximate solutions for more comple# situations,
which, of'course, sre dependent on the particular assumptions made
in each case (11,14,15,17,19).

The second category, production smoothing when more fhan one

product is involved, has also been handled in a variety of ways.

The manner in which a problem is formulated depends upon many factors,

not all of which are under the control of the planner. (Some, for

example, may be a matter of "policy'.) A number of these considera-

. tions are presented below, not as a complete list; but only to




ihdicate the variety of faCtors_that influence,'ahd complicate, the

method of solution.

Planning Horizon: 1Is there a finite period of time over which de-

mands are assumed known, or is it a continuing, "infinite horizon"
situation? 1Is forecasting to be used?

Nature of Demands: Are demands deterministic, or probabilistic?

Is the market static, or dynamic?

‘3& » . . '
Type of Produétion: Is production to bé in batches? Are 1lot sizes

fixed, or will they vary from period to pefibd? Is sequence of

production important?

Data-Processing Availability: Are procedures to be handled maniially,

or by machine? Is updating done continuously,"érfperiodically?

"Degree of Smoothing'': Is a cost associated with changing the level

or production? Or is it fixed in some range by physical limitations
or management decree? (The latter might be termed "absolute
smoothing"'.)

Service Conéiderations: Is demand backordered when. stock isn't

available, or are the sales;fOSt?“ Are ‘backorders to be controlled
by assigning a cost to stockouts, or by specifying a service cri-
terion? -

Teéhniques employed in formulating production smoothing prob-

lems in this second category include: linear decision rules applied

5 ‘
after using Quadrqiic approximation of cost functions (13), linear
/ ”

programming (5), dynamic programming in combinétibn with linear

&:.

prbgrammiﬁg (18), and Lagrangian multipliers (21). Each technique,
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- when applied to a épecific problem, must work within its owﬁ peculiaf.

set of assumptions, put;aliithe methodé have one thing in common:

‘an attempt to solve a problem of réal—world‘Size without resoffing

to some degree of. approximation usually résults»in excessive ¢ompu-
tation.. As a result, in order fq“provide é realistic method 6f soiu;
tion, i.e., one that can be applied in anxzperating.environmént,
oﬁtimality isloften sacrificed.fprsimplicity.

Problem Definition

Consider a shop engaged in the manufacturé-oi~a;Variety of pro-
ducts, all of which req@iré siﬁ;}ar processing steps, i.e., there |
ﬁgfe'no specialized production lines. It is desired to manu;écture
én a batch basis, since Chanéing production from one product to
another réQuires'adjustméni and resetting of»soﬁe facilities,\thus
incurring a:set-up cost; Raw materials and éomponent parts are always
availéble from an adjacent storeroom, i.e., the quantity of any bro-
duct scheduledfor mandfaétufe is not limited by raw material avail-
ability. Production outSut'is made to meet in?entory requirements,
and if demands occur when stocks are depleted,athe units are back-
ordered and the backorder i: filled the'hext time that particular !
product is mapufactured. Because .of the'cost.assdciated with‘con—

. tinuously monitoring inventory levels of the many products, ahd
becauée data proceééing facilities are available only on a pre-
plannea basis, inventqu is revieﬁed periodicaily and at the same

time production is scheduled for the next period. The demands for

all products are stable, and this situation is expected to eontinue

-
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in ﬁhe future. fbruthis reason, it ;s.ndt desirable to changg thé

2 o size of the workforce._ However, some flhétuation of thg‘workload is
;cceptabie,'since a limited amount of shifting of 6pérators between
adjacent shobs can be done when fequired. Hence, capacity is cén-

strained within a range.

In addition to:the above, the following assumptions are stated::
1. Demand for each product is normally distribufed, with

| known mean -and standard deviation.

g | - 2, A product scheduled for pyogﬁction at review time williéé
SR - available for inventory af the end of the-périod.
3. Set-up times are neglected in arriving at the producfioh"
 schedu1e for the.period. |
4. No attempt is made to set the sequence of product manufacture
during the periodﬂ ” . | | . J
'ijective

The objective of this study is to apply the Lagrange multiplier
oL _ “ \ ‘

technique to the problem outlined above, and evaluate the'effect'of

certain approximations employed. The criterion for evaluation will
bé the service level achieved”While Operating'under,a doctrine de-

signed to minimize the sum of ordering costs, inventory holding costs,

and backorder costs.




\
*  CHAPTER II
HEURISTIC MODEL FOR PRODUCTION SCHEDULING B

In the previous chapter, thé method of.Lagfange multiplieré
was mentioned as one means of minimizing inventory costs in the
presence of a constréint on capacity. Ip this éhapter, a Lagrange
formulation will be developed-in detail, and then.cerfaih appro;i:j/
mations will be introduced to makeihe method more computationally
attraciive (21). s " _ \%

First, for a single product, let thé.eXpQCted'annual_cost

include:

. C(R,Q) = order cost + inventory holding cost + stockout cost
- - o |
c =, I(3Q+R-S,) + C 225 (S.-R)£(S,)ds
Co o + CuI(3Q+R-S;) + C, o L )_(‘Lf L
R :
where | :
C, = order or set=up cost
C. = unit cost ﬁ
u
CZ. = sfockout cost per unit
I = inventory holding cost rate, $/unit/year - \
S = expected monthly demand
.§L = expected lead time demand ]
f(SL) = probability density function' of demand during lead time u
Q = lot size
'R = reorder point, or "trigger level"

Since the shop being considered manufacfures‘n_pnoducts, the

total cost is the sum of n similar equations, with the addition of




3
the Lagrangian term to handle the constraint on capacity:

TC = D C(R;,Qy) +A( X h,Q-P) i=1,2, ...,n
i i -

where h. is a factor to convert units of product to hours, P, is

the total available producéioh time, and A\ is a Lagrangian multi-
plier, .

Since decisions are to be made once each month and it is not
known ip advance which produéts are expected to reach the reorder
point, all_producté~will be initially'inéluded. Diffe}entiating
the cost function with respect to Ri anvai, theffifst order con-
ditions for a minimum are obtained:

ggc = F(Ry,Q;) = 0 i=1, 2, i » 1
1 ’ | ,

(1)

g%f = G(R;,Q;) +\hy = 0

To solve each of these n pairs of equations, a A\ is selected,
and using the standard lot size (or Wilson lot size) as an initial

| Qi' Ri may be obtained from the second equationf Then Ri is sub-

stituted in the first equation, thus obtaining a second estimate of

Q;. Iteration in ‘this manner eventually yields satisfactory values

- 0of R, and Q. for the selected value of ).
i ‘i

Using the reordér point or trigger level thus'obtained, form

the ratio:

@ RO

137575

WhereIIi is the inventory at review time. If this ratio is greafér

: PR o P

>

.
3
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ﬁthan or equal to 1, the product is'expééted to trigger during the

month, and the Q;(}) is credited to used capacity.
When this process is repeated for all products (using the same -
value of \), it will yield one point on a A\, P graph (P = hours

of;production). See accompanying figure.

Now a different A is selected, and the whole proceSs repeated

again to get another point on the graph. When enough points have

" been obtained, the multiplier~kf, which gives the desired total

production Py may be read off. This value of)ﬁ.is then used in
each pair or equations (1) to solve for Ry and Q;.

This procedure, while workable, has several disadvantages. First,

even when the calculations are programmed, the computational time

is extremely long, and it must be repeated each month for n pairs of

N

non-linear equations. Furthermore, the solution obtained is still

an approximation in that it uses inventory ruies-for independeht
products and then mgkes aggregate production déciSions based On the
results.‘

So, due primarily to the effort invqlved{ a further approxi-
mation in the solution is made. The numbér of caiculations is cut
down considergply by'constraining only one ofthe-variables,

either R; or Q;, and letting the other take on its unconstrained

N\

R B R R e Rt A Ry 20 S R T

Y TN R S L e S 2 B Y S T Y T T e S T YA T e A S e S
SR TN e 2 T AR A T e TR G ke 2 e XA =




value, Studies.-have shown that constréining'only'the trigger level

(reorder point) and uSing the unconstrained lot size‘causgs a
smaller inc}eaée in cost above the ''optimal' than does nsing the
constrained lot size and the unconstrained trigger 1evé1 (21).
However, when using the unconstrained (constant) lot size, tnere is
.only one decision»variable remaining, R,, and the derivatives with
..respect to Ri do not contain A (see equations (1)) ; hence the solu-

tion appears'to have degenerated,

Introduction of an additional approximation will, however, per-
mit solution. This is to use the unconstrained R, obtained by

solving‘equationSﬁ(l) with \ = 0, and compute priorities from the

ratio shown in (2). :Then-the products are ranked in order of de-

scending pnidrity, and the hours néquifed to produce the unconstrain-
-ed-lot sizes are accumulated until the capacity constraint is reaéh—
ed. This thensgives the products that éhﬁuld be.manufactured during
/  the month,

¥

The pndcedure, at review time, for obtaining the list of pro-

ducts to ne produced duringfthé'month, may be summarized as follows’:
1, Obtain the unconstnainedyreofder point, Ri’ from equation
(1), with A= 0
2., Obtain the,priority_ratio shown in equation (2), andrgnkﬂ
the products in order of_descending priority. -_ "
3. Beginning’with the highest prinrity, accunulate th?f

hours required to manufacture the unconstrained lot

size Q; until the capacity constraint_PT is reached.
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The products selected will be manufacturéd during the next

month.

In the next chapter, the method of determining the unconstrained
lot sizes and reorder pbints for the specific production inventory
system'described by the assumptions in Chapter I will be developed.

4
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CHAPTER III

APPLICATION OF THE SCHEDULING METHOD

-
“

S

——,.

Determination of Unconstrained lot Size

From Chapter II1, the expected annual cost for a single product

-is: -

@
C(R,Q) = C ﬁ + C,I(3Q+R-S;) + C S—Y 'of(S -R) £(S,)dSs
0 Q u L z Q L L"""L

é | ! R :
where SY is fhe expected yearlxdemand.'

The last te;m~states that the annual backorder cost is obtained
by multiplying together fhe backorder cost per unit (Cz), the ex-
pected number of order periods pef year (SY/Q), and the expected
number of backorders per period given that fhe‘reorder point is R,

Let the expected number of backordered Units.per cycle be giveﬁ by:-

0 if SL-R <9
N(SL,R) ={ | '
Si-R if S;-R >0

(product subscript suppressed)

. "o
N = .}f(SL—R)f(SL)dSL
R |

Differentiating the cost function with respect to the two

decision variables, as in equation (1), Chapter II:

> | | | . )
" *
£

aCc _ Sy ON
TR L

R
Wl

Ly
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R
.

~. If thé expected number of backorders pér year'islﬁegligible:

aC = COSY 4+ CUI =0

3Q Q2 2

and solving for Q:

2 CoSY

Cy I

(1)  Qq

Thus, if backorderS'are,temporarily neglected, the'uhconstrained
Q is found to be the standard, or Wilson lot size . This is the lot

size that will be assumed throughout the remainder of the development.

’Determination of Unconstrained Reorder Pdint

The unconstralned reorder point may be'obtalned for each product
. through the use of the cost equatloné described in Chaptef II or

by the spec1flcat10n of a service level criterion. The latter alter-
native will be useq here. There are two feasons for this choice,

’First, the stockout cost, or backorder cost is difficult to evaluate,

"' and even though.specificatioh'of a service’ level imputes a cost to

-

stockouts, it is often more desirable from a management staﬂdpoint

to specify a desired service level. Secondly, when demands are con- ..

'sidérednormally diStributed, thé determination of the reorder point

using equation (1) of Chapter 11 is extremely tedious (1, page 352),
There are numerous ways of defining service level (1, page 333).

The one used here will be:

number of units sh1pped without delay .

i = number of units demanded

NI T Cage dehe i T I
S e R N T AT

e T A A S S 0 B s e L ek S A f e G S B E N Y e T g
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This has the advantage of pefmitting the service levels foriall-
products to be specified identically over a given period of'time,

regardless of the number of order periods encountered, or the length

of the Iead time period. This is in contrast with the normal method
of using a service level criterion to establish the reorder point,

which neglects the length of the lead time and the pumber of order

periods per year. In other words, the normal method of computing
the reorder points from a specified service level establishes the
same level of protection for all products during their respective | S

lead time periods, but a different level of protection when viewed

over a common period of time, e.g., a year.

Since it is more logical to specify reordér points that establish

.~ the same over-all service level for all products, it is necessary

to modify the usual method of determining the reorder points to:

account for different order periods and lead time periods. This

entails obtaining the relation between the over-all service level,

designated Z,, and the lead time service leVel, designated Zgp.

According to the definition of service level given above, the ;

T S T ANt L

expected over-all service level for a period of T months may be ex-

.. pressed as:

| . 8 -T-N N,
% T S~T'T=1-§I-_"T'
where | 0
S = mean monthly demand
N,, = expected numbér of backorders in T montﬁs

WA DN AT ey o
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The expected number of backorders in period T may be expressed

‘as theveXpected_nﬁmber of backorders in a lead time period, NR’ times

the number of lead timé periods in T monéhsg

The number of lead time periods in period T is:

T . T8
o/ Q

Hence the expected number of backorders in period T iss

fr-3s
N, = N »QH.

This is substituted in the expression for the over—ail service

level in a period of T monthsf

N N | -
z =1-_Y _1._R o _~&
S.T Q ‘ ’

Now the definition of service level—iséapplied to the lead

time period in order to obtain the expected service level when the

inventory reaches the reorder point R:

Z_. = — = - =
R SL St

where
S;, = expected lead time demand
Solving for NR:

S (1-z2.)

R L.

- 4
|

R

i tre e i

R L AL TP S Ut
Sl 2 PRSI TR
B A PR RS R SOOI TAU

= PSR T e

a2 R e i
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This is substituted in the,expression for over-all service levélz

Np 5.

Z, = 1 -'6—'=l " q (1-2p)

yielding the desired relation between the lead time sefvice level

Zg and the over-all service level Z:

(2) ZR = 1 -(%;)(l-zo) .

Thus, using equation (2), it is possible to begin with a

desired service level specified by management, Z_, and obtain the

Oi

"~ service level necessary during the lead time period, ZR,'in order

<

toﬂsuppbrf Zo‘ The‘reorder point R must now be determined from

the necessary lead time service level ZR' This development follows:
w In deriving egzation (2) above the definition of service level

was applied to the lead time, i.e.:

N
‘Zgp =1 - R
Buchan (1) expresses this service level in terms of a "shortage

factor" and the coefficient of variation (ratio of standard deviation

of lead time demand to the mean lead time demand) :

- <(3) Zp L@l'-;zFR
| where
e FR = shortage factor when inventory is at level R

M = qr/sL_

- o
=
LS P U P I .
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The shortage factor Fp 1s dependent on the distribution of

demand. For the normal distribution this is:¢

‘(4) Fp = ¢(tR) - tp ¥(tp)
where -
e ) R -8
_ L
] (5) tR = .UL
é(t,) 1 [ 3t 2]
= exp | -
R VZw' | R
ity = f ® (x) dx

(The derivation of the shortage factof FR’ consistent with. the
service level as defined here, is given in Appendix A.) |

Once the legd time service level ZR.. is .computed fm; equation
(2), tjhe shortage factor Fp may be obtai‘.’ned froi_n equatiofi (3). Then
the nopx;al deviaté tR may bé computed fmm equation (4) , usi,ﬁg tri|a1
and ei'rdr solution and any set of normal tables contaiﬁing $(x) and

¥(x). Finally, the reorder point R is obtained fiwomv t_ using

R
equation (5) above.
The second part of Appendix A contains an. example illustrating

the ¢alculation of a reorder .point by the procedure described above,

; ' ¥
and compares the result with that obtained using the "standard"

method.

Determination of Priority

. e . e Bt AR RS S, ot s o 8 e e St e e ’ . e e piemart - .
e RS Ly i b T SRV e . . ot s e oy s s va e

"An obvious di'fficultyApresents itself in the ratio used to

establish priorities:

e e T g eyt o = 5o

R e e



17

(product subséript suppressed)

= <
I- s

If production were notvcoﬁstrainéd, an'order“wbuld be placed
when this ratio reached one,. However, 1n“the presence of the con-
straint, a ranking procedure is used, with the positive ratios greater
than one being scheduled first, as described in Chapter 1II. Herein.
lies the difficulty. Should the demand betwéen review periods be

great enough so that the inventory at review time, I, is less than

the'expected lead time demand,'gL, the ratio shown above will be

negative (assuming that the reorder point, R, is positive), A nega-

tive priority ratio would be ranked so low that the produét wQuld

not be scheduled. (This, of course, would not be the case if the

inventory system was humanly monitored, but could happen in a

e e A e S

computerized system)., As a result, once the inventory’I was reduced
to a level belo&mthe expected lead time demand without an order
beihg triggered, the inventory could never recover, (Nbfe that this
predicament is due to the periodic review scheme, and could hot occur
under a continuous review inventory system).

Furtheigcomplicafion is caused by the fact that ii is possible
for reorder points to be negative (see discussion under "Sample -
Calculation,"‘AppendixlA).' This can cauSe'incorrect ranking if the
ratio above is used withéﬁt modification,

These difficulties can be resolved by relating the feorder

points (R) and the expected end-of-month inventories (IJ_L) to some

fiétitioué reference point, analogous to "absolute zero." This is

L e A e L e e S T i TR b e e ¢
ey AR RS e
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accomplished by adding the same positive constant to all reorder\
points, and to all expected end-of month inventories before computing
priority. The magnitude of the positive constant is such that the

denominator of the priority ratio is positive for evéry product. 1In

this manner, the two difficulties described above are eliminated, and'

the ratio continues to indicate whicq products are expected to reach

T LA T W e TS § D e M S BN T T S e e 2 N

the reorder point during the month. (The effect of this procedure

is a "compressing' of the ratios about one, but the relative order

a

is still maintained.)
In this chapter, the method of determining the unconstrainéd
lot size, unconstrained reorder point, and priority ratio for use in

the scheduling algorithm of Chapter II has been presented. The pro-

cedure may be summarized as follows:
1. Compute the unconstrained lot size:

(1. - 2C Sy

Q = CuI | | .

2. Given the over-all service level to be maiﬂtained, 29,

compute Zp, the required service levelfhuring‘lead time for

reorder point R:

(2) 2zp=1 -g— (1 - Zy)

3.. Determine the shortagexfactor FR from:




P Ty sy N v

{

3 |

a) |

i ‘

1

t |

\

|

;
b . -
i
N
. L8
k t,
.
L
k]
. 8
]
-,

4. Using trial and error, aldng with staﬁdard.normalrtablés,\

solve for tR from:

(4) FR = d>(tR) ~ 1:R ¢(tR)

- -

| .
5. Compute the reorder point:

(5 R =.SL f tR a; o : : J~ fﬂ

6. Compute the priority ratio: :

R; + C i

Where C is a positive constant such that the denominator is ;

positive for all pnoducts. ;

7.” Beginning with the highest priority, accumulate the hours g

‘required to manufacture the unconstrained lot size Q; until

the capacity constraint P, is reached. ' é
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TESTING THE MODEL " - %

Thé method of determining the productioﬁ schedule, described in
Chapter II, contained some aﬁpfoximations and "coﬁpromises" incor-
porated to reduce a problem of,copsiderable complexity and size to
one that could bé'more readily handled with a realistic amount 6f
computation.’ ;hen in Chapter III some further simplifying assumptioné
weré;introduced in order to‘obtain the uncdnstrained lot sizes aﬁd
reorder points, and to arrive at a usable priority determination.

Eacﬁ one of these simplifying steps would paturally force the
solution further away from the optimal. However, as indicated in
Chapter I, even the more rigofous methods of solutién to the type of
probiem considered here eventually involve soﬁe degree of approximafion.
The hain inter?st is therefore in fhe effect of some of the more gross
approximationswfésortedto in arriving at the three-step procédure'
for determining‘the pnodﬁcts to be manufactured during the month
(Chapter II), and in obtaining the lot sizes and reorder pbinfs used
in that procedure (Chapter IIi);_

Probably the most significant apprbxinmtiqn’emﬁloyed~was the
introduétion of the unconstrained lot size in equation (1), Chapter
II.» This rendered inoperative the‘Lagrangian.term, forgiﬁg the deter-

mination of the production schedule to be made on a priority basis,

with no guarantee of a product being reordered When the priority

reached a value of 1, i.e.,, when the reorder point was reached. Due
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' to the fact that produotionnis in batches, more-products might reach
the reorder point (priority‘= 1) than can be accommodated by the
constra1ned production time, Wnen this happens, the manufacture of
‘some of the products is postponed until the following month; and
since the reorder point has already been penetrated but'no order
placed, the safety stock may not be adequate to satisfy demands
occurring before replenishment. This chain of events, should it
occur, willlculminate in a reduced level of service. 1In order to
investigate the significance of tﬁi approximation then, the service
level may be monitored while_allowing the system to operate under
the priority rule for a period of time. Two a%pects are of interest

here:

(1) The service levels of the individual products.

-

(2) The aggregate service level, i.e,, for all products combined,

L. ,Bbth aspects should be investigated since the reorder points and

lot sizes are computed for the products independently, but the pro-

duction schedule is limited by an aggregate constraint.

Several additional factors are of interest either because of
the specific approximations employed or because of’their influence
on, or being influenced by, the priority method of scheduling,.
These factors of interest are' discussed below:},e ”

(1) Another approximation intnoduoed was to neglect the

&

backorders and use the Wilson lot size as the unconstrained

e ]

lot size. It can be shown that if backorders are not

neglected, the lot sizes for the individual products
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would be larger than the Wilson lot size (6, p. 17).

However, there is another force at work in this caée.

/

This is the constraint on total production, which would

tend to shrink lot sizes in order to produce all products
that reath the reorder point in a given month. These two
divergent interests would appear to make the lot size

a critical factor in the service level that is realized

over a period of time.

(2) The coefficient of variation, u, plays an important role

L i B e o P B A A A AR O P
. 3 .

in the determination of the unconstrained reorder point

- (see equations (3), (4), and (5), Chapter III). From equa-

tion (3), Chapter III,'it is seen that a largéf u will

result in a lower lead time service level, ZR’ which in

e e N AN T A £ AT e SR e TS,

turn adversely affects the over-all service level Zy. Or,
stated in another way, the safet stock requiréd to main-
tain a given service lével-increases as the coefficient of

variation increases. It is of interest to know whether

'this fact in conjunétion with the possible postponing of
production (described@above) will make Fhe service level
realized over a giveﬁ period of time a function of the
coefficient of variation of the product demand.

(3) Obviously an important factor having an effect on the
‘ reSulting service level is the specificafion of the‘pro-

duction constraint, RT.avShbuld.the postponing of the

manufacture of certain products occur, it would appear | i
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that the situation couid be ‘alleviated by increasing P ‘,
permitting more producté to be manufactured. However, it
can be reasoned that allowing production in excess of the
amount required tmo meet the mean aggregate demand will,
over the long run, permit inventories to build up, since
' demands are stationary. On the other hand, a constraint
set lower than that r-equired to meet mean aggregate demand
will permit depletion of safety stocks over thé long run,
(4) Another factor of interest is in the service level cfiteria
originally épecified by management. | It is 'seen from equa-
_tion (1), Chapter III that this specification of Z, 1s the
first s{:ep toward arriving at the unconstrained reorder
point. However, as indicated above, there ié no guarantee
that a product will be reordered when this"point is reach-
ed. Does the specification of the desired ';)ver,-all ser- A
vice lével, ZO,' acfually affect the" level ac‘h(,ieved over

a period of time, or does, in fact, the system set its own

level of service due to the constraint on production?

Initial Investigation

The four areas of interest mentioned above were investigated
through simuiation of the inven.tory system;_ gdverned by the methods,
rul:es? and assumptions of Chapters I, II, and III. These four areas
'indicate ff)ur factors, all of .which may occur at different 1levels,

which might..affect the service lé)vels of the individual pmducts',

- -

-~ or of the‘aggregate collection of pl\oducts, as described. Thi’_s\
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suggests a factorial experiment, the factors being 1lot size Q,
coefficient of variation u, production constraint P , and the manage-

ment specified service level zo. Initially the primary intérest is

" 1n the direction and amount of the main effect of a factor (if indeed

there is an effect) and not in the shape of the response curve. For
this reason the initial experiment was designed as a four factor
experiment, with each factor at two levels. The specific levels of

the factors for the initial experiment were chosen as follows:

Iot Size: As described in Chapter III, the unconstrained lot
size iscomputéé using the standard OrfWilson‘IOt size formula;
This is accbﬁplished by neglecting bacgorders, which, if not
negleéted would tend to increase the lot size. Hence, it is
reasoned that pnoduCts should be manufactured in lots no

smaller than the standard lot size, and when runs #re made

with this factor at the "low" level; lot sizes will be computed
by the stahdardvlot size formula. When the "high" 'level of the
lot size factor is required; lot sizes will be determined by
incfeasihg the standard lot size by 50%. _This method was chosén
in order, to provide a systematic means‘of varying the lot sizes
for all products,'and.it was det;rmined through preliminary ‘
runs that more than.a 50% increase caused sev;re broblems in
obtaining a lot size solutién within the allowed capacity

range, thus invalidating the procedure for obtaining a pro-

duction schedule. The two levels are therefore representa-

tive of the extreme values for the range of interest.




Coefficient of'Variation: Here also some systematic means of

'

specifying the levels of the factor over all products was

required. It was decided that ‘any effect of the coefficient

variation was used for all products, and conclusions are limited

to determining the effect on service 1eVe1 when the demands for
the aggregate collection of products are more volatile in one
case (coefficient of variafion,;;,‘at the high level) than in
the other (;4ét low level). The two levels were again chosen .
at-the extremes of the raﬁge of interest, Since a cOefficignt“
of variation too close to zero indicatés_almost deterministic‘
demands, the lower level of the coefficieﬂf of Variation factor
wdskChosen at u= .2, Choice of the high levelkwas guided by"
the fact that the ""normal” distrib;tion is assumed for demands,
and a high u requires "thnowing away'' too.much of the distribu-
tion (demand is not allowed to,be negative). A u = .6 means
that'only about 5% of the lower tail of thé deméﬁd distribution
is elimin#ted._ It is believed that this much can be safely
eliminated withouf introducing too much:error into the experi-
ment, since the theoretical normal distriﬁution is used in
computing the‘reorder points (Chapter II1I). "In'addition, this

value provides a standard deviation equal-to 60% of the mean

of the distribution, which represents a‘fairly volatile -demand

situation,.
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Production Constraint: As»discussed previously, if the con-

straint on hours of production is set lower.than that required
to fulfill average demand over the long run, depletion of in-

ventories and degradation of service level will result with

certainty, On fhe other hand, tooumuch excess capééity over
that required to meet average demand Will pgrmit inventories
td buiid up unnecessarily. With this in mind,'thé'low.and-high
levels of'the capacity constraint factor will be _set at the | } |

number of hours to meet me;n demand, and 10% over this value,

this being a reasonable range;'at least for the initial in- f N

- vestigation,

Specified Service Level: The levels of this factor were chosen N 3
to represent the values of service level ébmmonly used in prac-
htice. The low and high levels selected were 95% and 98% respec-

tively for initial investigation. 1If it is found that these

&

levels are too close together to provide any usegulvinforma-
tion about the effect of'the'specified service level on the

actual performance of the system, other values will be chosen

the later experimentation.

Determinigg_the Type of Experiment
'It was previouély stated fhat the»initial experiment shoula o N
; be a foﬁr-factor experiment, with each factor at two levels. Since
it wés'Suspected that the three factor inter#ctions would be small
| \

~ compared to the main effects, it was decided to use a half replicate R

of the factorial experiment, in which the three factof»interactions

~

A~
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P A

are aliased with the main effects, thus permitting a smaller expéri-

.ment for the initial investigation. The design chosen also aliases

the two factor interactioné, and if the results show that this pro-
cedure causes the two factor'interactions to appear significant,

additional investigétion will be necessary in order to determine
' J

which interaction is responsible.

§

Because of the number of products involved, it was decided to

" make the first analysis on the results of the aggregate service

level, rather than be concerned with the effect of the factors on
the individual products. This latter effect could be investigated
in later experiments.

| 4
A more complete description of the 4 x 2 experiment is given

in Appendix B.

Determining the Amount of.Simulation Reqﬁired

The length of each run could be determined in an intuitive
manner, ‘Since the process béing monitored is an inventory system,
the length of any particular run may be setlby determining the"
period of time for which the results would be of interest. 1In a
production-inventory system like the one unde; investigation, over
an extended period of time the product mix would probably change,
deménd patterns would §;ry, and costs would, more than likely, not
remain constant. Thus, to alldw one tim; series to cover a period

of ten years, for example, would be meaningless, since conditions in

a production-inventory system are not likely to remain static .for -

that length of time. It would be more méaningful from a practical
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standpointho learn what happens under a given set of conditi&ns‘
withig a period of two or three years. With‘this in mind, it was
decided that each replication of.the'expefiment would include 36

months of activity.

For tpe initial_investigatiop, it was decided to use a single
time series of demands, randomly chosen, for ali treatment combina-
tions_selected. This Qouid_pnovide an iﬁdication'of the effects of
the factors (discussed above) for the particular sequenée of demands
encountered. Then in order to determine how much of the variability
in response might be eipected if different demands were experienced,
a separate one-way experiment could be run for any factor that appears
to have a large effect on the service 1eve1,' This second smaller
experiment would involve both levels of the factor in question with
the other three factors held constant at a randomly selected combina-
tio;;of levels. Replicating this experimentawith différentgsets of
random demands will provide an indicatidn of how much of the response
is due to the chénge in level of the factor as‘compared to the amount
thét‘can be attributed solel& to the fact that different demands were
encountered. ' | - | . -

The~results of'theVihitial investigation follow.

Reéults of the Initial Investigation

Figure IV-1 shows the data obtained from the 3 x 24 experiment,

a,deScription'of which appears in Appendix B.
For this experiment, the factors are defined as:

A = coefficient of variation
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B = capaéity constraint
C = lot size

D = specified service level

H

For convenience, the observations recorded were ''fraction
backordered' rather than service level, However, as can be seen

from the definition of service level in Chapter III:

Service level = 1 - fraction backordered

. _
L A A,
" B,. | B B B
L 1 2 1 2
T .
D, .0002 .0186
“ I T —
D, .0092 - .0003
— T ——
D, .0163 0012
C, [ +— ~
i D, | .oo02 .0169 .
1 -1 A o - L

i'g 24, Aggregate Fraction Backordered
FIG. IV-1

Since the response measured is a proportion, a transformationj

is made on the observed values (4, p. 45):

/. - 'x=arcsin4b

where b is the observed fraction backordered.. Performing the:
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analysié’on'fhaQtransformed variables yieids the fdllowing tablé:

L Source of Sum of  Degrees of Mean
Variation Squares - _Freedom - -Square
A(=BCD) 1.82882 1 . 1.82882
B(=ACD) 69.31941 1 69.31941
AB(=CD) _ . 15429 1 . 15429
C(=ABD) ° .75337 1 .75337
AC(=BD) _ .18210 1 .18210
BC(=AD) j .02749 1 .02749
ABC (=D) . 1.27440 _I 1,27440
Total - 73.53987 7
FIG., IV-2 I %
Factor B (capacity constraint) is seen tq”héve a very large - | B

effect on the service level, as waé surmised. All other main effects
(which are aliased with 3-faétor interactions) are larger than the .

2-factor interactions. Note also that factor‘D (specified service

level) is séen to have little effect on the reéulting aggregate
service level. |

Without doing a formal analysis, it is seen that factor B
(capacity constraint) is the only factor that appears to have a
significant effect on the sérvice level, and as stated previously,
a one-way experimeﬁt is called for, using additional random demand
patterns*(replicétions) with B*at its high and low levels, and A,

C, and D held constant. The results are shown in Figure IV-3. An

analysis of variance table is shown \in Figure IV-4,

R I A AR SR I L
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B

1
Replication 1 .0004
Replication 2 .0041

Replication 3 . 0062
Replication 4 . 0068
1

.One-Way Classification (chtor B), Fraction Backordered

FIG, IV-3
/
Source of Sum of  Degrees of Mean
Variation Squares .Freedom Square o F
B 25,6458 1 25.6458 65.944

Exrror 2.3332 6 . 3889
Total 27.9790 7

' 'FIG, IV-4

Factor B (capacity constraint) is seen to have a highly signi-
ficant effect on the resulting seréice level even when different

demand patterns are encountered.

<

, 4 e
From the results of the % x 2

‘ —
experiment (Figure IV-1), it

is seen-that for the treatment combinations used, the resulfing

aggregate sérvicé level'was greater than that specified in.all cases,
even when the lower capacity constraint (factdr B at low level) was
used."Then in the smaller experiment, investigat;ng'factor ﬁ ﬁar
diﬁferent demand patferns, it is seen that the effect of factor B

is stillisignificant.. This is verification of the fact that setting
the capacity constraint higher than the amount to meet mean aggregate
démand.will only permit inventories tb_build up unnecessarily. Thus,

for further eXperimentation, the constraint on capacity will be set

e
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‘at the amount required to manufacture for the ‘mean aggregate demand,
and the other factors caﬁ be investigated in more detail, while

still permitting an experiment of reasonable size.

Fdfther Investigation

The initial indesﬁigétion indicatedfthat the aggregatgvservice
level could be maintained satisfactorily'with the capacity co;:traint
set atsthe number of hours required to manufacture for the mean
aggregate demand. ‘Thus, the high level of the-cgpacity constraint
factdr was eliminated from any further experimentation, as setting
the Capacity higher than that required to meet mean aggregafé demand |

would permit unnecessary inventories to be carried,

Results of the initial experiment also seemed to indicate that,

even though the aggregate service level was higher than the speci-
fied service level, some products (those with the lower mean monthly
demands) were receiving much less than the deéired'degree of pro-
teé%ion; This, if actdally true, would indicaﬁe that the mddel

-did not adequately distribufe the inventory among the products,

With this‘in mind, the secbnd pPhase of experimentation concen-
frated on determining if the service levels achieved were fairly
uniform over éll prbducts. Because of the large number of products,
it is possible that any real difference in achieVéd service level
due to differences in demand might'be‘maskéd by~noisé,'if'the pro-

ducts are considered individually., Hence it would be more meaning-

¥

ful if the products were divided into'groups according to the mean

monthly demands. The Separating of products into groups was some-

T
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What'.arbitrary. The specific demand levels defining the gro.‘ups are
rrot particulariy important. The emphasis was on keeping the number
of groups small enough to ‘be effectively handled iri an experimenf,
while still keeping the demand range within a group narrow'enoagh

se that each group is fairly hombgeneous‘, i.e., so thatvno. eingle"
product is vastly. different from the reet of the group, which would
bias the. group results too heavily. This arbitrary greuping resulted
in the follewing three classifications:

Group 1: Products with mean monthly demand between 100
and 600 units.

' Group 2: Products with mean monthly demand between 70
and 100 units.

Group 3: Products with mean monthly demand less than 70
units.

- These classifications encomﬁassed all but one of the products.
Tﬁe excluded product had a mean mnt;lly demand so much greater than
the rest of the products that it would heavily weight the aggregate
service level of Group 1, and therefore exaggerate any real differ-
ence in achieved service level. The fact still remains that there
'will be a certaih amount of variability of service levels of the
individual_products within each group, but much less than for the
whole population of produ‘ets. At any rate, the grouping should
provide a suitable estimate of the degree of difference in attained
service levels that is caused by differences in demand. |

The other factors of interest in this- experiment are the same

as in the initial investigation (with the exception of the capacity

I -

e 2T
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ponstraint,“breviously discuesed).ﬁ\Twe-levele of the coefficient
of rariation ere_used (u= .2, aﬁd M= .6). ‘The effect of lot size
on the resulting service ;eveis is investigated tﬁreugh the use of- ”
the'etandard lot size ahd 1.5 times the standard lot'size. The _
fpﬁrth factor, initially specified service level, ZO’ is examined
at the two levels°used.during the initial investigation (ZO = 195‘
~and Zy = .98) plus a third level (ZO = ,92) added to provide ie-
formation onithe effeet of the specified service level over a wider
range.,

This phase of investigation thus utilized a complete-z x 3 x
3 x 2 factorial experiment. It was decided to make two replications
(series of random demends) in order to obtain an estimate of ex-
perimental error, i.e., tﬁe variability that can be attributed solely
- to the difference in demand patterns encountered. .
The results of the experiment, and the appropriate anaiysis,

are given below,

Results of the Final Experiment

The data shown in Figure IV-5 were obtained from the 2 x 3 x
3 x 2 factorial experiment, with the factor levels as defined above.
The factors are:

A coefficient of variation

B specified service level

C = demand group\

-
I

lot size
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3 0777 .1002 .0340 .1089 ,0736 . 0401
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~where b is the observed fraction backordered.

!

As in the initial experiment

4 proportion, a transformation is made on the ohserved values:

X

FIG, IV-5

» Since the response measured is

= arc sin db

Performing the

analysis on the transformed variables yields the following table:

Ao me
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Source of "Sum of Degrees . of Mean
Variation Squares _ - Freedom Square  F
A 197.8427 — —1 . 197.8427 66.1173
B 452,8098 2 e 226 ,4049 75.6625
C 1869.6780 2 ! 934.8390 312.2415
D 95,1422 1 95,1422 31.7957
AB 29,6445 2 14,8222 4,9534
AC 26,1979 2 13.0989 4.3775
AD 7.5888 1 7.5888 2.5361
BC 51.6666 4 12.9166 4,3166
BD 31.4286 2 '15.7143 5.2516
CD 13.5921 2 6.7960 - 2,2712
ABC 3.9556 4 . 9888 --
ABD .4625 2 .2312 -
ACD ~ 6.0076 2 3.0038 - 1.,0038 |
BCD - 4,1377 4 1.0344 = .
Error 119.6927 40 2.9923 !
Total 2909 . 8473 71 %

F1,40,.99 = 731, Fg 49 g9 = 5.18, F4 49 g9 = 3.83 - . 3

s S S

FIG. IV-6

A4

The last column shows that while some of the first order inter-
actions are statistically significant at the 999% confidence level,

the F-ratios for the 4 main effects are several orders of magnitude

greater. By far the most significant effect is factor C, the‘demand
group, indicating that there is indeed a difference in the achieved
service level for products of different mean demgnds. The accompany-
ing Two-Way Table of Averages for Factors B and C (Figure IV-8)

shows that the higher demand group (Group 1) consistently achieved' -

-~

a higher service level.

T

Factors A (coefficient of variation) and B (initially specified

service level) are next in level of significance. This indicates
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that the coefficient of variation for the product<demands afﬁeCté

. the service iévels achieved to about the same extent as ddes the
'initiélly specified service level.f The relative effects of thé |
various levelé'of the factors on the outcome can be seen from the
accompanying Two-Way Table of Avérages fér’Factors A and B

(Figure 1IV-7).

The least significant main effect is lot size. The Two-Way
Table of Averages, Factors C and D (Figure IV-9) shows that the
standard or Wilson lot size (Dl) éave better results for all demand

groups.than did the larger lot size used in the sfudy.

Specified Service Level

. B, (92%) B, (95%) B (98%)
Coefficient A, 95.75 96.02 98.31
of | . a
-Variation A, 7 91,49 93.90 97.24

TWO’WRY Table of Averages, Factors A and B
(Values Shown are Average Observed Service Level, %)

!
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Demand Group
| At LY <,
| B, (92%) 98.69 92,31 87.50
Specified - . . R
‘Service B, (95%) 99.07 93.73 89.72
Level | |

B, (98%)  99.65 97.47 94.94

-

Two-Way Table of Averages, Factors B and C

(Values Shown are Average Observed Service Level, %)

FIG, IV-8
Iot Size
D, - D,
cl' 99.36 = 99.01
Demand c 95.75 93.64
Group 2 .
| C, 92.39 89,40

Two-Way Table of Averages, Factors C and D

(Values Shown are Average Observed Service Level, %)

it bl S S N N

- Mean |

92.83
94.17

97.69
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Discussion of the Rationale for Determining the Amount of Simulation
Required | :

Two éignificant problems in designing a simulation experiment

g

aré;jb determine (1) the length of timé the simulétion should cover,
‘and (2) the number of réplications that should be made in order to
draw meéningfﬁl conclusions.. These aspects are particulafly impor-
tant in monitoring stochastic processes in which the results are
‘autocorrelated; as is the case in this simulation where the'méasure-
ment of backorders is involved. The autocorrelation of the back-
orders in the time series generated by the experiment.prevents-the
utilization of '"standard" statistic;I techniques, which apply to
independent observations, in determining the number of months of
activity that must be oﬁservéd in order to dfaw valid cdhclusions.
The number of months activity that a single replicéiion |
should include was governed by the period of time for which the
perfbrmance of the system was of interest, and as discussed'abové,
this was specified as 36Jﬁ§nths. The number of replications
required, however,.cannot be determined in such a straight forward
manner, as.it'must be concluded whether any change in response is
due to the occurrence of a particﬁlar sequence of demands, or to |
the experimentél conditions (coefficient of variation, capacity
constfaint, lot size determination, and desired service level) used.

The total number of observations required to draw conclusions in

a statistical sense was the subject of two papers (7,8), a brief

v

discussion of which follows.
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Geisier"s apprcach' (8) was to run a preliminary eacperiment for
a number of periods that could be con51dered to provide an- "inficite
sample size' and from this determine an estimate of.the‘ true value
of backorders, an estimate of the standard deviation of the number
of backorders, and an estimate‘ qf the correlation ccefficient for

the number of backorders over an empirically -determined correldtion

‘time. From this, the minimum sample size (number of accumulated

backorders) could be determined for a given confidence level and

interval, and each experiment could then be run until th1s number

.of backorders was accumulated

The primary disadvantage in Geisler's approach is in the

- amount of computer time required to run the Preliminary experiment

for a sufficient period of time to constitute an "irifinite sample

size,  which he arbitrarily assumed to be 500 periods. For a
single product, this would not be prohibitive, provided that the
number of combinations of experimental parameters was not too

large. The estimates of the mean, standard deviation, and correla-

tion coefflcient are applicable only for the one set of experimental

conditions; a 500 period run would have to be made for each set of

parameters. Then since the production-inventory system under con-
/

sideration involves multiple products, the length of the ﬁnalex—

perimental runs would be determined by the largest of the minimal

sample sizes for the different products, under the set of parameters

(coefficient of variation, capacity constraint, lot size, and

’

desired service level) that required the longest individual runs
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to drew'thedeeired,conclusions. For the inventory system under
censideration, it wasﬁestimated that this procedure weuld require
better than 100 houns of computer time for the preliminary runs
in order to determine how many nonths of data would be required for
the final experimental runs.

The anproach taken by Fishman (7) was te determine the number
of dbservetions required on the autecorrelated time series which -
would be equivalent to the number of independent observations neces-

sary to obtain the desired degree of confidence in the results. To

| accomplish'this, some heuristic arguments were employed to relate

spectral analysis methods to the analysis of autocorrelated time

series, This'approach, like Geisler's, requires extensive simula-

&

tion in order to determine the correlation time, and through this,

the estimate of the largeasemple variance.

Both approaches require initial arbitrary decisions for deter-

mining the length of preliminary runs, and more seriously, both

- require a prohibitive amount of computer time in order to determine

the sample size required fon the final experiments. 1If fhe results
were sufficiently general in nature; or if the published findings
of either method could be applied directly to an inventory system
such as the one under study, either method would appear to give

a fairly rigoroue means of determining samnie size (converted to
number of months of-activity) necessary to interpret resulfs with

a given degree of confidence; waever, due primarily to the emount

of simulation time required to determine the adequate sample size,

-
e e e i e e
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the use of either method for the partiCular problem at hand was not

feasible,
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CHAPTER V

CONCLUSIONS AND RECOMMENDATIONS FOR FURTHER STUDY

The conclusions from this study are:

1. The use of the priority method of scheduling the fixed production

quantities did not cause a degradation of service from the speci-

fied level when the products are considered in aggregate. This
is borne out by the reSults of'the initial investigafion, pre-
sented in Figure IV-1, which shows that the achievéd service
level for the products taken in éggregate Was higher than the

level specified, for all combinations of conditions investigated;

2, The use of the priority method of scheduling did permit Signifi-

cant degradation of service for some products (and hence a

higher than specified level for others). This is evidenced

by the results of the final investigation presented in Figure

IV-5, which indicated that the lével of service achieved was .

dependent to a great extent on the mean monthly demand for

the product. The Two-Way Table of A;erages, Factors C and D

(Figure IV-Q) shows that for both 1lot siie,determinations; the
- higher demand pnodﬁcts achieved higher service levels. Further-

more, Figure IV-8 shows that the product group with the lowest

mean monthly demand range consistently received less than the_

specified degree of protection against stockouts.

What is the reason for the apparent failure of the system to

'qpreserve the service levels of some of the products? It was
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stated in Chapter IV that while the reorder points and lot sizes

are computed for the products independently (an outgrowth of

some of the approximations employed in Chapter II), the produc-

tion schedule is ultimately limited by ar aggregate constraint,
Thus, somewhere in the scheduling algorithm there must be a
mechanism which gives proper weighting to the individual pro-

ducts so that the dominant objective of the system is satisfied.

This mechaniem is the priority. The problem arises because

in the scheduling procedure.summarized in Chapter III, it is
not clear which objective is_dominant, the objective of meeting
the over-all (aggregate) service level, or fhe objective of
meeting the service levels of the individual products., The
procedﬁre of relating the reorder point and expected end-of-month
Inventory position to some fictitious "absolute zero'' inventory
level (Step 6 iﬁ‘fhe scheduling procedure, Chapter III), while
introduced to eliminate fhe ambiguity in the meaning of hegé-
tive priorities, does in fact establish the dominance of the
aggregate-service level, since the inventories and reorder

points of all products are then linked to a common reference

.point,

Once the dominance of the aggregate service level is established,
the system will naturally favor the higher demand products,
because these pnoduct@.have a greater influence in the aggregate

service level computation (see definition of service level,
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" Chapter III).

The'approximatioﬁ whiCh'neglected backbrders in determining

the unconstrained lotéize did not cause a degradation of
service level. As indicated in Chapter IV, if backorders were
not neglectéd, an unconstrained lot size larger than the Wiisop

lot size would result. Thus the model was tested with the

standard or Wilson lot size as the smallest value used. The

ANOVA Table, Figure IV-6, shows that for the range éonsidered

}

(see Chapter IV) the lot size used does indeed have a signifi-

cant effect on the achieved service level. Furthermore, it

can be seen from Figure IV-9 that the'Wilson lot size provided
the better service level. This was true for all demand groups,
The service level achieved is a function of the coefficient

of variation of demand (ratio of standard deviation of demand
to mean'month1§ demand). This aspect was investigated on the
basis of the coefficient of var;ation for the whole population
of products. In other words, the model Was tested with what
might be considered as two sets of products which were identical

in all respects except that one set of producf? experienced

more'volatile demands than the other set. The case in which

'S

-product demands were more volatile (higher coefficient of

variation) consistently showed lower resultant service levels

(See Figure IV-7). Since the reorder point computation takes
into account the coefficient of variation of demand in setting

the safety stock, the poorer performanée in the presence «f
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higher demand volatility is pﬁobably due to theingbility of

the éystem to respond quickly in two respects: |

(a) Thé reorder point may be reached shortly after a review,
but can't be recognizea until the hext review time.

(p) Once the "ideal" reorder point is reached (priority = 1),

- the product may not be scheduled due to competition for

production time.

Item (a) above is a matter of stated policy, so any degradation
of service due fo periodic review cannot be attributed to the |
approximafions employed in developing the algorithm. It can
therefore be reasoned that only a part of the variability shown
in the ANOVA Table (Figure IV—6) as being due to the coefficient
of variation is caused by the approximations and/or simplifica-
tions utilized; the remainder would be present even if the

exact mathematical.solution wer; used,

The tightness of the,capacity‘constraint, i.e., the number of
hours of allowed production in relatioﬁ to the number of hours
required ﬁo meet mean aggregate demand, probably has the great-
est effect of any factor considered on fhe service level, as
evidenced by the results of the initial investigation (ANOVA
Table, Figure IV-2), However, for the case in which demands

are considqfed stationary with time, the importance is diminished

by the fact that a constraint other than the number of hours

required to'manufacture for mean aggregate demand will, over

vy




the lohg run, result in either a depletion or an excesé'Of
- inventory, neither of which is desirable. Since the results

of the initial investigation indicated that the desired service

level could be met, at least in the aggregate, with capacity .

sufficient to satisfy mean demand, tﬁé problem becomes one of

-inveuntory balance rather than sufficient capacity.

The range in which the month-to-month capacity is allowed to
vary is however of some importance. 1In this study, this ''toler-

ance' was arbitrarily set at 10%, which was considered reasonable

v for the problem framework set forth in Chapter I. However, - | §

from a rigid computational standpoint, it can be seen that this

e

range must be suffiéient to accommodate the time required to

R e R i L e LA

manufacture the largest fixed lot size (in terms of manu- “r

e T N S A G T T

facturing hours) of the population of pfoducts considered.
Otherwise«thgre would exist the possibility of not being able
to reach a fixed lot size solution within the capacity range.

This is, however, a trivial point, as in reality if this predica-

ment arosé some manual adjustment could easily be made to avoid
the impasse. Furthermore, the 1likelihood of a fixed lot size
solution not being attainable diminishes as thé number of
products increases, since any given lot size is then a smaller

percentage of the capacity necessary to meet mean aggregate

8 demand.
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6. The initially specified service level does have a significant

effect on the service level actually achieved, From the Two-

Way Table of Averages, Factors B and C (Figure IV-8), it can

be seen that the specified service levels and achieved service

levels compare as follows:

ZO (specified) Z (achieved)
- 92% - 92.83%
95% - 94 .17%

98% 97.69%

Hence, on the average, the system is seen to "track" fairly

well, for the range of service levels investigated. However,

it must be remembered that the production capacity is rigidly

constrained within a range, so that for very low (say under

90%) or very high (over 99%) specified service levels, the

ability of the system to track will be encumbered.

The degree of influence of the specified service level is not
the same for all demand groups however. It ﬁiay alséi be observed
from Figure IV-8 t’hat for the group of pl\odﬁcts with the higher
mean monthly demands (Group 1), the achie\>ed service level
varied over a range of only 1 perceﬂtagie point (98.69% to
99.65%)§Pwhile the specified service level had a range of 6
percentage. points (92% to 98%). On the other hand, the achieved
service level for the group of products with the lower mean
montlhlj demands varied ovezf a range of 7 percentage poini:s |

(87.50% to 94.94%), while the range of the specified service
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level was the same as indicated above.'nThis further illustrates

' the apparent bias of the system to service the higher demand
products.

Recommendations for Further Studz

Probably the most severe limitation on the scheduling fhodel

presented in this paper is that it is applicable only in the static

demand situation. However, the system could be extended to handle

the dynamic demand problem by incorporating one of the available

forecasting techniques to obtain an estimated demand for each pro-
duct, and hence the estimated aggregate production capacity.

Scheduling priority would then be based on forecastedgﬁemands in-

stead of mean monthly demahds, as was the case in this paper.
If an n-period planning horizon is employed, one of the more
sophisticated smoothing and scheduling techniques such as that

presented in (18) is justified.
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APPENDIX A

. ~ Derivation of Shortage Factor | o

Thé shortage factor, F_,, is developed below for demand occurrihg
from a normal distribufion. '(Notation is that used in'Chapfers I1
and III). (

For ény continuous distribution of demand,,the‘expected number
"of backorders that wili be ihcurred during the lead time period,

given that the inventory is I at the beginning of the period is:

N
1 |

For a normally distributed Sy, this becomes:

_1(5L~5L, 2
exP[ é(—o_L—) ]dSL

w
Ny = _/ (-1 —
g , .
I L
Making the change of variable:

I-§L

t = L8 o0 ty =
L

= @(t)

@ ;
N, = (o0 t+5; -0 t.-587) ! e -étz dt
I LESL- Lt S \75;"‘ Xp
t=tI
@ | @
= 0 t > 1 exp [—étz] dt - t_o 1 exp -%tz dt
L ?57' - IL t;pﬁp
' t-‘-tI | t=t1
but |
1 exp[—%tz]
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and f
T e |
/d»(t).dt = ¥(ty) |
tI v
Hence
| o | _ "
N =g - /t © $()E - t o Y(t,) o
tI ” ‘
and since
ﬁ - d(t)dt = ¢‘(t1)
tI ‘

ZNI — UL ¢(t,,1) -~ aLtI ¢(tI) =0, [¢(t1)-t1~¢(ti)]

- This is the expected number of backorders that will be incurred .

gt

during the lead time period, given that the inventory is I at the

beginning of the period.

<

"Assume that the inventory I was the reorder point R, i.e., * [

NI = NR' Let the expected number of backorders be expressed as the ﬁ
- Product of the standard deviation of lead time demand and a term

called'"Shortage:factor", FR.
Np =0, Fp " .

By the expression for the expected number of.backorders derived

N =9 [ptp) -ty W]

S(tp) - tpy(ty -~ -




Sample Calculation
The following example illustrates the procedure for calchlating
the reorder point, as presented in Chapter III.

Let a hypothetical produét have the following characteristics:

SL-= 133
= 0
qL 3

Suppose the lot size has previbusly been determined:
Q = 897
If the desired service level is .95, then by equation (2)

Chapter III:

Z =1 = 897 (.05) = .663

R 133

By equation (3):

- Ll oy _SL .. .. _ 133 o
Fp = ;.(1 Zg) = - (1-2p) = 255 (.337) = 1.49

By equation (4):
Fp = &(tp = tp ¥(tp)
Using trial and error solution, let

| tR ==-1,48

;FR,==¢(-1,48) - (-1.48) ¥{(-1.48)

.133 + 1.38 = 1.513 (>1.49)
As a second trial, let

~ Fp = .137 + 1.355 = 1.492

L 4

g
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N | - Therefore tp ="-1.46 yields-approximately"ER = 1.49,‘ahd by %\
equation (4):
1 R = 8, + tpop, = 133 - 1.46 (30) = 90

ObserVe‘thét the reorder point‘obtained by taking the order
'beriod and lead time'%nto'account is much less than the expect;d lead
‘time demand. As a matter of fact, using~the‘method'pfesented, it is
possible to obtain'a,negative reordér'point, i.e., . back-orders will

be incurred with certainty. The coefficient of variation u, and/or

the number of orders per year could be so low that backorders are

deliberately “incurred while still maintaining the desired overall
service level ZO.

It is_interesting tO'combare the reorder point‘obtaineqwabpyéa

with that obtained by the ''standard" procedure. f
The normal method of using a service level criterion to es- ;

tablish the reorder point is:

R =5, + Ko - S . .
»y where '
EL = ekpected %ead time demand
0, = Standard éeviation of lead time demand
K = normal deviate cbrresponding to the desired service
' - ‘

level.

Suppose it is desired to maintain an overall service level

ZO = .95. Using the standard5method, this requires a safety stock

h ]

~of :

= 1.650L

KqL
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obtained when the order period and lead time are considered, However,
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("{
R =‘§ + 1.65-0
| L L

M

For the hypothetical product discussed above
"R = 133 + 1.65 (30) = 183

Thus, the reorder point is seen to be much higher than that

if the product is reordered when the inventory reaches this reorder

point, there is only a 5% chance that a stockout will be incurred.

But the remainder of the time, l.e., before the reorder point is

réached, the probability of a stockout is 0. Thus,»the over-all

* service level is greater than the 959% specified.

Suppose, in the example being considered, SL‘=k§}ii.e,, the

lead time is one month. ' Then the=avErage:number-df timés'the.grg—

duct is ordered per year is:

12 S _ 12-133 o 1.78
Q 897

3

Since the lead time is one month, this product is subject to ‘stock-

1.78 x 1 12 - 1.78

out only 12 of a year. The other 12 of the year there

is no risk of stocking out and the over-all probability=of:incurring:

a backorder is: )
| 12 - 1.78 1.78 P
P=(—T;—)() + 13 )(.05).=..oo745w
« v K 3

or the actual over-all service level is:

.

25 =1-P = 99,26%

Thus, it is seen that by specifying the reorder point in the

O A T R A S
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‘standard manner using a service 1eve1 critérion a higher level of
service is achieved, but at the expense of ‘carrying additional

safety stock. Furthermore, a different level of protection may be
| Aafforded each product, depending upon the number of times the pro-
duct reaches the reorder point during the yesr (fhe number of order

cycles), and the length of the lead time.
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APPENDIX B

Design of the Initial Experiment

\ ' . 5 'J, . @

As discussed in Chapter IV, the initial experiment proposed was
a half replicate of a 24 factorial. The defining contrast is:
I = ABCD

The aliased effects are then:

BCD
ACD
ABD
ABC
CD
AD
= BD

I T I |

;DUJ;,
QO Caow»
]

‘indicating that the three-factor interactions are the aliases of the
main effects, which can be tolerated as long as the three factor
interactions are not large. Note also that the two factor inter-

actions have other two factor interactions as aliases, which is

tolerable if interactions are not too large, and asblong as no
attempt is made to extract conclusions about specific interactions
from the results.

When the definipg contrast is ABCD, the two half-replicates are:.

" o | (1)
b | ab
abc K bc
c - ac
becd | | abcd
| acd | cd
o d , ad

abd | bd
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Selecting the first half replicate, the eight treatment

xoTbinations necessary are:

Factors Levels

a ~A2 Bl C1 1)1 |

b | Al B2 Cl Dl

abc Ag By Cy Dy

bed A Bz G D,
acd Ay B Cy Dy S
d | A By C Dy

abd | Ap By C) D,

where the factors represent:
A
B
C
D

and the levels of the factors are as specified in Chapter 1V.

= coefficient of variation
= capacity constraint

= lot size

= specified service level

TN RN TN 1 o MR it TR R SR e e o 1 s L
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