Lehigh University
Lehigh Preserve

Theses and Dissertations

1967

Development, evaluation, and selection of a dodge
continuous samphn plan when the recitifying
operation 1S not pertect

Gary E. Powell
Lehigh University

Follow this and additional works at: https://preservelehigh.edu/etd

b Part of the Electrical and Computer Engineering Commons

Recommended Citation

Powell, Gary E., "Development, evaluation, and selection of a dodge continuous sampling plan when the recitifying operation is not
perfect” (1967). Theses and Dissertations. 3591.
https://preservelehigh.edu/etd /3591

This Thesis is brought to you for free and open access by Lehigh Preserve. It has been accepted for inclusion in Theses and Dissertations by an

authorized administrator of Lehigh Preserve. For more information, please contact preserve@lehigh.edu.


https://preserve.lehigh.edu?utm_source=preserve.lehigh.edu%2Fetd%2F3591&utm_medium=PDF&utm_campaign=PDFCoverPages
https://preserve.lehigh.edu/etd?utm_source=preserve.lehigh.edu%2Fetd%2F3591&utm_medium=PDF&utm_campaign=PDFCoverPages
https://preserve.lehigh.edu/etd?utm_source=preserve.lehigh.edu%2Fetd%2F3591&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/266?utm_source=preserve.lehigh.edu%2Fetd%2F3591&utm_medium=PDF&utm_campaign=PDFCoverPages
https://preserve.lehigh.edu/etd/3591?utm_source=preserve.lehigh.edu%2Fetd%2F3591&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:preserve@lehigh.edu

N -

e Bttt e e ST M, S

OF R T e

'y

T T A e e e

e L £ e N e T oty 1 et

Ry

L b e L iy i ST L e R T ;tmvmv:wmx:ﬁ;ﬁfw:'w':‘n;':‘»fﬂmmwmmﬁmﬂmwﬁmmmfa

o .;‘_'. i

- DEVELOPMENT, EVALUATION, AND SELECTION OF A
DODGE CONTINUOUS SAMPLING PLAN WHEN THE
- RECTIFYING OPERATION IS NOT PERFECT
. Gary Edward Powell | |
- A Thesis

Presented to the Graduate Faculty
of Lehigh University

in Candidacy for the Degree of v

Master of Science

Lehigh University
- 1967

G LA e\ i e st e 1 om e

AL I puith s 3 e Wimn .

SETNC NS RE o LY




R T NPT Wi ottt s .

4

ii

« 4

CERTIFICATE OF APPROVAL

This thesis is accepted and apprbved in partial fulfillment

of thé‘reQUirements,for the degree of Master of‘S¢iencé.

‘\IV\Owwab:1ek \4 Q:f)

e \.éé-x,gﬁaf)\‘“

Head of the Department

i N BT A e e b S R

AT S T b e 0 A ]

T St

-
TR




T o ) AN Attt i e s+ e 1

iii

N
o "r

ACKNOWLEDGEMENTS

The author expresses his appreciation to Professor John M.
Carroll for his advice and guidance during the preparation of this
thesiS° and to Professor W, T. Richardson, and Dr. W, A, Smith, Jr,
for their helpful criticism,

\. Dr. G. E. Whitehouse of the Lehigh Faculty staff and Mr. R. E
Rahlkka of the Western Electric.Engineertng Research Center staff
deserve special fhanké,for their'COOperation,‘counéel, and support.
The author also wishes to thank the Western Electric Co.; Inc., for

the opportunity to prepare this thesis,

This thesis could not have béen written without the continued

encouragement of my wife, Sharron,




® NS -“‘;mxs'.tmx:gmmmmx&mwswmssmﬁﬂmw&mmmmmm;hm_»-_.m.“ MR TR R e R
"

k Ik |
7, - A
iv © - ]
. ' TABLE OP CONTENTS
Page
 ABSTRACT............. R
"I INTRODUCTION . : i o -
I-A The Sampling Plan Considered.... ..... S
I-B Structure of Dodge's CSP-1.............. ceeseenses T
I-C Purpose and Scope , |
I-C-a Imperfect Rectifying Operatlon............. 10
I-C-b Economic Selection.,........... b e et e e 11
II THE DERIVATION OF A DODGE CSP-1 |
II-A Mathematical Development............iccvvinunnn. 12 ‘

I1I THE ACCURACY OF THE DETAILING FUNCTION........c0000.. 20

III-A Numerical Effect of Detailing Accuracy..... ee.. 30
III-A-a Constant €Case........uov'vvrvumnnnnnn.. 30
III-A-b Decreasing Function Case .............. 40

IV DEVELOPMENT OF A CONTINUOUS SAMPLING PLAN TO ACCOUNT
FOR DETAILER INACCURACY

IV—A ApproaCheS Presently Used ® 000000 000000000000 040e0 46

IV-A-a Variation I. ceenien Ceeieeens R U ?
IV-A-b Variation II................,...... ..... 48 :
IV-B Mathematical Development |
IV-B-a Variation I............. e e .. 51 f
IV-B-b Variation II.........0o0vveuvunnn. ceces.. O ;
IV-C  Improvement in the AOQ with Variation I......... 57
IV-D Methods for Further Improvement................. 65 ;
\' THE ECONCMIC SELECTION OF A CONTINUOUS SAMPLING PLAN : §
WHEN THE DETAILER IS INACCURATE:.......evvevnnrnnnnn.ns T2
V-A Development Without Regard to an AOQL........ oo, 14 | f
V-B Development for a Specified AOQL......... Y £ - |

VI SUMMARY AND CONCLUSIONS. . .....e..cevunensensnnsonnn.. 84

VII AREAS FOR FURTHER STUDY. .. ....vevuveenennnnnnenenen... 88

APPENDIX Ao ® 0000 0000000000000 o_'o-o_;j ) oooo o_.l‘o *® e e 0 0 O-Q‘.Q Ly of__o‘l.o L ) | 89

APPENDIX Boooooo'toooooo'o’oooo'Q-y"oo-00:_0'9,b0_q0-0'0‘."o',"0 .o'oo_oo._o-.'o'é‘o. e0 o 00 91
| APPENDIX COOOOQOYiYO._O_O‘Tj."O‘.OO‘._QOO'. o",oo"oj;o;io_'o"i'bioc_.o'ho S e 0000000000 00 93




%]

.ER);’?’?."?’@L%’Y‘:@L B e R G B g A e e PO e U s i e DV e

R e T

SRt e e e e i

R s g e R Y i

» ¢ ‘
. /
. N - -
o - o
'y .
- v 1
! ' , ‘ -
* - : ‘
.o Ny ' .
\ | TABLE OF CONTENTS (cont'd) '
b . S~
e 0 e 0.6 6606 e 0 a0 00 e o o0 95
VITA ©.0 0 0 0 000 000000 e 0000 0000 0 $0 8 6 8 000 00 0d i 0. 6t 0 6 0 e s e e e 98
V. s
%
i
. . e
- .
.
, .
\
e : \ ) .
. ‘g,
- B3
\
_ - — o )
) = ) S
H :
; , # oo
. ‘0 .
- ; ~ N
o <
o




VIR OMI Y RE R $80R T P it S 80 TSN DA gl 3 b o1 et SR8 R 1122 L PR MAIES 1A s W AL g

AFi gure

1

10

11

12

vi

~ LIST OF FIGURES

"The Average Outgomg Quality as a Functlon of
~ Fraction Defective in Submitted Product..........

Increasing Error of Non-Detection.......... . .« o

'Deviation from Expected AOQ vs. Process Average:

i Fixed at 10 Units, f Varied (5 and 10%), and
A Varied (50 75, 8Nd 95%) e e v ve v vernnennnnnnnnn.

Dev13t10n from Expected AOQ vs. Process Average:’

1 Fixed at 20 Units, f Varied (5 and 10%), and
Avarled (50 75, and 95%).......................

Deviation from Expected AOQ vs. Process Average:
i Equal 10 Units » A Equal 75%, and f Varied .
(5 50%) ® © 0 0 000 0 ®» 00080 0 00 $ 00 0600000 0000000 00900000000

Deviation from Expected AOQ vs. Process Average:

~ f Equal 5%, A Equal 75%, and i Varied (10-75
UnitS) O......0.00...O...........O..Q.O..0.0‘.....

AOQ Curves: f Equal 10%, i Equal 75 Units, and

AEqual loo%and 80%.............O...............

AOQ Curves: f Equal 10%, i Equal 75 Units, A
Constant at 100 and 80%, and A Decreasing to 80
and 50%0....0.....O.....OO..0.0...0.....0..0.....

AOQ Curves: f Equal 10%, i Equal 75 Units, and
A Decreasing to 80%. AOQ of Examined and Un- ‘
examined Portions.....

Improvement in A(AOQ) With Variation I f Equal
5%, A Equal to 75%, and i Varied (10, 20 and
50 Unlts) ...I......‘.......'....’................,

Improvement in A(AOQ) With Variation I,: f Equal
10%, i Equal .10 Units, and A Varied (50 75,
and 90%).........“.......,........................

Improvement in ACAOQ) With Variation I, : i Equal

10 Units, A Equal 75%, and f Varied (10, 20 and

»

29

33

34

35

36

- 38

43

44

58

o9

60

=, T g ‘H




Hid VU A SR oo X et : ot e S e e meen a me s Cee o

vii - B

' LIST OF FIGURES (cont'd)

Figure o | | | ~~  Page o i

13  Improvement in A(AOQ) With Variation I,: i Equal
10 Units, A Equal 75%, and f Varied (10, 20, and |
50%)..................................,..,,., ..... 61

"14  AOQ Curves: f Equal 10%, i Equal’ 75 Units, and
A Equal 80%. Variations Compared................. 63

15 ° AFI Curves: f Equal 10%, i Equal 75 Units, and
“ A Equal 80%. Variations Compared........ ceressess 64

16 AOQ Curves: {f Equal 10%, i Equal 75 Units, and
A Equal 80%. Increasing f during Both States .
vs. ‘'during Detailing Only...........ciiiiiiviennnn 71

17 Total Expected Cost vs. Fraction Inspected....;.j.' 75

18 AOQ Curves: f Equal 20%, i Equal 15 Units, and
A Equal 80%. Inflection Point Only ceiseesiteese. 83

LIST OF TABLES

Table “-' R | | S Page

1 Ratio of fIb/f,‘Where f1, 1s to be Used in
Inspection and Detailing Under an A of 80

= o 0> o 1 /. 67

2 Ratio of fIb/f,'Where.fIb is to be Used Only
- in Detailing Under an A of 80 Per Cent........... 70




"~ ABSTRACT

}_ﬁf F. Dodge developed a widely used sampling plan for the recti-

fying inspection of a COﬁtinuous'output. .The'theoretical predictions'

of the average fraction inspected (AFI) and the average outgoing
quality (AOQ) for this basic plan are valid only when the rectifying
"operation of the plan is.perfectly performed:

"It is now assumed for purposes of solution that the |
inspection operation itself never overlooks a defect
"and that all defective units found during the inspec-=
‘tion of f [sampling] and i [100%) will be corrected

or replaced by good units." - H. F. Dodge

There are meny instances, however, when -this assumption will not.

be valid, and as & result various forms of reinspection are used to
insure such values as the AOQ. In particular inspecting " i units
: refers to 100% inspection of all units until i consecutive units
are found free_ofldefects. It is known, however, that during 100%
inspection operations defects may be overlooked because of the
magnitude of the incoming process average, the nature of the defects
themselves, or because of various forms'of fatigue. This paper
4considers the development,'evaluation:and selection of a Dodge
Acontinuous samplingiplan when this portion of the rectif;ing'
operation is not perfect.

A method is developed whereby the detrimental effect of_viola--,
tingvDodge's assumption can be investigated analytically; Twofbasic

forms of reinspection frequently used with this plan are givenﬁformal

_development and evaluated as to their effectiveness. The1selection
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* 1 - INTRODUCTION

I-A The Sampling Plan Considered .

Sampling plans fall into two major c@tegbries depending upon

-

the manner in which product is presented at the place of inspection. .

This will in turn be determined bY~the nature of the manufacturing
process. When product can be conveniently gathered into lots, some

form of a lot by lot'sampling plan is usually applied. When it is

not feasible to group product into lots, some form of a continuous

sampling plan becomes necessary. The latter type of'plan, which is

the plan té be discﬁssed, has.found widespread use in areas such as
conveyorized production.
Samﬁling plans are usually furthér claésifieq as being either«
| rectifying or noﬁ-rectifying. In more common lot by lot plans the
word non-rectifying implies "pure” ecceptance sampliné.'"An
acceptance saﬁpling'plan "prescribes a procedure that, if applied
to a seriés of lots, will give a sﬁecified risk of accepting lots of
.a éiven,quality" (9). It is not in itself an ﬁttémpt to contrpl
queality, as it merely_accepts or rejects product which haS'been
_grouped into lots.
The simplest lot by lot sampling plan using this definition 1is
called & single-sampling pl@n. The pfocedure 1s as follows:
1. Selgct a‘sample of size n from-a lqt of size °N.
2, If c or less defectives are found accept the lot.

- 3. If more than c defectives are found reject the lot.

e T U i L AL e Ee
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The word "rectifying" wiil appiy'tb the plan when some specified -
proceduré is given'as.to the disposition (co;rectién, replacément,
étc.) of the defectives in the lots ¥ejected; It is when this cor-
fecfion'of defectives is pfesént, fhat it becomes pqsgible to make
statements.concefning outgbing quality. |

The sdmpling plan discussed in thi§ thesis is a continuous sam-

pling plan.~\Further, it is a rectifying single level plan to be used

under the assumption that the process under examination is in control.
The basic plan to be used as a starting pointawill.be‘the Dodge type

CSP-1 continuous sampling plan.* -

-—

The difference between rectifying dnd‘non—reCtifying as it applies

to a continuous sampling plan will now be discussed. This difference,

however, is not as clear as in the previous situation.

A continuous sampling plan might be considered non-réctifying
when the procedure is to look at a fracfion ofﬂproduct w1th no re-
sulting action other than to remove the defectives found (19), (26).
However, this is in reality a form of rectifying sampling, but not
to the degree as ip the cﬁse fo be illustrated below. Further, the |
case just illustrated is & partial screening pl@n; The word partial
is used because the fraction looked at, "t"  satisfies 0< f <1,

If the fraction 1% Oor1lit is conlidgred to mean no sampling or
total.screening; respectively.

A continuous sampling plan is called/rectifying when some action

1s required such as detailing (100% sorting of good from bad) a

*The exact deébription of this plan and its parameters will'be dis~- -

cussed in section I-B.

/
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portion of the product flow upon finding too meny defectives. There ;
are many variations of this'plan (7, (8),’t12), (24), (27); (30) and,
because of this, there are many degrees.of rectification.* The

continuous sampling plan discussed in this thesis will be of the

_rectifying type just defined.

In many situations where sampling plans are used it becomes

advantageous to consider different levels of sampling. Among those

—

applying levels to continuous sampling plans are Derman, Littauer,

and Solomon (5), Lieberman and Solomon (18), Resnikoff (23), and
Guthrie and Johns (15). A multi-level sampling plan is one in which
;different degrees of tightness‘is.employed.- Words such as tight
normal, and reduced are often used, and refer to either the fraction
| of the product that must be looked at, or to the specified portion

of product to be detailed. Different levels are appropriate under

kY

\
‘jconditions of changing process quality. However, for the purposes

of this thesis it will not be necessary to consider such level
changes as it has been stated that the process is in control (i.et,
the‘process average is constant),

That the process is assumed to be in control, is possibly the
Jmost important assumption. This is due to the fact that the assump-
tion will also negate the necessity for including in this thesis a

discussion on optimal stopping characteristics.

*See also the Bibliography provided by Ascombe (1). B
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Basic continuous Sampling plans,.including those proposed_by
Dodge, have no explicit means hy which'the inspection process will
terminate upon harmful deterioration of_incoming\quality;‘ This
topic has been’treated in depth by several.authorsi See Ascombe (1)

"Mnrphy‘kZO); Gregory (14) and Frfw(ll). Some plans developed by
the military also consider this (24) (27) The results from these
studies vary from simple warningvrules (20) to complicated equations
_(14) based upon economic considerations These.results are_certainly
- valid and their aepplication would'be a necessity in many situations.
However, from the standpoint-of this_thesisithe»abovehresnlts would
-require_many modifications in order to remain valid. Therefore, it
-will'be assumed for purposes of this thesis,vthat deteriorations in
queality will be sufficiently handled without the aid of an analytie
cally developed rule. . B .
- It is hoped, hoWever, that the results of this thesis can be
.merged with ideas such as multi-level sampling and optimal stoppingiu
.rulest This would provide for a very complete-sampling system con-

sisting of a general sampling model applicable to many situations.

.
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I-B -Structuré of.DOdge‘s CSP-1

Dodge's continuous sampling plan (CSP-1) ‘is a 'plan of sﬁmpling
inspection for a product consisting of individual units (parts; sub-

1

,assemblies, finished artiqles, etc.)~manufactured in qﬁantity by an
essentially continuous processﬁ,(6), (7)), (8). The plan is appli-
cable only to the following situation:

a. ?foduct with characteristics éubject tgthon-desfructiye,j.

tésting;

b. The characteristics are to be.examined on a 'Go-No Go" gasis.

ig%_ Cohfinuous flow of consecutive parts or articles.

d. The product is to be offéred'to'the inspectOr_in the order

Qf producfion.

The plan waé primarily ?nﬁepded by Dédgé‘for use‘inpfocess in-
spection ofiparts or final inspection offinished articles. Furthe?,
it was inté;ded to‘beﬁséd where.it'is desired to have assurance that
the percentage of defective units in accepted product will be he{d'
~ to some prescribed low fiéure.

The plan opergtes as follbWs:

1.. An inspeqtor selects & predetermined f- percent (or
fraction) of the product in Such a‘manner as.to gssure an
unbiased sample.

2. When a defect is'found a predetérmiﬁed clearing sequence

of 1 subsequent_and consecutive units of product must

be found free of defects.




KT
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3. -Upon finding i units free of defectshthe.inspector reéumeé
sﬁmpling the fraction f. |
If 1s important to note that, if.during a period.of qlehring i
units: ; defective unit is found, the count must start'ovgr. This
is; aé stated.before, to be a rectifyiﬁg plan and all’defeéfiveh
b'unité found are to be corrected 6£ replaced bj.good units.

The use of an If and 1 combination will, for a given incoming
fraction defectivg, reéult ih & long run qveragé fra¢t19n ihééected
(AFI) quaﬁfity. The protection provided by the plan is deséribed in
the following quote (63. "For given‘vélués of f, i, and p (incom-
ing fraction defectiﬁe), there will result for producf of statistic-
4#11y controlled quality a definite everage outgoing fractipn defec-
tive (average outgoinquuality, AOQ). For given values of f and
'1,.the AOQ will have a maximum for some particular fraction defective
p, of inéoming quality." This maximum is referred to as the_ave?age
-.outhing quelity limit (AOQL). Many coﬁbingtions of f and  i
yield the same AOQL. The relationship is illustrated below in

Figure 1.
. AOQ

Py

Figure 1. The Average Outgoing Quality as a Function of
| Fraction Defective in Submitted Product
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| Note that for incoﬁing quality pf> p1 the average outgoing quality

. will be detailed into the product.
In the theoretical development'df‘his plan Dodge makes the as-

sumption that a11~phases of inspection are 100% accurate. This en-

ables him to develop the outgoing quality rélations on the basis ;
that sampling inspectiog (obtaining f) and &etéiling (clearing 15 ;
can be considéred‘és performed'by the séﬁe'pérson.' He does state ;
that these functions can be phyéically performed'by:tyq separate | : g
parties, but by the‘aboﬁe assumption this will have no béaring on
his development. This gssumbtiop;is'one o% the reasons for this - ;
thesis. o ;
Dodge concludés his first paper (6) byfsfating that his‘general
plan provides a étrﬁcture,'which with‘possible variatiohs'in procedure,
may be useful in designing‘addition“sampdiﬁg inspection procedurés.
The basic structure referred to, the assumption regarding in-
] spection accuracy; and the economic selection of the plan fofm.the ;
basis for this thesis. The folléwing section will diséués thése 5
) items further and relate the:objectives and scopé of.this”thesis. | | %
B
- N
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i-C " Purpose \and Scope
I-C-a Imperfe'ct Rect,ifyi.ngﬂ Operation

Between manufacturing comoanies one can -expecf; ‘the actual ad-
ininistra'tion of a ‘Acon‘tinuo'us s"amp.ling plan to differ, This is .also
true within a given manufacturing company. The differehces 'exi‘st,
. because of varying ‘ihspection policies,. which are e-s\t'ablished' to
‘account for. inacc'u"raci“es on the part of .thep‘er'so-nnelh .respons.ible

for a given plan,
. i AN

A}

'The variations that are under examination in this papér reside

~in the procedure specifying the inspecto'r's duties upon finding ,a'

defect during sampling inspection. ‘In addition to being individually

different, the specified plans may deviate in some manner from the
original continuous sampvling pian as descr'ibed by Dodge. This is
-, because the value‘s‘, AFI_», AOQ, and AOQL, originally derived by Dodge
to characterize a given 'plari, apply only to those .conditions where
the detailer and inspector can be considered as the same person,
The values were derived without considering reinspection, or the
‘need for it. Thus, Dodge made'the assumption throughout his deriva-
tions that inspecting and detailing were both 100% accurate.

The thesis will explore the results when this assumption fails.
The investigation will encorppass the use ‘of this fype of sampling
‘plan under the aforementioned var‘iatiops, and the.application of
the p'lan. as Dodge originally derived it .N

This.wil'l ‘recjuire an investigation of the presence of ’100%.__

Coarouricy (or the 1ack : £ it). It has been the author's experience

!

KT o 5 e s
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that the inspector 1s often very accurate. The detailer, however,
is more apt to miss defects. 'Among the reasons for the latter, two

3
)

‘of the most prevalent are: <that this is non-productive work on the;

part of the detailer and there may be a tendency to do a hurried |
Jjob, and that often the detailer will be a person who is not familiar
with the particular defect in.questiOn; The inspector, on the other

hand, is performing the job he has been trained to do, is_directiy

accountable for any defectS‘found later on inspected units, and has

'less‘reason-for doing a hurried-and inaccurate job. Therefore in

this paper the 1nspector S functlon will be assumed to be performed

perfectly

1-C-b  Economic Selection

The remaining part of the thesis will be devoted to the ques-»'

- tlon of econom1ca1 plan selection The majority of sampllng plans

@&

. are selected on the basis of consumer risk, producer risk average

outgoing quality, or some combination of these three~criteria. When

Ean

- this is done costs are certainly imputed. However, a more economi-
. . . ’ ' .

cal approach would seem to be to select the plan from the start on

the basis of an economical trade-off.- The.trade-off will be hetweenc
the cost of inspection and the cost of a defect. There have been
two basic approaches to this problem, and these will be presented
later. Neither approach, however, considers that detailing and

inspecting’are‘performed by different persons, nor that there may

 be errors on the part of the detailer, The-fact that these func-~

"tlons are performed by different persons will lead to a different

cost formulation than'has yet been presented
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" II The Derivation of a Dodge CSP-1

Thehmathematicnl aepects of this plan will now be derinedr The
derivation wiil uee tbe Graphical Evaluation and Review Technique
(GERT), which-Whitehouse (32) (22) has shown'to be applicable to
this type of situation. Fry (11) appears to be the first to apply
.GERT directly in this area, but to a Limited extent and for a
different.purposeQ ‘The results for the basic plan may be compared
with those obtained by Dodge following a8 different procedure.

This_technique is used here for two main reasons. The first
reason is that it can‘provide,information not available using the

Dodge procedure. Specific_advantages are given at the end of this

section. Secondly, the technique is used here to provide an intro-

duction to the theory behind it, and to maintain a consistent approach

'througbout‘the theeis, since'its~use mekes possible fater develop- o

- ments,

I1-A Mathematical Development

For the basic plan it will be deSired to know:
1. The’Average Fraction Inspected - AFI
2. The AVernge Outgoing Quality - AOQ

3. The Average Ontgoing Quality Limit - AOQL

" The AFI will consist of the expected fraction of produ¢t looked at

'during inspection and the expected fraction looked at during periods

of detailing. The network illustrating tbe continuous sampling plan

in general would be as follows:




RAEN

Events or quee

A -

B -

A unit has

left'a preVieus mdhufacturing eperation'

A unit has entered the next operation.‘-

"IN -~ A unit has entered the place of inspection

10 - A unit has left the place of inspection

I - Inspectien was performed on & unit

D - AAunit was detailed

Transmittances

‘tion of the node, at most one path emenating from the node can'be.’

',f‘ )

function of the time to traverse the path

J

= p MGF,(s)
J . |
The Symbol representing the nodes designate that they are all
of the exelusive - or input type with probabilistic output. The
realization of any branch leading into the node causes the node to

be realized, but only one can occur at a given time. Upon realiza-

N

taken (21).

| Wj(s) = Probability of traversing a path times the moment generating

If one were interested in the time to traverse a path, and this

time was constant, then the'MGFj(s)'= ets

ro

, where t would represent.

SR TR S BRGE  RAK

i
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the constant time. The first derivative of MGF . (s) for s = 0

J

nould-be t @s required. In this thesis however, the Interest

is in the mean number of times an element is traversed This

value will be independent of the time invelved. To represent this#;
count an e is placed on the path being investigated e? is tnen
eqnivalent to the MGF of a constant equal to one. This deveiopment

N

can be represented as follows:_'
ts

@pA,Bece | ' A,

_ . c
WA,B(S’C) = pA,B MGFA’B(s,c)‘z pA,B e‘_eté

Since time is not of immediate interest in this the51s t owill

be set equal to zero. Therefore WA (c) = pA Bee..

¥

The transmittances between any two nodes of an open flowgraph
such as those used here can be obtsined by,Mason's rule (32). This
is an extension of the“topological'equation for a closed flowgraph

and is’represented‘by:

= 3 (path between two nodes (¥ non-touching loops))

Y. loops [
where: Y loops =1 - L, +.L2 - Ls +...+(f1) Li’ and

.Li is the sum of the i*! order loops

A‘first order loop.is & consecutive path of?arrows_leaving'a node

and returning to the same node. A second order loop is a combination -

'-,of two non-tduching first“order loops, etc. The value of a loop 1s'

the product of the transmittances associated with the loop The

ideas presented here will be made clearer through their use in the
, t |

remaining work in this section of the thesis.

- S T b . i 4
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‘The original network is too generel, as it presently exists,
for finding the velues of the AFI and AOQ. The basic Plan will be
developed first. The development will  congist of determining'the

mean number of units that flow through the systenm during the various

stages of the plan,

The expected number of units passing through the system*during

a period of tnspection including inspected and uninspected units

and the defective unit causing detailing, can be.obtained from:

The transmission function is: Wb D(c) ="pO MGF_ (c)
. , ' ’

D" 0,D
or
| | 2c | o |
| Wb~D(c)~= Ipe S — where q = 1-p.
o . (1-f)e” - fqe® =
2. W, (0) =P, .. 1= Probability of reaching D from 0
0,D 0,D
e —— 1P = _fp_
1+ (1-f) - £q f (1-q)
= X = 1; a defect Will be found with certainty
(1-q) | ; | |
therefore:

£ 2c S
1 =(1-f)e” - fqe

Q
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/ 4. _é_!%hp_(_c_)_ = expected number of units passing. through the
c c=0 system during a period of sampling 1nspect10n
= _fp+1 _, + _1 _ (See Appendix A for
fp - fp complete derivation)
The 1 1in equation 4 represents the defect found which ends

the sampling inspection period. This value (one) could be eliminated ?
by dropping the e term on the path from I.‘» to D.
To determine the eXxpected number of un1ts that will be looked
- I at by the detailer while attemptlng to clear. i | units 'the_foliéw--in'g‘
network will be used:
8 W 44a(0) = F0,1+1M6F 4, () |
i -
. (qe€)’
c c ¢ C 2 ¢ C i~
1 - (pe” + pe"qe” + pe (qe°) +...+pec(qec)1 l)
B - (ge®)1 |
c . . A . ‘e
1 - pe (1 + qe€ + (qec) +...+ (qe9)™hH
| t | |

The term in parentheses in the denominator is a geometric series
~ which can be summed by Sum = a(l-rk) , where k = i; r = qeC: AR
a = 1. Thus this term can be represented by: | | : - -
o -?

Sum; = (1 - (ge™)")

1




t

(e)
0,1+1 1 - pee(l-(qec) )
| !‘ l-qe
(qec)i (l-qec)
1 - qe€ - pe€@ - (qe®)1)

q,:; (I-Q) - qipq
Al X ]
1-q - p(l-q1) - - pP(1-1+q

]

7. Pg 441 =¥, 441(0) = T

Which should be the resuit, i.e., detailing will eVentualLy eease
provided enough units are supplied to the detailer, eand a sequence

of at least 1 good units exist.

8. MGy 41 (9) = Wy 4,y (0)/1

. 3MGF, (c) 1 -4t *

9, °2770,1+1 | = qa. .. ~ (See Appendix A for
3 ¢ c = 0 | pqi complete derivation)

e A

Therefore, we now have the total‘expected number of units encountered

~at both detailing and inspection. The total avefage»fraction looked

at is: o |
16.;AFI _ Equation 9 + f (Equation e)
o A Equation 9 + Equation 4

(1 - qi)/pq + 2(fp + 1)/fp

(1 - q )/pq + (fp + 1)/fp

This result agrees with that of DOdge except for the 1 in
N ’ 1 ‘ '
equation 4, For any reasonable values of 1/f1p, 'fp >> 1, There-

- fore, to simplify future work, equatlon 10 W111 be expressed as:

10. AFI--Q -i)/pq + 1/p
-ooa- q1y/pat + 1/2p ;

and upon simplifying
£+ (1-0)(-p)t

A AR A B AN R A S0 IN o B
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Béfdré prdceediné"with this development, it WOuld"seem worth-

while to evaluate this method of approach{ There are at least three

lareés where itAappears to be more poweriul and'more useful than the

appronéh taken by Dodge.

First would be the fact that a’pictdrial representation of the

~ N\

proceésvis prdvided.~ The secénd advantage is the ability to use

time information if it is available. If there were a t # O in the

term 'ets, or for that matter, if there were any other form. of

MGFJ(S) présent for path times, then processing times would be -

available. For example, the mean and variance of the time fqr‘the

-detailef‘tO‘detail i units couid be obtained. ’

-

The third area concerns the ability to go beyond the mean of |

the fraction inspected, etc., and give an expressioh for the variance.

This can be done, for exgmﬁle, by différentiating equation 8 twice
with respect tb‘ c, evhlu#ting the result at c»# 0, and Subtracting
the square of equation 9.’ |

~ This latter information would be useful (Q)r gnd it could
possibly lead to a sound basis for comparing an entire clasé;of
sampling plhﬂs. Further, the second area, regarding time‘informa-
tion, would be v#luable to industrial engineers in time stgdy“

prbblems. In fact, the application of GERT to sampling plans and

the information thus aveilable would appear to be an area for fUrthe{‘“;'

investigation.

Sufficient information is now available to determine the average

- outgoing quality. This quantity can be determined from:

e e = o+ et - e 15 4w~

- T e Tt ot el e R B S
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’11;'.' . AOQ = p(l - AFI) - o B o
The upper limit of this value will pccﬁr for some v&lue.of p = pl
es indicated in Figure 1. ‘The AOQ is differentiated with respect_'
to p, set equal to zéro,‘and,solved for the value of p = p. which

1
gives the 1limit. The above procedure-will.yield the_follbwing

results (6): N . | . |
12, aoqL = (=D @-p™*
| B £1 o

where p, = ~~ 1 A0QL .
| i+1 |

- These are the immeq;ateﬁvaLUes of intérest, and the effect df

the preéence of an inaccurate detailing function upon thesé'values

will now be investigated.

e T T R T RO e L e A T e
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III The Accuracy of the Detailing Function
As Previously indicated, the basic plan assumes, that during

inspection and detailing, the rectifying portion ‘of thg plan is

be used in this thesis,
,~The_questicn of inspéction (or detailing) accuracy is certainly

hct ncw. A reView of the literature on quality cchtrol and especially

the work of J. M. Juran (16), (17) and E. L. Grant (13) indicates
that the error in 100% inspection ranges between 70 and'95%.v In
f;ct, fhe Presence of inaccuracy during a period of iOO% inSpection; i - §
whether it be called scrting or detailing, wcs one of the crime |
reasons for going‘tc sampling inspectioﬂ. The following quctes
appear in the literature supporting this statement:‘

"In still other cases, because of the effect of inspection
fatigue involved in 10 o inspection, & good sampling in-
Spection plan may actually give better quality assurance
than 100% inspection,"--E, L. Grant (13) |

It may result in accepting some defective material. A

| W ~number of independent checks on the religbility of 100
N . per cent inspection in sorting out all bad parts from

good have cast considerable doubt upon its complete

effectiveness in every instance."--A. V. Feigenbaum (10)

"As noted above, 100 per cent inspection may not megn

100 per cent perfect quality, and the percentage of

defective items passed may be higher than under a :
scientifically designed sampling plan."--A. J. Duncan (9) B

i
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The above quotes are preSented here for 2 dual purpose. The

Dodge CSP-1 is a scientifically developed plen, but it has both an

'acceptance and & rectifying portion. Therefore,mthe insbection;.

function, since it involves sampling, will be assumed perfect. °

However, sincefdetailing (100 per cent inspection) is required,upon

finding a defect in the sampling portion, the effect of detailer

accuracy wiil be inVestigated.

Before discussing the effect of accuracy, it is necessary to

develop & method to describe this accuracy, and to be able to work

with it analytically As indicated by the previous quotes, there |

~ have been studies on this subject, which illustrate that the effect
is not always negligible Further, fatigue is often found to be an
important factor. The following 1list: should be adequate to cover
the nany reasons for inaccuracies during detailing:
1. .Fatigue - it can be both physically and‘mentallyvtiring.
2. Monotony and boredom - especially when the incoming.fraction'
defective p is low and there is littie "action".
3. The detailer is.often not familiar witbwthevdefect in‘
question - the consequences being worse for a high pt

4. This is non-productive work on the'part of the detailer

’ (an}operating employee) - there may be a tendency toward

overlooking.a defect (especially if it is_marginal) because

L ;', o7 a the count starts over upon recognizing a defect. For this

reason it is further assumed that a good product will not

o S ‘d.be called defective.




. all of these factors. This‘is;”thereIOre( a possible area for future

the start. When it is desired and possible to know this quantityfr
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Ad far as can be determined from the literature, little has

"been done to express the accufacy in terms general enough to include

“' investigation. The approach usually taken is to determine an hVerage

value for the probability of detecting & bad unit (13). This value

would be used under the same mssumption as the process average, i.e.,

the-probability of detecting a defect remains constant from‘unit

to unif.

This value would have to be derived in such a manner as to.be
representative of the situation. Sufficient study, prior to imple-
menting the plan, would Sevrequired so that the value reflected thé 
difficulty in detecting the defect, the expected number of units
looked at, and’the process average, ‘

A specific procedure for detennfni;g this valﬁe, call it A,
will now be discussed. The approach is qimilar to that taken by
Albert Beck, Jr. (3)‘for determining.his value E. He defined |
E to be the probability that & defective ﬁnit will be recognized as
such during an inspection. Note that A = E, | .

The first step would be to determine a representative sample

size,'N. The mean number detailed under perfect conditions could

be used as representative. Of course, if Aﬁﬁ 0 this number will

not be as high.

—

The procedure\following this debends on,whéther or not the

number of good units in the sample is to'be-a known quentity from

/
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- ' a

;estimate the process average p, and place Np defectivol 1n the . -  §

A=l wnnTen tnoa e S

snmple. The following quantities and procedure will then be

.vnpplicnble to estimate A:

G = number of good units in the sample (a known constant quantity).

X #fnumber of test or trial.

'yx = fraction defective detected and removed by the detailer on
trial x. |

A,x = an estimate of A obtained fromdthe:xth test.

N* = ;hf ;otal number in rhe.sample at the start of trial X.

1
Then:

(8) A =Ny /(N -G)

defects found on testﬁx/déféctS;iniNx
or : |
(b) G

Nx(l - yx/Ax)

Since G is known here, all that is needed;is one triael to estimate A.
However, it would be appropriate to perform repeatedffrials.to
aohieve & more accurate estimafe of A, -

When it is not practical to rig the semple with a known number

of defects in advance, a recurrence relationship can be established.

<
The procedure is to perform repeated detailing on the sample. G is
still defined as before, but its value is not known. The estimate
~~of A can be determined from the following:

43
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N, =N |
Ny =N, (1-y)
Ny =Ny (- yp
=N, (- y)aA - 75)

(c) ‘Nx+1 - Nx'(l - yx)

| and_froﬁ (b)

G is independent of the number of the test x, and remains constant.
Therefore:

Ny A=y /B) =N ) (- 5,178

Ny (4= ) (1 - yyy1/A)
solving for A *

@ A=1- (/50 - T
) Thas, ah estimafe of éhe ¢onséant A caﬁ be”ebtained ffbm_only
two test runs. However, as Becl indicates, it would_be ﬁetter to
determine an average A: based upon repeats of the above procedure.
This is especially true if some jx = 0,

Now assuming we have our esfimate A, and that it will remain

conStant, we can proceed to determine.the effect of its presence

on the average outgeing quality. The new GERT network would,appear
. ; “ .

as.

¢ -
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The probability that the detailer will increase‘tge count is the
~probability that the present unit is good, dr that the present unit

is bad and it goés undetected. This would equal-q + p(1 - A) =

1l - pA. Note that A is actually the probability that a unit will

be detected given that it is defective.

The mean number .looked at can be détermined from the previous
- result of equation 9, replacing p by pA and q by 1 - pA.

) {
This generalization is shown in Appendix A. Thus, the mean number f

C

detailed becomes, after placing e~ in the above paﬁhs:‘

aMGFO’1+1(C) _ 1 _' (l_pA)l

13. . |
dc c=0 pA (1-pA)1 o ]

Before investigating this result numerically, however, it will
be of interest to consider a more general situation. - |

Assume that AT(t) represents the probability of detecting a

th

defective}unit, when the particular unit is the t ‘unit in a | | {

detailing sequence. T is to be a fﬁnction of t, representing the

increase in fatigue, monotony, etc., as t increases. Further,v |
assume that the value of A reflects the present;process avérage | | ;
and the difficulty of detecting the defect. This treatment is

similar to that'used by Savage (25) to represent a process with

S s T R O R R R SR e e |
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o

degeﬁerating quaiify;' The GERT network for determining the'new . :

average fraction looked at by the detailer would be as follows:

1-paT (1)
! paT (1)

_oaT(2)

'ﬂ\\l-pAT(1+1)

AT-t o o | o - _

pA (t) =p (probability\qf a defective unit) - AT<t) (probabilityu'
of detecting the'tth unit if it is“defective).

K . = the number of times the count would start over.

Computations using_fhis-network woﬁld be extreme1y~diffi§ult.
It would also be difficult to determine tﬁé proper T(t).so that
AT(t) will actually represent the detailing process. As it now
stands, it is very likely that the detailer‘Would never detect a

defect for large t..

A development more computationally feasible would be to assume

| that upon finding a defect, the detailer's accuracy factor starts

over at A?(l). This is still a very realisti: situation because

-

the build-up of fatigue and momotony is broken, and the detailer

would be alerted to a possible run of defects. The GERT network

- would be simplified to:

9 .

pAT(i+13

T
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‘,a'.‘fter placing an e in each path as before:

4. W .o () = (l-pAT(l))(l_pATTZ))...(l_pAT(i))eci
y14+1 o 1 - [pA ec'+ mpA e‘zc(l_pATTn-) T

-~

+ pA?(i)eic(l-pAT(l))...(l-pAT(i'lj)J

P

O,i"l’l = wo’i+l(c) - = 1 | o

“ 1 c=0

The detailer must clear faster'than_ when A = 1, and for the
~case A =1, PO,i+1 has been proven to equal 1.

Therefore: i i

| ; IT 0 rany
15, MGFb,i+1(c) = et N (1-pA ¢ ))

t—

-1 | N |
L - pet [AT(I) p T ATGND) NC T (l-pAT(j))]
| | N=1 ' j=1 -

The MGF must now be differentiated with respect to c¢, and

evaluated for ¢ = 0, Upon doing this, and also recalling that the

numerator and denominator of the above expressions are equal at

¢ = 0, the mean number detailed will become:

TR ST
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| i-1 | . N
D [\AT(I) + NZ_I(N"'DAT(NH) 1rI (l—pAT'(j))]

dMGF, , ,,(¢)
16. 0,1+l =1 + 4 =) = =1
| | 1) |« ,T(N#) T,
de =0 1-p [AT(D +3. A " Jla-pa (J))]
- | N=l =1
. U - . T(t) :
The remaining problem is to determine the form of A . As

indicated previously, no studies to date have revealed a épecific

b

form for this. It is pfobably true that the'form-of AT(t)will be
'hiéhiy dependent upon fhe particular sét.of_conditions. .Therefore,r
for the ﬁurpose of evaluation a form will be assumed. - o
Consider'thé situation where thé'probability is one for détgcting

a defectlin the fifst unifVOf detaiiiﬁg; of'inlthe first unit after
findiﬁg a déféct. Tﬁis pfobability thén will be assumed to de-
crease to a value.équal to A, which will_be”thé &élue after.a
sequence of i ghits.  Thus; the value of A cduld be determinéd'
in the same_manner as beforé, viz., féliowingthe‘appféaéﬁ_taken'
by Beck. The value of A by itself'is assuméd tb be constant.
" The desired form will be as in Figure 2.
An analytical representation for‘fhis coﬁld’ﬁe: 3

T(t) = (t-1)/(¢i-1); t =1, 2, 3;..., i

0 ; t=0. |

‘and therefore: ‘ o | —

ASAH“S1

o . :
The investigation of the effect of this decreasing function

will follow a similar investigation for the constant case.
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t the number in deta111ng sequence s1nce start- I W
or last defect detected |

Figure 2. Increasing Error of Non-Detection
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III-A Numeric.al Effect of Detgil_ing: Accuracy :
III-A-a Constant Case | |

In the previous section 1t was determined that the mean number
detailed in the presence of an accuracy factor of A < 1 0 can be

e
computed from equation 9 by replacing p ‘by pA end q by 1-pA. .

Since the inspector is assumed to be 100% accurate the mean number

P

in -appearing in the sampllng state will remain the same.

To keep thhe'following: equations an_d discussion'clearer-, .'the-
| vsrious values for the sampling plan will be given the following
notations: | | |
U = the mean number detailed when A =1.0 (i.e., equation 9).
VM= the mean number passirlg throcgh. the system before a

‘defect is found

< v - ,
" Up = the mean number detailed when A < 1.0.
AFIA = the average fraction inspected when A < 1.0. -

AOQA = the average outgoing quality when A < 1.0,

with this notation:

AFI = (U + V) /(U + V)

First it must be determined what the new average fraction in-
'spected will be. This can be obtained rn the same manner as before.
Tl:le detailer looks at UA’ and t_he inspector will look at .fV‘.- There-
fore the new AFiA ,Qil-l be§

17, | AFIA = (U, + fV)/(UA,-i- V)

- The determination of the average outgoing quality, however, will be

»
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more complicated, siﬁcé“not all of what_is looked at by the detailer
1is rectified;f This derivation can be developed in the following
manner:

UAAf.V = total number of units

[y + v - W, + )]

number of units not examined by either
the detailer or inspector.

e

p[KQA + V) - (QA +fV)] number of defectives in those ot
- i examined.

£V = number of units inspected by the inspector, of which no
defectives remain.

qA = number of units detailed by¥the detailer.

pU, = number of defectives presented to the detailer,

pUA(l—A) = number of defectives not removed during detailing.

p[kUA + V) - (U, + fV)] + pUy (1-A) = total number of defectives.

[p [(UA + V) - (U, + V)] + pUA(l--A)]/(UA + V) = average outgoing

| - fraction defec-

tive.

Dividing through gives:

18. AOQ, = p(1-AFIy) + P /(UA + V)) (1-A)

or this can be writtén as:

18a.  a0q, =p(1-AU . I,

UA+V UA+V

A FORTRAN program was written for an IBM 1130 computer to aid
in evaluating the effect of different accuracy factors for varylng

values of f i, and p.

It can be seen from Figures 3, 4, and 5, that as f increases,
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,for,a.fixedwi; thé.valué“of_the increase in the AOQ over}that ex-
pected w'hén‘ A =‘; i.O also 1'ncreases.* This value is denote& A(AOQ).
ﬁfigure/G-illustrates fhe s;me general relationship'when holding ‘f-
constant ;nd varying i. The former case is to be expécted, since

| as_ff increases, the number of units appearing in the Sampling (
stafé; V‘= 1/fp, must dgérease. Tpis would increase the number of
itimes that detailing starts, and the detailing state is whe?e the
inaccuracy appears} | |

l However, this rate is_greater in theAcase where f 1is held
fixédMand i is vuried. Tﬁis ié to be expected also as éhe,major |
contributor to the‘discrépancy ig the new expected numberAdetailed,
“which is ohly a fur:tion of 1, p; and A. A further illustration“
of this result follows: |

A= .,5and p = .075

1i=1 , £=25% ; A(AOQ) = .0027
.1 =30, f=25% ; A(AOQ) = .0101
".tf?=' 5% , 1i=10 ; A(AOQ) = .0025

f "=. 10% ,’1 =10 ; ;\(Aoqj = .0046

-

For the-Valueswindicated,'doubling 1 has a much greater effect
on‘A(AOQ) than that obtained by doubling f.

Another noticeable effect is that, as f increases, the range

over values of A for the'A(AOQ) values also increases. The presence -

‘of this fact produces the following result for moderate values of i;

*An increasing AOQ represents a worsening in averagé outgoing quality.
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Figure 4. Deviation from Expected AOQ vs.

Process Average: i Fixed at 20 Units,
f Varied (5&10%), and A Varied (50,75,&85%)
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Figure 6. Deviation from Expected AOQ vs.
| Process Average: f Equal 5%,
A Equal 75%, and i Varied (10-75 Units)
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- for a fixed i and p ,_dbubling f and raising A? from .5 to

.75 ylelds approximately the same effeét.on the¢A(AOQ);

| A generalization‘o£ the resuits up to this point WOuld be, that
for'fixed operating conditiéns, i.e., a fixed A<1.0 and p, in-
credsing either i ot\'f will not directly'reduce_the detrimental
effect of A. This is because, when A =1.0 aﬂd f' is ihcreased,
the AOQ value will{be lowéred, however, when A<1.0 and f isA
increaseqﬁ the AOQ value increases or worsens. Thus‘A(ApQ) iﬁéreaSés
becauée detailing occurs more'frequehtly, and the inaccurécy is in the

detailing state. The importance of this fact would be that a plan

_user should be discouraged from'simply increasing f, or i, or .

both to overcome the effect of an inaccurate detailer. The proper
use of this type of approach to'achieve improvement is discussed

in section IV. Further, the effecf increases as the process avérage
increases. Actually the effect in many casés will be slight when

p is low.

An example ﬁiil now be presented to illustrate the above re-
sults for a specific sampling plan. This plan will be used as a
standard in the reméining portions of the thesis.

In keeping with_the usual way in which a continuous sampling
plan is chosen, assume it is desired to meet an AOQL"or approxi-
mately 1.5%. Assume further that for reasons external to the plan,
that f must be;nq'gréater than 10%. This will require ag i of

approximately 75 units. The actual AOQL as shown in Figure 7 is

approximately 1.44%. Finally, assume that the process average is
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Figure 7. AOQ Curves: f Equal 10%, i Equal |
. - .75 Units, and A Equal 100% and 80%
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estimated}td be 2% defeeﬁiQe, and thaf.the detailér'is~80% accurate
f'Fighre7illuétratesclearly the'differenEe.betweeﬁwhat is

expected if the Aetailer isllOO% accurate'ahd what will actue11y 

- happenAif he is only 80% aecurate; For the expected process aVerage

df p = 2% the e#p;cted AOQ = 1.32%, but the AOQ ie actually 1.48%.

Thereforex\the actual AOQ is aiready ekceeding the ekpected limit,

This limit or AOQL was not exbected to be reached until P
shifted to 2.75% defective, »

The ﬁost'important resﬁlt of aﬁ A.<:1.0 is that.the actual
AOQL, as p eovers its fange, is gbing‘to be much greater than
~the 1.44% exﬁedted? That;this iS'so,can be readilynseen from
,Figure 7 and also frem the aetual'AOQ formulation,'equation 18:

AQ=p(1 -V *Vy L s1-a Ua

As p is increased, UA_becomes Qery large, and the first term
~ will approach Zero just'as it would in the ease where A ; 1.0.
However, the second term will eppreach 1-A as p approaches 1.
"Thus the truelAOQL.;or an A < 1.0 becomes 1-A, or 20% defective
for'this set of sampling plan parameters.

%This'Situation Would notﬂbe expected to be this bad, however,
as da;ly sample estimates of p will probably not deviate so
ra?}cally froﬁ its expected valqe of 2% defective. To get a feel
for the possible variation of p, assume that the sampling distribu-

-

tion of p can be approximated by the normal, i.e., np > 5, where

n 1is the number of units used to estimate P,- say a day's production.




Sinée the term UA'for pA=:2% is épproximately 200 it'would not'bé-”
| unreaSOnable to;assﬁme“that the_day's production 1s greater than
200, and that np > 5. Therefore, with an n of at least 300,

o .*_the_standard deViatibg.of_the fraction defectiv.’ ould be ho greater

| ﬁhaht |

0 = V(.02 x .08)/300

p
o~ .00225 |
-and
30 =~ .00675.
This being the case, then 0 < p 51;02]} which wonld put a practical
limit of ,018 on the AOQ over a short term.
| ' £
III-A-b Decreasing Function Case - .
The effect of a decreasing function, A(‘ )/Q'“), representing ’

detailer accuracy.will be ihvestigated.next. The investigation
will be centered around the previous plan.
The average fraction inspected will remain in thé same form

as in all previous cases, except that it will be conmputed from

‘equation 15. The new.averagehoutgoingjquality; however, can no é
longer be determined exactly. As in the previous case, the AOQ f
-éan be expressed as a sum of two terms. The first term will repre- é
sent the percentidefective in product not sampled, nor detailed: g
p(l-.AFIA)

*It seems the exception rather than the rule to have a detailing §
sequence continue throughout a large portion of a day's production. |
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:.The secondtermwi11 be ﬁ timésithé_avéfagefraétiog detailed
qiimes the frédtion of_thisthat remainsidefectiie. .However,tﬁié
latier gpantity wili no longer be simply (l-A)y as it was in the
-éonstanf case;q ‘ |

‘Thé information ayailabie‘does not provide a méans~fo determine
exactly the "over-all" p£o§Zbﬁlity of ndt vatching a defect, given
.that_a defect is present. 'This.probabilityﬂis,COniinually éfarting |
over at zero each time a defect if-found, and ingreasing upito5(lfA).

For the afore@entioned reasons, an appPQXimu;éon.Will be used

that will in ail cases by annﬁpber limit.to‘Ghis'§ulue,f§r any
specific process average. The limiting value jhst mentioned 1s not

to be confused with an AOQL. The formulation for the AOQy ©

s

- U, + fv ) H
19. S A0Qy = p (1= A" Ny p(1 - A (G- )
where; -
AL7=A(t'1)/(1'1) at  t=i

The number of times a run of units of length J < i appears is
greater for short 1cngth§.ﬁ-Thaf is, runs of two occur with a fre-
quency equal to or greater than runs of three, and this continues

until there is only one run of i with an accuracy as low as AL.

(t-1)/(i-1)

Thérefore by placing A constant at t=i, the contribution

to the AOQ will always give a higher AOQ thun is actually present.
. ° / .
The previously mentioned computer program-was adapted to this

decreasing function case.
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Figure 8 shows'the difference for the etandard plan.between a
( ) decrea51ng from 100% to e1ther
Aty = 50%, or A_t::-i = 80%‘. |

It is apparent that‘one'wonld not want to estinate outgoing
quaiity for an accuracy function that decreased from.A 100% to
A = 50% with a constant A of 8%% On the other hand,.one would
generally be pessimistic -if he approximated an accuracy thathde-

creased to a lower value with a constant equal to this lower value,

This is 111ustrated in Figure 8 by the curve for A = 80% and the

L4

-curve for A decreasing to 80%. - The extent of the pessimistic

attitude is even greater than is indicated by the graph. It shonld'

be remembered that an AOQ value for a decreasing function includes
in it,an overstatement of bad qualityfbecaueeuof the approximation

to the second term using~,A at its lowest value.

o>

A breakdown of the two portions making up the cﬁrve for an

A decreasing~to'80%'ie given in Figure 9. AOQ1 represents the

'zoutgoing_quality in the product not examined. AOQ2 represents the

‘approximated outgoing quality in the product detailed. The true

{

average outgoing quality must lie somewhere between A.OQ1 and AOQA.
As p increases, this area in question also increases, thus the
approximation becomes more critical,

However, for the specific plan under examination the value of

AOQ2 is not critiCal. P Wwas assumed to be estimated at 2% defective

with a 30 limit no greater than 2.7% defective. Thus the estimate

of AOQA by the method used is satisfactory for this situation.

~
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Figure 9. AOQ Curves: f Equal 10%, i Equal
75 Units, and A Decreasing to 80%.
AOQ of Examined and Unexamined product
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importance.

fr

This spec1fic example illustrates a difference between actual
and expected reqults when the detailer is only 80% accurate, or
when his accuracy falls off- to 80% in a run of i units. Depending

upon how critical the AOQ or AOQL really is to the user, this dis-

' crepancy may or may-not be large enough for cbncernt However, from

the standpoint of this thesis the presence of a difference and its

determination, not the‘actual.numericai resulit, is of'gfeatest

In the next'section of'the thesfgfmethods’Wiil be developed to

overcome the effect of detailer inaccuracy.
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| IV,fDevelopment of a Continuous'Samgling PJan.to;Accountnfor_

Detailer Inaccuracy "

IV-A. Approaches Presently Used

- It was indicated'in the purpdse and scdpe'éeétioﬁ;of fhis thesis
that differént variations oi Dodge's basic plan are in actual usg.'
Furthér, it was indicated thaf there are differenfhvariations of the
plan because of inaccuracies on the part of the people 1ﬁ&olved. In

the previous section it was shown that actual results due to this

inaccuracy can deviate significantly from the expected reSﬁlfé. Thus,

it would generally be unsound to use Dodge's basic formulas and nomo;

- graph to determine the characteristics of a specific plan, if it is

known that the detailer is not acéurate,

The fact that there are attempts to account for inaccuracy -
would ténd'to,imply some improvement iﬁuavérage outgoihg quality.
Héwe&er, as far a; fheiauthor has been able to determihe,vall of;‘
the variationsvof the basic plan simply specify a different pfoce-
~dure to follow upon finding a defect in the sampling state. There
has been no mathematical or formal development to determine the
results of such procedures.

The plans mentioned above can actually be classified as one of

two main variations, depending upon the specification of procedure

| upon finding a defect in the sampling state. For ease of reference

vthese two classes will be denoted Variation I and Variation II.
Both variations are used under the following policy statements:

l. The inspection function is to cover only that part of the

TN T35 b ST D5 A P e a1 e e
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plan thaf.cohcerns sampling.' That is, i£"wili'usua11y not.
. be in an insﬁéctér's,Job deéériptibn that he shbuld'detail
the product.- |
2. ?The detailer will be a‘perth»from tﬁelopergfing déparfment
responsible for the defect.
Furtger, in both“vériations the~inspector.se1eqts a predeter-,
mined f bercent (or fraction) of the product in such a ﬁénner as
fo assure an ‘unbiased sample. Upon tﬁe event of_g defect appearing

in the sample, howevér, the prbcedures deviate.

'IV—A—a Variation I

In addition to the basic plan, which is the foundation for his
theory, Dodge prescribes a manner of plan administration. The plan

specifiés what procedure is followed whem a defect is found, andis

as follows:

]

1. A detailer is»notified and begins detailing i units.

2. The inspector continues inspecting the fraction f£.

3. The detailer details i units except those required by
the inspector for his sample.

4. It a defect is found by either the inspector or detailer,

the i count starts over.

- This obviously is different from the basic plan, and these differ-

ences will be discussed.




IV-A-b Variation II

The other main deviation from the basic plan (28), (27) is

based on the same policy as the variation above, however, it pro-
vides for a more direct reinspection. The procedure upon finding

~a defect is as'follows: ‘ -

l. A detailer is notified and begins detailing 1 units.

2. The inspectdr continues to select the fraction f after

the product has passed the detailer.

3. If a defect is found by either the inspector or defailer,

the i count starts over.

and/or-

o - ‘4; The inspector may be provided with the optidn to stop in?
specting (thus, stbp product shipment) if he feels it is
necessary due to improper detailing.

Note that condition 4 is an and/or condition. In the procedure

f

specified in the Statistical_gualigy Control Handbook put out by

the Western Electric Co. (28), this is in addition to condition 3.

_However, in the continuous sampling plan handbook published by the
Department of'Defense (27) this condition is the only one specified.
* They specify that, if & critical defect is.found during reinspectipn
(they actually call reinspection "verifying inspection'), such
insﬁection will cease until:
- (a) action has been taken to improve the process average,

énd

(b) detailing has been improved thnough—the provision of

;
)
;
i
i
8
4L
é"
%
i
1S
¥
o
;
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better supervision and/or by retraining the detailer
The differences between the basic plan and the two main varia-

tions are,}therefore,.in the average fraction of the total product

handled;’ In the basic plan the lnspector stops inspecting while
/detailing is performed fn both variations the inspector will
sample a fraction f of all units sent to the place of inspection

The—basic plan provides no reinspection The first variation
provides a'check on the period of detailing, but not on the actual
performance of the detai%er. The inspector desighates a particular
unit to be inspected and the detailer doesn't look at it. Therefore,
the inspector never reinspects, nor samples.a detailed unit; The
level of protection of this plan compared to that of the basic plan
will be higher. The degree of improvement will depend on whether
or not theunits.sampled and found good are to be ‘used to clear the
i. This is discussed further in section IV-B.

In the second variation a direct check is provided on the
detailer since’his results are directly sampled. Thns there
will be an improvement in average outg01ng quality because it 1s
assumed that the inspector will detect a bad unit'whenever it is.in
his sample.

As just indicated, the first variation is not a reinspection
por is 1t a direct check on the detailer but there Wlll be an

improvement in outgoing quality. The inspector will be present

during a period of detailing, and this will permit the following
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improveﬁénts of possible improvements:

L

- 1. The AOQ is directly improved since the inspector substitutes

for the detailer on f of the units present in a detail-

ing’sequence.
2.. The inspector will be present to detect changes in the
process averagé.
3. The'inspector will have‘a constant work ‘load.
4. The‘inspector will beAavailable.to"keep an eye" on the
’détailer, and to aid in making proper decisions with
respect to mérginal defects,
7Thus; for the abo&e reasons, Variation I as well as.Vafiation"II
will be given forméi de§elopment in the next section.'-
The deve10pment will be éarried out only for the case when
A 1is constant becéuéé of'fhe'difficulties in finding a true
expression forlthe avérage outgoing quality when A is raised to
the T(t). If'necessary, howevér, the followihg development could
be adapted to determine a true average fraction inspected quantity

for this latter case,

-~
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IV-B .MathemAtical Development

IV-B-a Variation I

~ For the first variation, the valﬁés will depend upon whether

or not good units, found by the inspector during a.pefiod of detailing,

- . are to be used to clear the i. The situation where they are includéd

'will"be'developed first. The subscript Ia will be used to denote

the appropriate values for this. case. For example, Ur, is the mean
number detailed, i.e., the mean number detailed and inspected in the
detailing state. .V w%ll have the same meaning as before.

The GERT network for this plan, accounting for an A<1.0 is

as follows:

(pA(1¥f)+pf)e°

\ (PA(1-£) +pt) e©

o (q+p(IT-A) (1-£))e q+p(1-A)t1-f>)ec9‘®

The Probability of thefleaving path, i.e,, the probability of in-
creasiﬁg the count is the sum of the following probabilities:
l. the probability that the inspector inspects the next unit
| and it is good'5 fq
2. the probability that the detailer details the next unit

and it is good = (1-f)q S !

3. the prdbapility‘that the dethiler details the next unit

‘and it is bad, but he does not detect it = (1-£)(1-A)p

Sum = fq + (1-£)q + (1-f)(1-A)p = q + (1-£) (1-A)p

e o S S B RS S AL R I DL S e SR T e R R e A A Y
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"Tﬁe prooaoility that the count starts over is the sum of:

1. the probability that the inspector inspecté a bad unif =
fq |

ié. the probability that the detailer details énd detects a-
bad unit = (1-£)Ap

Sum = pA(1-f) + pf

Note that pA(1l-f) + pf + q + (1-£) (1-A)p =

'The mean number of units examined in this state can be computed

directly from equation 9. ‘viz.:;

U | 1 (q+p(1-A)(1 f))
Ia (pA(1- -f) +p£) (q+p(1-A) (1- f))1

20.

" The average outgoing quality is computed in the same manner as
in Section III. »The exception here is that, of the total fraction
in the detailing stage (UIa/(UIa+V)) the detailer detalls only

(1-f) . Therefore, the average outgoing quality 1s
21. AOQIa = p(l-AFIIa)+p(1-A)(l-f)(UIa/(UIa+V))

The situation, where the units inspected by thc inspector are

not used to clear the i, will be considered next. Either method, in-

-

cluding or'excluding the inspectors sample,, is certainly feasible.
Including them should tend to release the detailer sooner, but it would
also aggravate’the,problem.of keeping account of the number of units

detailed. The subscript Ib will be used for this case.

e
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)UIb and‘AFIIb'CénAbéQfOund with the soiutton‘bf.the following %
GERT network: : " | . - Lo g
(pA(1-£) +pt)e€ %
1-—f)(q+p(1—A))e°‘)K>
The change in this network with respect to the previous one is. the
“self-loop created when the ipspectof finds a good unit. . In other
words, the count remains the same.- - . r
The SOIGtion,ofithis:networkiwould'bezvefy“cumbersome if it
-was not for the fact that self-loopsucan be reduced from the net-
work. An explanation of this is given in Appendix B. The resulting
network was obtained by multiplying leaving paths, excluding'the
self-loop, by IlE_; The network is as follows: | :
| - -1q .,
e®(1-£) (q+(1-A) p) e“(1-£) (q+(1-A)p)
1-fq 1-fq
\
C |
JLpA(1-1) +pf)e (pA(1-f) +pf) e®
1-1q 1-fq
Therefore, from equation 9: ~
i
-] (1-£) (g+(1-A) p)
| 1 TI-T: |
22, % Uig = 1 -
' (pA(1-f)+pf) (1-1) (q+(1-A)p) -
1-fq 1-fq
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 The avérage«OUtgoing quality eQdation.Will be in precisely the

same form as before, 'but containing theé new expression for the mean

,number in.the detailing sequence:
23. i AOQy, = p(l-AFIIb)+p(1¥A?(l-ff(UIB/(UIb+V)) ' | N

'Thus, fgrmulas have been déVelqﬁed for Variation I to determine
the average ffactigh inspected énd average Qutgoi“g‘quality.( Vari-
ation II will be considered next.

~ IV-B-b Variation II

In ﬁhis plan, the inspector reinspects détailed product at the
fraction f. | -

This plan is similar to the basic plan in that every-unit in the
détéiling'state is looked at.b§ the detailer. It 1s assumed that thé_
inspector is located :fter the détailer5 and that a‘detailed unit is
immediately sampled with-probabilityfﬁ With this situation, the

» detailer will not detail any more than ﬁeceésary.

The probability that the count is increased is the sum of:
1. The probability thét‘theguniﬁ_is,good=»q, and
2. The probability that the unit is bad and it was not
detected by.the detailer, nor was it samp1ed by the
- - inspgctor = p(l-A)(}-f).
The prbbability that the count startg”Qvernis the sum of:
1.‘\The probability that the uhit is bad and the detailer
detecté this faét'= pA; and

2. The probabilitykthat the inspector samples a bad unit
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" . passed by the detailer = fp(l%A)

The GERT represenfétion'for-this is as follows:

(pA+pE(1-A))e®

q+p( ! -*~,)(1-f))eC’K > - ]

/ . T
.The interesting result of this plan and its nctwork is that,

»

(pA+pf(1-A))e€

(g (1-8) (T-))eC

mathematically, it has the same probabilit.es as the network for
Variation I, Wheh tlhie inspectors sample was used to clear the i.

Thus, using.the subscript II for the values in ‘thi. case:

However, AFI is not the true or totdal average fraction in-

I1 | |
".SPécted in this plan. 1In Variation I the detailer details (l-f)UIa
units and the inspector inspects fUIa units. 1n Variation II the
detailer:detailsevery,unit in the detailing sequence, or UII’ and

in addition, fhsiinspectortreinspgcts fU;y. Therefore, the total

~avéraaﬁ~fraction inspe&ted:and'detailed"under'this plan is:

fV+lII(l+f)

UII+V

AFIIi is, however, the appropriate value to use in determining
the AOQqq because this will determine. the fraction of product not

looked at. viz.:

¢
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l-fV/(UII+V).- UII/$U11+V)

Thérefore, the following result is true:

¢

25, A0Q11'$ QOQIa

= P(L-AFT ) + p(1-0) (1-9) (Up /(U #))

The implication of this, from the sténdpoint'of the thesis,

‘is'thaf the expected AOQ's are the same, but'it takes more in-

spection to attain this quality levéi under Variation II. Therefore,
Variation II will no longer be considered. ‘This leaves Vériation I,
including or excluding the inspectors sample ;n.the i count; to be
evaiuated'from the stahdpoint of improvementonef the.éituation'

when no inspector is present during detailing.
| s
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Iv-C Igprovement\in'thenAOngithVafiation'i ;

. Graphs similar to those in the previous section were plotted
to illustrate the expected improvement under this variation. Figures
10 and 11 illustrate the same general effect as did the basic plan

]

with an inaccurate detailer. That is, for a fixed [, the effect

increases radically with increasing i, and the spread in A(AOQ), as o e

A decreases, remains about the same.

These'two-plotsare for Variation Ia;'and the improvement over

7 the -basic plan would be es indieated; .The amount of improvement in-
creases as p incréases. Aﬂeimilarknvestigatioh, which was cerried ‘
. out for Variation Ib (the resulte are nef included), iilustrated the | é
same general relation;%ips, but_with.someadded imbfoveﬁent. g
Figures 12 and 13, howevef, show a greater deviation in the E
~change in[A(AOQ) for a}fixed'i, A, and P and an increasing f. f
o i
Figures 12 and 13 are for Variations ;a and Ib, respectively. As E
I : f increases under either variation, the corresponding A(AOQ) increases ;E
} | s 1l
at a decreasing rate until an f is finallyvreeched where the A(AOQ) ﬂ
starts to decrease. This is not true for the basic plan in the face ﬁ
of detailer inaccuracy. Further, by comparing’FigUres 12 end 13, B ;J
it can be seen that the degree of improvement and the extent of ;E
the result just mentioned is greater for Variation Ib. iy 5%
The_results with these variations indicate that, for a fixed a |
i, A, ahd p, the greatest degree of improvement lies with the ehoice " - éi

of £. That this is so is due to the following reasons:

\
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‘1. The term p(1-A) (1-£)(U;/(Ug#V)) for both variations will

approachizero as f approaches 1.

2. As f is increased under the second variation, the quantity

Upp must also increase because fewer .good units are being

used to clear the i. In Variation Ia, however, increasing

the f also increases the probability of clearing..

The results with respect to the standard plan are illustrated

.in‘Figures 14 and 15. From Figure 1& it is evideﬁt that the both h %
.pléns_givé the same slight 1mpro§ement in AOQ for the expected g
process averagéiof_z% defective. For ﬁ =.2%, AOQ:, ; .0146, and . |
AOQIb = ,0144. This difference 1ncreasés'as p {ncreases until p ;
Aapproaches a value s:uch.that-UIa and UIb both became.véry large. ?
At this point both values approach the same quantity,‘§iz.,- ]
(1-8) (1-D)p. |

The degrée of improvemeht in the AOQ by using Variation Ib, %
‘és opposed to Yériation Ia; would depend upon the specific situétlon. é
For the standafd plan a decision, as to which variation to use, %
would depend upon the trade-off between the amount of improvement, E
and the additional effort‘needed_to attain the improvement. Figure é
15 indicates the difference in the total average fraction inspected E
curves for the standard plan. There appears to be little diffefence, é
‘however, and the decision would'probably be based or more intangible %
reasons. » é
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- IV=D Methods'for Further lgprovement

The possibility for further improvement by 1ncfeasing.£ will | \s
now be investigated. This possibility was mentioned in the pre-
-+‘~:,‘vious section. 'The investigation will be sarried'out‘for Variaion Ib
only as it'&ields a lower AOQ than #ariatibn Ia, and also represents | X

the more difficult case.

It is important'to note that f cannot be increased indiscrimi-
nsntly. It hasibeen ststéd that the pslicy gpverning these plans
- require that'inspectors sample only, thap is, the ipspeCtor willvnot;
~perform 100% inspection.

A further mention as to the value of f is'appropriate_here. I1f

f is faised too high, the inspéctor'may‘be subject to errors for the’ L
ssme reasons as the detailer. This cannot be tolerated under the as-
sumpfions sf this thesis. Also,'increasing'the value of f during the
sampling state is no direct solution to the problem of-inaccuracies-- s

during the detailing state.

v

Most importantly, the value of f during the Sampling state is
physically limited by the nature of the requirements being examined.
During the sampling state an inspector may be- inspecting a unit for

more than one grouping of defects. He must select a unit in an

| unbiased manner and examine it for all requirements. The detailing

of defecfs which caused the rejection., | o

For these reasons, two approaches for increasing f to attain

the desired AOQ will be investigated. The first of these approaches

-~
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- 1s to determine the equivalent new fﬂrequired to yield the specified

AOQ. In this case f is to remain the same in both states. 'Secondly,

i

the situation will be investigated where the f during sampling re-

'maihs'as'Specified, but thé f during detailing canlbe increased to

yield thé specified AOQ. The following investigations were aided by
furthér modification of the previously used computer program.

The equivalent‘f, where f is to remain the same in bbth.States,

3

- can be determined by solving the expressioné for the AOQ"simultaneou37‘

lys That is, for what fIb is:

I'e

ip(l-AFI)=p(1-AFI 1) +P(1-A) (1=£ ) (Upy /(UL #1,))

. or simplifying

V(-£) 'V (1-21,)4(1-4) (1-£1, ) (Up)

Note, f in the term on the left must remain -as originally specified.

Table I shows the results for various combinations of i, f, and

-~

p for an A of 80%. The values in the table represent the ratio;

fIb/f. The ratios indicate-that f must be increased as p increases;

~and for larger values of p, f must be further increased as i in-

creases. For the standard plan, see Table I, an increase in'f of
only 3% would be required. °

This method, however,:would have to be used with éaution. For
example, assume that i = 50 and pl# 2.5%. fhe taﬁle iﬁdicates a-
rétio‘of 1.4 for-both.Qalueg of an original f of 5 and 20%. . For the

first f'this is an increase of only 2%, but for f = 20, fyp, must be

e A T A TR A e Y TR
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£% S 10 | 20 S 101 20 ) 10 | 20 | 5 |10 20

2005 || 1.1/ 1.1]1.051.1 [1.1 |1.05{1.2 |1.1 [1.05| 1.2 ]1.1 |1.1

+010 f} 1.1 1.1 [1.05 1,1 [1.1 |1.05]1.2 [1.1 |1.1 [ 1.2 1.2 1.14
|

020 ||  A0Q

.0144 (£=.1) 1.‘3

.0132 AOQh

025 11 1.1 1.1 [1.05 1.1 1.2 |1.1 {1.4 |1.3 |1.4 1.6 |1.4 {1.3

050 Jf-1.1f1.1 1.1 ]1.2 [1.3 |1.2 |1.8 1.6 (1.45} 2.8 [ 3.0 |3.05

0754 1.1 1.2 1.15/1.6 1.4 [1.3 |2.8 3.1[3.15(14.8 | 8.8 4.,75JT

.100 1.2 1.2 11.151.8 |1.7 [1.55 11.2] 7.8|14.5 |20.0 [10.0 5.0
) I I _d o

TABLE I. Ratio of fIb/f, Where

f1p is to be Used in Inspection

and Detailing Under an A of SOAPer'Cent

—_—
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28%, or an increase of 8%. This increase of 8% might seriously re-
strict the inspector s ability to perform an adequate job during the
sampling state.

The second approach of only raising f during the detailing

state will be investigated next. The previous equality beoomes:‘"

W Uy

/

where: f represents the fraction inspected in the sampling |
state and remains fixed.

L8

fIb represents the fraction inspected in the detalling
state and will be increased.

vThe'results'are shown in Table II, and values in the table give
fIh/f; For lpw-values of'p a considerable increase in,the-fraotior

inSpected during detailing is required for an'exact equality of AOQ

- and AOQy,. This is due to the fact that the denominators in the

previous eduations are approkimately equal. Thus (l-A)(l-fIb)UIb must
approach zero, or fIb must become large. Because of this, the com-

puter program was rerun to yield an fIb in the detailing state such

that:

\

A0Qp, < AOQ + .00001

The new fIb/f appears in parentheses below the original ratio in

Table II, whenever the above constraint is active.

The adjusted entries in Table II vary in the same manner with

'i, f, and p as did the entries in Table I, but are generally of

higher magnitude. For large values of p and i, the entries become

TR S A e s T
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the s;me in both fabieé} and the présent method of"énly increasing
fIb in tée detailing state would become superidr in this régionfrom
the standpbiht»of less overall inspection effort.

The new fIb required uﬁder‘the specific plan is 31% during the

detailing state. Depending upon the actualfdperating conditions this

‘may or may not be realistic.. The efféct of both approaches on the

specific plan have been.plottedfin Figure 16. *Increasing fIb.during :
the detailihg state_from 10 to 31%‘yie1ds an AOQ curve very close to
the desired for p < 4% defective. If P had a reasonable probability

of shifting from the expected 2% to 4%,.this latter approach would

'bewmﬁre=desiréb1e provided the increased fIB is reasonable.

The question of selecting a continuous sampling plan\bn an econo-

mical basis is taken up in the next section.
o |
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i I 10 25 50 75 ‘ 5
| - T r y . ‘

1
|
|

.005 #14.4- 7.2 ] 3.7 12.2#6.21?;3.2%10.2# 5.2#2.7 9.0 4.7 |2.5

(1.ol1.0l1.00 (1.0 |2.3) (2081(4,8)(3,9)(2,5)‘6.6)54.1»2,3)

010 |h2.6 | 6.4 13.3 ho.2 |5.2 | 2.71 8.214.312.317.2 |3.8 |2.

L (1.6){(4.2){(2.8) {8.0) [(4.7) | (2. 5)(7.6)(4. D|(2.2)[7.0) |3.7) |e.

.020||  AoQ = .0132 Aog%Tb = .0144 (f=.1) 3.1

[T

.0251(10.0 | 5.1 [2.7 |7.6 |4.0 | 2.1|6.2|3.3]|1.8 |5.6 |3.1 |1.8

-
» 8

- (9.2)|@4.9){(2.2) (3.9) | ;

L

.050 ||8,2 {4.2 | 2.2 |6.2| 3.3]/1.9|5.6[3.1]1.9 |6.2 |4.1 3.1

8.0)

075 117.2 13.8 |12.0 |58 | 3.1]1.8}!6.4 4.2 3.2 [14.8 |8.8 |4.8

3.7)
= ams . B
.100||6.6 |3.5 |1.9 |5.6 | 3.2]2.0 1.4 | 7.8 4.5Jzo.o 10.0 |5.0

TABLE II. Ratio of flb/f, Where

fIb is to be Used Only in Detailing

" Under an A of 80 Per Cent
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\4 The Economic Selection of a Continuous Sampling Plan‘When the
Detailer is Inaccurate

In the previous sections of the thesis the effect of an error -

. on. the part of the detailer‘was investigated and various methods

were developed by which this effect might be overcome. Further,

 the methods of plan selection that were indicated were based on
~ physical requirements."Namely an AOQL was.chosen based on the

process averege, and an f and i combination were chosen to fit

physical limitations. However, this method of selection is not
always optimal from the standpoint of trading off costs between
detailing and inspection;, and the resultant cost of a defect.

This section of the thesis will consider the development of

such & model for use when the detailer has & probability A that

- a8 defect is detected. As indicated in the purpose and scope

section of the thesis, there have been two different approaches
taken for the economic selection of & continuous sampling plan.
The first approach is that taken by Anscombe (1), (2), where.an
attempt is mede to find an optimal f a&nd i combination without
regard to any-resulting AOQL. Anscombe:states the tollowing:
"When one fairly considers the matter, it is not clear
what bearing the AOQLJhas on rectifying inspection.' The
AOQL is & statistician's guarantee; Quoted becausepit can

be calculated easily, not & user's requirement. No user of

inspection not corrupted by contact with statisticians, would

ever think of setting himself on AOQL &s n target."
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While this isAa'strong point, it isubftenjthe_case‘that:ah AQQL-
is specified. For example, this is true when a'large company has
aquaiity organization separéte from the inspection departﬁent.
'This.formér organization represents the customer,-and establishes
quality standards wh;%h can be‘translated into AOQLs (29). Thus

the second approach is to find the optimal f and'i combination for

a specified AOQL. This'approach,was USediby Fry (11). Other eco-
nomic formulations using'one of these two'apppoaches'can be. found
.in.theﬁbibliography,givenfby Anscombe ().

In both approaches it is desired to minimize the expected total .

‘cost of an average cycle, that is, the cost is per a state of de-
tailing and ‘a state of'inépebting3 Neither of the previous approaches
differentiated between the inspectoriand:détailér; as they con-

X

sidered the cost of inspection versus the cost of a defect. In the

following development a third cost, the cost éf‘%etailing; will be

considered separate because of the recognition that the detailer

:iS'inng non-productive work, and is only A per cent accurate.
The three costs are defined as follows:

| = unit cost of detailing

.
Il

Q
il

= unit cost of inspection «

C, = penalty cost of passing a defect.




74

n

V-A Devel"ogme“nt Without Reggrd to a;)n AOQL
The expected total cost of a cycle using the first approach

would be:

UA+V | UA+V

26. ETc =c, VA 4 IV +C3P[I-UAN+ (1-8) UA]

This equation is the same as Anscombe's when Cl‘-'G2 and A=1. Upon
,;_S',imp}lvi-fymg, ‘the equation can be rewritten as: -

) | - -ClUA+C2/p+C3/f‘C3+C3pUA(lf'A)
- 26a. - ETC = — ‘ :

Up#l/fp S

- or
~ 1X4C,
20, 41

75 where: ~ X=CU, +C,/p=C3+C5pU, (1-A)

Differentiating this equation with respect to f yields:

OETC _ (£Up+1/p)X-(£X+C3) Uy = X/p-C3Up
df

(2U+1/p)2  (£U,41/p)?

The minimum for this equation must occur at either f =0, or
f =1 for any fixeq set of variables, Cys Cz; Cs, 1, p, and A.‘
This must be the case since the denominator is always poeitive, and
for any fixed set of other variables the numerator is always posi-
tive or always negative. Thus the curve must always be i'isihg or
failing, and the con‘cévi.tvy for a given set ef other-variables could
.be determined -Mfrovm the eign of the second deriv’ative.. Examplles of

t.h'is result is shown graphically in Figure 17 for 0 £ f £ .5 only.
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The réﬁaining queétion lies with the value of i. If the

, optimalivalué of £ is 0, then 1t_méans there should not be a sampling

plan. Thefefore, i has no'meaning_becauSe a detailer will never be
present. The expectedAcost.per cycle is C3p.‘ On the other hand

if f = 1, then the question as to what i should be must be answered.

- Note that if £ =1, a defect will be found in the sampling state

for any p > O. _For'f = 1 the cost equation can be writtep_asf“

. Up(€y+C3p(1-A4)) +Co/p
- Up+l/p |

27. ETC

UA is a functidn Ofly jo and A, Whicl.'l' are- fixed for any situ- :

ation. Further, U, increases as i increases, and we can determine

the miniﬁum cosf by-differentiatigg with fespéct to UA only.l How-

ever, by inspeCtibn, ;t_is seen that the equainn'is oi'thé same form

as before, and therefore, the optimal mean number to be detailed is ¢
either O or @ . Likewise i is either O or o (a more rigorous treat-
ment is provided in Appendix C).

Thus the results with this équatibn are fall'br none'', that is,
thére should be no inspéction of any formn, or the inspector.inspects
everything,ﬁntilrhe finds a defeét and the‘detailer details the re-
maining. The equation itseif is useful,‘however, as it will give the
cost bf»any plén,‘and could also be used as a'fsol to decide whether
of not to have a plan in the first place. |

This result is not uncommon in this area of economic analysis

(4), (19), (31), and Anscombe arrived at similar conclusions when

L
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Ci=Cé ahdiA:i, &o avoid these two extremes, Anscombe'déveIOped'a-
| &onkidglrule,“employing a "logistic" function of p. This was done
SO that_the average fraction inspection (AFI) would be apProximately
1/2 when'pbcz. His édst~eqﬁafion wés for‘C1=Cz,.A=1, and Cs=cost of
'.a'deféct.é-one cost unit. The cost equation, which follows, shows

that the AFI should be close to 0 if p < C,, or close to 1 if

p >»CZ:

ETC = C,(AFI) + p(1-AFI) = p+AFI(C2-p)

The logistic function for the working rule is:

L.

" AFI = L ’
1 4 e i(p=C2)

Investigation of this-posdibility‘for*ci‘# Cy, €3 # 1, and

vAﬁﬁfi,{is beyond the scope of this thesis, however, and will be

left as an area for future investigation.
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V-B Develgpmént For a Specified AOQL

The second approach proposed by Fry (11)‘specifYS an AOQL and
then selects an optimal f and 1 combination undef this constraint. . . .
Fry's cost equation is the same as the prev;ous equation except for
terms’used to represent his stopping conditions. These lattéritermé |
can be disregarded here because it is assumed that the process
'-average is not going to chanée.

Upon darefﬁl examihatioﬁ of this approach, however, it is not
clear juSt Qhat felationship there is betweén an implicitibost‘of
a defeét\(fhe specified AOQL), and a corresponding explicitly_statgq
cost of g»defect (C3- Fry denotes this 02 in his paper). Ié*woulﬁ
~seem mofe logical to either impute the cost of a deféct, or state
‘if implicitly as in the last séction, fhan;to aﬁtempt.to‘require
both at the same time.

For this reason, the remaining investigation'of'this approach
considers only the imputed cost resulting from a specified AOQL.
The remaining explicit trade-off will be between the cost of in-

specting and the cost of detailing:

ClUA*CoEV  2(C;(1-(1-p) )+, (1-p) )

28. ETC = = : .
UtV £(1-(1-p) 1) +(1-p)1

This equation must be optimized with respect to i and f, subject to
the constraint that the £ and i combination gives a specified AOQL.
Assuming for the moment that A = 1.0, the relationship relating |

f,‘i and the AOQL, was stated in Section II Of the thesis, viz.:
- . LI . o
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12 | ' _ (lﬁf)(l‘pl)
' ; i
~ 14iA0QL ~ - | f
where P, = T = the value of p at which the AOQL
| occurs

Thué an iterative approach can be easily programmed for a computer
to search out the optimal cost. This is done by using equation 12 to
get a relationship for f in terms of i and the AOQL,'substiéuting this
f-intq the above cost equatiOn with A=1, iterating over possible
values of i1, and seeking the minimum cost.l

The solutions that Will be obtained from this-ﬁbfhod, however,
will not be practical in many cases. The above cost equation is very
similar to the previous,cost formulation which has been proven‘to be
optimal onlyrat =0, orhf=l. This essentially holds here alsq, and

can be seen by setting C3=0 in the previous optimization procedufe.

:However, under the constraining AOQL,'fﬁo is not a feasible solﬁtion.

Thus under the constraint f must be some small positive'quantity,

and i, therefore must be quite large. This fact can be seen from

the deIowing set of results obtained with the aid of a computer

program for.Cz=4 cost units, p=.03 and i iterafed from 1 to o :

AOQL ‘401 Optimal F  Optimal i Cost/Cycle
045 o0-21 =0 —_—  —> 0
'22-100 83;52% n 1 3.812-5.774 .
025 “- 0 - m—30 —_— —_—> 0
1413 .0004-.059% 203-191 .168-2.162

14-100 90.48% 1  3.902-6.243

L S




80 *

" Note that the "all or-none’ situation is not quite true either

when the AOQL < P. This can probably be explained from examination

Of»pl in equation 12, For a'C1=C =4, and an AOQL =’.025, the

optimal i is 194. Thus:

| 1+1A0QL'_
1 1 44

.03

Apparentiy then; when the AOQL is léés than the process average
(p=.03) and the costs are relatively equél, the optimal situatiop
is to have the AOQL'occur at the process average.

The only useful coticlusion from this investigatidnzis that the
entire method offers little o;ef the unconétrained po§t~eAuation

presented in the last section. Further, from the standpoint of the

~objectives of this thesis, it would not serve any purpose to investi=

gate detailing error when using this formulation.
For fhoSe %ituations whéreisome constraining AOQL 15 reﬁuired,
Duncan 69) provides the following:
"In a letter to the author Dodge suggests that the process _ 
average p shou}d‘be about two thirds of the AOQL for a continuous-
'sampling plan to be economical."
Thus by knowing the process a&érage an f and i combination can be

selected from Dodge's nomograph to.giQe this AOQL. This can be '7

~done whenever the detailer is 100% accurate. ‘However, as pointed out

in a previous section of the thesis, this AOQL value will not be

achieved for the same f and i combination when A < 1.0.

The remaining portion of this section is devoted to this problem.
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Recalling Figure 7 and the accompanying discuésion”»it wés noted that
the shape of the AOQ and AOQAﬂcurves were similar in the proximity
of the process average. Thus it will be assumed that an adequate .

cohdition will be reached by selecting the first maximum of the

| A.OQA curve, when it exists,l(i.e., the first hump as‘p is increased)

3 e R S S T S s A B S N SISy T, R o S T b A e~ . IR B
O b P e b R T A NS ST, Tl N T T TR, ey e R e IS 3 v, 5L T
RE Rt 3 REEAN 2 P Y AP NPk B e T e o 2 v Ere Lo 7 o e R S e S A T

d = N3

to be equal to the AOQL. The desired relation will be similar to that

illustrated in Figure 16 for the AOQ curve and the lower AOQIb curve.

In essence then it is desired to find a relationship similar

to equation 12 in order to relate the f and i values to this par-

ticular limit on the AOQA curve denoted AOQAL' This can be done
: | PR

- by finding the value of p which forces first derivative of the AOQp

curve to vanish. ,Siﬁce'the shape of this'curvé‘indicétes‘that_fhere
are two values of 0 < p < L, where thisiqcéurs, if will be necessary

hﬁfo'éelecf the first value of p. Tﬁis p wiil bedeﬁoted p, to dis-
tingUish if from Dodgé's Py - The'fesﬁlfiﬁg_équations are~pre%ented
below. |

From equation 18a:

Simplifying:
- fA S
409y =P 1 ~ 7T TGA-D ?
therefore: "'. ' s T‘ 
fA
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and:
25 (1-0a)1-1 (A= £A
—g?ﬂ = 1-p [(f+(1-pA)i(A-f))‘ "~ £4(1-pA) *(A-f)

setting the above equation = 0, and simplifying further:

_ A-f_ | ” - 1-A
29, G a-pt 4 (2-2) (1-pA) " - pAZi(1-p) 17 + £ = O

and P,y is the first p as p is increased which provides this
equality. o
Note that no explicit relationéhip is available to equate‘pé,

f, i and AOQAL as in the case of equation 12. This is due to the

fact that the first derivative set equal to zero is a general poly-

nomial, and that there are two possible real roots between 0 < p < 1.

,This method must be applied with caution and its results in-

terpreted with care. A computer program was written with the goal

in mind to provide a nomograph similar to Dodge's to illustrate

.combinations of f and i which give the. same AOQAL. This attempf

/

was not successful becéuse the first derivative does not always
go to zero. It is possible that there are no.real roots to the
equation of the first derivative, and all that gxists is an in-
flection point. An example of this is provided below for an A = 80%,

and an f = 20%, and in Figure 18 the AOQ_A curve is plotted for i = 15.

i | CA0Qy,
10 S o .099 o
B 001
12 Y .084
13 . - .018 o
14 - .073 |

15— . NON-EXISTENT
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VI SUMMARY AND CONCLUSIONS

-

This thesis has investigated the effect.ef inaccuracies present
‘ddring the operating ef’a.DodgeAcontinuous'samplingplan (CspP-I).

In particular, Dodge assumed that ell)defects appearing fn the f l
‘(the sample) and the i (the 100 per cent inspection following a
defect) will'be detected and corrected or replaced.

Emphasis was plecedion.the latter parf of this asspmption as it
ié‘well knowndthat'iOO per'ceht inSpeCtiOn or detailing as it ie fe-
ferred to in this paper, seldem pfovides 100 pef'cenf detectien‘and
rectificatidn of defects (9),(10),(13). This problem was quantified:“‘
by eetéblishing'a vaiue A to-represent the probability of a detailer
detecting, and thus rectifying a defect. A sampling procedure was_
ﬁropoeed by which the valde of A can be determined. .

A method for the analytieallinvestigation Of“Afﬁes then developed.
Tﬁis-methed dtilizes the Graphical Evaluation and Review Technique
(GERT - 32) as its foundétion.‘ Equations.were derived using this
method which yield the true average_fraction inspected (AFI) and
average oufgoing quality (AOQ) values for a constant'A, a specified
process average p, and achosenf and 1 combination. Equations were
also derived for the fatigue case, when the probabilit& of detecting
a defect varies with the number of units detailed. The equation for

the‘AOQdunder this situation could only be approximated, however, as

ne—expfession could be found to represent the "overall” probability

. . of detecting a defect.
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"Reéulté‘obtalhéd in the investigation of these equ;tioﬁs pro- ;
vided the following conclusions: | |

l., The true AOQ becomes‘significantiy Worse as the vaiue of
A decreases frbm 100 percent to 50 percent. For good ac-
curacy, that is for a high A, there is little deQiation
fr;m an’ AOQ giVeﬁ by Dodge's equations. For very low
process averages,.the‘valﬁe of A has little or no effect
on the AO0Q.

2, As either f of i is increased for fixed A and p yalues,
the deviation of the true AOQ §a1ue from the value ex-

. pected from Dodge's equations will increase in a worsehf
ing direction. The importance of this conclusion is that
a user of a basic Dodge plan should be ;iscoufagedffrom
simply increasing f of i to overcome the effect of an in-
accurate detailer.

3. Most importantly, a primary attribute of the rectifyinz
aspects of Dodge's plan will no longer exist. Under per-
fect rectification the AOQ must approach zero as p ap-
proaches one. When A is less than 100 perceﬁt, the AOQ
must approach théAvalue of (1-A) as p approaches ohe.

Two prodédures frequently used as an attempt to insure the

AOQ value were analyfically developed by this method and evaluated.
: Thé firét procedure; denoted Variatidn I réquires that the inspect;f
essentialiysubstitute for the detailer on a fraétion f of the units

to be detailed. Variation II requires that the inspector reinspect

Al
»
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a fraction f o‘the units detailed. “Unde"r"_the assu’mptions of this
thesis the two variations give identical ACQ values, but Variation

11 requires a higher total AFI for a given A, p, f and 1. d

,* Therefore, the possibility of improving the AOQ was only in-

o

vestigated for Variation 1I. This variation can actually, be Aadminis-'

trated in one of two ways, depending upon the use made of the good i

‘units found by the inspector during a detailing state. These units

may or may not be used in the detailer's i count. Ex'cluding these

units from the count gave greater 1mprovement than that obtained

'by 1nc1ud1ng them, but this method results in a higher AFI value.

The investigation revealed that no generalized s‘tatement can

be made as to the amount of improvement possible, or as.to which

'method is the best. These decisions, however, can be made by

applying the equations derived herein to the specific'eituation
being considered (the desired AOQ, p, A, and feasible f and i
combinations).

Two cost models previously developed for the economic selection

~of f and i were extended to include the ideas presented herein. The

important conclusiOn drawn from the derivation and investigation of
the cost models is that, with very few exceptions, the analytically_
optimal solution from both models is to inspect nothing, or to
inspect everything 100 percent. | l

This d1chotomy holds without exception in the exéen51on of

‘Anscombe's original model (1). The resulting cost equations are

monotone. That is, they' are either always increasing, or al-
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‘ways decreasing functions. The presence of an increasing or a

 -decreasing function depends upOn the relationship between the

sampling plan parameters and their associated costs. The few ex-
ceptiohsfare-present in the extension of Fry's model (11), which

includes the constraint that an AOQL must be met. 'The analytical

| results indicate that there should always be a pian. That is, the

optimal f'will never be exactly zero or One,fbut will approach one
or the other of these values. . |

The models are useful in fhis respect for_makingfa decision
concernihg whether or not # continuous sampling plan is économicﬁlly
justifiedj even though it could-not be.considéred.optimal.. The.

cost formulations are also useful for comparing the cost of one

-plan‘with another, and to determine the cQst associated with an

inaccurate detailer,
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e

VII Areas for Further Study

»

During the preparation of this'thesie it'became apparent that
there were several areas fer‘furtherstudy. These areas.can_be
considered as direct extensions of this thesis, or as research
independent of the main ohJectivee of the present thesis.

In applylng GERT as a means to determlne the AOQ and AFI it
became apparent that the technlque mlght also be used to determlne
the variance 1n these quantltles. This 1nformat10n could then be

used as a basis to compare Dodge S CSP—l plan with other plans for

” cont1nuous sampling (9).

The technlque of selecting continuous sampllng plans on an

'0pt1ma1 b331s would also appear as an area for further research.

A Ph.D. dissertation by C. §. Beightler (4), has considered opti-

mization over a series of inspection stages, each using a single-

sampling plan. This work could be extended to consider continuous
sampling plans when single-sampling plans are not appropriate.

Finally, the various forms taken by detailing errors could be

'researched further, with the objective being to CIassifi these forms

accdrding to the nature of the process being inspected.
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APPENDIX A | -

I. DerivatiOn'of Equation 4.

The path labeled q, Whlch represents a good unit does not have

an e® because a good unit has already been counted 1f it has been
e . .

inspected.

From Equation 3:

| | fpe2c N
~ w(e) . _ ' : |

. Mb’D . 1-(1-f)e®-£qe®

It

oM (c) (1 (1-£)e®-£qe®) 2fpe2C-£pe2C(-(1-£) eC -fqe®)

'ac = (1-(1- f)ec-fqec)f
oMy (o | (s fq)zfp+fp<(1 -)+q)
dc c=0 . (f fq)

_ (fp)2fp+fp(l-fp)
.fngl‘_ - ‘ L_.T'

since p = 14q

Therefore:

o, 241 o Ll#p
de c=0 - 1p | fp

.

€ off the path from I to D will make the 2 in the

N

aboveAequation be 1, such that the ﬁean number passed.ex-

cluding the defect is 1 .
fp

1]

II. Derivation of Equation 9. I A

This will be solved in general for any leaving and returning

path'probabilities, viz.:

i
154
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X+Y¥Y=1
This will provide for repeated use of the derivation throughouf the
thesis.

From equafions 6 and 8: ”

- (Ye©) 1(1-ve®) L (YeS)i-(yeCyitl
Mo,1+1(¢) = 1-Ye€-Xe®(1-(Ye)?) = T-at1xeC(veO) T

oMy j+1(c)
dc

- [ [1-eC+xe(ve®) ] [1(ve) 1 1veC-(i41) (ve®) Lve€]
- [( YeC) i_(YeC) i+1] [_eC +Xeci(Ye°) i-IYeC'i‘(Yec) iXeCJJ

s [l-ec+XeC(Ye°) i] 2

OMy 449(0) XY (ivi-(i+1) yitly-( vi-yi+ly (-14xivisxyl)

dc iy2
¢=0 (Xy+)

iy loxay? gy 4l oyl g2 gy2i A4y 020 41 2141

Cxvyi)2

Y a-vxyh) _xa-vh | o1-yi
x2y21 - g2yl gyl

Therefore, by letting X = p and Y = q - | —

9. aMO’i”_l(C) - —g , - ' - -
dc Pq

b drmenA AAR N G RS 25
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APPENDIX B

Reduction of Self-Loops

 -Consider4the,fo1Iowing network:

Let W = probability of going from A to C, i.e., the transmittance
2

1

ptq

- " . N - - e — - _ " e g ot » - < - = vy23 - ‘-‘\"._t D It I S
e e R e e A L G S B Tt e o R Ao S Mo DR 0 o T Mo NN LY, o D iy & "
L A LU G e U LT o S T T A U ST, f: PR St X RN I R AN S o PR A R T T T -ng,-“."jé g

9

| 3 . 2 3 |
+ pq° ... = p(l4q+q +q +...)

c ~ W=p+pq+pq

IE_, since this is a geometric series with q < 1
_—

Therefore, one could have used <:>~J:Q—§<:><jirect}y,‘which is the

same result that Would'have been.obtained by Mason's rule, . Thus an

<

equivalent network would be:

- 1 | _.- 1
: - 1-q I - p : 3‘

In words, multiply the entering path by the reciprocal of one minus

the value of the self-loop. - - | :
In the problem at hand the same result can be obtained by

multiplying all leaving paths by 1/(1 - self-loop value). This is

valid here only because the total transmittance is all that is | | 3

desired.; For examp{e the prévious netwdrk would have the same

tbtal transmittance if it was designated as: o
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Not;ce, however, théeﬁrobability7of gbing from A to B is no longer:

correct, but the total transmittance:is dorreét, and this is'all

that is required.

An example specifically related to the preéent~prob1em'follows:

: No Self-loop Reduction

=
n.:

1 1-X-Z-YZ-X+X2+XZ

v2

1-(2X+YZ4Z) ¥ +XZ

)

"Self-loqp Reduction
Y/ (1-X)
z/(1-X)

Y/ (1-X)

v2/(1-x)2
W, = ' —~
2 1-72/(1-X)-YZ/(1-X)

@*

Y2
(1-X)%-Z(1-X) -YZ - “

| le(2x+YZ+Z)%;2;XZ

.
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APPENDIX C

The Derivative of Equation 27. withﬂRespect to i _; _. ¢ T

_ QA(Ci+C3p(1-A))+Cz/p ' o B %

27..  ETC = i
R Up+1/p ) | | | .
(1-(1-pA) *) (€, +C,p(1-A)) +Cy/p N _ B
pA(1-pA)* ' N A
_ - . ‘

.A(l-pA)i

Let Z = Cl+C3p(1-A), since we are differentiatiﬁgrwith'respect to;i,

Upon further simplification:

Z-(1-pA) Z+C A(1-pA)
ETC = P 2™ P

1+(1-pA) ' (A-1)

And:

AETC(i) = ETC(i#l)-ETC(i)
z-(1-p&) *zsc,a(1-pa) 11 z-(1-pa) ‘24 A(L-pA)
14(1-pa) 1 a-1)  1+1-pa)ica-1

For a minimum:

AETC(i*-l) < 0< AETC(ix*)
What would be required as proof that i*=0, orw, is)to demonstrate
fhat the above expression is impossible, or that4AE}C(i) is either
always +, of always -. fhaf 1s, to show that the’optimallsolution .
cannof lie on the open interval. This WOuld be similar to the.

approach taken by Beightler (4). The author could find no reasonable

means other than by computer programming to do this; and this would
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-not provide concIusive proof due to the 1nf1nity of values involved. |

;What follows then is conclusive proof only for the special case of
A=1,
Setting A=1: S .

| i%4l | i%4]1

R £ ) P i% 5 1*
AETC(1¥)=C, -(1-p)* "€, 4C, (1-p) ¢, +(1-p) ¥*¢; -C, (1-p)

For 'a minimum:

ik ik %=1 T e
~(-p) e 40 (1-p) (-0 e -0, (1-p) T < 0 < aBTE()

Divide by (1-p)i*-1,

~(1-p) Cy #C, (l-p)+Cl-Cz‘ <o <.-(1-p) Cy+Cy(1- p)? +(1-p)C, - (l-p)Cz

-(1-p)(C -C )+Cl-02<0< -(1-p)2(c 1~ C2) +(1-p) (C; - 2)

Divide by (C -C ) assume it is +;:

~(1-p)+1 <0< -1 +2p-p2+1-p
1<0<1-p
0>1>p

or, o<1<p, if (€ -C)< 0

which is clearly impossible
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