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ABSTRACT

AJpafticulaf type cf personne1 scheduling~is concerned with the . .

assignment-df employeeé where thé number of jobs vary from period to

| period during/the workday. "In the past.this class of SCheduling N '  . R | :

!

problems has been déalt Wifh‘primarily by;the use of Gantt chart  i.."”:
téchniqﬁes. This mefhod is large1§ a tfial—and-grror solutiop.and
usually very time consumingj. .

This paper presents a mathematical approach; namely‘the franShip-. =
ment method, for use in problems‘of this type.".The'steps neCessary to
transform the.SChéﬂuling;reStrigtiqps to conform to fhe transhiﬁhent

requirements_are.ShOWn.in-détailz and tableau usage is outlined.

Two types of applications (1) scheduling without.reliéf.and-‘

(2) scheduling with relief are explained, and problems of each typeé
are demonstrated. The results are discussed and comparisdns are'made  . é'

D

T % = b

to the Gantt chart methods. | | o - i :

¢
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S e 1. INTRODUCTION  / - -
‘{"_‘ :ﬂ- A large;nhmber’of Orgénizations are cqnfronted‘Withwtbe»task of;

 determining overall requirements and arr::iigg work-schedules for
employees. One partipular type of manpower scheduling occurs where
" the requirement for employees fluctuates from one period of the work ~

day to another. The.occurrenée of this type scheduling is most easily

recognized in such cases aS‘telephoné operators, toll booth collectors,

<surveillénce tours, exhibit workefs; and restaurant and cafeteria

employees. However, these examples given do not preclude the existence

ofAthe‘probiem_in_many areas where it is not recbgnized. For«instancé;

many'indusfriélﬁschedUIes for a given employee'demand‘ére formqlated}

onipeak load conditions during the work day. This is done in these

cases since the idle timerdurihg low demand periods is utilized else-
 there. This, hoWever, might nbt be an'économica} approach.

Several published articles [2, 7, 11, 12, 15] illustrate the

difficulty in solving a scheduling problem of this type, and point

' out that the basic approach-has'been the use of Gantt charts.
. _ : J ‘

e

Churchman, Ackoff, and Arnoff [2]’cqtegorize'the nagz;e of the problem
by éaying,

"The. scheduling of manpower in such a manner requires
the preparation of a Gantt-type chart for each day, showing
o | the working and idle time for every toll collector. Toll-
| " collector starting times and relief periocds must be juggled
in an effort to provide exactly the number of collectors |
. - .+ needed to give the optimum service each half-hour of the | -
- day. This is largely a trial-and-error problem, and prep-

———=ssm==——————————aration of such schedules may be very time~consuming when

— --the objective is to make the schedule as efficient as

-— . R 1

3 “\ 1 [ e e e e e emmne s s e i+ e e e e N U B T
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..Theabovecomment results;from\qugby Edie [lzj»where heﬁﬁae N
M %e;hcerned With‘scheduling~tQ11-colleciore\tQ»meet tollLCOilectioe
- t&equirementé'atAvarioue locations for the New York Port Authority. )
N ) - Thedeﬁands fo#:colleetors Wereﬂderjved Bya‘queﬁeinggenalysisatMl"r
4-Vafieus bridges and tunnels in New Yerk City, Once-the\demands were _' _fw
o found; it ehowed that there were peaks and valleys in.the feq%ifements.
.A‘definitepfeblem existed in optimizing the schedule since a 1é§e} :~‘;é
- ... - work force created idle timethat_coﬁldnot be ﬁtiliied due to traﬂ;5\\§
) pertation diff{culites. 'Ae"ﬁreviouslj"pointed out, the Gantt chart.,* \\\
- 'approech was téken..?x fixea"éhiftﬂlength“waevéeEidea“upOﬁ,endthe”mwwmm%}%iiw'
N schedule juggled until a feasible solution.wasﬂfound. The efficiency . .
| S |
"of the eelution was computed by using the ratio of minimum toll collec~
_th“reqqirements.Where no idle time exigted to the acfual number of
toll gollectore scheduled.
'Glieberman's Problem [15] dealt"&ith'the schedulingef peop1e at'ﬁH‘ )
IBM's Worl; Faif Exhibit. The problem iecludedlthe schedulingvof
skilled and non-skilled employees. The skilled were required to do . v
‘ce;;ainhtaske, but when these tasksvwere not required, they were alleﬁed )
to do unekiiled work. -The exhibit was oﬁen from_9:OOeA.M. uhtil 18;00 77777
S ) P.M.,’eﬁd therequireaenf fer workers was basically a unimodal function

with the peak occurring around

the middle of the day.  From this infor=-

mation an arbitrary decision was made to use three shifts. Two basic

_shifts were_used¢wend the third overlapped the first tquﬁp'meet the

réf;'Thefirst approach Glieberman took

*

was one of using integer programming. Keeping in mind that the number

and length of the shifts were predetermined, certain rules wefehset

3




S for allowing relief and dinner breaks. An integer linear program was R T

' developed for only half of the day at a time using 15 minute intervals =

'in order that a 154minute relief peribd would be‘allowable.m When the ..///-
] e S B | - L+ -
restrictive and Objective equations‘were’fofmulated,ithere were at \ ,//

J

'léast-104'conStraints in 300 unknowns, which is more than presently ;7/”
‘available integer linear programming codes can handle. Furthermore, .. .
"he found that /if ordinary linear prbgrapming-Were used , the\vaiues'bf

the sqluinn variableé were expected to be so small that a significant

amount of error would be introduced by rounding to an integral solution.

P

The amount of error thus introduCé&”WUuIdmiikeiy“wipewoﬁtmthe~benefits.‘

P =

In éonnection with this question, the reader may find L19] to be of

interest.

' . o | /
- The second approach taken by Glieberman was to subdivide the

problem and deal with each shift\separately. This method admittedly

#

sub-optimized; however, a solution was attainable. Upon experimentation
TSR R bt o

with the formulation;mit was found that thé'frequency of specification

changes and resulting lengthy computer runs méde thi§mmethod econonm-

[5 | et o - : / - -
ically unattractive. In fact, a production run using this technique

was. never made.

., S : 4 e

~was forced to use the Gantt chart solution to this problem. By this

_method a feasible solution could be reached. However, the effiéiency
S Ca -

R A

e of the schedule depended on the amount of juggling done, and further=-

- more, an optimal solution was not certain unless there was no idle time.

This typé Scﬁéﬂﬁ&ihg”pfbblem”ié'generally different'in‘eaéh case '!“ff“
| due to the period length,_demand~in-each period, shift length; leﬁgth

~

4
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arameters. However, if the problems are examined - -}

ﬂ ; _:; .“® ,of_workwday,féhd‘COStip

,closely,'the abbve'variébles are found to exist in eaCh case.A By  _ - , h{§§

‘recognizing this, the differences become similarities that link the

ﬁ?oblems.%ogethér and allow a general approach. R e .’.?

~ From the analysis of the preceding discussion, it is evident that |

BRI

a mathematical approach is highly desirable. It is to this*p¢ob1em ﬁ | f”

: : &
g - ) H

that the following discussion is directed. | o o R |




- ) -+ 11. STATEMENT OF

Con51der a typ1ca1 tran51t company schedullng

THE PROBLEM -

— ——aina,
L.
L=
—_ .

problem where a  “';¢7

certaln bus route requlres the number of buses dur1ng fhe work day as~

per day

% ’ -

shown in Flgure 1 and each dr1ver must work e;ght consecutive hours |

N
.,.,.-;f;-—;;jj;:!;‘:\' 3 O—WT‘@ I T B
1 - :;‘
. . o :
T I T - - - B — - 3
i - 1
4
1
[
n
Q |
_m, kY :» - ’».:“
o =
‘ 1 ;
o ) : ,i
% -
I |
) ’

|
§  6AM 8AM 10AM 12AM 2PM  4PM 6PM 8PM 10PM 12PM 2AM 4AM 6AM ]
e ey \’ _ N - - ) TIW _ -

Figure 1
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- t a4 ~ :
S ~ From this information the individual responsible for the schedule
. would like answers to'the following questions: - - ;;‘1 _;_4;_:‘
- 'i’__i‘..":- 1.  What is the minimum number of peoplébrequired?'-$' - s e =

CLoe — - 2. 1Is the cost minimized? T e

R f - 3. What length of time is involved in completing the}scheduliﬁgf**““*‘_*‘Agl

-~ task? — L _
L= o B In anSwering'the'abové’three questions, this paper presents'a

-

new and méthematicél approach to the problem. Where there is no relief

allowed in the schedule, as in the problem aboVe, theialgorithmﬁw111:,

1. Minimize the number of people.

¢ _1 e
2. Minimize the cost.
, B

B ql'e - 3. Give the scheduler a transportation type model that may be.
‘solved by hand or computer.
In the schedule where relief is required, the algorithm will:

1. Show the minimum people to meet the schedule without relief.

. 2. Show the exact period where idle time exists) if any, and

i- | therefore allow its quiék utilization for relief.

¢

3. Give the scheduler a transportation type modelmfhat ﬁhx'be

solved by hand or computer.

rd

4, Minimize the amount of judgment'and experience required by

2 l"ﬂ‘Em BT i S I o A B e i i ST e A +
REED TR, . " T DT " . = R I g Y . R AT T -

\
— RN AR

the scheduler when the.reliefvis added.

.AAmathematical model is developed and_presented. The methods of -

[

L I ‘solution and interpretation aré shown.

o i

_The following. assumptions are m?de’abouf‘the-system‘unQexwaLudy; - ;Mfél

‘1. Deterministic demands.

2. Demand éhanges from one fixed period to anOther.

7




- 3+mehe¥employeesmayestartmwerkmatfthe~beginningﬁofmany@period -
' except those that require him to work a shift shorter than the
predetermined shift. . f

4. Shifts-last_for a pregetérmined 1ength of time.

5 Demands must be met. - S - SRR
6. Homogeneous work force.
' - . 2y P
1
@

w ] ipf Lx iy *




e L " vI'I-I.’SCI-IEDUIzE—FORMAT T "
f - ﬂfn the deveiobment of a mathematical abproach‘to the seheduling-‘e' .
€$. . ptoblem there,musf‘fifstbexa_geﬁerai scheduleformaf that1dépicﬂs\' N |
’any problemUOfAthis;ﬁatﬁre: _Theﬁfollowingdiscussion-laysfhe fouﬁda- f
‘tion for this generalized fermat. ) |
‘Qne aSSumption ingsection-II is a, fluctuating demand for employeee _
_dufing the day. These flhctuatioﬁe oceur from one period of the &ayv‘ |
_ . | | o ’
to,enother. The work dayemay.be divided into n periods where tjgre is %

~and are shown in Figure 2.

a change between these periods. T Tt should be pointed out that there
may be level requirements for several periods without affecting the

solution in any wey; Figﬁre 2 illustrates a typical work day divided

into n periods%Where n.is equal to twelve. Once the work day is div-

ided into n periods, it is possible to associate each period with the

R, ..., R

demand for that period. These demands are noted as R, Ry, g1 o h

&

N
-

Now the work'day is divided into the appropriate number of periods

as reqﬁiredwby the fluctuating demands, and a demand is associated with

each period. These demands must be satisfied in a manher as prescribed

- in the assumpt’ions. = The employee must work a predetermined shift lenggb,-

‘and heWMay start work at the_Beginning of any period as long as be-

- - = p—

ginning,at’that period does not require him to work a short shift.

The predeterminedshiftlengthdoeg_netresiriciihemodelteene -

shift length, it ohlyfmeans_thet the user must'decige‘pn"5 shift length

[ R RYEN Y

‘or a numberof shift lengthsﬂthat eech employee mightIWOrk before using

phe-model._ Figure 2 presents an instance where only_one shift length

9
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. . - - - . R . . -

e -

L e Co s - &

——— is permitted. The shifts are denoted as the variable x-and in Figure 2 — — —

‘are’ three periods longg’

‘ant due to the‘la;geAnumber of permitted shifts in even a small problem.

" The notation gkt is used. ' The k indicates the period the shift begins,

The supsgriptsaésociatéd'with each x, shift,'are_extremely import- aff;:'

and the t signifies the beginning of the periodvfollowiﬁgw¢hat/period

~in which the shift ends. To illustrate, a shift that begins in period 1

and extends for 2 additional beriods would be noted as x . This type

notation adds a fictitious last period, and it will be shown later that

it does not affect the solution.

1%10,13

X9 12

P4

iy e




~~1V. RESTRICTIVE EQUATIONS —

—_— T 7 X +X

VRV

1

X o |
10,13 | 12 hima

T 'Jwﬁ:;ﬁpon_examination.of the schedule format developed in sectibn 111, | :?
T ‘?%fitﬂééﬁwbeéeéﬁﬁihat'a'Sét ofM1iﬁéérféquafi0ﬁs'may”be"written %oéXpreSS' — “f‘
"~ the schedule in mathematical notation. Considering the assumption e
~that the demand for each period must be met, a slack variable,'s,~is 'wé

associated with each period. Summing the variables in each period and ; é;

| setting them equal to or greatér than . the demand,-fhe folloWing'equa- ‘éf

_ tions may be written: - i'

X | | | - B o >R o

) . 1,4 o ’ T - . 1 ; 

1,4 2,5 o 2 T ]

*1,4%5 57 2R : :

1,4 2,5 3,6 = . 3 o

X 44X +x, 2R _35

2,5 3,6 4,7 4 1!

- 3,6. 4,7 5,8 5
X +X X 2R

4,7 5,8 6,9 6 i

* + >R

5,8 6,9 7 , 10 7

X X +x . 2R 1t

6,9 7,10 8,11 | - 8

- 7,10 8,11 39512 | | ZRQM ég
- - X X +X >R t

— | : 8,11 g,12 10,13 10 i
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- _

’ ahd7the-following equations

B it ] - =
B SRS, LI

" '_;;    Tb rid the equationS'of~the ihequalities,«Ihélslaék'Variablégf

"

theﬁiresult:,

/

‘ar

e

e added

/

S

femenr

o - *1,47%2 5 -‘Sz_sz‘
x2,5+§3,6f§477 .  ' — é4 N R4
— X +X _+x - g\ s =R

e e I N
i B
i
|

fr=—atr— e

T
Y

\ X +X

X
6,9

>‘r"‘l:’u. .
s,

5,8 6,9

X +X +X
~—"4,775,8 6,9

+X -
7,10

+x

. +X
7,10

8,11

+

b +X X .
7,10 g 11 9,12

+X
9,12

X +X
8,11

10,13

10,13

10
- S

e
12

-11

R

R

10

11

12

This is now a COmplete system of eqmations for_a'problem where n is

‘_4équa1‘to 12, and the shift length, L, iS'équal‘to three‘period

R

| ) D
o Z.=C

2,5

T+ C

14
CX. o + C
6.9 6,9

T %0013

*10:13

X 4+ -
€, *a5

X
7,10 7,10

+

+ C X |

12

x,-_,__v,_; +C— - x O

8,11 8,11 9

- The objective-function for the equations is - —

S.

12 79 12
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A

"To.give'nomenclatﬁre-to any set df;éhﬁations'éf this type;”let_
R be the demand during k, where k=1, 2, ..., n. Employees starting

 work at the beginning of period k, available for work during period-fﬁi"?fg”' 

lt.'=k + L. x

a~

., k + L-1, and relinquished at the beginning of

‘( f

k’.k + 1, k +2:

period k + L are said to be available for the interval [k, t] where

- k,t | .
the interval [k, t]. = - : | o

now represents the employeés available for work during- —




\ .

'--"’A,‘, application for both the transhipment and transportation methods

_is in the area of assignment problems, e.g., optimal assignment of men

- ".!" - "to?machines.’ These type probiems appear purely combinatorial at first —f%.

'glance, however, they may be fitted into-the'two'above named methods;of

) o | -
solution. Upon formulation of a problem of this type, one might suspect -

- ~ that there would be fractional assignment. However, oné Of,the most

§¥‘~ “":‘_ , significant advantages”ﬁf”fﬁi§*technique‘is always having at 1eastfpne

integer valued optimal solution if the demands and receipts are integers.

If one associates the fluctuating demand as depicted in Figure 1

with the knowledge that there is a need to minimize the number of fixed

shifts that employees work, the scheduling problem fits the combina-‘

s torial aspects of the transportation formulation. The problem becomes

B - one of examining the number of ways that the demand for employees may

be met, and selecting the way that minimizes cost. While remembering

o

both Glieberman's problem [ 15] of roundinghto integral solutions and

the property of always having an integral solution with the transporta-
tion method, the attractiveness of the transportation method is apparent.
Now that the type of.mathématical‘apprOach has been decided upoﬂ,

1 S | { | |
; - E ﬁpmﬁaw%y;ﬁftheproblem becomes one of developing.a transportation type algorithm

that meets the needs of the scheduling problem. Recalling the type

~scheduling problem under inVestigatibn,,it is apparent that the standard

.+ . transportation technique does not satisfy all the requirements. In the

schedulihg problem an employeé?s time must be utilized for_allvpériods

e p— . “ e : LI ——— - T . e e e e e . — RS
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I   wpic§mhe works,not_onlylthe'originating and terminating periods. 'Tﬁis

e ;__:,lggﬁs directly_into'the tranShipment technique.
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VI. TRANSHIPMENT FORMUIATION -

- The transhipment model (3, 5, 6, 16] is a generaiized-tranSportatiQn T

bt

_;m;ﬁodglthatﬁallgngshipments,throﬁghintermediﬁfe points rather than
- directly from source to sink. The development of a transhipment model,

~including slacks, follows.

~~ The material balance equations for each point is given by:

Gross supply = amount shipped in + produced + slack

i— e Gross supply = amount shipped out + consumed + slack

The féllowing notations will be used to identify the components of

the material balance equations:

5 S | x, . = total quantity shipped from i to j, i £ j

J
. | | | x_ ¥ = gross supply at j

)
%
I

production at j
b * = consumption at j

. - - S.. = amount shipped from i to j without cost

-

- | . 'Cij = cost of shipping from i to 3
Now the material balance equations are expressed algebraically with

the slack included as a term of IX; ;. Any time the cost of shipping is

zero, the variable is called Sij' . -

16 - : -
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.'*The gréss supply equations ﬁéy be'eqﬁated with the following ek;
5 | - e | | |
préssionvresulﬁjng: :
T  amount'shippéd in‘¥ préducéd + slack = ';:{~ o ‘
o amount shipped out + consumed + slack
ofalgebréically'expressed.as; |
jZ X‘  + é X = il + b * j=1(1, 2, ..., n) %
i#j 1.] J k#j .Jk_ J ;
% B 'collecting,terms'éives o - ) _
kij. Ea iij RN - P e
E This gives é_coﬁplete franshipmeﬁt matrix for n points. Figure 3
é ‘ 1ciéﬁf;T*‘If_§HﬁﬁIa_Be no%éHAthaéeaCHIA_vwnﬂ :
colamn includeé only'two non-zero coefficients, + l‘and - 1. This char-
acteristic %dentifies the transhipment matrix. | i
Thus far in the formulation, there has been no assumpéion about é?
cost except between neighboring points. Howévef,'the assumption must E%
‘be made and is valid_that the shipping éost between non—neighboriﬁg gé
points is the sum of the costs which'iinks the points.r The basic ‘é
é* formulation of the transhipment model ailows both backward‘aﬁd forﬁardm é
; Ushiéments,-and iﬁ mos t cgses the'cdsﬁ for these Shipments are thésame. )
In instanceg‘whefe'they'are nOt,.the_formﬁlation reméins valid;[3].w -
; rrrrrrrr o | | VI - a. Presentation as the,Standard.Transportation'Tabléau:‘ ~
é . § 0_,_iiammigemgriginal_maieria1balanéeéﬁﬁé%ﬁons;tﬁerowand c01ﬁmn

equations are:
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o
N

=

x XD oxo =-bx
CI kg - =

T~ - ol

T4 x AT oxo=-ak o . jsip2,..,n.
| Gioagg B3 T R

= - e —Whenfthe'abeve—eqﬂa%iﬁnsarefexpanded'thé}e isa‘real:variable,:"“‘

T

X, as each term. However, the restriction was made previously that -
1.] | o ) s ' ~ o

all backwaﬁd shipments would be at zero cost, and where this occurs the
- . - real variable, x.;, is'repléced by S . Figure 4 shows a standard
- , ij | ij o |
// o tableau with.reél variables in the upper-right side and slack variables

* . C ' . : . . | . N | ‘~> )
in the loWer-left iide, j=1, 2, 3, 4. This signifies that forward ship-

ments are real variables and the backward shipments are slack variables .

— e - T sy - —— — v e ——— —— —_— -~

R

DESTINATION j ROW

1 |2 3 4 SUM o

| -~X X X X ' .
iy f | 11 12 13 14 b *
" | ol € c C ' o o
e 12 13| fia| e
s -X X X
2. 121 22 23 24

40 | 0 C23 24

P ~7 _
‘(: . '. — | - _
R s B e B [ SRR Y
s- e SUM iak* | =—a * a*x | a*x— = | _ —
R (s S e - ,, ?:b;
o - -~ Figure 4
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to allow shipments via interim pointsto the destination. In Figure 4
the gross supply variabie, X *, is shown along the left to right diag';ﬁéffii

 onal, and the new variable is related to it in the following mamner. -

o

' .At,thié point a trénshipment variable must be addéd,to the system 5' 5 0

t'

2 J

| oty
»

| GrpsS,Supplylat“ﬁoint ji:net transhipment‘thrqugh point j } produc¥ 

a ®

tfon-at‘point-jf+ﬂconsumptionatypointj*orwalgebrgicalty.

equations. = | | | ‘, - -

X *=x +a*+ bk
A § R R

!

‘Now the new variable x is. introduced into the row and column
: JJ , - | |

LTS e PRTENp B O T U S

6 e e el e

" Row -

2 RSP SU

x +larebs]eD x - obk

- B I gy Ik ] - »

Collecting terms

T x_ ~xt=max o j=21,2....n

or-.
- total shipped from j including slack - amount tréhshipped} -
= net production at j

Column -

-[x +fa*+p*]1+Z x = -ax* | ” - B

- Collecting terms - | B “

Tox -x  mam Ty,
i#] 13 JJ "J" o R o | g

udi

total amougi shipped to j includ

g slack - amount transhipped

. =net consumption at j | - -




. - L R ’ S %—4 |
"7 The object equation is: B
n  n ) ! .
; - o Z =X z Ci; X, i : ) S A
) '/.. o B _‘ Lo 1=1 ~j=1 - -J J ) T T AT - -
¢ C =0 for all j, and the. cost for the slack = O 4
. ii . R - - | »
e . The transhipment variable, x , as it appears in the equation is
u | S o JJ D I |
T ) ~shown as a negative variable. This is not permissible in any transpor-

tation model, for all variables must have

&

a lower bound of zero; hence,
a new variable must be introduced here to change the sign of the tranship-

ment variable. The new variable x _ sets both a lower and upper bound [5].

If the least cost solutien for a problem were the shipment of all
products throuéh a'Single pbint, then the amoﬁnt of production at that

boint would have to look as large as the total production. This criteria

introduces a nééd for a fictitiousmsiockmpileMatmeachmpoint.» This

"stockpile is‘as.large;as théwfdfél consumption or production, and is
expressed by ——— - R - f
G (stockpile) =2 a =1 b_ | — ,
. The addition of this fictitious stockpile, G, does not affect the ;
objective equation since the cost of -shipping from a point to itself is g
- zero. The_transhibment'variable is now redefined as: ' f
)—{..."—‘G—.'X.. | | -
JJ 33 - a —
The new stockpile variable, G, is now added to both sides of the
defining equations to give: . o _; m””'V‘;%ffif
- | Row Equation | | - o N e | —
ey ¥ . Z X ik =X + G ___:\_G M %k g =
- '2‘ | )
. or
o o e b ‘: 21 - _
L S -
: | T




] . ! - LR
— — “ N R : ’ . . o S‘ |
o S .~“' ﬁ P ; b
- x4y Jkd3 3 o -
L ce _ Column Equation # : )
| N 2 X =-x +G=G+ Db * e
- . "o 1 . .‘:. i ' i -
g ) iZj Y JJ J |
_—' L ' ~ . & g <,
<. . or “
o ngn F..—A"’_x . = G 'TL' b * ~ -~ j — 1 7’ 2 ’ LI T ‘ n [
i£j *1J N
N o B | g B B . . o ) .
The objective equation remains
| n n |
| Z =2 - B X ; _
| s v s_a 7 ij i3 TN ]
% i=1 j=1 |
I ‘.‘} \ B - . - -
C. =0 for all j, and the cost for slack = O
i T - R ST T o h - "
|
- - S o I o
| “
) ] ) e (' i *;:.x
~ .- . .o b é “" T - T 5 fovy
T o — :;,; '
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. VII. MATHEMATICAL FORMUIATION .
o L , ; o [-’ — . |

. VII - a, 'T{ansfcrmaticn'cf‘Restrictiye Equations?

-~ In the previous section basically two things were done, The first
Was the'developmeht of the trcnshipment characteristic mafrix of detached

coefficients, and the second was the development of fhcxtranshipment

~_defihing equations where the backward shipments are considered to have

\ | ' ‘9

Zero cost,“‘With these two things kept in considefation; a method must

be devised to show that the equations developed from the scheduling

a0 ot L B e A e e, o o, A

B | T h—— - sty

T Mty

T R —— i | S

- general technique described in [19] is found to be appropriate. .

First write the equations as they.appearéd in section 1V,

'

X - u | -8

I
<

Y

A

X + +X_ | “ | 5 -,
3,6 47 o°,8 S O A 5 5

=X _+X +X T ' )
4.7 5.8 6.9 = 8 8

- —‘47)

.. =-8_=R

X +X +x -
_ 9,8 6,9 710

’/J

_ . 76,9 7-109 8,11 .78, s

T | X X 4x . o | » |

. ; . l
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x =8 }
10,13 12 12

- Now if the first equation is left intact and each equation is . ;
- S - ‘ —— : | : T T T T e e ' ] \
| then subtracted from the next equation, the following system of equa- }
tions results: !
*%1,4 n s =R |
+x2’5 -8 +8 . . = R2 - Rl
=, - ' = -
*3,8 - “2"3 - Rs )
e I . -8 - -
1.4 a1 "™ =R o
) 2.5 5.8 s : = RO-R, i
-‘3 !6 +x8 ’9 -8 6 = Ra - R5
{ ‘34’7 +X7 10 0 -86+87 = R7 - Re
| - 5.8 RN B “87%% =R -R
6,9 *s,12 87" =R ~Rg
p X o X - R -
7,10 10,13 210 "o Rs
I, -x - = -
| u 8,11 1011 =R R
-X - = -
N - - 9,12 - 811+912 Rlz Rll
| L | !
.; R ! s, - i -
ffffffffffffffffffff 2
- _ ——' = vy
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- At this'pOint;the equations'cdéfficients.feSemble.clOsely'the )

~ characteristic transhipmént matrix. However, the last column of both

the real and slack variabies‘does‘not have a + 1 and - 1 in it. This

must be corrected for the two to be exactly the same.

If the last equation of the origiﬁél-system ié.multiplied,by'a

-

: ~~

o

minus one, its value is not changed. wa,lrecallingithat a redundant
equation may- be added to a system of equations.Without changing the

solution, the equation iS'added to the revised system. The new syStem

} | meets the‘requirements fof a linear transformation  ‘The matrix of
? - v'detached_coeffieientsfor'thesystemofequationsis shown in Figure 5. 7 |
% Comparing Figure 3 with Figure 5, it is found that the matrix of é:
‘; - detached coefficiehts has the same characteristics in both cases’i;e., ’ |
;é - | eachcéiumn has onlya%=llanda+1.\VIhisnow4allowsthetrahshipmentww«méf
method to be ﬁsed as a model for'the scheduling problem uq?er study.
'*. ‘YII - b. ’Transhipment Tébleau for the Scheduling Model
Jih develbping the transhipment defininé equqtions, the stipulation
vWas made that any backwérd shipment has zero cost. These variables are
then called slack variables. Referring to Figure 4, the lower left
half of” the tableau has only srﬁck.vériables._wAll‘df these slaéks7
- except the diagonal immediately be Low the main left to right diagonal,
; SR umay°bé rém0védfwithout changihg'thesolutipn. }An'ghélysisbf FigﬁréfG'””
f expléins this. l
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) i
Figure 6 - v
In Figure 6, it is easily eeen that when each path has zero cost,
flow along any bOrtion'of'the pathé 4 to 3 tq 2 to 1 may replace any
of the longer paths. This allows. all ﬁhe paths to be removed except
.the paths between ad jacent nodes . ‘The:scheduling problem may now be
free;ed as a ferwerd directed net Qork,‘exeepting the backﬁard links
~mentioned abeve. A pure forward d1rected network only has varlablgs
'1n the upper rlght 51de of the tableau ;
The transformatiOngof the restrictive‘equatiOﬁs and the above;:A
analys1s allow the cChedullng problem to be deflned by the followxng
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=
+
[y
\Y
t
o
H
ey
+
&~

N
I

a
>

TR

C =0 for all k N
C . = o for all inadmissable variables i
m ‘ S
G =3[R + R - R + D .

| 2 [ 1 L k k-1 4:I - -

-~ In the preceding work, equations have been developed that define

. | | ‘ | . . | -
) S . the scheduling problem as a hybrid transhipment model. As in standard o §L

transportation_problems, the defining equations represent a tableau. - 3€
TR W-;Thls.tableau gives a pictorial representatlon of 51nks ‘sources, and jg
i gvallable 11nks for shlpments and it allows sdlution-by the tools used | ;

- — —in the standard t*fa*ﬁs*pafta;ﬁ-on"r‘net hod i.e., é*{e*pping stone, ﬁmod_i; rhethod,

;,,.-.w - ete—— ngﬂfem7*8¥0WS“&“typlcal tableau—for a schedullng problem.where

there are 12 _periods and the shift length is 3. perlods ) - o

/
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VIII. ANETWORI-( REIATIONSHIP o * _
In the d3961qpmenﬁ of the sCheduliﬁgmodel, theééheduli;gﬁroblem_’ ?
_‘hés been transformed:iﬁtpa’tfaﬁshipﬁent problem. At this time it is |
. édvéntageoL1s to,éhdw the-analogy between thé two. | ' € 
'_,'fThe schedﬁle With Fweive periods is used'fgr illustfatien. ;In" fi 'é
section VII the system of equatipns that'résuyted from the transformation é“
i cénsisted of thirteen equatibns;therefore a network haVing thirteen ?
| " | N | | 1
‘nodes is estéblished. Figure 8 éhows the nodes and the iihking paths §
as described by a shift length o1 thiee periodé. ;w~*;ﬂ :
B ““““9"By SUbtraCfing the dem#nds in the manner described, the number 0f3 l )
people réquired in each period is treéted as a change in the‘workfdrce
from one pefiod_to the next period. The network, as shown in Figure 8,
W66hsistsW6}ma node fqr each reétfié%ive equationwifgwggé arcforeachfh *“
activity variable. The netw6rk representation ig¥interpreted as the
amount of flow‘alongqthe arc [k,t]. Ck’t;isthe cost for the flowu
Also, the slack, S, is the flow from node k to k—llwith a cost of zerof
é - The number Qf_empldyees’?ssociated with éach pode, e.g., Rk -Rk-l’
! représents the amount by which the flow out of the node»éxceedsytgz
:totalhflow.into thé node. With the observation that R, —R,_,; may be
- 'gégativé, thé ﬁeEwb;kr}éb%ééents asituatioﬁ'whérewfioQ; ffom,positive“
~ | $ - - o B E
" hodes satisfy requirements at negative nodes through the minimal cost
i o To further pointout the anélogy beﬁWeén'the'sCheduiﬁﬁg problem -
? _aﬁathe transﬁlpment model,'allAnédes are considered to be_spurces
g . except the lagtj Which'is a sink. JThis éllows ffeedom pf fdbw.fhrough.
! ‘30 -




the ne twork with the final node being the restrictive sink. With the = i

T ‘i'-f‘_ | fﬁmdél—eenstruetedfiﬂfthi8~mannerﬁ-empleyeesmbeginninglwerk;in;theﬁfingt__;fwa -.éw“

e - “period and working_to the}beginning of the fifthfperiod”are'said»to =

v flow through arc x , 4 in Figure 8. With the zero cost path from mode |

- four to node three, etc., the employees along arc x 14
| | ‘ o 1,

ment for period two. Even though this is obviously true, the model .. |

may fill require-

allows this-mathématically and at minimum cost.  In regard to this

analogy the reader may find [3, 14, 19]_to be of interest. o - A R

W
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| . IX. APPLICATION OF THE MODEL . '~

e | SR IX - a. General Approach/\“

. In~tﬁest5tement of'theprleem}.twotYpeg‘ofséhEduling probleés'.

. arepointed out. .
} . 1_1. fSchedulingwithoutreliéf' N : ‘fﬁ_:" o o
-’—2. Scheduling with relief
- To show the methods of approach and of interpretation in applying the |

model, problems of each~type'are used.

The application of the model to type one is illustrated by solving

€y .

S T B L e e

-~gtweﬁséheduling-prdbiems*where reliefis~n6t¢requifgd; The solutions to

4 the problems are developed and explaiﬁed. Acomparison between the

Gantt chart solution and the mathematical model is discussed.

- The second type, scheduling with relief, is demonstrated by applying |

the model to an industrial application where the Gantt chart is presently

—— ——utilized in scheduling. ~A comparison between ‘the two approaches is

made. R ~ | o

IX - b. Scheduling Without Relief

The data for the first problem under consideration is found in

o ”;Eiloﬁ [4];. The problem is ;ypiqal of a situation that.mighf éxistﬂét
| Ta tfénsit company; A bus‘roufe fequires the following nuﬁber of‘bus?s_
; duriﬁg the work dayiw .
: . & * o -ﬂﬁ - Time | T Buses v | - | -




— Time (cont.)

o :Buseéﬂ(cont;)
12 AM. - 2PM. "  ﬁj . ‘_‘.18

6PM - 8PM.

spu - t0em.
10 P.M. - 12 P.u. - 10

12 P.M. - 2 AM. R B K
2AM - 4aM. s

4AM. - 6A.M. | 6

" The drivers may start work at the beginning of any 2 hour period, and

once at work, they mus t work 8 consecutive. hours. The cost is the same

for each driver,and no premium is paid for late shift work.

‘The tabléau for the problem may be formulated directly from the

I RS

data without referring to the defiﬁinéfgquéfibhs.wlt is done using the -

. following steps:

1. There are twelve periods; hence.sét up a tableau that is
13 x 13.

2.. Calculate G by using

R ]

k .

R - R

G =3[R + R R .

1

Y

- Source 1 is R1 + G, 2 through 12 are”ﬁ;WQ Rk.l + G, and 13 is

o - ) —  4PM - 6 P.M. _kﬁaoﬁ* SR

N -

3. Tﬁe;sinks and,sourceé'arekcalculated as bréscribed'in section VII.

iﬁi_;_;_in the tableau. .

' G. Sinks 1 fﬂfoug@alz are G, and 13 is G + R13. Enter—these =

———

4 The'transhipment variable Sik is allowed along the main left
o k | * | o

to right diagenal.

33
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f «
a . 2
‘ g
— | . N
_ : S | o | L S -
9. The slack variables are allowed along the left to right S

T - diagonal immediately below the main left to right diagonal.
‘ ~ - S - | s

6. The regl‘variablesvare allowed in~p051t£0ns x1,57 x%rsé x3;7,’ '%,

‘,A;_- o o - ”.7”7" i“ o N . v‘ o :7 7 '7/- [ ] ’

x . .
9,13 |
7. All other positions in the tableau are inadmissable.

- Appendix 1 shows the solution tableau and the actual schedule for the

problem. The cost coefficients are the same for each réal variable,

“ therefore any feasible solution is also an optimumLsolution. 1

Appendix 1 shows that the minimum number of drivers is 66 with
82 hours of idle time. To reach this solution it took approximately

10 minutes using the mathematical model with hand calculations. The

solution is also optimal with drivers and idle time minimized.

' The same problem was attempted by three graduate students using
the Gantt chart method. Each obtained the solution in times varying

from 30 minutes to 1 hour. The trial and error method did produce

the correct answer; however, the students had no way of knowing that

v

théir solution was optimum, and only stopped when there was no apparent

way to improve the solution.

. . The sécond example is basically the same problenm except the fluc-

.tuations occur between one hour intervals and with more pronounced

changes. Appendixnl shows the data, tableau, and final schedule for H
§~- ”  ﬂ *: the pfdblem. ,Thg-humber of drivers feQuired is 68 andﬂthe idle time —
%f’*; e i 173h0u‘s:.__ | .
Theigpthor af%é;ptedqﬂgantt‘chart solution to'thiS problem,namd """ L
after approximately one hour, achieved a feasible solution. The solution
B 34
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.T;V’did ndt“prOVe to be optimum; however, this was pot:known until it was

..~  compared to the results of the”mathemat;cal_model.

..~ TTIX - ¢ Scheduling With Relief

g T

' The data used”in this analysis was obtaimed from a telephone ex-
< o ‘change-in‘the New\England{Tblephone and“Telegrabh Company and exhibited

as a case study in [7]. The Company pfesently forecasts the number

of ealls_requiring*operatofs on,a weekly basis. This foreéast‘is_then~', ) i

period of the day. From these demands for operators a weekly schedule

. - for operator assignments is made., Table l_ghde“the_éhift lengths, num-

Eer of operators ahd.hourlyfcost“per shift, and total daily cost.
The operator schedule is based upon a Gantt chart method that has
~been developed over a period of years. The operator work scheduie is

. formulated for any given week, and until'a drastic change in the over-

"all work pattern takes place, the schedule for‘theffollowing weeks is

made by scheduling thé changes between weeks,. j
The scheduling is done by an employee with “several years experience
e on the job, and with guide lines derived from his oWn experience and

. others that preceded him on the job. With this type scheduler performing

the job, the original schedule requires approximately 6 hours scheduling
U . — - ‘ . ~ | /

— . time and thewweeki&'changes about 2 hours.

— The Gantt chart approach as utilized by the telephone company

- produces festrictions”siightlydiiierent from,fhoseﬂusedin section VII

>y -

‘of this papeflmehgsemgg§§{;g§§92§_allow_ggyggalbasic continuous shifts, .=

but due to the flexibility of the employees, split"shifts are allowed

whicg_aid in reducing idle time. This condition would usually not exist

'35
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"ih other schedulingenvifonmeﬁfs. Thefiﬁal'schedulethatrésultsérom' ' 
the Gagété;;r; soiution includes the required relief time for each ¢$ wm 5:
operator. This fqrces the scheduler fo'agggpulate the schedule for T ’ ? .....
the_optimum number of operatofs and neCessg}y felief, both which réquifé-' }
%““_conéiderable time. ';
I The application of the mathematicél mé&elto this'problem does . - ;
“the following things: %
| .i. .Aftempts té develop alséhedule_which reduces daily 6peréfor |  . 2
. | ~cost and requires no split shifts. = o e R SR §
2. Establishes a set of rules that aid in introducing required §
o relief into the schedule. o - | - | §
3. Shows that the mathematical model is applicablg'where split %
shifts are allowed.
‘ To findra lower cost schedule using only continuous éﬁifts in lieu/
ofispiit“ghift; two assumptions are ﬁade.
1. Employees'are paid 105% of standard pay when thé”shift ends
after 7:00 P.M. but beforélO;OO P.M. and 110% if the shift

‘ends at 10:00 P.M. or later.

2. The standard rate per hour is $1.92. This rate is the amount

now paid for regular day shift work.

o Using the above assumptions, shift lengths of six, six and one-half,

~~——— seven, and seven and one-half hours are introduced into the model.

-~ Appendix 2 shows tthQthlmtgpleauiwand;themfinalwschedulewincludingw

relief for the appropriate shift 1ength. " The computationsmwgre donewm»

o

a transhipment program wWith indirect

_on an IBM 1620 computer- using-

i
!

E,i i addressing. The iterations to optimum solution varied between 41 and 45.

Y
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i to 1ntroduce rellef into the’ schedule ’TheSe steps are: o t | - é“

Once the schedule w1thout re11ef is obtalned for each sh1ft length | '§h

vsystematlc steps may be deV1sed to m1n1m12e the length of tlme necessary

1, Establlsh relief requirements for each operator

2, Establlsh the time frame within which the above may occur

e

3. Examlne the schedule to find Wthh periods have idle t1me.

h4,ﬂ If the idle time exists in periods were relief may beptaken,
assign astmuch idle time towthese as'possible.
5. Assign additional employees to the schedule to meet the remain-
| ing relief.and lunch requirements. ‘These a551gnments are
made.one at a time unt11 the requlrements are met
Thelabove rules were used in arriving at a final schedule for each
shift length. Append1x 2 illustrates the results of thls method for
reachlng the final schedule
’ Shifts of'different lengths are‘éntroduced into the‘model to test
its Sensitivity tojthis variable and‘to seek the,lowest cost, | Graphs

in Flgure 9 show plots of the number of people and cost versus length

of shifts. The graphs point out that the six and .one-half hour shift

‘“hour”shift however the cost is lower due to the dlfferelce in paid

x4

is the optimum shift, It reQuircs one more employee than the seven

idle time,

‘present Gantt~<hart solutlon 1S $427 25 whlch is- $?9-36 hlgher than

A comparisnn of Table 1 and Table 2 shows that the cost of the

the six and one- half hour transh1pment solutlon As stated in the app11-

per operator hour., This cost per hour may be increased to $2.15,

cation“assumptions ‘the transhlpment solutlon is based on a $1 92 cost N
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’”ﬁiﬁiﬁékfﬁétOtal cost of fhe'ﬁwp‘ﬁﬁﬁréééﬁéS“fhé*éamé Qﬁilé'the,fYﬁﬁéhipf

a .

mént 501utidn has the advantage of continuous shifts, |

The final test of the transhipment technique is the direct applica-.

tion:bf thé’Gantt chart restrictions to the mbdél. Here,ymulti-léngth_

sﬁifts are allowed, and Table ljshows_tﬁese 1engths;v Aléo, the exact é
- 'same costs wﬁiéh are used ih,the'Gaﬁtt'chart soidtioh are.introduced.‘
into the transhipﬁént model. Appendix 2‘shows the tableau and final
~ schedule for fﬁissolutiqn. .
—' . The resuifs of this experiment are éhown.in table 2. p&hparing

them with thé%Gantt chait results in Tabie'l, it shows that the number

of operators is reduced by three, and the daily cost is reduced from

$727.25 to $692.16. This reduction is attributed to an increase in
the number of operators working an eight hour morning-afternoon sﬁift,

and the deletion of all operators working six hour premium shifts.




R

]

7
3

Ty
W

700 -
:x
| égg 650
3 E
=
5 |
/600 L
50 |
o ,
0 .9 5.5
60 v |
£ o
: 55
e~
IS,
o 45 | |

AT

- 0 - .3 5.9

)
-

L SHIFT LENGTH - HRS'

I
t

Figure 9




'X. CONCLUSIONS

"~ The appliﬁation of the technique provides the user with a.new -

_b;;;ﬁtool for scheduling-p}oblems of the type under‘étudy;»_Sinée the mOde19”

iS'transhipment in~nature, all the attfibutes:oftheatransportation
method are present. :This makes implimentation of_the model relatively_
- easy by manuél or computer methods.

When the technique is applied to scheduling problems where relief

is not required, it does without question minimize the objective function.

This is inherent in the techmique since the original restrictive_equa—
~tions are.fran§formed'to meet the tfanshipment requirements. This fact
‘alone gives the model a deéided advantage overithe Gantt chart method,
for in the_Gantf solution an optimum is not recognized unless ﬁo id1le

-—time is present or ever;\;ossible combinatién,is tried.

‘I_In the schedule requiring.emﬁloyee rélief,the model givésonly a 
basic schedule without rélief; however, this schedule is an optimum
 starting point. -The introduction of relief is then 1eft to the discre- -
‘ The idle time that exists is immediately dis-

~tion of the scheduler.

played in phe proper period) and'where'épplicable, may be used to supply

., ferent shift length to find the one most suitable for the demand distri--

~— it proved to be quite valuable in finding the minimum cost solution. _

bution under consideration. This was demonstrated in section IX, and SR

In uSing a Gantt-chart approach to this’problem,,a Scheduler must-

schedule is effected. The experience and knowledgé of the scheduler,

40 | ' | o )

—--——arrange and rearrange both the shifts and the reliefs until a suitable




=3

*«-'aldng with relaxéd‘restrictiOns, reduce the scheduling»ﬁime as illustra-g

ted by/theAﬁéwangland Telephone and Telegraph Co. 1In contrast to this; -

  “%_;;;W;ﬁ_1'»the,Scheduling mode1 allows the7intrbductiqn,pf“relief.at‘a~poini'known

Mf:fb_be:optimum.. Wifh a known starting'point{ the systematic steps out- -

lined in section IX may be used to enter the required relief.
The direct applicagibﬁ”of the model to the exact restrictions used

by the telephone company brOVEd highly successful. The computatiéns :

were done on an IBM 1620 computer with 102 iterations to So lution. The

cost—and number—ofemployees were Teduced and the addition of relief
- was done in approximately 30 minutes.

- The model proved to be clearly superior to the Gantt chart in both

types of application. However, the manual‘intfoduction of'relief into
the schedule does require a minimum amount of judgment and experience

by the scheduler. By using the systematic steps outlined in section IX,

theéémféctorsare judged to be much less fhan that required by the Gantt

chart method.

[
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... - _ XI. RECOMMENDATION FOR FURTHER STUBY

- The problem under consideration in this paper may be defined as

=ﬁthewnen-seadystatq~case; wThis définitionmean3~th§§;there is always - -

''''''' mﬁETbeginning_and'endihg”reStriction,"i,e., thé‘first-and last eqnaiinns_%uw*:
) always have one real yariable.-"
There exists atsteady state- case where each equation in the system
has the same number of real variableé.,‘This problem‘arises where an
| employee bégins work at any period‘during the day and the shift is
| .
§ allowed to extend into the following day. This situation is best illus-
{ trated by an example.
5 - Consider the’fdiiowingschedule format: -
: . X710 Sg_ll 4
= X9 9 =
i ) ) & " X2 1
| | - X7 12 -
| 6,11 [
, X510 = =
ta,9 = =
f X,8° =
| Xz 7 =21 : ~ 5 '
X) 6= = i
] 1261 =
n “ | " " R. R R - Rw" R
"1 By Ry Ry Ry Rg Ry 8 9 t10 . 11 12
5 ' "By using ffhe technique as outlined in this paper, the system of equa-
| . tions may be transformed to a state where the matrix of detached co-
efficients»ciosely resembles that of a. transhipment model. “ngever; a
- __number of the columns, based on the number of real variables in each -~
equation, contain more than one plus and minus one.
— ' — - B . I 4 ‘ . 4
+ _ e S S e e e -
) ~_An attempt to develop a suitable transformation should be made. -
5 If this were*su0cessfu11y'done, the techniques described in this paper
42




P -~ .~ could be used in environments where continuous work is required. The
& ‘reader may find [17] to be of interest in regard to transformations of
" . . linear programs to transportation programs. IR o
‘ ‘ | . o ’ N ‘. ) i ] - ) — ) ’ | . ,
_ - ) B RN ey B | N i o _ -
| : " - . | -
Toe ﬁ ‘. :
- ’ . v : l
. I ans i i _ o e it e Sy e oo e < 15 1 b P P : .
- . | : i ' 43 ' ‘ g ' ;




TABLE 1

' RESULTS OF GANTT CHART.SOLUTION

Length of Shift-Hrs.

"No.

of Hrs/ 1dle No. of

Typé Shift »_'-Oper.

Shift Time oper. hrs.

Morning-Afternoon 16

Morning Evening 15(2E

Afternoon Evening = 2

lit
ift

Short Hour Evening 11

Night | 2

Total . 46

8
) T

7

Cost/ ‘"Total'

Hr.

o - 128
0 105

0 14
0 66

TABLE 2

RESULTS OF TRANSHIPMENT

SOLUTIONS

_of oper. Idle Time-Hrs.

600 o

6:30

7:00

r

AMulti-Length'

43

B I ]

1.92

2.27

2.27

2.64

2.32

Cost
245 .76
238.35
' 31.78 é
174 .24 é
727 .25
2
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4 , - - . y
§ . - | - &
| ' DAILY DRIVER REQUIREMENTS FOR PROBLEM 1 o

i
j | - _;_“ e r. . Time @ o Driver's Req'd : R - R   .‘;, ;{ 1~?

......

6:00- 800 . 20 .20 o
© .~ 8:00-10:00 <30 1o
| 4 R 10:00 -12:00- Noon o 20 | "_;10 .

12:00 - 2:00 . 18 -2

2:00 - 4:00 R 12 : - 6
4:00 - 6:00 - 30 +18

6:00 -~ 8:00 S 12 T -18

8:00 -10:00 | St 0
10:00 -12:00 Midnight 10 - 2
12:00 - 2:00 6 =4 ]

2:00 - 4:00 o . 0

PP [ et

4:00 - 6:00 | | 6 . o0

G 48 .

.5[R + |[R -R + R ]

— —_ — — — e - - - - —”T- T - ) blr‘ —
- - e | e
- R * L
e
=




E .4 [
] . . e DUTIR T T " .
Eool T L i AR R e SIS it e vt

B R o e

68

o8

38

48

48

11

48

28

20

| 48

22

24

48 |48

ONEE

30

18

48 |

30

18

48

10

38

120

28

48 |48

o0

12

48

| a8

48

48

48

11|

12

H .-
i o
: .

6

“TABLEAU FOR PROBLEM 1
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e R 8t G P Mo A b Sl i vt . e A3 Vi

00.

4

00

2

00

10

00 12

30

10

30

'8:00

00

30

00 6

[ ]
[

00 4

FINAL SCHEDULE FOR PROBLEM 1

00 2

20

0012

- 30

00 10

00 8

6
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© DAILY DRIVER REQUIREMENTS. FOR PROBLEM 2

Drivers

20

. R -m"@».. — __
k . "‘“kél T ]

N ._im,@;f §%%m“;;i;

20

- 8:00 - 9:00

9:00 - 10:00

11: 00 - 12:00 Noon
| 12:00‘”"”‘? 1: OO~
1:00 - 2:00
- 2:00 -  3:00
| 3:00 - 4:00
i . 4:00 = .5:00
5:00 - 6:00

: 6:0'0"- 7:00

7:00 - 8:00

- 8:00 - 9:00

10:00 - 11:00 -

- o A 25
30
26
18
22
16
18
14
12
24

30
18

14

9:00 - 10:00

10:00 - 11:00

14

16

12

-8 “
4

-6
9

- 4 -

~ 11:00 - 12:00 Midnight

10

12:00 - 1:00

1:00 - 2:00

0 2:00 - 3:00

3:00 - 4:00

9:00 o
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74

68
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14144
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40
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18

38

56

1840

o8

56

64

o8

62

0

60

60

0
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62

0
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6:30i

7

10:
10:
11:
o 11:

12:

- 12

° 7500
:30
: 00
:30
: 00
:30
00

30

00

30

00

:30

: 00

DAILY OPERATOR REQUIREMENTS

:30
: 00
:30
: 00
:30
:OO
:30
: 00 Noon
:30
: 00

:30

' -;0perators'Req'd

10

13

19

22

22
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22
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Time.

. 6:00 - 6:30° 2 2

6:30- 7:00 . 24 - - 3

8:00 - 8:30 ¢ 23 o

8:30 - 9:00 1 - -

9&00 - 9:30 : 15 - | -4

9:30 - 10:00 13

10:00 - 10:30 - | 10 - -3

_ ’ ~10:30 - '11:00 i,_ | 5 | | -4
11:00 - 1130 4 o

11:30 - 12:00 Midnight 1 E - =3

+
&
-

"
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7:00 A.M. There is enough idle time during their shifts for

| . relief. A 1 -

There are always 2 operators that work from 11:00 P.M. until
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