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ABSTRACT = . <

A ve locity fleld was derlved for a flaT workplece underéotng
'»plasflc deformation between cyllndrlcal rolls in a rolllng mill. Usung
the velocity fleld‘ an expression was written for the ToTal power input
required for The,rolllng-pnocess-rntferms‘df the process. parameters:
rol | diameter, thickness Eedecfion, workplece geometry, surface friction,
and spread. The Upper Bound Theorem was applied To the power expression
to establish an upper Iinit on iT.  This l'imit was minimized with f*espezc‘rﬁ“
to. spread-to determine fheivafue"of Spread requiring the least amount of
input power. This val ue waS'TakenaszThe_spread;fhaT wiI| occur in the
actual rolling process. Due o the buiky nature of the power |imi+ ex-
pression %hevminfmizafion waS,handIedhw¢fh.a digital computer.

The analytical spread mode | was used to predlcT the ef fect
of rolling process conditions on. the degree of spreadlng Comparisons
were made beTweenjpredrcTed‘spreadxand experimental spread data pub-
Iished by several fnves+fgafors The effects of rol] size, reduchon,
.workplece geometry, and frlchon are correctly predicted by the analy-
tical spread model. |n most cases, however, the degree of spreading
IS underestimated by the model in comparison with experimental data,
This is attributed to the simplifying assumptions made in the analysis,

It is recommended that this work be extended without the restrictions

of these assumptions.




~ INTRODUCT | ON-

. Background

In %he‘fejiing of meTals Figure |, the wofkplece.;s squeezed
between paral lel rofaflng rol Is and becomes Thlnner, longer ang’wi der.
- Often the workplece is given a series of passes through a single rolling
mill to accomplish the desired dimensional changes. ln-erdef-to*f1nwsh
the workpleCe_aT'rhe_proper size, it is necessary fo,&qew how the dimep—
sions wil| change with each Succeeding pass through the Folﬁing mill and
to adjust the rolf gap accordingly. |

Investigators who have directed thelr attention to +the width
fchange,aor“spréad, of the workpiece have al| used the emplrlcal approach
of flndlng a formula to fit experimental dafa Slebel and Sedlaczek-2
were among the early anesTJQaTors of spread in rolling. Wusaw‘owskizl-8
has been the most active writer in this field wit+h his work covering Qhe
period 1947 to [967. Ekelund,]O Hill,lO and Spar1in§9'have also con--
tributed important work on the prediction of epreéd'using empirical

formul as.

Siebe| derived his empirical spread formulafrom.dafaﬂpubIﬁSheﬁ

by Falk.' The formula is:

| . _ h, :—h'z.. -
bu-by = ¢ (hi-h, )X (Rh —

where: 0.3 <€, < 0.4




el

Lafef'experimen+s by A. Spenle and O+ Emicke - E. Pachaly2 provéd

Siebell; simple formula to be inaccurate for rolling conditions dif-

ferent from those used by Falk.
Sedlaczék's formula predicfed'spread'more accbrafély than
::STebéJ's when it was checked experimentally by +hese investigators., .

}hsmeMals

b .y~ _bURB (h h)
- (b‘whh) .

The improvement in accuracy ovef Siebel's fé}mula is due mainly 1o the
inclusion of workpiéce starting width, b1,.asma:variable.

Ekelund's emplrlcally derwved spread formula went a step
further by lncludlng roll/wogrplece friction as a variable affecflng

Spread:

bi-b? = ech- adn(: s o) | eles 2 |

'*TOUShiP for the spreadu‘bz-bT, McCruml] carried out'criticai tes+s
to deTermnne Tthe accuracy of three spread formulas, including Ekelund's
and concluded that Ekelund's was least accurate of the three.

The other two spread formulas'checked by McCrum were those

AT T T

g

of Wusatowski and Hill. Wusatowski's formula iS¢




fWhere?=aJingTeeT.COmposifion factor
rolling temperatu re factor

i

o
]

l"O'I ing Speed faC"—OI”

a
il

- roll material factor

~ h‘ 0,556
../259(,,) )&

- 10,

Re
i

(The constants |- 269 and 0.556 were |ater
changed to 3.954 and 0.9676).
Although a friction coefficient does not appear in Wusatowski's for-
mula, the above four factors al| help to account for frictional con-
ditions. This formula has been checked againsf'experimenfal dafafby
Wusatowski and other inveSTIQaTors; Al'though it does not descrlbe

N

what physically happens in The rolllng process; it has been found to

be reasonably accurate and is generally used as the standard by which

to judge new work in This field.

Hi 11 suggested the following formula:
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The factor l/2 in The exponent is arblfrary and must be modlfled

=+o f|+ experlmenfal data. ‘The effect of roll/workplece frlcflon

is not included in Hlll's formula.

- Sparling also invesfigafed the accuracy of Wusabeski's:and
Hi'Il"s formulas by conducting rol | ing experime;§§\on a laboratory and

an industrial rolling mill. He found tThat WusaTQwski'S formula gave
Sy : : |

better results than Hill's. Iﬁ‘aﬂdi+ion,<Sparling was able to develop |

his .own spread formyla which gave even better resul+s than Wusatowski's.

Sparling's formula is:

™ 09, 955, o./(‘ \0.25 ]
-0,6735|2.395 b, (-é-) ‘H;’) ‘A‘E’)

abfg

-

>3
-
o®
@
Q
I

- rol'|l surface condition factor

b = workpiece surface condition factor

_h'
!

= workpiece composition factor

g = temperature factor

—- g 4

In" 35 tests on the two rolling mills used by Sparling, the spread

- predicted by his formula was within 10% of the measured spread about

90% of the time. The corresponding figure for Wusatowski's formula

was about 50% of The time and for Hill's formula about 9% of the time.

T e L AT M pr Y
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© Analyti ca |_App [oacg.

Unlike The empirlcal work,done by‘The prev:ous |nvés+|gafors
this presenf work will uflllze an analyflcal approach . To'SoIve the
wspread pn&blem: The Upper'Bound Theorem, formulated by Prager and
Hodge’,“]2 wnll be used To derive a model of workptece spread in flat
rolling that has some physﬁéal meaning.

A process Takes place |n nature ln the: most e conomical man-
ner as far as energy is concerned. The path ‘of least resistance is
automatical Iy utilized, To make use of this prlnclple,sa velocuTy
- field was derived and used to write an expression, in terms of the

proéess variables; for The‘tofal Power required to deform a flat work=
piece be#ween=cylindrical rolls. T::iipread,bz/b], was treated as a
variébleianﬂ'fhe PoOwer expression was minimized with respect to the
spread. The unique valuech~b2/b] that resulted in Thg lowest required

power input to the process was Taken as the sol ution to the problem.

Assumptions

The following si mplifying assumptions were made at the outset:

I'. The workpiece has a rectangular cross-section both before
and after deformation. There is no warping or bulging of
the sides.,

123' The Workpiece material obeys Mises' stress-strain rate
l.aw., * Tﬁere*fs.no-sfrain hardening.

3. The mill rolls are rigid and do not deform from thei r un-

loaded condi+tion.

———

For the rami fication of this assumption, see Reference |2, p 50.

6




e | Nr ~ |
4. Friction obeys the |aw T""' m 3 where T Is the

frictional shear stress, ™M is a friction factor assumed -

to remain constant throughout the .'foll contact zone for
'g.i ven rolling cond'i"r’ion_s;,j,a'nd %..,———o— | is 'l’he' yal ue of k
for M‘i?‘s‘es' yield _'crH*eria.l2 Friction factor m ié
'i?r;i'-f’l"uenc‘ed by .;C,U'rface conditions, but not by pressure
or velocity. The condition 0 =M < | must hold. M =0
implies frictionless conditions while 7 =|,0 implies .
sticking of the workpiece to the rolls.

In addition to these assumptions, it was later found necessary
To restrict the value of the no-slip angle, Xm , to Q"A-; =0 in
order to keep the analysis within +he scope of this work.* The effect
of this and the other ass umptions on the spread predicted by the anal-

ysis will be discussed |ater.

*

The no-slip angle locates the point (Figure 2) where rol | and workpiece
have the same velocity. Between the no-slip point and the entry plane
(S1 in Figure 2) the rolls are moving faster than +he workpiece. Bet-
ween the no-slip point and the exit plane (S, in Figure 2) the. rolls

are moving slower than the workpiece. 2




UPPER BOUND,ANALYSjS‘OF SPREAD

%
Q. | 2

In the flat reilfng|3nscess,-+hé‘WOrkpiece is in+r065bed"
between a pafr*df paraI1eT rolls, Figure 1, which.compreS& it and make

:Tﬁonslfh1y b]: V1) to exit conditiens (hz» b, V,). Density and volume

formation. The total rOIIing’pOWGr‘can be divided into four distinct
parts: (a) internal power of deformation (WI), (b) Shear+fpss power at

surface S, in Figure 4 (WS ), () shear-|oss power at surface S

Figure 4 (WS ), and (d) frucTnon-Fstupower af-SurfageSfSS in Figure
. 2 |

1 V]) to (h2, b2’ VZ) in the absence of any losses. W and W
arise because power is lost in changing the direction of the workpiece
velocity vector at surfaces S] and 52 (surfaces of velocity discontinuity).

‘WF:accounfs for the power lost in Overcoming surface friction between

the rolls ang workpiece at surfaces S3 These~areiahso-freaTed as sur-

faces of velocity disconfinuify.




Upper Bound Theorem

\

The spread problen is solved through Upper Bound Analysis,
The Upper Bound Theorem was formulated by Prager and Hodge.]3

" stated it as fol lows:

"Among all klnemaflcally admissib e sTraln rate fields,

The acTual one mlnlmlzes the expreSSIon "

J*’:_\'é J—' LJ&LJ dV+ T'AV'dS" TLVLAS “(5-27')

v /Sf" St
A strain rate field derived from g3 ki1 nema

Tically'admissible

velocity field is Kinematically admissible.

T* is The'acfual:eXTernally-supp[[ed power and can never be

greater than that Compu+edewi+h The above equation. The first term is

the internal power of deformaflon over the workpiece vol ume, and is. the

power required to deform the workpiece in the absence of any losses.,
The second term is the: power "loss" due to shear at surfaces of velocity

disconffnuffyx Such surfaces. are fhe'roll/workpiece;contacf surfaces

% (53 in Fi gure 2) and the intérnal shear surfaces boundi ng the deforma-

tionh zone in the workpiéce (31 andiSZ in Figure 2). The third Yerm

s power supplied by external body tractions such as front and back
tensions in rolling. These tractions are not considered in this anal-

The following procedure was used to derive a model of spread

in flat rolling.

Avifzur]4




- for The workplece deformation zone.

o

A klnemafically admlssnble veloc:Ty field was derlved

¢ ——

The-sfrain rafes'ih the princfpal difec+19né were cal- -

culaTeq_from The velocity field, and Eqdafion‘(5x27)
was written in TermS-of Tﬁ§ rollinQIVariabJes;' The.

spread was treated as a variable. -

e

. The actual T* cannot be larger ?Ban-#haf1carcuyafed;by

Equation (5.27), EQuaTion (5.27) was nihimized with

respect to spread.” The unique value of spread that

QminfmizedequafiQn (5.27) was taken as the spread

that actually occurs.

A more rigorous approach would be to confine T* between an

Upper and Lower Bound. By minimizing the Upper Bound and maximizing

The Lower Bound, the solution foraspreap,wcmlﬁ~be_more»accuraTely deter-

mined. However, Lower Bound analysis is not as well developed as Upper

Bound analysis

Velocity Field

at this time and I's beyond the scope of this work.

Derivation

Constant workplece vol ume during rol P ng requnres

V,bh =

From

observed:

y—.:

= VR COSX,, bm hm = V, ba h. NS

Figure 2, the fol lowing geometric relationship is.

L - R Sin

Rearranging:

,qu = L7
R




Taking the deri\)afive with ’r'e'specf to y:
| dx _
&y ~ " R

g - _ | | (268

dy R cos «

Another geometric relationship from Figure 2 is:
hn - h %
5

Coso, = | - h'?_'g"

Reosx, = R -

Using the smal | angle approximation COSef) = | = —L

’
4

" - _hn"hm.
S s

2

The workpiece thickness at any point between the rolls is

(Flgure 2):

h = h, + ?_(R-Qcoso()

Applying the smal | angle approximation for Cose:

o

h = h 2 + R«? (3a)

Similarly:

hm — hz +- R V¢ m'l’ (Thickness at no=s|ip 'a;n'g;j;l‘e-) (3b)

h. - hz + R°(,1" (Thickness at entry plane) (3¢)

"




.
{

The wo rkpiece width at any point between 1'he rolls is-

(Figure 1):

b = b'z" + ":(TT (bn "b2) . . “ . Caa

Similarly:
ba=b,+ S2(b-b) -y

From the constant volume relafionShTQiLEquatlQn,(L)f
on \/ e o
Vy = Ve (=) "

Applying Equations (3) and (4):

V, = VR = A = COS A (5a)

> COS Am (5b)
(- 2)(% )

The workpiece width at any point between the rolls is given

\/, =V -%:—- i g_.@'(l'-b-.')? (bﬁl G
ST
o, X,

by Equation (4a). Taking the time derivative of +his equation:

b - 5obby do _ bi-by da dy
éi%— O+ <, dt X dy dt

Substituting for Sj from Equation (2):

dab _ b.—b«._(_ ) )\/y

dt X, Rcosx

12




VX is assumed to be linear in X. 'The end'tﬁhdi#LOQStare;

Wy, = O N
db
Vel & '?l-'a'f |

X=T'

These conditions are satisfied by the following equation:

v - bﬁ--bt . VY .’X
X | X Keosx b

Substituting for b from EquaTioh (4a):

V. = (%T _ ')X\/y _
¥ R cos _b__z-_+5<7(,_bt)] - (6)

bi br

- AT the roll surface (i.e., 7 = h/2) in Figure 3:

Ve
tano = v

V, is assumed to be |inear iﬁnZ, The end conditions are:

‘V& = 0

=0

z=
y
These conditions are met by The~fOTJowing;eqMafiqn;

V, = Vy”('g.nd .7
2

13
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Sub§+ifufing for h from Equation (3a):

, _ _ 2W tan« P o .
Ve = TR 2 g

The velocity field is complefely4deffnedrfhroughiEquafions

(5b), (6), and (7). The condition of incompressibility, | | | ‘

- | & iﬁ
Where: | | u

S-YY |
EEXX: = <5 Xf |

' V . |

’ oV
Ezr = a-z_z

is satisfied by the velocity field.

Internal Power of Deformation )

Avi’rzur]5 has shown that the work per unit volume requi red

to deform a workpiece in the absence of |osses is:

W %,— O'o-\lii(ei +E +E},‘I> (8)

14




'where E.r_" , En:’ ) Em: - are the true :-s_"l"rains in "rhye*" S / L

principal directions; i.e., the X, Y, and-Z d'i'r;‘ec’rions for this |

case.

o
H
|
=
>(u |
S
I

(9b)

o
=
l
Sk
M
RS
N

E m o & zi = ’é" p)‘:’ | (9¢)

Incompressibility al'so dictates:
Exx +Eyy €2, =0

Therefore:

Eyy= —(E){x +E7-'Z)
Eyy = ~(An 9-'- + —h—”f) 0

Substituting Equations ( 9a), (9¢), and (10) into

Equation (8) gives:

g g | da(2) ) T
AR, M%S)"‘_M-E%

(11)

17 a




N N |
is obtained from

The total i nternal '-~power of defomafion

the work per unit volume by the relationship:

: @

W, =w; V. . - (12

Wh_ere:V= volume rate = bM hMVR Cos Xy

Substituting the above expression into Equation (12):
N |

| Y T %\'_1—7
- kabEn g T

(13a)

bm hm VR Cos O(M

IS a convenient non-dimensional form of the
Cro Ve R* |

&

internal power of deformation.

16




Shear Loss Power'af EnTry Plane

At surface S] in Flgure 2 There is redundanT power expended

[

due to +he existence of a velocity dnsconfinuufy Avn‘zur]6 has shown

ThaT the power requured to overcome a velochy dlsconflnuufy is:

W= T.' AVds = 2\"’1—32/" -AV ds . .
S

Whe.re Tf is the shear stress, S denotes the surface of vel-
oci+yvdisconfinuify, and m is a shear factor of valuetunity'for'fhe

workp'iece shearing on itse | f. For surface S 1

W, = % AV, ds, ‘ o)

The velocity is discOnTinUous in more than One'dfreefion,
and AV} is the resultant velocity discontinuity existing at any point

on S] . &

AVE = AV 4 A\/f +AV, | (15)

(16a)

l (16b)

[+ follows from Equation (1) that:

— VRbwhmCosor,, |
Vy o=ty b, h, =V (17a)

17
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[
—

':'Subsﬂ'fuﬂng Equation (17a) into Equation (6):

Vi %?") binhen € 05 5t

Vx
Substituting Equation (I7a) info'Equafkbﬁ (7):

Vz

— ~2Vr 't’an(u bm hMCDSO(M 7
(=& ‘_ bph,z' |

Combining Equations ([5) , (16), and (17) yields the

required velocity discontinui ty at S i

| b LY a2 . :‘
AV = Ve Costim —5_?-0 bm )'7/:)( + 4R ‘l‘an"o(. bm‘bhn?z (18)

s,

| ) 7
This expression has the form: VR €05 (m aXc+c,
.. R

where. a, and ¢y are constants with respect to X.

The shear loss power at surface S]‘rhus’ becomes =

_h o ob
-3 x=g

(

Ws. = 40’0\%2\}%,050(’“ Y an X’I""C| dXdZ

)2_:0 X=0

(19)

18

x=ot, Ro(\ blhl C oS «, X l | ~(17b)




. v
.
— ( . . ot |
s
.. .

The Thtegration is made for X by using integral No. 112
in BUrfngfon.]7 The integration for Z requires (a) integration
by parts, (b) i ntfegral No. 120 in Burington, and (c) use of

I'Hapifal's Rule for indefermiha+e»forms. The integration is

carried out in detail in Appendix 1.

The shear |oss power at SjJThen becomes:




(20)

| —
,+ '+4(b%)(%-l>5ml %(hx-o
\ . %"T - 1)7' (%‘_)"




Ws |

Shear Loss Power at Exi+ Plane

At surface S

To. the vel o'c:ifiy; discontinuity in the width dl rection

quired to overcome this ve locity discontin uity is:

Proceeding as in the case of Ws, .

AV, = AW +AV,* + AV
Whe re:
AV, = Yy
My = V| -

=0

It follows from Equation (1) +hat:

vy, _ Vab.h,

=0 b.h, - VZ—

Substituting Equation (24a) into Equation (6):

21

—is a convenient non-dimensional form of the shear

loss power at the entry plane.

o in Figure 2, redundant power is expended due

The power re-

3

(22)

(23a)

(23b)

(24a)




tis

Substituting Equation (24a)

V;

Combining Equations (22),

“ZfVQ(’OO

X=0 = hz +R(O)

ba _
Zkva — V2\B I>

The shear loss power at surface S

W,

()

A ),

= (g

required ve locity dfscon+inui+ya+«32:

X

Z=0

Into Equation (7):

= 0

2 thus becomes:

(23), and (24) yields the

X dx dz

Performing the integration wi+h respect fo X:

W

2

— 450\/2—(%7 ~ >
i

=h
2k

1=0

Vi
Z

bs

2

o

dz’

(24¢)

25y

(26)

S R ST TR
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Simplifying:

* — lj;\é--E;'fo tﬁr l | .
WS’- "~ 293R¥, (%) dz o | @7

Performing the integration with respect to Z:

| | b
L A b::("’f "’> ha

(28)

Rearranging, and using Equation (1):

W — O‘o(;%‘i—‘ —)(%) VR bm hm COS X
Sa —

473" x|

Substituting Equations (3b) and (4b) and rearranging:

Ws.  — ' (by N\[ba, otm/,_ BN
Gove BT = (‘ET'D[b.*d. | ETM%H”:"_] '
3

(%Lf C0S Am (29)

Ws* is a convenient non-diménsional form of the
To Ve sz on=-dlm "Orm ¢

EX

shear | loss power at the exit plane.




and normal to the rol| axis (v

Friction Loss Power at Roll Surfaée,

N

At the surfaces of contact between workpiece and rolls

(53 in E{ZLre 4) there is power lost in'OVercoming friction. This

power is expressed using Equafiqn'(l4a):

. _ M To : y y
\/\/,—_ = 2 " AV, d53 I (30)
53 ’ -

Where:h\ = shear factor due to friction

AV3=' resultant ve'-|oci+y discontinui ty on S

dSBFiTnCFemenTal area on surface $

€31)

As shown in Figure 3, fhé.velocjfy of the workpiece at

SHrface%SS;jshmade up of a component tangent to the roll surface

TR), and a component tangent to the

roll surface and paraliel to +the roll axis (V).

Combining Equations (5b) and (6):

v, _(E'D Va[ dM( >](re +°(”‘>X C05% m

X, (oS [br %/ b, R ()
5 et Lm+dﬁ M]G?+X> -

~

From Figure (3):

V.. = \AV | PR
TR Cos {33)

24




Ve =

| o
@

Substituting Equation (5b) into Equation (33)3

Pbﬂ. o'g 2 |
b, T ;(_m(|._ %‘,)}(‘%‘ + XM“) (OS5 m

=

..% + g—r(la %)](% + D(-L) losoc 34

The velocity of the roll surface in the X direction |s

Zero, and ‘iln the Tang_en:# ial direction is VR' The resultant veloci ty

discontinuity thus becomes:

AV37— = (VX ‘O)L + ( V"'R - VE) - (35)

Simplifying:

AV, = K #Vie 2 VigVe +Ve"

Comb.i ni ng Equations (32), (34), and (36a) yields the

required velocity discontinuity on surface S,:

3

e te— S




i - |
2 Al Dy f(_}_q_% 2
olo B i)ers

(D o b h, (36b)
B o(,(l’EZ("fzk'Po( (s o

The frlcflon loss power is eval uated th rough Equation (3I)
iby integrating Equaflon (36b) wnTh respact to X and>X . The X inte-
.gration can be handled with rnTegral‘Tables, but the & integration
is‘hOpeJeSSlywcomincafed, For fh?s:reasQn, an approximation was
made for Q#. In Figure 5, the arc of contact between rol | and.work-_
piecevis*projecfed“Onto the X-Y plane. Line M-N divides the contact

area in half. Equation (31) can be approximated by:

We = m JD [(A Van)( 3a) +(Avsg)( 533)] - (37)

AvsAis the resultant velocity discontinuity at Point A
‘and S3A is the surface area over which AV3A Is assumed to be constant.
Similarly, AVqg is the resultant velocity discontinuity at Point B
and S38 is the surface area over which-AVSB is assumed to be constant.
Since the velocity discontinuity actually changes from point to point
throughout surface 83, a greater number of terms in the app roximat ion
(i.e., smaller subdivisions of surface 83) results in better accuracy.
The two-term approximation used above was cdmpared with four and

.eighT-Term approximations. The four-term approximation was wifhin

26
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- -

2% of the eight-term approximafion, and fhe two~term approximation .
was within 3% of the eight-term approximafion.'

and AV “ W

N , ) | |
Usnngi quaTlon (36b) TQ eval uate AVBA agr W is, by

Equation (37):

[N
/é(%)(%‘;-l) + -
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T Ve 23 is a convenient non-dimensional form of the
A )

23

friction loss power over the rof | contact surfaces Sse
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Solution for Spread

The total pnocess power (in the absence of forces on +he
N/

workpiece exfernal To the roll contact zone and due Te.inerfla) is:

v , o, . .
J Wz +Ws, +Ws +\A/-
JoVr R* — Jdo VR R™*

5] | e

and is a function of 6 variables:

(39)

kh_ ht b, }71 Onn 191
h'R’'R "’ B

for a given rolling situation, the first +hres are khown.

The friction coefficient, M, can be established indirectly +h rough
Separate rolling ;e:!’>:<perimenfs.]8’ 19 The Upper Bound Theorem dictates
"l'haTO( and b /b will take on values #$hat will minimize the power
required to rol | the workpiece. To obtain an "exact" solution for
the spread, hz/b_‘]., Equation (39) mys+ first be minimized with respect

to c>(n:
Q[ T* _

°(m | oV R* = 0 (40)
3 .
and thé resultant expression mus¥ then be mlnlmlzed with
-
\

respect to spread:

2 —(EQUATION (40)) =0
3 (&)




The shear bulk of Equa‘hon (39) makes i+t lmpracflcal to

_,affempf The double minlnnzaflon. Also, an implicit equaflon in

b /b would be all ThaT one could hope for | f o -O however, only

b /b would be lefT as a variable subject to mlnlmlzaTlon AlThough._
the assumpflon of & = 0 is serlous deparfure from many rolling si+-
’uafuons, a soluTlon for-sp:SZd cannot be achieved within the scope

of this work W1Thouflnaklng it. For these reasons, Equations (13b),
(20), .(‘2.-9)., (38), and (39) were. restricted to the case of 0(n=0.
Equafibn (39) waS:CQmpuTed fbr"Typical values of the rolling variables
using a digital computer. bz/b] was initially set equal fo unity (no
spread) and was then assigned increasing values in increments of 0.5
percent (b,/b, = 1.000, 1.005, i.0]0, etc. ). Equation (39) was
found to have a single minimum point with respect to varlable b /b]
This value of b. /b 1s the spread predicted by +the Upper Bound Analysis
to oecur in the actual rof| ing process.

The computer program for the solution of Equation (39)

appears in Appendix 11},
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Table |

IS a portion of The digi+al compuTer pr|n+out:for'

the mlnlmlzaflon of I* with respect to b, /b The heading gives the

val ues of Tpaﬁrd}4lng variables for this particular calculaflon

b /b Was assigned increasing values, sfar+|ng at 1.000, and The

four components of rolling power, I (Equation (l3b)) WS (Equation

1
i(ZOJ), wS (Equation €29)), and W (Equation (38)) were eval uated
2

separa+ely and combined to. determine the value of J*. Also shown is
1'hequam“l*y:r*WF: which is the rol ling power for frictionless condi-
+ions.

I and WF each exhibit a minimum with respect to b, /b

Table |, while WS and WS ~Increase monatonical |y WITh lncreaSIng
1 2

The analy5|s predicts that the spread under the rolling condi-=

19 in

tions shown will be b: /b -l 09, since T*, the tota| rolling power, is

minimum at b /b 1=1.09.  This minimization process was repeated for
various rolling condlfions to determine their effect on workpiece

spread

Effect of Workpiece Geome try ohpSpread

Figure 6 shows the effécfs'of*workpieceasfar+ing width/height
y

ratio and Thickness‘reducTion'on,spread for Condifions)01=|,o and h1/g=

0.05. Workpnece geometry, b /h], has a large effect on spread A
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*__’narrow‘workpieoe willépread proportionally more than a wide one.

At b /h 8, spread becomes almost negllglble.v As the width of the
mworkplece increases with rQSpecf to its heigh+ for a given reducflon,
the zone of conTacT between workpiece and rol Is becomes longer in the
width direction while remaining unchanged in the length direction.
The frictional resistance TblplésTic f low increases in the width direc-
tion white'remaining unchanged inthe length direction, ah&’sprea&Lng
is reduced in favor of elonngion.

Also shown in Figure 6 is experimental da?ﬁfofzégi+karézo
and;WusaTowski.4 ‘ChTTKaha’Svdafa:isffGrVrQJITng:Lead at room tempe r-
a*urefand Wusatowski's is’ for rolling stee| at yarfbus,elevafed tem-
peratures. While the data shows actual spread to be higher than that
predicted through Equation (39), the predicted effects of geometry and

reduction are verifie d

Effect of Roll Diameter on Spread

Figure 7 shows the effects of wo rkpiece thickness/roll dia-
meter ratio and reduction on spread. For constant workpiece starting
fhitkness,'h1,-fhe,effec+ of varying the roll dismeter, D, car be seeh\
for a squarebar(bj/h1=l.0) with sticking friction (Mm=1.0). Smal |
rolls (h1/D=O,lS)iprOmOTe low spread while large rolls (h]/D=0.0l)
promOTe'high spread. This effect ¢an also be explained by the contact
zone: length in the width and length directions. With a small roll, +he

contact zone is short in the length direction. With a Iérge roll, the
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confacf zonetlengfh remains uﬁéhanged iﬁ1+maWid+h‘direcfion.buf'is
longer in the length direction. The resulting additional frictional |
fésisfanceTo fldw.inf*he Iengfh direcfio; févors more-spreading at
the expense of elongation. - | . |
Experimental data of Sparling,” Chitkara,’" and Wusatowski®
are also shown in Figure 7. éSparlingfs data is for rolling steel é#
I'100 degrees centigrade. As in Figure 6, the predicted spread is low
compared to the experimental data, but in general the effects of h1/D
and reducfioh~§fe predicTed correc+Ty. The predicted spread agrees

best with Sparling's data.

Effect of Friction on Spread
Figure .8 shows the effects of surface friction between rolls

and workpiece and reduct ion on spread for a square workpiece (bqth:

1.0) and medium size:rolts;(hi/ﬁ=0@05), When friction is high
(0.5<M< |.0) Spread Is high, and when friction is low (0.05 <m<0. 1)
spread is low., The predicted drop. in spread forM«< 0.4 and h1/h2
> 1.3) is worth firther consideération. This behavior has not been
checked experimental ly, However, if'is~ma+hemaficallg predicted by
the spread model for +the followingireasons.

WI’ the internal power of deformation, can be expressed as
the product of the work per uni*t volume and the volume rate. Wi+th

an>0, as is the usual case Tn:ralliqg,‘fhe volume rate is:

V' = buha Vi cos o
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As tH8 ckness reduction i.ncfee_ses (for h] con‘s"rah*),c(mdecreases to

——

3 .
malnTaln equi 1ibrium conditions in the roj| confacT zéne. This causes

b, and cos<x to increase, and N to decrease. The volume rate

may increase or decrease slightly as a result. Wj+h Xm =0, as assumed -

I'n the Power Analysis, the volume rate is:

\ V = b h, v

As thickness reduct ion increeses‘(fOr:h1lCOnS+anT), Xm=0. mus+t hold,

and h., decreases. Even ¥ b2 increases? the decrease in h2 will be

jgreafer'and'ﬁ'wik1 decrease signPTTCanle, This decrease in'ﬁ'affecTs,

the minimi zation of WI and causes: it ¥o reach its minimum value at a

lower valye of b /b than would otherwise be +he case. When friction

is high (0-5_§’Yl< 1.0), the behavior of WI does not have 3 large ef=

fect on T*, but when friction is lower (’71< 0.4), I Is a large part

and a decrease in Spread with lncreaSIng reduction is predicted.

Effect of REducTioheoanpread

Figures 6, 7, and 8 /| show that spread increases with fn-

creasnng thickness reduction, except when friction is low.

Once agaln

is explained by conSIderlng the length of the contact zone between

rolls and workpiece. As reducflon increases for consTanT entry thick-

ness, h], The contact zone in the length direction increases in length

%




piece. The workpiece finds i+ easier +o deform in the widfh direefion .

Comparison With Experimental Data

Figure 9 is a ploT of spread pred|c+ed by the Upper'Bound

Power Analysis, Equaflon (39), VS. actual spread measured experimenfally

rolls (58-64 A4 -in. C.L.A.) were used in the experlmenfs Predicted
values of spread are consistent|y Iower +han actual values with the
disagreement reaching 45% at higher thickness reductions. Friction
shear factor ™ was taken as unity in the Power Analysis. It is also
observed that the power analysis underestimates the effect on the
spread of usrng larger rolls.

Figure 10 is a plof of spread predlcfed by the Power Analysis:

Vs. actual spread measured experimental |y by Sparling during the rolling

of steel at llOO degrees centigrade. Again The<pred1cteq spread val ues

| are lower than +the actual Spread, by up to 364 at the higher thickness

reductions. Friction shear factor M was Taken as unity in the Power
Aanalysis,

The Power Analysis predicts that Spread will incréase with:

| . decreasing WTdTh/Thickness,raT[O (b]/h])

2. Increasing reduction in Thickness (h]/hz)

3. decreasing thickness/ro| | diameter ratio (hI/D)

4. Increasing coefficient of friction (M)
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Chifkara's,ahd‘ébaflﬁngfsexperimenfal daTatéenerally agree
with |, 2, and 3. «Sparling‘fo;ndfhaf decreasing the amount of work-
pieéé 5uffacescale*and increaéing the roll roughness (boTh_df which
tend To'increase roll/Workpieceﬁfrichén)willincrease spread.
Chitkara, however, noTiCed_Thaf increasing the rol | roughnéss i n=
creased the workpiece spread monatonical ly only for square (b, /h]-l)

workpieces, For oTher‘workplece geomeTrles he found that |ncreaSIng

friction at first decreased spread, then increased |+

Discussion and Re commendations er Future Work

The assumption that workpiece sides remain ‘straight and
paral lel throughout the rolli Ng process is a serious departure from
the actual case. ATTGWZéxperimenTsfconducTed by the author have shown

V4

*hafxbulging of the sides can be considerable,,Qspeéialryfaf higher
reductions. Thé.bulgingnpf only increaSeS;+herapparenftspreadlf0r a
~given set of rolling conditions, buf;more”SeﬁiOhsﬂy, it alters The-.
mode of deformation from that which would occur if the sides remained
~sfraighf and parallel. The velocity field chosen for this analysis is,
Therefore, not the one that exis+s in actual‘rolling. Specifically, V&,
-theaweldcffy Ln‘the‘wid#h\direction, is not independent of Z, the thick-
ness coordinate. A degree of bulging should be postulated to improve
the veiocify field and agreement wi+th experimental data.

Another departure from actua| rolling conditions is the as-

sumption of &g =0. This assumption is good in some cases, where X py

is actually small in value, but in other cases this assumption distorts
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'The‘assdmed velocity field seriously compared to the actual one.

Oﬁn=0 wés assumed to avoid doubleminfmﬁzafion of JT¥, first with
‘respecf'Tq X, then wi th respect to b2/b]. Taking Qm > 0 wOuId
puT‘The analysis Qufside The'scope of‘This:work, but i+ should re?
sult in better agféemenf’befween predicted and observed spread.

FTna1ly,-Sfrain_hardéhing.should‘be,fncluded in,fuTure‘work,
It is u;'nfc;lre.az'r what effect strain hardening has on spread; however,
strain hardening is proportional to strain, and rolling strain in
the width direction is normally less than in the length direction.
In actual rolling the workpiece may spread more than would be expected
because it is we aker in the width di rect ion than in the length direc-
tion as a result of strain hardening.

The author strongly feels ‘that conti nuaT ion of “this work
without these simplifying assumptions will improve the spréad mode!
fo the point where accurate predictions of spread can be made. Then,
for the first time, there will be a rational equation for spread
avai lable To rolling mill operators and rol|l destgners. Although it
will be restricted to the relatively simple (buT;prac*iQafly important)
case of flat rolling, extension of the analysis to shaped-pass rolling
is entirely conceivable. This would be very valuable to roll-designers,
who at present rely mostly on past experience and trial-and-error

‘techniques to establish pass schedules and roll designs.




------

CONCLUSIONS

Upper Bound Analysis has. been applied ‘rd the problem of
spread in flat rolling and has yielded a raTiona1;maThema+ical
model relating spread to rolling variables suéhzés reduction, roll
Si ze, workplece.geomefry, and friction. Compared with pUb[iShed
;xperimen:fa | data, the predictions of the spread model are general Iy
low. 1The:quel.Correcfly'predﬁcfsy however, that rolling variables
have the foll .é.w ing effects on spread:

I. increasing reduction increases spread

2. increasing rol| diameter increases spread

3. decreasing the workpiece width/thickness ratio

increases spread

4. increasing friction increases s pread

The first three can«be-summarized'by»sayrng that any change in rolling

conditions which decreases the ratio of contact zone lengths inp the
width and length directions, b/L, will tend to increase spread.

The assumptions of ric bulging of workpiece sides, (m=0,
and no sfrain;hardgningfhave resulted in a velocity field different
than the actual case in rolling, and this has affected the accuracy
of the spread model. A refined analysis that allows for bulging,

Xm > 0, and strain hardening will bring predicted spread into better
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agreement with experimental d

of practical importance to ro

ata, and;will-resulf‘Thva.sprééd mode |
C \ . | -
Il designers and rolling mill operators.
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TOP- ROLL

WORKP | ECE

BOTTOM ROLL

TRAVEL

FIGURE 1. THE FLAT ROLLING PROCESS
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SIDE VIEW

TOP VIEW




TOP ROLL

BOTTOM ROLL

FIGURE 2. ROLL CONTACT ZONE GEOMETRY
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FIGURE 3. RELATIVE VELOCITIES AT ROLL/WORKPIECE CONTACT SURFACES
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FIGURE 4. PLASTIC DEFORMATION ZONE N THE WORKPIECE
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FIGURE 5. ARC OF CONTACT BETWEEN ROLL AND WORKPI|ECE PROJECTED
- ONTO THE X-Y PLANE
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- FIGURE 6. THE EFFECTS OF WORKPIECE GEOMETRY AND REDUCTION ON SPREAD
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FIGURE 8, THE EFFECTS OF FRICTION SHEAR FACTOR AND REDUCTION ON SPREAD
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FIGURE 9. COMPARISON OF SPREAD CALCULATED BY EQUATION (39) AND EXPER- B
IMENTAL DATA OF CHITKARA ( FOR LEAD ROLLED AT ROOM TEMP.) I
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0¢

bi/R = 0.1000
b2/b1

10000000
1.00500000

10100C000 -

101500000
1.02000000
1.02500000
1.03000000
1.03500000
104000000
1.04500000
1.05000000
105500000
1.06000000
1.06500000
1.07000000
1.07500C00
108000000
1.08500000
1.09000000

K2/R = 0.0800

wil

0003570297
0.003548728
0.003528350
0.003509209
0.003491350
0.003474818
0.003459658
0003445915
0.003433629
0.003422844
0003413598
0003405930
0.003399876
0.003395472
0.003392748
0.003391 735
0.003392560
0003394947
0.003399219

"TABLE 1.

h1/h2 = 1.2500
wS1

0.000569487
0.000572512
0.000575811
0000579340
0.000583079
0.000587011
0000591126

0.000595416
0000599871

0.000604488
0.000609260
0.000614183
0.000619253
0.000624466
0.000629818
0.000635308
0000640932
0.000646687
0000652572

TYPICAL COMPUTER PRINTOUT

™M = 1.0000

°
wsS2

0.000000000
0000007106
0000014284
0.000021531
0.000028850
0.000036239
0.000043699
0.000051230
0000058831
0.000066503
0.000074246
0.000082060
0000089944
6.000097899
00000105925
0.000114021
0.000122188
0000130426
0.000138734

b1/hi

= 1.0000

wF

0.001882344
0.001821481
0.001761656
04001703177
0.001646434
0.001591906
0.001540131
0.001491632
0.001446798
0.,001405770
0.001368396
0.001334305
0+001303024
0.001274094
0.001247123
0.001221811
0.001197941
0.001175371
0.001154015

h1/D = 0.0500

°
JE—WF

0.004139784
0004128346
0.004118444
0.004110081
0.004103279
0.004098069
0.004094484
0004092560
0.004092332
0004093835
0.004097104
0.0042102173
00043109073
0.004117836
0004128491
0.004141064
0.004155580
0.0043172060
0. 004190525

&

0.006022128
0.005949828
0. 005880101
0.005813257
0, 005749712
0« 005689974
0.005634615
0« 005584192
0.0055391 30
0005499605
0005465500
0005436477
0.005412097
0.005391930
0..005375614
0.005362875
0.005353521
0005347431
0005344540

109500000
110000000
1.10500000
111000000
111500000
112000000
112500000
113000000
113500000
114000000
114500000
1.15000000
115500000
116000000
116500000
117000000
117500000
118000000
118500000
119000000
119500000
1.20000000
120500000

0.003405293
0003413185
0.003422909
0.0034634473
0.003447885
0.003463147
0003480260
0.00349922]
0.003520025
0003542663
0003567125
0.003593397
0003621462
0.003€51303
0003682900
0003716231
0003751272
0.003787998
0.003826382
0.003866397
0.003908015
0003951205
0.003995938

0000658584
0.000664722
0.000670982
0.000677364
0.000683866
0.000690486
0000697223
0000704076
0.000711042
0000718122

0000725313

0.000732614
0.00074002S
0.000747S44
0.000755170
0000762903
0000770741
0.000778683
0000786729
0000794878
0.000803129
0000811481
0000819934

0.000147114
0.000155563
0.000164084
0.00017267S
0.000181338
0000190070
0.000198874
0.000207748
0000216693
0.000225708
0000234795
0.000243952
0.000253180
0000262478
0.000271847
0.000281287
0.000290798
0.000300379
0.000310031
0000319754
0.000329547
0.000339411
0.000349346

0.001133842
0.001114859
0.001097116
0.001080697
0.001065722
0.001052354
0001040793
0.001031284
0.001024119
0.001019636
0.001018212
0.001020257
0.001026188
0.001036402
0.001051240
00010709241
0.001095613
0.001125219
0.001159576
0.001198388
0.001241279
0.001287831
0.00133762S

0.004210991
0.004233470
0.00425797S
0.004284513
0.004313089
0.004343704

0.004376357

0.004411045
0.008447760
0.004486494
0.004527233
0.004569962
0.004614666
0.004661325
0004709918
0004760421
0.004812810
0.004867060
0.004923142
0.004981029
0.005040691
0.005102098
0005165218

0.005344832
0.005346330
0.005355091
0.005365210
0.005378811
0.005396058
0.005417150
0.005442329
0.005471 880
0.005506129
0.005545445
0005590219
0+005640854
0.005697727
G« 0057611586
0.005831362
0.005905424
0.005992279
0.006082719
0.006179418
0.0065281970
0«0ULU6389929
0.006502843
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APPENDIX |

NOMENCLAT URE

Workpiece wi dth
Roll diameter -
Base of natural |ogarithms

Workpiece thickness

*Chanée in +hickness‘dhrihg"r0111ng
Power externally supplied f@"ﬁo{ITngprﬁcéss

Length of contact zone in X-Y plane in Y-direction

Friction shear factor

Rol1l radius

DenoTes;a surface
Time

Velocify

Volume rate

Work per unit volime
Power '

Width coordinate
Length cerdinaTe

Thickness coordinate
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e L
K 4
—— )
I

- ¢ Angular‘coordiha’r;e : - | . —

—

E True strain
| 6 | -~ True éTréin-- rate
@, VWorkpiece flow stress

"[’ "~ Shear stress

1 Subscript denoting entry plane conditions
2 Subscript denoting exii-’-fi“ plane conditions
3 Subscript denoting roll/workpiece surface conditions

m Subscript denoting no-slip plane conditions
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'APPENDIX I

INTEGRATION TO DETERMINE AN EXPRESSION FOR
SHEAR LOSS POWER AT THE ROLL ENTRY PLANE

Thé equation fo be integrated is:
_' (Z= hz" X= %." :
Ws, = M”\é\%s“’“ Va.x*+¢ dxdz (19
o where: i
2
o = (&) brhe o

o(“b b‘_z_ h?— C 0S - 0(|

. 4 t'{'ai’\%o(: bmm hmq' 2
c = &R e 7% >0

Integral No. 112, page 65 of refe repce |7 Is used for

the integration with respect to X. Equation (19) becomes:

R
WSI —_ a +C '2_7-1 |
403\/1?__4,050(,“ {” - T
RV3 220
| H 2 C4+'\IC41'+C57’Z'
- 27 | n (2 2C"2) gy
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where:

dz = (b' —'> ba hu? bb ., . = R*fune b ha 0
‘ 64 °<'1_. h* cos* o ;"2 4h4 o

(o= ZK‘T&V\‘LO(  COS X, bm hm X, £, = (E%—'_) l)mhm .

- (B-1)bih?

ZR{-G.Y\O(. bmhm C4_
b, h* |

)
9,
\
<
o\
«~
i

Rearranging, and separating into three i nfegrals:

h.
W5c —_ 8 + Ca 7% dz — |
4002/ 0S%m | .\l - '°
3

Shh o |

-—Z’?"_ (/&1 Ce 1) dZ, + | |

] '
(s AL :Ah(l +Vl +_Cz:;7) dz 1
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where: iJ‘Z'_] =1/

The first term is integrated with integral No. 112,

reference 17, and becomes:

%—4514-2:(1' -1-‘2‘% /Zn( ———\[E"""daz“’ t-'-61_>

The second term I's integrated with integral No. 330 ,

(m=-4, g =cg) reference 17, and becomes:

2
h

o 3cs An(C1) + s

97’

8

This expression is indeterminate at the lower |imi t, and

It is evaluated with |"Hopital's Rule:

-1 | 3C3 Cy

/Z/‘m P3Cg,@n(sz,)+C3 — /Z/m Ce Z,

b 12,2 2,5 00 272

I
o
W

Il
Q
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| The second term then 'becomes*

[3,&1( )+J

The Third‘ferm'ES‘inTegra*ed in»par+s{

Cs z"[,én(w\/w _z._f); dz = 63" /én(lﬂl
h

Ca z(l +§f>dz
3 yACHN

The |atter term is separated into +wo integrals, one of
which is Integrated directly, the other of which is integrated with

Integral No. 120, reference 17 (with d =l/c62,- ¢=l, X=Z and becomes:

g) -

LTI T

- A e e T e T
Db T e e A W T e 0 N R ST ek e b e L
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- ———

The‘infegrafion is now comple+ed, and the shear IOSé at the -

"roll entry plane is:

| 4do VR COSHm
R\J? L~

%0__\/6714- -—4——C—,_ +

" 3 | (-@_LUZ +\jé’z-{—

N
l
)
P
N
+

2 40>
B i -

2 _"_)_,_ h"z. , C h |

- . -
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Sub'é-’rifuﬂ ng for g 2 c‘:2;, C'fi-3-_,-- and j.c_6 from page 54 yields

Equation (20) in the text.




APPENDIX |1, COMPUTER PROGRAM FOR EVALUATING EQUATION (39)

{

DISK OPERATING SYSTEM/360 FORTRAN 360N-F0O-451 23

DOUBLE PRECISION BR(S0)sBFO(90) «HFR(S0) +HOF(S50)+XM(50)+A2+sD2+D3»
104005’069039090011oDléoAlQAP"APZOAPQtApToAPTl D1, D7’Dl00nl3o~
2P1+P2,P3,P4,PT1sPT-HOD(50) »BOHO(S0) . - .

READ(1+500) NJsNL s NM,NN | | ‘ )

500 FORMAT(6110) ”
READ(1:501) (BFO(J)sJ=1sNJ) . " |
READ(1:,501) (HOF(L)+L=1,NL) | “
READ(1:501) (XM(M),N=],NM) ) o
READ(1,501) (HOD(N) ¢N=1,NN) ) . | 3
READ(1,501) (BOHO(N),N=1sNN) : x ]

S01 FORMAT(8F10,.8) - ; ;
K =1 | | ] :
I =1 -

DO 502 N=1,NN ?
DO S02 WM=1,NNM ' L ;

: DO 502 L=1,NL ‘ 1

900 HFR(K) = 2./HOF(L)*HOD(N) g ; f

901 BR(I) = HFR(K)*HOF(L)*BOHO(N) : :
A2=DSGRT(HFR(K)*(HOF(L)=1.)) ;
D2=DSIN(A2) |
D3=DCOS(A2)
D4= D2/D3 , ;
DS= HFR(K)+e0625%A2%A2 " ;
D6= .25%A2
D8= HFR(K)+e5625%A2 &A2 {
D9= +75%A2 *
D11=DCOS(D9)

D12=DCAS(D6)

WRITE(3,504) BR(I)sHFR(K) +sHOF(L) ¢XM(M) o, BOHO(N) , HOD (N)

S04 FORMAT(1HL ,10Xs*BO/R= '4F11e833Xs 'HF/R= " 3F11e89+3Xs 'HO/HF= 1,

IFL1eB,3X, M= T,F11.8+3X+s'BO/HO0= ',Fl11.8+3X,'HO/D= '+yFlle8) a
‘ | WRITE(3,505) Q

SOS FORMAT(1HO,10Xs*BF/BO*s12Xe " WI' 3 12X " WS19 412X, *WS29,12X, "WF 'y 12X, i

1Y )%-WF 012X 0Ux'//)

AP1= 2,%BR(1)*DLOG(HOF(L))*HFR(K)
AP2= (S%HFR(K)%*BR(I)*D4
AP4=XM(NM) A2 H5BR(1)*DSART(HFR(K)*HFR(K)/(D8*D8#2D11%¥D11)-2kHFR(K )/

1(D8%D11)¢1.)¢XM(M)%A2%BR(1) *DSART(HFR(K ) *HFR(K)/(DS*¥DS%D12%D12)-2.
2*HFR(K)/(DS%D12) ¢1 o)
APT= AP14+AP2¢+AP4 f
APT1= AP14+AP2 | |
WRITE(3,507) AP1+4AP2,AP4,APT1,APT : |
SO7 FORMAT (10X '1.0000000'34XsF12¢9¢3XsF12e69+4X,°0.000000000",3X, N
1F12e903XoF12c6943XeFl12e9) |
DO 502 J=14NJ - 1
800 D1= DLOG(HOF(L))/DLOG(BFO(J)) \
801 D7= BFO(J)—1. ‘
802 D10=DSQRT(1e+(4.%A2%A2%D2%D2)/(D7%*D7%BR(1)*BR(I))) | | ;
803 D13= D7#D7*BR(I)V*BR(I)/ (16« %A2%A2)+1. ‘
804 Pl1= 2.%BR(1)*DLOG(BFO(J))*HFR(K) *BFO(J)*DSQART(1.~-D1+D1%D1) i
805 P2= BFO(J)*HFR(K)*(BR(I)%*BR(1)%D7/(6.%A2%D3)*%D10+D7*DT*BR(I)*%3/( l
124 #A2%A2%D2%D3) ¥DLOG(2:¢A2:02/ (D7¢BR(I))+D10) +A2%DA%DA%D3/ (3. %D7
2)*DLOG(D7%BR(1)/(2.%A2%D2)%(1.4D10)))
806 P3= D7*BFO(J)*HFR(K)*BR(I)*BR(I)/(4.%A2) '\

.




APPENDIX |11, ( CONTINUED }

11719768 FORTMAIN

807 P4= .ZStXM(M)*AZ*BR(I)*(BFO(J)+3.)*DSQRT(16.*8F0(J)*BFO(J)*HFR(K)*
lHFR(K)/((BFO(J)+3.)*#2*08*08*011*01!)*DlB—B.*BFO(J)#HFR(K)/((
28FU(J)+3.)*De*Dll)+lo)+.25*XM(M)*A2*BR(I)*(3.*BF0(J)+1-)*DSQRT‘

316.#HFO(J)$*2$HFR(K)#*2/((3.*8F0(J)+lo)**2*05*05*012*0}2)*Dl3—8-*

48FO(J)#HFR(K)/((3.*BFO(J)+1.)*DS#DIZ)+1.)
eoe . PTl= Ple+p2+p3 :

809 PT= Pl+P2+p34+pg " | ’

wRITE(3+,506) BFO(J)sP1l oP2,P34P4,PT1,PT

506 FORMAT(QX’FIl.8o3X9F12.9.3X.F12.9.3XoF120903XcF12.9.3X'F12o9o3X'
1IF12.9)

502 CONTINUE
G99 CALL QUIT

«

END
NOTAT10ON
by
BR.= R

bo.
-BH)=*ET
HFR= §—
oy
XM = M,

| hy

HOD=WBf

b]
BOHO = —
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