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‘he problen of a submerged, incompressitle, two-
dimensional jet issuing into a semi-infinite field and
plvotally oscillated at tre point of entry was stucied
analytically and experimentally. The experimentally
observed velocity of the propopating disturbances is
much less than the velocity of the jet itself. The ratio
decreases for decreasing Strouhal numbers for a given
Reynolds number of the flow. In the linear region near
the nozzle the amplitude grows a little 'faster than lin-
early in fiost cases,

an idealized inviscid analysis agrees qualitatively
with these results except that a much faster growth rate
is predieted. Initial results of a theory which intro-
cduces viscosity wvia an assumed model for the velocity decay
and entrainnent of the jet suggest that these added effects

x,

suppress the grcwth rate. A better mogiiffor'thé Veioeity

‘and-entrainment of the jet was deduced, including wall

N N - o - i - L :
effects in the third dimension, which may lead toward a

more definitive #halysis.
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AN STPACT .

ke rroblem of a subnerged, irconnrreseitle, tve-
dincrcional jet dceuins into o semi-incing te fielc and

E1aotelly oseillated ot the voint of eniry was etucdied
analytically anc errerirertally, Tre experinentzlly
observecd velocity of the rrozofating disturkances is

much less than the velocity of *he Jet iteelf, The ratio
decrezses for cdecreasins Strouhal numbers for a given
keynolas nunter of the flow., In the lirear region near
the nozzle the amplitude crows a little faster than lin-

early in most caces,

An 1cealized inviscid analysis agrees qualitatively

with these results except that a much faster growth rate

is predicted., 1Initial results of a theory which intro-
duces viscosity via an assuned model for the velocity decay
and entrainment of the jet suggest that these added effects
suppress the srovwth rate, A better model for,the’velocity

and entrainment of the jet was decuced, including wall

effects in the thirdg dimension, which may lead toward a

more definitive analysis,
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betler cdecimm and more accurate medelline in svstens
"

analysis, Dynamic behavicur of fluidic amplifiers have
thus far teen studied from a macroscovic point of view,
This hags led to errirical cesirn of amplifiers while their
modelling paraneters are decicded from actual tests.,

Exirapolation of such test results to other geometries is

exceedingly difficult cdue to the lack of an acdequate

theory based on the physics of the situation exlsting
inside the amplifier. As opposed to electronic devices

of the same nature, fluidic amplifiers pose considerable
difficulty in the accurate, yet general, prediction of
their dynamic behaviour. The heart of the dynanics involveg
the interaction between the power jet, with lateral forces,
and the surrounding fluid. Theé essence Ofwthis:pfablem is
closely represented by the dynanics of a pivotally oscil-
lating submergec¢ incompressible fluid jet emanating into a
two-dimensional cemi-infinite fluid field. This thesis
~ﬁealsw~analy£icallyhand~expérimsntally1ﬁith‘%his represen-

The apparatus used for exrerimentation is intended,

with the addition of downstream surfaces not yet built, to

resemble a prototype proporticnal fluidic amplifier.
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The experimental aprraratus has a jet (the rower jet of a

fluicic anplifier) which ertere 2 #£icld of fluic confined
in tetween two varzllel wallc at the top arnc tottom., when
pivotally ocscillaied this 3et simulates a Fluidic amevlifier
with periocic excitaticn of its control ports. IXrerinen-
tation on this apraratus was carried out with various
velocities of the jet stream, characterized by Reynolds
number, and various oscillation freguencies characterized
by Strouhal numbter. Cbservations of the vhase velocities
and the growth of amplituce of the resulting wave prattern
rrorogating away from the nozzle vere visualized with a
cdark dye., Correlation of these results with svecific flow

conditions and a well established theory would describe the

dynanmnics of the jet adequately.

Theoretical analysis of this situation has been in the

general direction of describing the linear behaviour of

this pivOfally'oscillating:jet'and its interaction with the
surrouncding fluid in terns of surperposed fluid flow patterns,
in effect satisfying all the existing boundary conditions

of the given,physical set-=up. Analytical models describing

the linearized behaviour without viscesity, and with a

cruce representation of viscosity, are described,.

The results of the oresent thes is;iswéXpectedwtdwbe@ofﬁM;”_

“semis quantlfiflve vsefulne 'in the"deéign”of”fiuiaqu'

amplifiers.and circuits, ZXtensions including the effects

of cownvtream wallu, etc., could result in more quantitative

kncwlecge,




2, EXFERI..ENT

2,1, inain Apvaratus

The cxperinental nodel 4ries to simulate closely'a
practical amplifier in which *he pever Jrt oscillates
from one extreme angle to the other 28s a sinusoicdal function
in time. The experimental apparatus, a photofrarh of
which 1s shown in Fig, 1, in this study achieves this
oscillaticn by rotating the power Jet nozzle sinusoidally
in time. The main apparatus (Fig, 2) utilizes a crank
mechanism (Fig, 3) to oscillate the shaft on whick the
nozzle is mounted through the desired angles of +1°, +2°,
+3°., The frequency of oscillation is varied by changing

the speed of the motor which drives the crank. Water enters

as a Jet through the nozzle into a semi-infinite sypace

between two plexiglass plates separated quarter of an inch,

and overflows from this bath at the extreme end¥ Vibration
isolation of the crank mechanism which oscillatesfthe
nezzle and the drive motor from the semi-infinite bath is
achieved by mounting them on different tables, The semi-
infinite bath itself is mounted on vibration pads to damp
out vibrations from the roem. The'sliding~hozzle plexi-

glass interface is damped well with vasellne to further

cut out hlgh frequency Vlbratlon components from the motor.

a

*¥Detailed drawings and e planatlon of the main %orhlng
apparatus are available in J«C, Bell's [,S., Thesis (1),




‘Violet" dye

2.2, Auxiliary Apparatus :

Figure 4 shows the schematic sketch of the set-up,
iater is uced as the workins rmedium, The water is derassed
Ly cvacuating a stainless cteel tunk and slowly sucking in
the water from a sump wvlaced on the floor. This water
drips into the evacuated tank from the top and on its way
to the bottom of the tank is effectively degassed. This
same tank 1s next pressurized with compressed air and held
at a constant pressure of approximately 1 atmosthere gage
with the help of a pressure regulator (I1,2, Froducts, Inc.,
0-30 p.s.i, downstream pressure, three to four times up-
stream pressure). This pressure is large enough to drive
the water into the apparatus at any desired flow rate,

Flow ratés of water into the main apparatus are ad-
justed with the help of two valves, C(ne serves as a flow
control and the other as an Cn-0ff device, A drain tube

is located between these two valves, facilitating.draining

the apparatus when the tank is under pressure, The over-

flowing liquid is collected in a small catch-basin and

drained down to the sump fr6m~WhiCh it ié later sucked into

_the degassing. tank. ~Such a.set-up can use nore eXpensive. .- ...

liguids which would have to be recycled for economy,

F1ow visualization is achieved by*uSiﬁg "Crystal

(3.7, Baker Chem. Co., Fhillipsburg, N.J.).

This dye trace takes'bnfa.Very deep violet coloration and

a very dilute salﬁticnjwaswsufficiengly dark, A greater

7




concerntration of tre crystals would cauce thre dve to ¢ink
slowly in water, This fact vwas tested periocicnlly,
sepirately, in a teaker, to check if the cve can¥ too
rapidly cue to increazsed concerirotior from ewva iroration,
The dye as it exited from the nozsle of 2ovect ratio 2
formed a thin vertical sheet of cclored matter (sec fig. 5),
This causes the dye particles whick are closer to the ton
ana tottom plates to slow down due to +he viscosity, while
at the middle the dye rvarticles nove faster, Yowards the
end of the wave where the dve trace £els more nearly per-
pencicular to the center line, as seen in rig., €0, the
sheet of dye deforms with the middle pertion travelling
faster, This shows up as z dye trace with a leading edge
and a diffused trail., Ileasurements were taken on the
leading edge of this fuzzy dye trace since this represents
the motion nidway between the vlates, Certain additional
accessories were added on to thé apparatus to overcone
some difficulties. A bicycle wheel, 24 inch diaéeter"was
fixed on to the motor spindle to eliminate tre salient-
pole ripple in the torgue of the motor at very low speeds,
A cap§coula be nountecd on the cye 1nJectwnn tube to flatten

!

out the dye trace for visualization of the velocity profile

~of the jet in the plane of the semi-infinite bath., (See . ...

Fig, 7). A spirit level waes used to ensure that the bath

was level to avoid grav1*y effects

8.




obtervation of the wave to accentuuste the appargnt ceflection
of the jet, ¢his aided reasurenent of the location of the
peaiis ana crossovers of the wave near the oririrn where its
actual auplitude was quite crnll, A rrid racted telow the
wave vias uscd as refererce and so distor<ior of the lnare

dida not matter., Jowever, this was used orly with the T,V,

recorder (see next section) in which the marnification and
b

resolution were poor,

2+3. Recording Techniques

Four recording methods were used:
1. A T.V. recording unit was used to record the fiotion of
the wave ané was later played back for measurement,

2. A novie camera was used to film the motion of the wave

A
and later,measure a blown up projection of the film,

3. Still.phofographs of the wave to determine the right
laghting,-exposure, etc,

4. A prolonged exposure of the same film while.afstrob9‘
cht at fixXed intervals on the moving wave,

scope shed lig

Of these the most successful was the movie camera,
A Bolex 16 rim novie camera with lens =25 was used., At
times, for greater resolution and magnification, a Nikon

‘Micro-lens (f=55mm) which could go as close as 13 ft, was

vilithsamin

s/sec, which gave an exposure of 1/200 sec.

The exposure could be further-adjustedfby.opening;wider or

X




narrowver the slit of the revolving .shutter in the carera,

A lifhtmeter was uced to decice on the various settingss and
af'ter a trinl chot a2t these cettings the one which Fave the
Clearcot picture was used,

The vackoround of the wvave formation was marked with

tvo lines varallel to the direciion of flow of the jet,
These served as a reference while aliming a grid on the
blown up projection, A dot on the axis-center of the
oscilllating nozzle alco was a reference,

Frame-by-freme viewing of the film was verv convenient
with a special projector (Perceptoscope, rerceptual De-
velopment Labs, Texas), The position of the wave every
third of a second was viewed. The locations of the cross-
over intersection with the centerline (see Fig., 41) and the
locationé'of the reaks were thus recorded. The vosition of
the centerline was found from a run of the non-oscillating
jet at the mid position, nearly parallel to the referencg
line on the grid below, Velocities on the center line of
the straight jet (non-oscillating nozzle) were arrived'at.
'by;photographing.the movement of a streak of dye pinché@
into the clear field of fluid., The leading tip of this

stregk travelled at +the center line velocity.

—the-T\e=recording: unlt ‘gave-good pre11n1“ary readlnzs
which helped to shed light in the direction of 1mprovemeﬁt
in photography technigues, FLowever, its resolution was
poor, and keéping;ﬁrack of,thetfr&méS*in'avvideo recorder

10




was awkward, lowever, contrast was cuite £ood even under
poor li:  (ore photeflocd lamp cf 100 We)e The mor-
nificaticn achieved wag poorer than with the filnm rrojection,
The nain advantase of this nmethod wag its low runnin:s cost,

The sirovoccope method required the use of a special
dye, Since this involved multirle exrosure of the same
film, everything except the aye line had to be dark while
the different positions of the light dye trace would be
exposea on the same film, The povwerful sirobe used was
adequate for light dut a dye which would show up white in
a black background was difficult to obtain. The method was
further complicéted by the fact that the dye had to be
soluble in water; any colloid would settle in the apparatus
calling*faf impractically frequent cleaning, Flourscein as
dye with an ultraviolet filter on the strobe proved a
failure since-the-diSPersed.dyE~gave the whole field of
fluid a flourescent glow thus.éffectingverypoor~chtrasp,
This method was abandoned.

Still photogravhs were taken on Tri-Z film (400 A.S.A.)
and developed in Diafine which increases the speed three-
feld., A very clear contrast vas achieved, liovies were
taken on a 4-x reversal film (n. S.A, 320) under tungsten
light, Llrhtlnr was alwaju f”om 45° below the vertical, |
The camera was always hela above uhe'Lleld of vlew on a;_ww.m

rigid-standwwhiéh stood seperately on the floor.

11




numnbers,

2., Experimental irocedure
“he bacic iden in the exverimental readirre wus to

3 . o 3 £y = < ‘i "" - ‘»" - 4 » -z . + . - 1
cover aw wadce a ronece of Strculnl nunteve ae roceible,

-

4

Lew Strour el runbters could be rezchod only for birker
velocities of efflus of the jet since tie rvm o’ the motor

ac a rractical leower lirit, Also, very low Strouhal

nunrners could not be ohrerved very well on a vrejection,

ike higher limit on the Strouhal rumber vas cdue to the fact
that the jet came to 2 virtual stor very close to the

nozzle feor the necessary low velocities non lirear effecte
Were preaomiriant in the region and hence were not of interect,

Yhils neant reacdings had to be taken at differer+

velocities of efflux of the jet. Thus the reacings were

classified according to the Reynolds numbers of the flow,

WJO =}
4

a = width of nozzle = 1/8 ins,

"

Reynolds iio.

Vo = Velocity of efflux of jet

= Volume Bate of flow/irea
of nozule.
)7==ninematLo Vl‘CO“lt” of the
liquid at the +temperature,
Each tbe e readings ”oula rave walerent roubal

SIS S G AL 00 N

E e e

Frequency of ascillation
of the nozzle in rad/s.

)




As & bacis for the ecxperimental readingg use was made

‘. w # a A . B ¥ v . . v . s e FRE T - ) s WYL e g ‘; ; e . TPRY
0i the exponentinlly rrowing wave theory which vredicts tha

ratio of phase velociiy to the center line velocity for
clven Stroutal runbers (see Fip, 00), The ranre of Strouhal
nunbers as civen there run from 0001 to 20, Experimental
readings were for 01 to 479,

The stcps followed in the experimental procecdure were

as follows:

Freparation
1) Detach oscillating mechanism and tilt the apparatus
sloping upwardsfdownstream of the jef.
2) Open inlet valve and allow licuid to f£ill in slovly,
The upward slope eliminates alir bubbles to collect in the
bath while filling,

3) Level the bath usii® a spvirit level so that the region

near the nozzle is perfectly horizontal.

k) set inlet valve at a particular flow rate. An 2 PLrox-

inate judgement is gotten by looking at the velocity of a

-Squirt of dye issulng through the nozzle.

5) Cpen dye valve so that a thin line of dye is seen.
~6) Set camera above field of view,

7) Adjust the nozzle position so that the dye flows

to the wall of the bath,

8) Clamp oscillating mechanism-crank to the nozzle shaft

13




g0 that the nonzle ig fixed in the mid position,

) leacure flow rate Yy colleeting the overilow liquid

for a reriocd¢ of tine,

Setting Reynolds Murter -

10) If a decired value of tro meynoldas nunter is not

Ca
achleved, adjust flow rate with the valve and check arain

after about 10 minutec during which time the overflow

rate attains its steady-state value.

Setting Strouhal [unber
11) Switch nmotor on and adjust speed to a low value,
For low spceds of about 5 cycles per minute of the nozzle,
the bicycle wheel is hooked on to the motor shaft to absorb
the salient-vole ripple on the shaft of the notor.
12) l.easure frequency of oscillation and record Strouhal
number,

‘Reecording

13) Photograph the dye trace vhile the nozzle is not
oscillating and is positicned in its mid position, This
gives a reference center line for later alisznment of the
projection,
1@) Start the;pscilla%iohfof the,ﬁ%zzle and record the
wave formation of the dye liné.

~15);‘Use smaller ahglesiof oscillation if the wave becones

- non-linear at too short a distance. This is done by using

the +2° and +1° pos itions on the crank., (Fig, 3).




Charginr Stroulnl lumbher

16) Change the frecuency of occillation by increasing the

* »

-

speed of the motor, Zcnove the ticycle wheel for hirher

speeas,  lote the Zirouhal numler,

o

17) KRecord as tefore, Gererally three Strouhal numbters

have been cttained for each Reynolds numher,

Recordins Center line velocity cof Jet

18) Stop cccillation, Zring nozzle to the mid position

by positionings the crank,

/

1¢) Stop cdye flow till the field fets clear,

20) Finch the dye introcducing tube so that a small streak

of dye issucs out and flows with a neatly formed head,

This can be gotten from practice., Do not squeeze too fast

since the velocity may be altered,

21) Record this streak of dye as it flows past,

End

22) Check Reynolds number again. If widely different,

repeat experiment,

This procedure was followed for various 2eynolds numbers

and all the data stored in video tape or film,

Reading the Data: The tape or film was run and each

sequence carefully viewed, The novement of the crossover

S
.

IR i b Dt e

ine was measured

for every interval of time (generally 1/3 sec,)., The inter- -

val of time was made certain by calibrating the record with

an electric clock. Similarly, the movement of the peaks

15




(the voint of tangency on a line parallel to the center
lire) woo oloo recorvaed,

hie velocities were computed by finding the distance
novec after each interval of tine., Sirnmificant randomness

recultcad from the fluid mofion itsell anrd rartly from the

recording technique, 7This woe cmoothed sorewhat by finding

the velociting 2s the slope of a distance vs tiro curve,
The grovith curve was also recorced by marking of the
peaks of the wave on a white vnaver directly from the pro-
Jection, (Figs., 2C to 32),
The center line velocity of the straight jet was

recorceda Just as above by following the streak of aye.,

16




Je  ALALYSIS .

3.1, Introduction

The ranre of the experiment descrited ecarlier has
been limited hecouce of nraciicnl concideratione, A theory
whicn presumably applies over o largor rans~e could be
checked with these experimentol resulis at least over the
small range, This check 1is necessary because the theory
involves several assumptions.

The motion of the jet oscillating in the semi-infinite
fluild fleld is described as being the sum of three components,
Tﬁé primary component 1is a rightward-travelling (away from
the nozzle) exponentially growing wave (see Fig. 42)., The

second conponent is a leftward- travelling exXponentially
growing (in the negative x direction) wave (see Fig., 43),
The third component is the residue which is revresented by
a sum of Fourier sub-components and herein is called the
Fourler wave (though it does not have particularlﬁane-
like features). The oscillating jet is;SuprSed‘ﬁo exist

in an infinitisimally narrow strip along the X-axis and the

L

three components which make up the flnal wave pattern

.neglectmiaemeffeexs-@f Vascesaty in-the-field. This field

(i.e, u=0 atgx=0). (See Fig, 41), The other direc%ipns
extend to infinity and so the wicth of the jet isipreSume@¢=

away'fromuthe*x—axis iS'referred t@ as the field, AlL




infinitely nerrow (cecpite prowth in its width towards the
ri¢it), Another toundary condition wiiich specifies
motion of the jet exicts 2ll alony the »-axis whick results
Irom the chovicreristicec? the jet, In the aralysis only
the DNirct guacrint (020, »>0) need be considered co lonrs as
the mirror irage of this rnotion in the first quadrant ic
recofrized to exist in the fourth guadrant., Also,2ll along
the X-aXie, the existence of the jet means a discontinuity

in the prescure between the first and fourth gquadrant. The
absolute deflection of the jet from the -axis is considered

to te very small as viewved from the fluid motions in the

fielc. ‘

The undeflected jet itself is described by a finite
width and effective slug velocity, both ofwhich.can'vary
with position-because of viscosity. These parameters are
presumed to be incdependent of lateral motion of the jet.
however, interpretation of these measures into the field_
boundary corcitions at the,pressure'diséontinuity'(yzO) is
as though the jet deflection and width were zero., licreover,

there exists at the origin a singular point that has .

u=0, v=0,at x=0, y=0.

and y=0

Along thefx—axis,mthe‘Wavefmetion~sh0uld“sa%i§fyjan
'Equation which involves the stream velocity'and-transverse'
velocity at every pcint'along“the line. This equation,

P ot
.




obttained by IF,T, Frown, resulted from a consideration of the
interaction between the jet and the field, ¥eferring to
Fig, Bl we vwrite the ronentur eqguation irn differential forhn
for a seciyment of the jet strearm of widtn w, “his sermont

11

moves longsitudinally with a velocity ¥ and laterally with a

transverce velocitly Vi and at «ny instant is a2t a dis-

placenent of Wi ‘rom the x-axis, “hus if Ap is the dif-
J

ferential pressure acting in the positive y direction on

the segment, then

- L [ow _I_ (n.
R A (,l")] (1)

where [ 1s the material time derivative( 6 + V b )
Dt 51t ox /.,

Using the spatial aerivatives and noting that

O
<
-,

= 0

| )
-+

On

<
1
@

and

._l

©
ot

we obtain;

0X v

Ap = g v EE (V't + V__!él__v)

6v.: 2.V Sv: V 5V &n.
+ w (-J.+‘ ol e (&
ot 5X dxX X

-

2 .9 f |
J -

2

- -

P

NWWW;QWMMWFQMMhﬁhsErmﬁ@g;ihaimnj andmyj‘vary sinusoidally in time we write,

~ 4




or (FRS SRS

substitutirg this in the previous couation and simplifyinf

ve obtain,

Ap =g jdw [(l + ._..___;V . -l- ﬁlf)"J

+(2\’_ zj 1 dv v dV) 5V ;

@ W woex W2 ax/ sx

ﬁ

_( Vv 53\/:') ‘
W2 ox2/ (3)

we congider the fourth quadrant to be a mirror image of

the first quadrant., Fence if a particle in the first quad-
rant lying just above the jet experiences a pressure v,
the:cérreSPQHding’particie.lying Just below the jet and at
the same location from the origin, experiences a pressure -p.
Thus the differential pressure at the location acting on

the jet itself is Ap = é2p.  ror any path s in theifieldgh

ap Sv

..___.=—?........__

6

On

B —_g_-g-__«_;-_?ja)x,} o J0T - g jw 3¢ g JUt
. | QS

20




Interrating tetweern any two points in the field,

k4

‘)' - .jﬁ)ﬁ - - : U) )’{ - ' .j(l)t |

where p, anc¢ py are ragnitudes of the preocuree at any two

pointe in the fiela and ¢ ard ﬁl are the values of the

corresporcing potential furction (2).
If we choose to czll rrescurce at infinity in the field
zero (sone datunm level) then the rressure at any point in

w A Coa

the fielc 1is,

, = 0) = =93 -

(p, - 0) g ju (7, - #.) (5)
In particular we consider the points in the field just
adjacent to the x-axis,

Thus,
Ap = 2?,]' “)(ﬁx - ﬁx,) ‘, (6)

where @, is the potential funct:on at ﬁar'y = 0 in the

VoSN

first quadrant, giving

- 2(g, - o) _

W

V2 52'V_3
(LOQ) 53 % (7)

This equation, which has to be satisfied at every x>0 is

called the coupled touncarv eguation,

3.2. The Inviscid Fivoting Jet

For inviscid jets with no entrainment and no velocity

rommay L L TRW o i e
decay with x, &Y ang §{~are_zer:, so the coupnled Boundary

21




The other bourdary conditions of this prohlem are the same
ac discugssed in secticn 3,1 namely,

= 0 (9)

O O e
0 (10)

w4
I
O

U a¢

1

1

Vi at =
ang y

AS descrivbed before, three component fluid flows were
sumned to produce the effective wave satisfying all touncary
conditions, The rightward travelling wave, derived by

F.T. Brown (2) has the potential funcition,

g = go e(bx-ky) ej(dt-kx-by) (1)
Whi@hzsafisfiés the jet interface boundary condition

(at y=0) tut does not satisfy the wall boundary condition
(at«Xéﬂ) or the requirement at the origin that qj = 0, This

wave grows exponentially in amplitude (eP™) and travels at a

constant phase velocity W/%x, The flow extends from

2)

s

o

X = = t0 X = +o (gee Fi
Such a field causes transverse velocities at y=0

given by bx 5 (@t-kx)
e A

vy o= fo (~k -jbe”

and particle velocities in the field given by

J o~ kY e-jbyf

u = jJgv




the following cquations,

Trhe values for the guantities b and

(2-2)7 o2+)
2

vhere

a-1

H

/1+(h/k)3

The ratio of the

ce velocity of the wave to the
strezn velocity of the jet is

Vp/V = 2-2

A table of values for vp/V, b and k for a corresponding

Strouhzl number is listed in rig. 40,

travelling wave (Fig

The wall bouncary condition (Eqn: 9) was rext satisfied

by superposing on this rightward travelling wave a leftward

43) erowing exponentially in the

negative x-directicn (and decaying in the ++v2 direction),
This wave is described by

g - go e(-bx-ky} e3@9¢+kx—by)

The wvalues of b, k

wave. This cause

(uat

particles in the field and along the

y-axis to be acted upon by the two travelling waves in an

-~ -equal-and opposite fashion (see Fig. 44) so that,

0 from right wave * Uat x=0 fromlefﬁﬁwave): 0

This leftward wave does not satisfy the jet-interface

Y

¢ found fron

(13)

(14)

(15)

(16)

(17)

and @, are the same as in the rightward




; ] » S AN i » » 2 3 AL : A re i For g ' “y R Fa ’
boundary condition ard so the sum of the iwo connonente aleo
Co roL salinly the Thundary condition,  lorcover the vieleoity

conirituticen at the oririn vy thece two waves ¢o not cancel

anc we are left with a non-zero velocity v at tre crifFin,
. J :

i

The thirad conmponent of flow should force Vi o 0 at the origin

and maxe the sum of the three components satiefy the jet
interface beurndary condition, The third flow comrorent was
ascunca to have a potential function in the form of a
truncated cosine rourier series, The necessary truncation
implies an approx'mation.. Such an even function will pre-
serve the wall boundary condi tion (Fan, 9). Thus tne
Ffourler wave 1s deccribed by

it |
o it e = e = m_ ., e -of cov']{ nx €Y7
gfourlcr n=l  Tom | o (15)

This function was chosen so that its fundamental component

has a wavelength egual to twice the distance K (see’Fig. L} 5)

For distances gréater‘%hanzxm;from~the origin the
Fourier function repeats itéelf reriodically as shown in
rFigg L6, ?Thusthesolutionxfor.x>xm4isanof.generally-
physically meaningful, In particular we want the contri-

bution of the Fourier function +o tend to zero for dlstances

approaching X,. This is so because we are 1ntere ted in

solutions where energy prOpogateS rightwardszonly. Although




the leftword travelline ceomvonent wirich we revtioned earlier
does indicate lef tward vropo;atinge enerecy, thia does not

¢
inply that the overall enersy is rroposating to the 1eft,

fre boundary conditions specificd so far do noit nre-
clude colutions wihich have leftwore vravelline enerry;
indeed, the boundary conditions are no® connlete, For
exanple, V3 at any Tinite % could be included as an additional
boundary condition and the component solutiors (which are
added on to the rightward wave) found., The recsult would be
an undesired standing wave pattern. Such soluticns were
seeningly unavoidable with other formulations of the
solution, and caused a few headaches,

The breakdown of the solution into the three comoonents
1s desipgned specifically to overcome this problem. The
rightward traﬁelling vave in effect constitutes a right-end
boundary condition, The other two component solutions are
aaded to achieve the boundary~c6nditions at x=0, "The 7
effects of these additional conponents should not therefore
change the situation to the right. This was made certain
in the case of the leftward travelling wave (Eqn. 17) where
the tranSverse'velobitieb4and their x=derivatives decay
eXponentially to%zero‘for“laﬁgéfi; fThuéféféfiféfibﬁwa”w'””“

success is whether the contribution of tre Fourier fungction .

to the velocities and their x-derivativeés also cecays for

large x and is very small for X = x,, This situation

25




resulted, fortunately. (See Fip, 47),

"he reguiresent that vj ¢rould vanish at the origin

Fives one conplex boundary ecquaticn with ¥ comples unknowns

ape Or two reol bourdary eguations with 2K real unkrovns.

In particular, the centritution to Vs from the two exronential

"‘

waves is 2 g (-k -jb), and from the Fourier wave is

s
A

8my Which can be divicded into real and imaginary parts,

)

1

[ )

(ap + J a3),. Egquating the real and imaginary parts gives

K

L (ap), =2 4, k

m=1 (20)

kK
Z (as)y, =
m=1 .

"
™o

o
o’

(21)

.Anothércomplex eguation withk the same unknowns is
gotten by substituting the sum of the three component flows
into the coupled boundary equation at a specific location on
the x-axis, In particular, substituting and grouping all
the known terms onto the left we obtain

e PRHIERy (5 g 2 g, (k- jb)
Wo

sy g v2
| k2 z@/ o ( ~k-Jb) (b=-jk) 2"5;(2

»

¥ #o22 (b-jk) (-k-jb) (2 o7 Jiex)
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K . K
cCO8 Y. .My + o a cos k.m
I‘ r&' [ Lad O O
=1 ‘o ~o rn=1

[ 2

N

3 2
P . *
> hﬂkom COS komx

r=1

eV t
=) — - -a,kgn sin ko -

W =)

I

(22)

In this equation the terms of the right travellinrs wave have
been cancellec; the rirsht wave by itcelf satisfies the
equation. Cne such equation can te wriiten for each specific
location x, anc thus a sys*em of eguations with the same
unknovms can be written. ¥ -1 coupled toundary ecguations

plus the equation for V3 at the origin would uniquely

specify the K unknovns, If thece K locations are situated

closely enough within the distance Xp, and the desired decay

with.increézzhgx 1s manifest, we infer that the solution is
reasonably accurate,

These equations involve complex quantities and so
when converted to real numbers result in twice the number

of equations and unknowns, These equations are arranged in

a matrix formi




RH812 ®* o & 6 6 0 b RHSI,ZK ﬁrl Lysl

Ty

RHSZZ : . 2407029

d rK .

W)

11

(23)
Each row is an equation written for a particular location

X, 0<x<x The last two eguations specify the zéero

me

velocity condition at the origin (Egqns 20 and 21). The

solution of these (2L + 2) equations was done on the

C.D.C. 6400 computer using the FLIXPK I‘atrix Package (3).
In practice solutions of these (2L + 2) equations and

(2L + 2) unknowns~gaVe-rise‘t0 ashigh‘frequEncy'oscillation.

4 o {"
‘in the values of v of the Fourier wave along x, The

frequency corresponded with the frequency of the last

component of the Fourier Series, As a consecguence, the

desired decay wiih.increasing X did not occur. A maihemati@al

4
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il1l-corditioning was gucpected since the cpacings of the

ol

locntions wor precisely the Yalf wavelensth of the hirkeet

oL oA

! 1 »
" e B | . LI o AN AN R AT E % " v .2 R ‘;. Y . : . F B ARY. 4 - !l . & % o . v ¥ 55 [
roeurer conponent, It wirn cecioed to ne tre nuster of

R NI N X 4 Y g -3 .y - Sl e .. e, N s en At i .
wirnowne an the given cet of couations two leco tian tre

nuater of cquationg, causing a redundancy in the sveten

2

3

of cguaticre, Since ro e:ract solution is vos

The

N

ble a2 nmini-
d,

il on

c
v . - "* . oy oy . IS . v~ I 3 [3 ™ g
[LYZ001CTnn : rTroCcoes s {)u: SESRN XM }’:ji L IXrovn wWas uc

detells follov,

The syster of eguations .

e
=
p—

o)
=2

)
[ ]

-0

-

0N
o

—
@
—a

2O
-
O
N
N
~C
DN
R
o
)
@
DO

or

-

L

where K<L has more equations than unknowns. fThis

is rearranged as shown on the following vage. ; |




0 ' . ) D
R21 R22 « » 2, 7 2 2

where E 1is the deviation from zero caused in every equation
by the final solution ayg., This present method requires
that the sum of the error squared £ E, bYe mininized,

=1 Rlnaﬁ*el> +-(.

| o RN

I

h b=

(26)
Differentiating the left hand side of this equation with

respect to aj;, as . . . a3 and setting equal to zero we

obtain K equations with K unknovmns,
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(23)

The solution of such a systen of equations with ¥ unknowns
and K cquations yielcded food results, o long as the com-
ponent errors vere weighted reasonably,

féinee'thé vrocess involves a redundancy of eguations
ana the final solution is just a best £IT for the given
equations, a frecdom of choice exists in the etiphasis of
any particular equation which will tell in the result, The
weighting of a particular equation is enhanced by rmulti-

hout by a big weighting factor.

S

(m )

plying the eguation throug

-In the present work initial ans: er_waldwnotwyleld cgrrect
results near the origin, 2y weighting the OPlEIn:GOuatiONS

to 3 masnltude comparable wlth the other equations a reauon—

Q)

ble solutlon was obtalnec.




The final recult, the zus of the exronential and

hoy ] : . - o EY PE » = " + ¢ ‘J%_-. - ,’ 3 2 ) N E > . “ 3 = .; !
rourner waven, cotialices 211 boundary conditions, This was

(ﬂ#

- . % s A be P A e ¢ - e e S, : : A B
ot:liines il the Yer af ransverse velocity of the wave at

every clgereie roint,  The prance velocity of this wave,
. 3 al < L2 ~ . L} ¥ g -~ I LI 5 h . Y 3 .
which 13 of particular interest, can be ol “qired by a simple

cerivetion,

The transverse velocities are of the form

Vs (x) = (f (x) + j ¢ (x)) ejdt
= (f (x) cosdt - 7 () sincﬂt)
+ ] (g (x) coswdt + £ (x) sinth)
wvhere f and g are the real and inaginary varts which were

listed out seperately by the conmputer.

The vanishing of the real component of Vi

(x) coswt -~ g (x) sinth), cefines the crossover points

of the transverse velocity wave,
Thus, for the crossover points,

I (

- = tan Ot
g (

2
)

Differentiating with respect to x,

PN 125

fox)?() 5% §@?=Qsm?mﬁ

The desired hhase veleci tv of the crossovers is d- y O

=@, _(#°+1?) S
(f'g-g'f) | (2@)

The amplitude of the wave envelove at every point x is
a Je? 1 18,
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Tre rhace velocity of the erecte or trouris of thre

Wave, Vo wWas slnilarly arrvived ot by definin~s tre location

of the crects and trourns (or peaks) where dv;

w = 0.
(s

-~ e

-
A d

The relation is 4

g
-(.) {'—’f' 4 {0
D"' L

\"
p 1" ! TN By [
fret-2re (30)

At the oririn the prase velocitice of the croscovers ang
thoce of the peaks must he, anc¢ indeed were, different by
a factor of 2,

At the origin - -
L o4 L

Voc = bimyeg |-

SR |
‘-,;
Ne : co4

Using L'Fespital'c rule,

[ ' 2 o0 2
VDC = 2 X . & + = 2 . VDD
o VPN slis '
L £ chl (31)

The theoreticél phase velocity curves are shown in Fig. 55.
Experimental data were taken severately for the two phase
velocities shown in Figs, 14 to 25,

A typical conruter solution of the invisgecid wave
theory ig presented in detail in what follows,
theory for a representative Strouhal number of C:06°9,

For the rightwarg wave,

b= 1eb5 in

k = 123 in (See .Fig, 40)

{

g was rather arbitrarily taken to be 0¢1,

33
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s . gt S ,‘ _ . o e - s = ,‘ql & . » . .
Sixty discrete leocations were ovenly distrituted over a
g1 incl lensth tie nunter o Feurier cosonents woae two

LA |

o 4
Jorn

lecs at o7,  he cubal rumber i referred to o nesele
vicdth of 1/8 inches, rFiving a vavelerresth of 512 inchis,
“he reculte of the tranaveres velecitics are seprrated
into their real and imaginery peris. IT the real rart is
taken to be the velocity at insiont zero, zthe nerative of
-the 1maginary part ic the velocity at a quarter of a time
period later, “The velocity for the seccend half of the
cycle is the negative of that for the first half,
by recalling that

eJd& = (vpy cos Ot - Vipsindt)

+i(vip cog @t + viysindt)

The real part of the second expression is the actual velocity,

giving N
Vi = 4" Vi at time = 0

= - vin at time = 1/4 time period
= - vy at time = 1/2 time veriod
= Vimf at time = 3/4 time period
= tine = 1°ﬂtime period

The important decisions in these comoutatlons were the

spacing between every dlucrete locatlan at which the

boundary condiﬁiQHSzare satisfied and the total number of
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