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ABSTRACT

In the past decade there has been some exploration In using
truth values other than the usual {T,F} or {0,1} values. In
particular this was done by Dana Scott constructing Boolean Valued
Models of Set Theory, Richard Mansfield resulting in Boolean Ultra-
powers, and L, A, Zadeh developing Fuzzy Sets.

Boolean Valued Models for Set Theory generalizes the Boolean
algebra of {0,1} to any complete Boolean algebra. Boolean ultra-
powers investigate the generalization of thé Boolean algebra 2! to
an arbitrary complete Boolean algebra. Fuzzy sets take values in the
interval [0,1] instead of the usual {0,1} wvalues.

In this paper we briefly look at each of these three concepts,
and then compare the three, keeping in mind the possibility of using
values of an arbitrary Boolean algebra for Fuzzy Sets instead of the

interval [0,1].



CHAPTER 1
BOOLEAN VALUED MODELS OF SET THEORY

When we formulate the axioms of set theory, we have In mind
‘an intultive ldea of "sets", Mathematicians have discovered that
certain objects and relatlions (i.e., point, line, betweenness, group,
set, etc,) are best regarded as undefined notlons with specifled
properties,

These properties or axioms should be specified in such a
manner that no paradoxes or inconsistenclies result, A theory is
Inconsistent if It contains a formula ® such that both & and &
are theorems, If the theory contains no formula ® such that both
® and  are theorems, it is consistent, Once a consistent set
of axioms i§ written down, we can freely study any structure for
which the axioms hold, This usually Includes a much broader scope
of structures than the original notions for which the axioms were
specified,

Axlomatic set theory is incomplete; that is, there are some
statements in set theory which can neither be proved nor disproved,
In particular Godel's Incompleteness Theorem Implies that using the
axioms of set theory, we cannot prove that set theory is inconsistent,

There are certain properties which we feel are true In our
Intuitive Idea of set theory but which are not theorems of the

formal set theory., To make the theory more like our Intultive concept,



we add more axloms to those which we already have, Naturally, the
new axioms must be consistent with the old ones.

When we add an additlonal axiom, A, to the axioms we started
with, we want to know If the theory now says more than it did before,
Do any new theorems result? [n other words, Is A independent of the
other»axloms? One way to show A Is independent Is to find a model
satisfying the original axioms and the negation of A; that Is, to
find an interpretation in which the original axioms and A are true
and which is consistent. In logic this is known as the Completeness
Theorem: A set of axions T is consistent if and only If T has a
model, |

We will consider models of set theory in which the predicate
€ will take values In any Boolean algebra, instead of the 2-valued
Boolean algebra, {0,1}. The use of these Boolean-valued models for
set theory Is in cbnstructlng independence proofs,

We now attempt to give the reader a brief background, We
first develop the Idea of a Boolean algebra. A set X Is a partially
ordered set if it satisfles the following properties:

a) Reflexivity-- for all xeX, xg<x.

b) Antisymmetry-- for all x, yeX, {f x<y and y<x,

then x=y,
c) Transitivity-- for all x, y, zeX, If x<y and y<z,
then x<z.
A Lattice Is a partially ordered set in which each two element

subset, &,y}, has both a supremum denoted xVy and an infimum denoted

xAy, For any lattice the following identities hold:



a) xVymyVx xAy=yAx
b) xV(yVz)=(xVy)vz xA (yAz)=(xAy)Az
c) (xVy)Ay=y (xAy) Vy=y

A lattice L Is complemented if it has a maximum element, 1,
a minimum element, 0, and if for each xeL there is an element yelL
satisfyfing: xVy=1 and xAy=0, A lattice LAls distributive if for
all x, y, zel the following identities hold:

(xVy)Az=(xAz)V(yAz)
(xAy)Vz=(xvz)A(yVz)

A Boolean algebra Is a complemented distributive lattice with at
least two elements,

We also want our Boolean algebra to be complete, that |s,
each set of any number of elements has both an infimum and a supremum,
We desire this so that we can find values of statements involving
quantifiers, such as 3xdx, To avold confusing symbols of Boolean.
algebra with logical symbols, we will use the following notation for
Boolean algebra:

+ for V, the supremum of two elements,

* for A, the infimum of two elements,

L for the supremum of more than two elements,

I for the infimum of more than two elements,

A model is an interpretation of the predicates, constants, and
free variables of a language which results In each sentence being gliven
a value, The values given are usually either 0 (false) or 1 (true).
For example, consider the sentence o , which Is vyo M(vo). If we
lnéerpret M as the predicate ''Is an Aslan,'" then o Is true If we

interpret the variables as ranging over all Vietnamese, and false if



we interpret the varlables as ranging over all physicists, However,
-

If we Interpret M to be '"Is a scientlst,! then g is true If we
interpret the variables as ranging over all physicists, and false If
we Interpret the varlables as ranglng over all Vietnamese.

A model of Set Theory is an interpretation of constants,
variables, and the predicate ¢ in such a way that the sen-
tences which are axioms of set theory are true. In our model a true
sentence has the value 1 in the Boolean algebra.

Set theory starts with two concepts:

A Universe % ----a structure satisfying the axioms of set
theory. ¥ is basically a collection of
objects called sets,

A single binary relation € (called a membership
relation).

The axioms of set theory (the properties we want ¢ and = to have) are:

Extensionality---no two distinct sets in Y have the same
elements.,

caed e ¥x¥y [¥z(zex<+rzey)+x=y]

Union===~--=ccc=- to every set A there corresponds a set B
whose members are precisely the members
of the members of A,
¥x3Iy¥z[zey«>3t (texAzet)]

Replacement=~===- suppose a formula E(x,y,a- ,..., a,_y) deflines

' a singulary functional re atlon w*t&
parameters a , ...,a,.). Let A be any set,
The universe M contains a set B whose
elements are the images of this functional
relation for those ?l?ments of A ln I;s domain,
¥YX_o0ofx [VxVyVy E(X,¥Y X poovepXpm
AE?x,y',& yoossXpay)ry=y' j+9t3wVv k=1
[vewe3ulTetAE (u,v »XgseeesXy-1)11]

Power Set======-- given a set A there exists a set B whose
members are just A's subsets,
Yx3Iy¥z[zey+rzex])

Infinity====-===- there is an ordinal which is not finite,
Ix [0exAYy (yex>yU{ylex)]



Foundation==-===-= every non-empty set has an element which Is
disjoint from It,

Vx [x#@> Jy (yexAy Nl x=p]
Cholce===m-wmccr=- If a is a set of palirwise disjoint but non- *
empty sets, then there Is a set whose
intersectlons with elements of a are always
singletons,
¥a [[Vx(xea +xAf) A ¥xYy(xeaAyca +
(x=y ¥xNy=g))] + Ib¥xJu(xea+bll x= {u} )]
Shortly, we will proceed to define a universg V(B) and
predicates eand =, V ( 3), €, and = will be defined In such a
way that for any two objects of V( B), a and b, values P and Q of
a Boolean algebra will be associated with agb and a=b respectively,
These will be called the 'Boolean values'" of a eb and a=b denoted
by |laeb|| and ||a=b]].

With our Intuitive concept of g given two sets a and b,
either a is an element of b, or a Is not an element of b, That Is,
a eb takes on the value of 0 or 1, By taking values from a Boolean
algebra other than the usual 2-valued Boolean algebra, we can allow
for other possibilities of truth values. If a is likely to be.an
element of b with probability P say, then we will assign ||aeb]]| = P,
where P is a Boolean value,

Example: Suppose we have a set C of 20 coins (Cy,..e,Cpp),

and we define a subset of C as follows:

b = the set of all coins in C which when fllpped, land heads up,

Let C; be a two-headed coin, then ||C| eb||= 1., If c, Is a two=

talled coln, ||C; eb]|=0. Now suppose C3 Is a symmetric coin, and is

§s likely to land heads up as talls up. We will assign ||C3eb|| a truth



value B' which is a %oolean value, where By can be thought of as the
value assigned to the statement "a symmetric coin will land heads up."
If a coln €5 were loaded so that it would come up heads 30 percent
of the time, ||C10€b|| would be assigned a value B,, Bz is also a
Boolean value,

More complex statements car be made from members of V(R),C R
and = using the following rules:

a) Each member of V(B) is a term,
b) If p and q are terms, then (p=d) and (peq) are sentences.

c) If x is a variable and X is a sentence, then ¥xX is a
sentence,
d) If X and Y are sertences, VX and XAY are sentences.’

Once peq and p=q have been given values, all sentences can be assigned

values in a natural way.

£l =0

HTl] =1

[lov¥]| = lle]] + Il¥]|
oawl] = [lef] « []¥[!
[nel] = -11e]|

HAwoluw) ]| = ugv(B)]l@(U)'l
I]Vu@(u)ll = uEV(B)I'é(U)II

Taking a look at membershin, aeb thought of in the usual sense

takes on the value of the characteristic function corresponding to

b, ub(a)v
up(a) =1 if aeb
ub(a) =0 if ~(aeb)

1, J, B. Rosser, Simplified Independence Proofs, p. 35.




We can dispense with b, and replace it by u obtaining a function u
with values 0 and 1 rather than a set b with members and nonmembers.
Then acu is a statement havingvtruth valuelu(a).
Then the standard universe V= {\6: a Is an ordinal number}

where Vaafxzig[(§<a)A[x<V£]]} can be thought of as V(z)- {Va(z): a

is an ordinal number} where V(2)={ue2d°m(u):3&[(E<Q)A[dom(u)gv (2)]]}.
The Boolean valued analog in which we are interested is V(B)-

{V(B): o is an ordinal number} where Va(3)={ue8d°m(“):35
[[§<a]A[dom(u)eva(B)]]}. A Mset" of level a will be a function u
whose values are elements of the Boolean algebra and whose domain

(dom(u)) is included In some earlier level, The first few levels are:

(8)
Va =0
v, (B) = {0} {{<0,b>}:bep)

We will say that a formula & is B-valid in V(B) 1£f ||o]] = 1
and we see that

THEOREM: All the rules and axioms of propositional calculus are
B-valid, and all the rules and axioms of predicate calculus are .
g-valid,.?

Now we want the axioms of set theory to hold in the model, So
we make the folld&ing definition keeping the axiom of extensionality

in mind,

For all u, veV(B)
| Juev]]| = yedo:%(v) (1] (yev)A(u=y) |])

2 A1)l definitions and theorems of Boolean Valued Models for Set

Theory will be from D, Scott and R, Solovay ''Lectures on Boolean
Valued Models for Set Theory', pp. 4, 10-13, 20,



which Is
[luev|]| = 2 (V(x) [ Ju=y}| )
y €

[Ju=v]| = (“ (xeu) + (xev)||)°

xgdom

" (1] tyev) > (yeu) | ])

yedom (v)
111 S gomedy @ = Txevl D)

i (viy)=>]|yeul])
yedofd (v) :
We see that

(1) the predecessors of uev are the u=y for yedom(v),

(1i) the predecessors of u=v are the xev for xedom(u)
together with yeu for yedom(v), Since xedom(u)
is well founded, the relation is well founded.

From this definition we can verlify

THEOREM: All the axioms of e?uality are B-valld' Indeed
for all u, v, wev(

(1 | u-ul = ]

(11)  u(x)2 ||xeul|for xedom(u)
(111) llu=v|l= v=u

(tv) usy ||| lvew|| <||u=w]]
(v) u=u'|]ejuev]] < u‘ev
(vi) vav!||e]||uev]] < |luev!

COROLLARY: For any formula ®(u) and all u, veV(B)

[u=v]]:]]oCu) | ]<][¢W]]
COROLLARY: For any formula &(x) and all uev (B)

Il x[(xen)d & COIIT = Ty (ulx)e

x )
H”x[(x]et!n) > 0(x)1]] -

Hetx) }] )

The axloms of set theory can be shown to be valid in the model,

Xedgm(U) (u(x)%p

Once agalin they are:



1 Extensionallty v Infinlty

n Unlon v Foundation
111 Power Set Vit Cholce
v Replacement

| will go through a proof of the Foundation axlom:
Vx[¥y[ (yex)+®(y) 1+ (x) 1+¥xd (x)
Proof

Let b =| P’x V’[ (yex)+0(y)1»2(x)]1||. We show by inductlon
that xeV (B impiies bg]]6(x)||. Assume for yedom(x) that
b<||®(y)|| then

bs T Ix(y)=||ely)||1=]|Vy[(yex)+2(y)]1]]

yedom (x
but bg| [Vy[(yex)+o(y)1]] 2]l (x)]]
so bg|le(x) ]|

As we can see, the Boolean valued interpretation of

{U, ¢, =)1s a model of set theory. Also the Boolean algebra {0.1}.
the usual notion of truth, is just a specific instance of the general
Boolean values Models of Set Theory which we have defined. Now by
producing a Boolean valued model in which the continuum hypothesis,
>{-2“, is false we can demonstrate independence of the Continuum
Hypothesis. Simllarly by constructing appropriate models we can show
the independence of V=L and the Independence of the axiom of cholice
from the other axioms of set theory. Anyone wishing to pursue these

models should consult Simplified Independence Proofs by Rosser,

10



CHAPTER 2
BOOLEAN ULTRAPOWERS

The ldea of ‘using an arblitrary Boolean algebra Instead of the
usual Boolean algebra Is also used in the theory of Ultrapowers, As
before, we will give some background into the subject,

A fllter In a lattice L Is a non-empty subset F of L which
satisfles:

a) for all x,yef, xAyeF
b) for all x€F and yEL, if xSy then ygFf

Fllters In a Boolean algebra.B are subsets of 8 wlith certaln proper-
ties, They can be ordered by set inclusion, An Ultrafliliter is a max-
imal filter with respect to this ordering, A more useful way to look
at ultrafilters Is: If F Is a filter in a Boolean algebraB, then F
is an ultrafilter If for each xeB efther xefF or x*cF but not both,
(Here x* denotes the compl@ment of x,)
A relational structure, %, is written U= (A, RE;) where the RE
are relations on A, The RE can be thought of as functions from
powers of A into {0,1}, All relational structures will be of the same
type. Let I be an Index set, and for icl let U = (A|,R> be a relation-
al structure, H| slAl Is the carteslan product of the sets A,
Let f, g be elements of TA,. We denote the Ith coordinate of f by f(i).
Let F be an ultrafilter on the power set Boolean algebra of |,

(P(l)!E?. We define the equivalence relation vF on HAy by fre g
1f and only if [iel: (i) = g(i)}eF. For each fell A; we let f/R

be the equivalence class to which f belongs under the relation A~F, and

1



we let TA;/F = (f/F: fellA} . MU /F=KTA;/F,Re? Is called an

ultraproduct, If for each iel, U, = U, the ultraproduct is denoted by

|

! /F and is called an ultrapower:
Let d= {A, R57 and 1= ¢B, SE> be two relatlonal structures,

U is a substructure of T, and T is an extension of U (written UsT) If

AsB and each of the relations of U is the restriction of the corres~

ponding relation of T to A, U is elementarily equivalent to T, =T,

if each sentence of the language which is true inYU Is also true in T,

In other words, %A=T if for each sentence 0, UFo Iff TFO, U

is an elementary substructure of §, and T is an elementary extensfon of U

(written U4T)if UST and for any formula ®(vp,...,v,) of the language

and any ag,...,a, in A Ykd[a,,...,a,] 1ff olaj,...,a,]. An

embedding hof {into T is sald to be an elementary embedding of Y into

T If for each formula &(vp,...,v,) of the language and any ag,..., a,

in A we have ufdlag,..., a,] 1ff TF®[h(ag),..., hlap)]l, Thus

ifUsy U{Tiff the injection of Y into T Is an elementary embeddlng:
To construct a Boolean ultrapower we must develop a Boolean-

valued counterpart to w!, A first order Boolean-valued model consists

of a set M together with a collection of functions from various finite

powers of M into a complete Boolean algebra, &, These fﬁnctlons can

be considered 8 ~valued relations on M; The truth value for sentences,

l12{| , Is the same as in Boolean-valued models for set theory, That is

%, J. L. Bell and A, B, Slomson, Models and Ultraproducts, pp. 87-89,
* . 1bid, pp. 73-75, o

12



[ [R(my ceom )] = R(m' coom )
[level| = []e]] []¥]]

[[ne[] = ~fle]]

Ixé (x) -mrénlmm)ll

We now let U=(A, R'> be'an arbitg;ry two-valued structure and
construct a B-valued elementary extension‘u(8)=<ﬁ(8), Ré>. The base
set of this elementary extension is the set of all functions from A
into B whose ranges partition B8, {feBA:Vn,meA[m#n+f(n)+f(m)=0]%2£(m)-l}.
If R is an n-place relation on A, we extend it to a R-valued relation
on A(B) by R(Flpeees fp) =n{,§|f,(m,):<m;> eA"AR(my .. om )} =
R(m,..l.I mn)élfi(m,).’

For example, the equality relation Is ||f=g]| =mEnf(m) +‘g(n) -
g f(m) + g(m). We can see, as was true with Boolean valued models of
set theory, the properties of general Boolean truth values are the same
as the special case of the 2-valued Boplean truth,
THEOREM: For a formula & In the language of U,
[olf),eees £)]] = (mysenym ) igif'(m|).

(g)

For a fixed m in A we can define a characterlistic function m* In A H

m* (x) =f Ifx=m
Difx¢¥Em

From this we get:

5. A1l theorems, definitlions, and equations of Boolean ultraproducts

are from Richard Mansfield, "The Theory of Boolean Ultraproducts",
Anals of Mathematical Logic 2, pp. 298-305,

13



COROLLARY: The map m*m* |s an elementary embedding of U Into
yu(B), This means ih?t a sentence &(m *,...,mk*)
has value one in U'B) j¢f &(my,.e0,m ) Is true In
U, and d(my*,.,,,m,*) has value zero in y(B) yee
Q(m‘,...,mn) is fatse InU,

We can reason directly from the corollary that the equallity
axloms are B-valid in 7.((8).

[1£=f1] =

[Tf=0]| = ||o=f]|

[1f=g]] + |lg=h|| s ||f=h]]
[1f=9]| + |]2(@)]] s ||o(R)]]
Also ||f=m*|| = £(m)
Now, for feAB) the condition that T||f(m)]] = 1 translates to
m
mImeAAf = m] which is really feA. So A{B) Is the set A with the
objects f such that ||feA|| = 1. We see that A(B) is very large, and
so we cannot extend it by the same procedure to something bigger,
THEOREM: If {bi}is is a pairwise disjoint collection )
‘ from Bam!l {f'}“:| is any collection fromu (B
there Is an f in U(B) with || = f,llzb,. If In
addition I;Ibi = | this f is unique. .
We also note that:
For any formula &(x) there is an f in A(B) with
| Bxe(x) | |=][o(f)]]
Now we are ready to define a Boolean ultrapower, For v an ar-

u(B)

bitrary ultrafilter on B we can define a two valued model

(g)

/v,
called the (B,v) ultrapower of U~ . This is done by faétoring B valued

relations on A(B) by the ultrafilter v, Symbolically this Is written

14



11(8)/\) F R(fl""’fn) 1ff R(f],...,fn)r-:v . Immediately we see
from the definition that a formula & (fl,....fn) Is true hw?[s)/v
1£f Ilo(fl,...,fn)llev , and that uB)/y s an elementary extension
of U.

Finally we note that the case of Boolean untrapower 8= 2!
corresponds to the normal concept of ultrapowers. There is an
isomorphism which takes an f in u! to the map m-f~1{m} In u(2|),
and hence 1&2|)/v 2= ol/y. So we see that Boolean ultrapowers are
a generalization of ultrapowers, We further observe that V(B) of
Boolean Valued Models for Set Theory Is a special case of A(B) as

dealt with by Mansfield., Some work on V(B) as an ultrapower was done

by Scott,®

. D. Scott, Boolean Valued Models for Set Theory, pp. 49-53,
15 | .



CHAPTER 3
FUZZY SETS

in deductive logic, it Is assumed that every proposition {s
elther true or false, This Is formally expressed in the axiomatlc
propositional calculus by the law of the excluded middle, This two-
valued logic fits nicely Into the design of switching systems because
of its simplicity and the fact that basic switching modules In
common use are two propositional, The difficulty has come in that,
although simple and convenient, this approach does not mesh wlth
most real world problems. Real life situations are often amblguous;
and variables usually have values other than truth or falsehood,

For example, the set of all beautiful women Is a set having loosely
(fuzzily) defined attributes, and the concept of "belonging to a set"
does not take on the usual two-valued, true-false logic, The classi=
flcation of a woman as a beautiful woman is subjective In nature and
depends on the person doing the classification, his background, his
mood, etc.

A few more examples:

1) The set of all poor people. (Do graduate students belong
to this set? Do professors?)

2) The set of all large numbers, (Is 10,000 a member of
thls set?)

3) The set of all tall men. (You would probably not belong
to this set If you lived among the Watusi tribe of Africa,
However, you would most likely qualify for membership
among a pigmi tribe in South America, Do you feel you
are a member?)

16



We need a way to deal with fuzzily defined sets, whose members
do not possess sharply defined attributes. L. A. Zadeh proposed a
“fuzzy set'" in order to deal with the problem.” A fuzzy set Is a class
In which there may be a continous infinity of grades of membership,
with the grade of membership of an object x in a fuzzy set A repre-
sented by a number uA(x) In the interval [0,1].

For example, consider the set of large numbers, A, and ascribe
to 0, 5, 101, 1050, and 100,000 the membership grades of 0, 0, 0,134,
0.314, and 1,0 respectively, Thus we see uA(5)=0, uA(1050)=0.3|k,
and uA(IOO,OOO)=I.O. Such an assignment is subjective, but is precise
and well-defined once it has been made,

Some definitions relating to fuzzy sets follow:®

EQUAL#TY Two fuzzy sets A andBIn a space X are equal,
A=B, [ff Hp(x)=pg(x) for all x in X. (We shall
write W =y, suppressing the X.)

CONTAINMENT A fuzzy set A is contained in a fuzzy set B,
AsB, 1ff WpSHg. That Is, for all x In X,
up(x}Sfig(x) 1FF AeB,

COMPLEMENTATION Atfuzzyset A' is the complement of a fuzzy

UNION The union of two fuzzy sets A and B, AUB, is
defined as the smallest fuzzy set containing
both A and B. From this we get the membership
function of AUB. uAUB(x)=Max {uA(x),uB(x)}.

INTERSECTION The Intersection of two fuzzy sets A and B,
ANB, is defined as the largest fuzzy set
contained_in both A and B. We know.the niembership

[

?

. L. A, Zadeh, "Fuzzy Sets,'" Information and Control 8, p.338.

. 'b‘d. PPe. 3“‘-31’5’ 350,
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function of A B to be p,p. (X)=Min
fuy (x) 15 ()} Al
A\X) sHp

SHADOW Consider a fuzzy set A In E" with membershlp
function up(x ,.ee,x ) with x=(x},.00,x,).
Let H be a hyperplane in E"., Let L be a line
orthogonal to H and let h be its point of
intersection with H, The shadow of A on H,
Sy(A), is a fuzzy set with uSH(A)(h)'s"pxﬁL
pa(x) andLgH(A)(x)=0 for xe€H,

FUZZY RELATION A fuzzy relation in X is a fuzzy set in the
product space XXX, For example, the relation

denoted by x »>y, x, yER may be regarded as a
fuzzy set A iIn R2 with a membership function

fA(x,y).
Using the definitions of Union, Intersection, and Complementa-
tion, we can develop a fuzzy logic., We will call a fuzzy variable
the membership grade of a variable In a set. For example, let x)=
uA(V|). X Is a fuzzy variable, We will use the operator + to denote
the maximum of the membership grades, * to denote the minimum of the
membership grades, and — to denote 1- the membership grade,
Fuzzy formulas are defined recursively, generated by fuzzy
variables X1s X2s eee X3S follows:
1) A variable x; Is a fuzzy formula. O and 1 are fuzzy
formulas.
2) 1f% 1s a fuzzy formula, then ¥ is a fuzzy formula,
2) If © and Yare fuzzy formulas, then Max {®,¥} and
Min {&,¥} are fuzzy formulas,
L) The above are the only fuzzy formulas,
When we examine the algebra on fuzzy sets, we see that we have
a complete distributive lattice with V =Max and A =Min, The lattice Is
not a complemented and hence not a Boolean algebra,

Zadeh's fuzzy sets with membership function on the interval [0,1]

can be generalized to an L-fuzzy set with membership function In some



complete distributive lattice, L, An L-fuzzy set A on a set X [s a
function A:X*L where L is a complete distributive lattice, When L
is the lattice with two elements, {0,1} we get something analogous to
set theory, where A can be thought of as the relation €C, where C €X,
Thus, the crisp or sharply defined case, although it Is the quall-
tative opposite of fuzziness, is technically a special case of an L-
fuzzy set, the case L={0,1}, The lattice [0,1] of fuzzy sets is also
a speclal case of an L-fuzzy set,

To make fuzzy sets more useful in decision processes, the
ideas of fuzzy restrictions and fuzzy algorithms were proposed, A
fuzzy restriction is; a fuzzy relation which acts as an elastic
constraint on the values that may be assigned to a varlable;’, Some
examples of fuzzy restrictlions are,

The soup 1s hot,

Mark is short,

Susan Is a blonde,

The car §s fast,

Dzidra Is a very beautiful woman,
Essentlially a fuzzy restriction limits the possible values of an object
by placlng It In a fuzzy subset of some class; either fuzzy or nonfuzzy,
of which we are talking. Thus Dzidra Is in a fuzzy subset of the fuzzy
set of beautiful women; namely the set of very beautiful women, Also
the fuzzy set of beautiful women Is a fuzzy subset of the set of women;

Fuzzy algorithms are fuzzy Instructions that deal wlth fuzzy

sets, One such instruction is, "If x Is large, Increase y by several

®, L. A, Zadeh, "Calculus of Fuzzy Restrictions", Fuzzy Sets
and Their Application to Cognitive and Decision Processes,
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units.," A nonfuzzy, or crisp, version of this instruction could be,
"“If x >1000, increase y by three units,”" In the crisp case we can
have_several instructions covering possible values of x:

If x21000, increase y by 5 units,

If 1005x<1000, increase y by 3 units,

If 05x<100, increase y by 2 units,

The fuzzy case can paralle) this with a set of fuzzy Instruc-
tions Cy, where | Is an index that ranges over a nonfuzzy set,

If x Is very larqge, increase y by a few units,

If x is large, increase y by many units,

If x is small, increase y by a lirtle,

If x is very small, increase y by several units,

Fuzzy sets and fuzzy algorithms will have practical use because
most realistic problems tend to be so complex as to be algorithmically
unsolvable or solvable in theory but not solvable practically, A
move in chess, although it theoretically possesses an ideal solution,
Is not feaslble due to the large number of potential moves which must
be considered. As a result, fuzzy, short-range goals are introduced
which make calculation of a move feasible, The military version of chess,
troop deployment and movement, is more complicated and has more varjables
involved such as terraln, psychological advantage of surprise, weather,
etc. Military strateglists have used fuzzy.goals in their thinking for
centuries, Pattern recognition Is another area where fuzzy sets and
fuzzy algorithms may be applicable. Fuzzy criteria may be set up to

deélde If a letter Is the letter ''B' or whether it Is another letter,

Fuzzy sets can be used in programming a robot or machine to do certaln

20



Jobs, In psychology fuzzy sets would be useful! in the study of learn-

Ing and memory,



CHAPTER &4
CONCLUSIONS

Although the concept of Fuzzy Sets was developed for different
reasons and has different applications than either Boolean-valued
models of Set Theory or Boolean-valued ultrapowers, the concepts do
have some connections, The Immediate similarity is that a complete
Boolean algebra Is a complete distributive lattice., The difference
Is that two elements of a Boolean algebra have supremum and infimum
operators, while the operators In fuzzy set theory are maximum and
minimum, The theorles are different generalizations of the case of
the 2-valued Boolean algebra {0,1} when maximum and minimum are
respectively equivalent to supremum and infimum,

The fact that the lattice [0,1] of fuzzy sets Is not comple-
mented does have advantages and is a very useful way of looking at an
object in relation to certain criteria of membership which are not
clearly defined, For example,

Let A = the numbers much larger than 1000

B = the numbers much smaller than 1000

C = the numbers much larger than 100,
We can say from this that A contains C. Also as we look at a number
X, we see that Intuitively Max {pﬁ(x), uh(xl} s uRUB(X)'
Fuzzy sets prove to be useful when we relate the sets themselves to
oné another,

It seems, however, that Zadeh's fuzzy sets, because of thelr

simplicity, are cumbersome for dealing with two or more objects and
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thelr respective membership functions in a certain fuzzy set, This
is evident by the fact that there haQe been several papers on the
simplification or minimization of combinations of membership func-
tions, Also our Intuition seems to want a stronger relationship between
objects, For example, suppose that sitting before you are three
d!nnefs:

Dinner X Is roast beef.

Dinner Y is lobster tatll,
Dinner Z iIs burnt black toast,

We want to ;onslder the fuzzy set A, the set of ''delicious meals', We
will assign the values HA(x) = 0.85, ua(y) = 0.9, and Wp(Z) = 0,005,
Suppose now that our best friend is having dinner and we want to serve
him a delicious meal, We want to carry two of the meals out to him
and let him choose which he wishes to eat., The value given 'Y [s a
delicious meal or Z is a delicious meal' Is Max {0.9, 0,005} = 0.9,
and likewlse the value glven "X is a delicious meal or Y is a deliclous
meal** Is Max {0.85, 0.9} = 0.9, According to our values there should
be no difference between a menu of lobster and burnt black toast, and
a menu of lobster and roast beef, Intultively this seems distorted,
Also our friend Is more likely to have a delicious meal If gliven the
cholice between roast beef and lobster as opposed to simply getting Iqbster.
One possibility, which to our knowledge has not been adequately
pursued, Is that of letting the membership function take on values of a

Boolean Algebra, This would be assigning xcA a Boolean value, as done

in Boolean-Valued Models of Set Theory, Or it could be thought of as
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assigning functions defined on some set Boolean values, as done with
Boolean Ultrapowers. A boolean-valued membership function would
alleviate the above problems of dealing with two or more objects,
There are slituations in which we would wnat some fuzzy sets to be
complemented, Suppose we are trying to recognize an alphabetic charac-
ter. We know, or assume that the object was intended to be a character,
It may not be clear, however, which character it Is, and so we get
the fuzzy subsets '"is a B", '"is a P", and so forth. The character
might be "B" or 'P'", but it is surely not both. Also Boolean-valued
assignments might help us deal with the context in which the character
was found,

One disadvantage of a Boolean valued membership function is
that it is more complicated, and we must be careful in our assign=
ment of values to objects. The reason for care is that supremums and
infimums which relate objects or sets to one another must be taken
into account during value assignment. One alternative which seems
very feasible Is to use a Boolean-valued membership function, and
where and when desirable, converting to a membership function on
[0,1] by taking a measure., This procedure would take advantage of
both concepts,

The concept of L-fuzzy sets, which has the same lattice
structure as Boolean valued fuzzy sets with the exception of comple-

mentation, should have a great deal of applications, However, most
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applied work has been done with fuzzy sets, and work on L-fuzzy sets
has not been In the area of applled problems, Boolean valued fuzzy
sets can be viewed as a specific part of L-fuzzy sets,

The idea of Boolean valued Fuzzy Sets may have some use in
certain situations, and as the subject of fuzzy sets s pursued by

Its growing number of researchers, these applications may become

clearer,
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