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ABSTRACT

An analytical expression for the shear stress field of
a semi-infinite dislocation wall and the stress contours
ére presented. The first order approximation of the ex-
pression is identical to the approximate formula previously
reported by Amelinckx and Li. The expression of the shear
stress field of a ledged dislocation wall is obtained by
the superp6tsition of two separated semi-infinite walls.

The stress contours are illustrated.

The dilatation field of a ledged dislocation wall is
analyzed. With the aid of the characteristics of the dila-
tation contours, an analytical approach to the volume
change of the dilatation field is presented. Both approxi-
mate and accurate expressions for the volume exchange of al
ledged dislocation wall are given. Based on these
analyses, the solute saturation effect around the ledge of
a dislocation wall is quantitatively estimated. The re-
sults indicate that the width of the ledge plays a dominant
role. in éolute saturation and that the solute saturation in
a ledged grain boundary may be higher by ;~2 orders of mag-
nitude than that of a perfect ledge-free gréin boundary.



I. Introduction

It is well known that a small angle tilt grain bound-
ary can be treated as an edge dislocation wall. Based
on first 6rder elastic continuum theory, analytical solu-
tions of the stresg fields of an infinite dislocation wall
were obta.ined.[1J It became evident that bécause the
fields of individual dislocations cancel each other, there
are no long range stress and strain fields for an infinite
dislocation wall. Some approximate expressions of the
stress fields at a large distance for a finite and a semi-
infinite dislocation wall have been reviewed by Li.[2]
The interaction and saturation of solutes with an infinite
dislocation wall have been discussed by Webb.( 3] These
fundamental studies were conducted in order to provide a
better understanding of the mechanical and chemical Be-
havior of the grain boundary.

Actual grain boundaries, however, are seldom
straight. Often many additional line defects are present,
such as, grain boundary dislocations and grain boundary
ledges. The modes of line defects of grain boundaries have
been described and summarized by Balluffi.[u] Direct ex-
perimental observations of grain boundary ledges via TEM
have been reported by several authors.[5] It is expected
that the formation of ledges in a grain boundary, i.e., a

dislocation wall, will distort the stress and strain fields



of the dislocation wall, especlially in the region around
the ledge. The greater the ledge width, the stronger the
distortion. In view of the fact that a large number of

ledges are often present along a grain boundary (e.g., a

b 107 (number/cm) in purified iron).[6] the

density of 10
mechanical and chemical behavior of a grain boundary with
a high dehsity of ledges might be quite different from
those of a grain boundary without ledges. For example,
the energy of the grain boundary and the saturation limi-
tation of solute atoms may correspondingly increase if
more ledges are present. From this point of view, a real
grain boundary may no longer be considered as a straight
dislocation wall, but as a wall with ledges. Thus, it is
essential to provide fundamental study concerning a dis-
location wall with ledges. The objectives of the present
work include:

(1) the analysis of the shear stress field of a ledged
dislocation wall, based on a detalled analysis of the
shear stress field of a semi-infinite dislocation wall,
and,

(2) the study of the characteristics of the dilatation

fields, volume change, and solute saturation of a disloca-

tion wall with ledges, based on both analytical and numer-

ical approaches.



II. The shear gtress field of a ledged dislocation wall

l. The shear stress field of a semi-infinite dis-
location wall

Because a ledged dislocation wall can be con-
sidered as a superimposition of two semi-infinite walls, a

study of a semi-infinite dislocation wall can be useful.

The stress fields of a semi-infinite wall can be expressed

as
ub - ey (3x2-y-2)

= - T (1)
‘°xx 27(1-vy) n=0 (x -Y, 2)

2 2
.= ___EB;__ - yn(x Y )
2n(1-v) n=0 (x v, )

pb o N

0 = = ———— T el ' (3)
2z 2n(1l-v) n=0 x2+y-n2
pb o x(x2+y 2)
0y = —— L 30— (4)
Y =m2qa(1-v) n=0 (x“+y;,°) ‘

where ; is the shear modulus
v 18 the Poisson's ratio

Yo=Y ‘nh, h is the spacing between two neighboring
dislocations

b is the purger's vector.

Apparently, the summation of Eq (1) ~ (3) is di-
vergent. On the other hand, as shown in Eq (4), the sum-
mation for shear stress °xy is convergent. A general
solution of this summation is considered to be diffi-

I



cult(?J(11] and will be discussed in detail in the latter
part of this paper. However, in some simple cases, when y
takes some special values of mh, or (% + m)h, (m being an
integer), Eq (4) can be simplified and expressed as
follows:

For y=0, i.e., along the abscissa,

ub = x[x?-(nh)?]

E = 72

2m(1-v) n=0 [x“+(nh)“]

b 1 o X
- - 3 - 3 csch2 —
2n(1-vy) 2% 2h"™ » h

oxy(x,o)

n

e oo (5)
For y = mh m=#1, 2, ., . .

ub =  x2-(mhinn)?
— L —3 53
2n(1-y) n=0 [x“-(mh+nh) ]

I

axy(x.mh)

pbx  m-1 x%-(nh)?
Ty W T3 22
2n(1-v) n=0 [x“+(nh)“]

(6)

cxy(X.O) -

Because the second term of this expression is only a finite
summation, the shear stress field can be computed pre-

cisely.

Similarly, if y=% and y=(%+m)h, m = £l, %2,

ubx ) x2- (%+nh)2

(x,8) = ——— 3 (7)
Sy 2 T Iy neo [x%+(Z+nn) %)
bx 2
_9___[ "2 l'f] o
2n(1-vy) 2h h _
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] eaet) - e
Xy \2 XY\"2] 2n(1-v) n=0 ;z-i-(nh-%-h)z 2

In order to obtain a general solution of Eq (4), a

trigamma function, V¥'(z), was first introduced, defined

by [8:’ 2

' d d 00 '
p(2) = — v(2)= —5 log [ (2) = = (10)
v (2) dz ¢ dz2 gl (= n=0 (n+z)2

where z is a complex argument and n is an integer.
Eq (4) can then be expressed as
1 bx ©  x%-(y+nh)?
T T3 22
2m(1-v) n=0 [x“+(y+nh)“]

Oxy{Xs¥) =

-nbx o 1 1
Tk z ¥ 2
2n(1-v) n=0 | [(nhty)+xi) [(nhty)-xiT]

b 1
bk (] o
2n(1l-v) 2h h h h h

By setting z =&+ %1 and Z = £ - }511 . (12)
(ay) = —22% 2 f(a) + v (E)) (13)
s = Dt + Y 1
oY) o e =] ’
(9]
since v(z) =y (2)

VD) = D) =TT =2 wz) =v(z) , W

we have |

vi(z) + v (z) =y (2) + ¥ (z) = 2Re(v'(2)] ,



and Eq (11) becomes

Oy X¥) = zBEy £ Rel[y' (2)] (15)

Equation (15) is the general expression for the shear
stress field of a semi-infinite dislocation wall. Here a
special function, y'(z), the trigamma function in complex
arguments, is involved. Because the values of trigamma
function V' (z) in complex arguments have not been pub-
lished, some data of Re[y'(z)] and Im [¢'(z)] are computed
and tabulated in Table 7 in the appendix. On the other
hand, ¥'(z) can be expanded in the form of the asymptomic
formula and the recurrence formula.

The asymptomic formula of ¥'(z) iaaEg]

1 1w (-1)¥p

'(2) ~= + —+ f ——m——— (16)
v A 22 k=1 22k+l
1 1 1 1 1 1
~ =4 = + - + -
VA 22 6z3 3025 u2z7 3029
. (17)
(z => o, |arg z|< m)

where By denotes the Bernoulli number.

The recurrence formula of ¥'(z) is given by[9]

8

1

Yr(z) = y'(z+tm) + E ]

n=1l

m=1, 2, 3. .. (18)

More detailed discussion about trigamma function ¢'(z) and

its asymptomic and recurrence formula will be found in the

7



appendix. By substituting Eq (17) and Eq (18) for Eq (15),
the explicit expressions for the shear stress field of a

gsemi-infinite dislocation wall are obtained as:

(2.3) -pbx 1 o 1 1 1 1 )( )
g X,y) ~—————— —5 Re|— + + - + . . .} (19
Xy 2m(1-v) W% \z 22° 622 3022
( ) ~ =pbx 1 R ( 1l 1l
o] X,y ~oTm———— e + + . c)
Xy 2m(1-v) ne z+m 2(z+m)2
m 1
(3 —2) (20)
n=1l (z+n-1)

m=1, 2, 3, + « &

For a relatively large value of |z], Eq (19) provides a
good approximation and can be used for computing the
values of Ty Note that Eq (19) is not valid when

" ]z] £ 1 and converges very slowly when |z] ~ 1. In these
cases, an appropriate value of positive integer m can be
selected to make |z+m| relatively large, and the values of
Oyy Can be computed using Eq (20).

Equation (19) and Eq (20) are more useful than Eq (4)
for computing the shear stress of a semi-infinite wall pe-
cause of rapid convergence. Further analysis of the devi-
ation of these expressions will be discussed in the
appendix. |

Some years ago, Amelinckx [11] and Li[lZJ derived a

formula for the shear stress field of a semi-infinite dis-

location wall which is valid only for the region far from



the origin, i.e., for large |z| value. Their formula is

as follows: .
...ubx y -

= . (21)
ny 21m(1l-y)

n(x%+y?)

It is interesting to note that Eq (21) is identical to the
first term of Eq (18), that is

-ubx 1 o (1)
ag ——, =3 RE{~—
XY 2a(1-y) K% \z

-ubx 1 R h(y-x1i)
2n(1-y) h® °

-ubx y
= ‘ (22)
- 2a(1-v) h(x2+y2)

Based on Eq (15), Eq (19), and Eq (20), the contour
of the shear stress field of a semi-infinite dislocation
wall is computed and plotted in Figure 1. A part of the
data for the stress field is tabulated in Téble 8 in the

appendix. It is seen that the Oy field in the upper half

plane where no dislocation existsyis similar to that of a
gingle dislocation,tl] but has a greater strength. The
ny field of the lower half region containing the disloca-
tion wall is similar to that of an infinite wall.[!] At a
large distance from the origin, the contour lines tend to
straighten out, in agreement with the approximate solution

of Eq (21) given by Li. In fact, for the contours of

Oxy = constant, Eq (21) can be written as



-ubx y -ubx 1
Opy = 53" = (= sin 2¢) = const.
Y 2m(1-v) n(x%+y°) 2m(1-y) 2

Thus, when 6 is constant, it indicates that the con-
tours are straight line at a large distance from the
origin.

2. The shear stress field of a ledged
{ dislocation wall.

Figure 2 shows a ledged dislocation wall which
consists of two semi-infinite diélocation walls I and II.
The shear stress of this ledged wall can be expressed as
the sum of the two semi-infinite walls,

Oy = ("xy)I + ,("xy)n (23)

If another semi-infinite dislocation wall, III,
denoted by the dashed lines in Figure 2, is introduced,
Eq (23) becomes

+ (

g,., = (g

xy (24)

+ .
xy'1 Seydrrr ¥ (Oxyd1r - (Oxyd1rn

Here, wall I and wall II constitute an infinite wall,

i.e.,

ubx nz cosh [Eﬂi%iél] . cos(gﬁx)-l

( + (a,.,) = ' : .

)

Oxy

. o s (25)

10



where E is the half width of the ledge. Combining Eq (25),
Eq (15), and Eq (24) yields

pbx 1l ﬂzeosh [Eﬂiﬁiil] cos Q%X - 1)

G = ———
0 2n(1-y) n? | [sinn® TEXEL 4+ g3n% W] 2

+ Re P (% + }';Tﬁi)] - Re‘[\b' (% + E;li’):l (26)

Equation (26) is the expression for the shear

stress field of a dislocation wall with a ledge of width
2¢. Figure 3 shows the shear stress contours of such a
ledged dislocation wall with ledge width 2¢ equal to h.

ITI. Dilatation field and volume change around
a ledge in a dislocation wall

1. Dilatation field and volume change of an
infinite dislocation wall

The dilatation field of an infinite dislocation
wall can be expressed as the sum of the dilatation fields

of the individual dislocations(>J

AV) oz b(l-zv)(4yn)
inf

v T zm(1-y) (x7Hy)
b(1-2v) 7 cos T , gin X
- - h h (27)

2n(1-y) h sin2%¥+sinha%§

The volume change of this dilatation field per

"11



unit area of the wall was set forth by WebbD] as follows:

(ZaV) 350 = -15 1% | 2/2 dxdydz
= =b(1-2y) , 0.79 -b(1-2v) (28)
8(1-v) 2m(1-v)

2. Dilatation field of a ledged dislocation \}gall

Similar to the discussion of the shear stress’
field, the dilatation field of a ledged dislocation wall,

as shown in Figure 2, can be expressed as

CSCERU I
v (V)I v/ I11 v/ v III

= b(1-2y) |{n sin(-'ﬁgl) . cos(’—?f)
2m(1-v) [?1 sin® (Zhl) +sinh2ﬂX_}':'€l]

oo y ‘ y
Je n__ n )
[ ((x €)%+ 2 (x+e)2+yr21 ]

b(l 2v) [ sin% -oo:sﬂx

4

" 2a(1-v) | h sin? (IEY) +Slnh2ﬂ-’;ﬂl
. bhexy, (29)
n=0 (y +?+y2)2 (2ex)? -

To find an explicit expression for the second

term in Eq (29) is difficult. However, this summation

12



converges rapidly because its denominator is 3 orders of
magnitude higher than its numerator and can be computed
numerically by taking a finite number of terms (e.g.,
n=100). Plots of dilatation contours for ledged dislo-
cation walls with the width ¢ equal to 0.25h, 0.5h, and
1.0h, are illustrated in Figures 4, 5, and 6, respec-
tively.

3. Characteristics of zero llnes of the dilatation

field of a ledged dislocation wall
Figure 7 shows the zero dilatation lines of an

infinite dislocation wall. Figure 8 shows the computed
zero dilatation lines of ledged dislocation walls with
€ = 0.5h, 1.0h, and 2.0h, respectively. For an infinite
wall, i.e.,, € = 0, the zero dilatation lines are parallel
horizontal lines at y=0.i£, *h . . . i%?. + « « Thus,
regions of dilatation and compression alternate in the
parallel horizontal strips with a width of h/2, as shown
in Figure 7. The field of the same sign is discontinuous.
From Figures 8(a) and (b), it is seen that for small ledge
widths (€=0.5h and 1.0h), the zero lines contract into a
sinusoidal-shaped curve. PFrom Figures 8(b) and (c), it is
noted that as the ledge width ¢ increases, the zero lines
strongly tend to be straighten and coincide with the y
axis in the region near the ledge. For example, when
€=h (Figure 8(b) ], the zero line is identical with the y

axis within the range of -4h <y < bh, and when ¢

13



increases to 2h [Figure 8(c)], the zero line coincides
with the y axis in the whole range of t10h. Hence, it
can be concluded that the wider the ledge width, the
greater the coincidence range between the y axis and the
zero line. Data on the coincidence ranges between the y
axis and zero line for different values of ¢ are listed
in Table 1.

From the characteristics of these dilatation zero
lines it is clear that the region of the same sign, i.e.,
either dilatation region or compression region, appears
"to be continuous. Thus, it can be considered that, with
the exception of those small shaded regions near the dis-
location cores, the field is negative in x>0 (e.g., region
of compression) and positive in x<0 (e.g., region of dila-
tation). Such a consideration would be helpful in sim-
plifying the analysis given in the next section for the
volume change of the dilatation field of a ledged dislo-
cation wall.

TABIE 1

THE COINCIDENCE RANGES BETWEEN THE
Y AXIS AND THE ZERO LINE

Ledge width e/h 0.811.0]1.5[2.0] 2.5[3.0[ 3.5] &.0

Coincidence range
between y axis
and zero line(l/h) | 1 | 4 |17 | 68| 402]703]|2142| 6300

14



4, Approximate expression for the volume change

of a ledged dislocation wall

From the'abbve discussion, it is clear that in a
certain range of a ledged wall (near the ledge) the y axis
can be considered as the zero-line of the dilatation
field, provided the ¢ is not very small. Following the
analysis of Webb, the volume change of the dilatation
field per unit area of the ledged wall, in the region of
the same sign, O<y<h and O<x<g (the shaded strips in

Figure 2), can be expressed approximately as

_ 1 l,;2:h oV
(zéyo)appr “h fofofo Jrdxdydz

=31 flfthb(l-zv) u cos(ﬂﬁf)- Sin@)
~ h oo °2n(l-v) Sin2<%¥)+ Sinhz[ngﬁ:gz]

o0 bexyn

+ Iz
. n=0 (x2+€2+§3)2-(2€x)2

] dxdydz (30)

Because the integration of the first term is zero, it

" follows that

(1) ) b(1-2y) 1 . n [ bex(y+h)
aPPT  2n(1-y) n ofo | (xPrelry?)2-(2ex)2
bex(y+h)
' [}c?*reéj(y'”\F"]-(Zex)2 S
Lex(y+mh)
DBy 2P (zen? ] e

15



P2y 21 pm porearm® _ 2 aear (1)

2m(1-y) h © m>w X +€ *cz-(:eex)z
pa-zw, L (xte)%-(mn)?[  |(xre)?
T —— 2im {—[2¢n -gn
2n(1-y)  Om>e)2 l(x-e)2+(mh)2 (x-¢)°
e o o (32)
when m—>oo
(x+¢) 2+(mn)?
An P 3 —_> 0.
(x-¢)“+(mn)
and Eq (32) becomes
(Ea70) -b(1-2y) 112 x+e o
o = — =g |—
4% appr 2n(1-y) h ° X-€
-b(1-2y) 1 2te zz-ez
= ————— =g+ gn |—| + €gn 3 (33)
2n(1l-y) h 2-€ €

For g>>¢, Eq (33) can be expanded into Taylor's series.
By neglecting the terms of higher orders, Eq (33) can
be simplified as

-b(1-2v) 2¢

Floleppr = iy w @1 oW

]

Similarly, for an arbitrary region of kh<y<(k+l)h, the ap-
proximate expression for the volume change per unit area

of a ledged wall can be expressed as

16



b(1-2y) 1 1 oo hexy
AV - =it (k+1)h : S
(za K)appr 2m(1-y) h o ofin ngb (x%+¢ +y 2y -(ZGX)2
“b(1-2y) 1 (2+€)%+(xn) 2
dxdydz = ———— —1{ £ * In 5 5
2n(1-y) 2h - (2-€)"+(kn) "

[(g+€) ﬂkﬁ?][(z €)2+(xn) 27

+ € gn
(e 2+(kn) ]
+ 2kh(tan™t 27€ _ tan™l 2+€ _oganl € ) (35)
*h Xh kh
where kK = 0, %1, 2 . . .
In the case where g>>€, Eq (35) becomes
(SAV:. ) “b(i-2v) 1 P (rre) (i) ® Wkh tan™1E
AV ) = — 2° £n - an~ 15
appr ~ ,(1-.) 2h (2-€)%+(xh)? kh
v e £2+(kh)2] (36)
am
€2+(kh) 2

Equation (35) or Eq (36) can be considered as the
general expression for the volume change per unit area
of a ledged wall for an arbitrary range of kh<y<(k+1l)h.
At x=0, Eq (35) and Eq (36) are identical to Eq (33) and
Eq (34), respectively.

From Eq (35) or Eq (36), it is noted that the value
of volume change per unit area, ZaAVW, is no longer con-

-stant for a ledged dislocation wall as compareﬁ with that

of an infinite wall, which has a constant value of

17



0.79 ?;r¥ﬁ3: » [Eq (28)7]. It is, therefore, useful to

introduce an average value of the volume change over the

range of y from 0 to nh,

1 n
Tav = A
( )appr (n+1) kEO (2 Vk)appr
1 n b(1l-2y) 1 (g+€) %+ (xn) 2
= L ——— — [z . 5 5
(n+1) k=0 2m(1-y) 2h (2-€)“+(kh)
bkhtan™t £ + ¢ 2 2 n)® (37)
- an e an
kh €2+ (kn) 2
for €/h << n << g/h ,
n (2+€)%+(kh)®
L ¢+ gn 5 5~ Une
k=0 (2-€)“+(kh)
and
n
-1 €
¥ Lkh tan™" = ~ 4ne .
A | kh

The sum of the first two terms of Eq (37) then equals

zero, li.e.,

_ -b(1-2y) 1 n 22+ (xn) 2
(zav) P £ €in

apPPr "~ 51(1-y) 2(n+l)h k=0 €2+ (kn) 2

For €/h << n << g/h

-b(1-2y) 2€

2
(zaV) o +1 ~ - 1n n! 8)
4" appr 2n(1l-y) 2(n+l)h [(n+1) pn n n 0] (3
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5. More accurate expression for the volume

change of a ledged dislocation wall

It is emphasized that Eq (33) - Eq (38) provide a
good approximation only insofar as the zero dilatation
line is nearly identical with the y axis. However, if the
ledge width € is relatively small or the k value is rela-
tively large, these equations might not be valid because
of the sinusoidal shaped curve of the zero line. For ex-
ample, in Figure 8(a), € = 0.5h is relatively small, and,
in Figure 8(b), at the region of k > 5, the zero line
does not coincide closely with the y axis. , Therefore, the
additional volﬁmé change contributed by the small shaded
area, which is located between the y axis and the sinu-
soidal curve of the zero line, must be taken into account.
Thereafter, the approximate expressions of Eq (33)~(38)
should be modified by adding a calibration term, Ak.‘where
Ay is defined as the total volume change contributed by
the shaded area within the range of kh < y < (k+l)h, that
is |

A = 11 FRatcy) - Ip, Fan) (39)

k=0, £1, £2, « « .

where Ck and Dk denote the two shaded areas between the y
axis and the zero line as shown in Figure 8(a). A more
accurate expression of the volume change, therefore, can

be written as
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( EAVk) = (ZaV A

acc k)appr * A (40)

The computed results for the relationship of ZANO
and €/h from both approximate and accurate expressions
are plotted in Figure 9. 1t is seen that Eq (33) pro-
vides a good approximation when € > 0.2h. If € < 0.2h,
calibration should be taken into account. It is aléo
seen that the value of ledge widthl€ strongly influences
the local volume change around the ledge. For instance,
when ledge €v= 10h, its EANO value is almost 100 times
that of an infinite dislocation wall.(€ =0).

Similary, Eq (37) or Eq (38) can be modified as

—_— — n
(Ta¥) oo = (B, ) +% L A (41)

appr no-

It is difficult to obtain an explicit expression for
Ak because an explicit expression for the dilatation field
given by Eq (39) has not been developed. ﬁowever. since
the areas of Ck and Dk are finite, the values of Ak for
different € and k are not difficult to obtain by numerical
integration. Some of these values, from A, to A

0 1000' foF
different €, were computed and are tabulated in Table 6 in

the appendix.
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6. Solute saturation around a

ledged dislocation wall

The volume change of the dilatation field will
cause the interaction between the solute atoms and thé
ledged dislocation wall. On the basis of the foregoing
discussion, it is not difficult to estimate the saturation
effect of solute atoms around a dislocation wall which
contains a certain ledge density.

It is known that the volume change 3V, associ-
ated with a solute atom of radius r', can be expressed in
terms of the misfit factor € = (r'-r)/r as

| 3V (solute) = bnrle
The nuhber of solute atoms required to saturate the dila-
tation field of one sign associated with unit lehgth of
the ledged wall can be expressed as

N, = (E&V)/4mrle (43)

It is assumed that a tilt gréin boundary can be simulated ‘
by a ledged edge dislocation wall. Let m be the ledge
density, g2 the grain diameter, and n x m the density of
dislocation in the wall. It will be found that by sub-
stituting Eq (38) into Eq (43), the total number of soiute
atoms required to saturate a unit length of dislocation

wall (or grain boundary) is
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1 -b(1l-2y) 2€

(N) = = (nt1l) ¢n 4 - gn nt} (45)
°°8PPT  ynrde 2m(1-v) (n+l)h n (45

and
l1 1 n 6
= +—§'_
(No)acc (NO)aPPr bnur-e n+l kfo *x e

b 105. the tile angle

For example, if m = 10
e = 6°, 12°, 18° and other parameters are the same as

Webb's.[BJ namelyt

b

The values of n for different ¢ and m can be calculated.

The results are listed in Table 2.

TABLE 2
THE VARIATION OF n WITH ¢ AND m
0 h ' n
(cm) m=10" | m=107
6° 3x1077 | 333 |~ 33
12° 1.5%107 667 67
18° 1.0x10~7 | 1000 1000

For different values of €, n, and ¢, the number
of solute atoms required to saturate unit length of grain
boundary, No+» was computed from Eq (45) and the values
are tabulated in Table 3.

Figure 10 and Table 4 show the comparison of the
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approximate and accurate values of N, computed at ¢ = 18°
from Eqs (45) and 46), respectively. It is seen from
Figure 10 that when € » 1.0h, the linear relation formula
of Eq (45) provides a good approximation of the values of
No' Thus the ledge width strongly influences the level of
saturation of solute atoms. For example, for ledge |
density of 10 ~ 107, width € = 1.0h, the value of N, is
one order of magnitude higher than that of an infinite
wall (€ = 0). For € = 10h, N, is of two orders of mag-
nitude higher. Since the ledge width in a real grain
boundary is often of the order of several h, it may be
expected that thé saturation 1limit of solutes for a real
grain boundary with ledges may be 1 ~ 2 orders of magni-
tude higher than that for a perfect ledge-free grain
boundary.
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TABLE 3

COMPUTED VALUES OF N, FROM EQ (45)

— s S _————

(N) ppr * 10”14
€/h m=10u m=102

6=6° | 0=12° | @=18° g=6° g=12° §=18°
0.025| 0.62 | 0.52 0.46 0.97 0.85 0.79
0.050 1.24 1.05 0.93 1.94 1.71 1.60
0.100 2.49 2.09 1.86 3.89 3.43 3.19
0.250 6.22 5.23 4.66 9.74 8.59 7.98
0.500 | 12.40 }10.50 9.32 19.50 17.20 15.90
1.000| 24.90 |20.90 18.60 38.90 34.40 31.90
2.000 | 49.80 {41.90 | 37.30 77.90 68.70 63.80
4,000 | 99.60 |83.70 74 .50 155.00 137.00 127.00
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TABLE 4
COMPUTED VALUES OF N° FROM EQ (45) AND EQ (46) AT ¢=18°

Ny x10™ 14

€/n n=100 (¢=18° , m=105 n=1000( ¢=18° , m=10u)

;zlAk /n (No)appr (No)aLcc %Ak /n (No)appr (No)acc

2.2

0.025 2.20 0.79 3.00] 2.20 0.46 2.66
0.100 2.14 3.19 5.33] 2.15 1.86 4.00
0.250 2.10 7.98 10.1 2.14 4,66 6.80
0.500 2.06 15.90 18.00] 2.11 9.32 11.40
1.000 2.01 31.90 33.90] 2.09 18.60 20.70
2.000 0.67 63.8 64.50| ‘1.96. 37.30 39.30
4.000 0.00 127.7 127.7 0.00 74.50 74. 50
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IV. Summary

1. For a semi-infinite edge dislocation wall, only
the shear stress field'o'xy is finite. The general solu-
tion of the shear stress o is given by Eq (15) in terms

of trigamma functionlp'(z)xzith complex argument. The
values of shear stress can be calculated directly with
required accuracy by means of Eq (19) and Eq (20), which
converge more rapidly than Eq (4). The approximate for-
mula, Eq (21), of shear stress for a semi-infinite wall at
a large distance, derived by Amelinckx and Li, is identi-
cal to the first order approximation of the complete ex-
pression. Contours in the half plane of the shear stress
field where no dislocation exists is similar to that of a
single dislocation, while that of the other half (con-
taining the semi-infinite wall) is similar to that of an
infinite dislocation wall. The shear stress field of a
ledged. dislocation wall can be obtained by superposition
of fhe two separated semi-infinite walls.

2. The dilatation field of a ledged dislocation wall
is analyzed. From the computed results andrblotted con-~
tours, it is noted that the zero dilatation lines of a
ledged dislocation wall tend to coincide with the y axis
over a certain range near the ledge as the width of the
ledge increases. Approximately, the half plane on the

right side of the y axis can be considered as the com-
26



pression field and the other half as the dilatation field.

3. Quantitatively, the volume change per unit area
of the ledge wall, ZANk. as well as the saturation number
of solute atoms, Ny, are linearly proportional to the
width of the ledge, provided the width is relatively
large (e.g., € > h). If the ledge width is relatively
small, the value of ZANk and No apparently deviate from

the linear relations, and calibrations should be taken

into account.

L, The width of the ledge plays an important role
in the saturation of solute atoms along the grain bound-
ary. The saturation limit of é real ledged grain bound-
ary may be one or two ofaers of magnitude higher than
that of a perfect ledge-free grain boundary.
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Figure 6. The dilatation field of a ledged
dislocation wall (2€ = 2nh).
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Figure 7. Zero dilatation line
as well as the distribution of
dilatation and compression regions
for an infinite dislocation wall.
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Appendix

Evaluation of trigamma functiony'(z) and its asymptomic,
recurrence formulas.

Because the values of ¥'(g) are not found in mathe-
matical tables, they have been numerically revaluated.
Table 7 lists the data for the range of 0’ < y < 4 with an
interval of 0.1.

The asymptomic formula given by Eq (17) gives an ap-
proximation for large values of |z|, even when Re|z| is
small. The error of Eq (17) for n terms is numerically
less than the absolute value of the (n+l) term, provided
larg z | < n/h.tlo] For example, for |z] > 4, the error
of wv(z) in taking the first 4 terms of Eq (17) will be
less than the 5th term, that is

11 11 »
A & — F —— ~ 10
= U2 20 w2 47

As a comparison, if the first 100 terms in Eq (4) are

summed, the error equals
o0 xz-yﬁ © 1 -4
e r T Eeer T E,oE>0
n=101 (x +yn) n=101 n

Apparently, the error in taking 4 terms of Eq (17) is much
less than that in 100 terms of Eq (4). It is advantageous
“to use Eq (19) instead of Eq (4) for the shear stress Oy

Y
of a semi-infinite wall because of its more rapid con-
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vergence and less deviation. Table 5 gives a further com-
parison of the accuracies of the shear stress data, which
are computed from Eq (4), Eq (19) and Eq (20), and

Eqs (5) ~ (8), respectively. There, the accurate values
from Eq (5) and Eq (8) act as specific key points to
evaluate the deviation of the approximate expression,

Eq (4) and Eq (19) and Eq (29).

It must be noted that Eq (17) does not converge if
|z] € 1, and converges slowly if |z] ~ 1. In these cases,
the recurrence formula Eq (18) is introduced. One can
select an appropriate value of positive integer m, to make
| z+m]| relatively‘large. In that case, the combination of

Eq (17) and Eq (18) yields

-ubx 1 1 1
cxy(x.y) ~ —— — Re + . . )

2m(1-v) h2 z+m  2(z+m)

m 1
+( : _____2)]
n=1l (z+n-1)

(This is Eq (20) which is used for relatively small |z]
values |z] <1, jz] ~ 1.
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COMPARISON OF THE ACCURACY OF COMPUTED VALUES OF Oy

TABLE 5

y
Ty from Eq (5)0‘xy from Eq (4), Txy f;gr;lonzzﬁct)q) (19),

y/h| x/h Eq (8) first 1000 terms| first 5 terms

Accurate Calculated Calculated

Value Value Error Value Error

0.10| 9.8387033898 | 9.83880 |2107* |9.838703379| 10~
0.50| 1.4659010545 | 1.46640 | 1073 |1.46590103%0 | 1078
°11.00 0.5369999034 | 0.53800 | 1073 |0.536999951 | 10~8
2.00| 0.2501376757 | 0.25214 |1073 |0.250137726] 1077
0.10| 0.4478098633 | 0.u44771 107" |0.447809867 | 1072
b.5/0.50| 0.3919012478 | 0.39140 |10~2 |0.391901258 | 10~
1.00| 0.0367245519 | 0.03573 |1073 |0.036724541 | 1078

- b L] 3 .
Note: The constant of m is not taken into account
in the calculation.

41



TABLE 6
COMPUTED CALIBRATION CONSTANT Ay FOR

ACCURATE EXPRESSION OF EQ (40)

€/n
A .
k Jo.00l0.025[0.10]0.25{0.50 [1.00 |1.502.00]|2.50 [3.00 |&.00
A, 0.79}0.60 {0.24}0.07{0.01
A 0.77 l0.73]0.69]0.57
A, . |0.78 [0.75]0.72[0.67
A3 . 0.79 {0.76/0.731{0.68
" A : 0.77]0.75|0.73]0.68
A : : . fo.74l0.70
5 L) L[] R .
Ao : ! [0.76]0.75 o¢7u 0.0
Ayr : : 0.75]0.74
*100 :
Ayo2 0.75
A'.]03 . 0:75
igooo 0.79/0.79 {o0.78|0.77|0.76]0.75l0.75|0.75l0.75l0.75| o
9
f%-gAk 0.77 |0.71]0.67]0.640.43]0.00]0.00[0.00] 0 | o
1 99
106 A, [0-79]0.79 ]0.76|0.75[0.74f0.72[0.24|0.00]0.00( O 0
0
1 999
000 gAk 0.79 |0.7710.7610.75]0.75]0.70|0.45}0.22] © 0
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