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ABSTRACT

In this thesis we investigate the shear flow of two superimposed viscoelastic
fluids under steady state conditions.

Several important applications of such flows include lubricated transport of
crude oil through pipelines, co-extrusion of polymeric liquids in foaming composite
materials, and coating of liquid layers to a substrate.

We consider the general case for which each layer has a different density,
viscosity and relaxation time. The layer thickness is an additional parameter. Both
geometries of parallel plates and cylindrical pipe are considered.

The closed form solutions for the case of Newtonian fluids are derived for

completeness. The Upper Convected Maxwell fluid and T.vhe Oldroyd -B model are
used to describe the viscoelastic behavior of dilute solutions of polymeric molecules.
Closed form solutions for these fluids are also derived.

Concentrated solutions of polymers which exhibit second normal stress
differences and shear thinning can be described by a more complex viscoelastic model
known as the Giesekus model. Solutions for the Couette flow of two superimposed
fluids described by the Giesekus model are obtained numerically and the effect of the
variation of some of the parameters on the flow is investigated.

As expected, the second normal stress difference increases for increasing
values of the mobility parameter o. In addition, increased Weissenberg numbers
produce higher second normal stress differences.

In the\ cases where one of the layers is much thinner than the other, we

conclude that the nondimensional velocity gradient in the thick layer remains very



close to 1 for all values of the mobility parameter, provided that its viscosity is less

than that of the thin layer.




1. INTRODUCTION

Shear flows of immiscible multiple-component systems have attracted the
attention of many researches , in recent years. Such flows have many practical
applications in the processing and transport of materials. Examples include lubricated
transport of crude oil through pipelines; co-extrusion of polymeric liquids in forming
composite materials with unique mechanical and optical properties ; and coating of
multiple liquid layers to a substrate.

In this thesis some of the flows are analyzed under steady state conditions.
We concentrate on two layered shear flows. Both geometries of parallel plane and

circular cylinder are being considered. We start our discussion by focusing on the

shear flow of two layers of viscous Newtonian fluids superimposed in a parallel plate
geometry. Each layer has its own viscosity and density. The thickness ratio is
another parameter of the problem. This problem has a rather simple closed form
solution, in either the Couette or Poiseuille flow case. Similarly the flow of two
concentric cylindrical fluids within a pipe under pressure gradient is studied and
closed form solutions are listed.

We next consider the case when the fluids involved are viscoelastic. Many of
the practical problems mentioned earlier do indeed involve dilute solutions of
polymer molecules. In some cases one may even have to consider concentrated
solutions and melts of flexible polymer molecules. Both dilute solutions and melts
. can possess first normal stress differenlces. This is the difference between the normal
stress in the direction of the flow and the normal stress in the direction of the velocity
gradients. Of course for a Newtonian fluid both normal stresses are equal to the

additive inverse of the pressure. Both dilute solutions and melts may exhibit shear



thinning . This is a manifestation of shear rate dependence of the apparent viscosity
due to the nonlinear relation between shear rate and shear stress.

The shear thinning of dilute solutions is usually light , however melts manifest
a strong shear thinning as well as second normal stress differences. Two models are
used for the description of dilute solutions of polymeric molecules. One is the Upper
Convected Maxwell (UCM) fluid ,which has two material parameters: the zero shear
viscosity and the relaxation time. The influence of viscoelasticity on the flow is
characterized by the Weissenberg number which is the product of the relaxation
time and a typical velocity gradient. Since in this thesis we consider steady state

v problem, the Deborah number does not enter our discussion.
m'iﬁtW(UCM)—mdel—equation by considering an -additional
solvent viscosity. This is the Oldroyd-B model which can be derived from a
molecular model is which the polymer molecule is idealized as an infinitely
extensible Hookeen spring connecting two Brownian beads [6]. The model has been
shown to give predictions in simple shear flows that are in qualitative agreement with
laboratory measuréments done for Boger fluids.

As we mentioned earlier, polymer melts and concentrated solutions of
polymers exhibit second normal stress differences and shear thinning. There are
several viscoelastic models predicting this type of behavior [1], [7]-[10]. A detailed
summary of thése models is given by R.G. Larson [5] .

In this thesis we concentrate on the Giesekus model for melts. For simplicity
we use the single mode form of this model, which is capable to predict the second

normal stress difference as well as shear thinning.



With two such fluids undergoing shear flow there is a great number of
possible configurations. Several of these are examined and analyzed in the present
thesis. A complete study of the problem would require a stability analysis which
would predict which of these possible configurations would be stable under small
disturbances and hence good candidates for processes of practical importance. This ,
more difficult problem, is not treated here but it will be considered later.

The organization of this thesis is as follows. In chapter 2, we describe the
basic equations to be used. We list the continuity and momentum equation together
with the constitutive equation for a Newtonian fluid. For a viscoelastic fluid of UCM
and Oldroyd-B type. The constitutive equation for Giesekus type fluids are also

—presented and nondi.mensionalized . Stresses are measured relative-toa-reference
shear stress. In this chapter we also summarize the boundary and interfacial
conditions. In chapter 3 we describe the solution of two superimposed Newtonian
fluids between two parallel plates. Couette flow with zero pressure gradients is
considered. We also study the Poiseuille problem when the two fluids are in the
form of two concentric cylinders within a circular pipe.

In chapter 4 we considered the case of two Superimposed Viscoelastic fluids
of the UCM type between two parallel plates. Again both Couette flow with zero
pressure gradient and Poiseuille flow with non zero pressure gradient are considered.

In chapter 5 we study the same problem for zero pressure gradient when both
of the fluids are represented the a singlé mode Giesekus type constitutive equation.
The nonlinear character of this last pfoblem requires a numerical approach to obtain

the basic flow characteristic.



In the geometry studied here in each layer there is only one non zero velocity
component and this is a function of the shear coordinate which is perpendicular to the
plates. The constitutive and momentum equation predict that the velocity gradients in
the layers are constants and they are used to express all stresses in terms of these
velocity gradients. Both velocity gradients are then written in terms of the velocity of
the interface and finally the shear stress interfacial condition is used to determine this
velocity and consequently all other variables. This last equation is nonlinear and an
appropriate method is used to produce accurate solutions.

In chapter 6 we present our conclusion, based on this analysis of shear flows

for various combinations of the material and geometric parameters.




2. BASIC EQUATIONS
In this work, we consider the flow of either a single fluid or that of a system
of two superimposed fluids occupying the region between two rigid plates. In some
cases, we consider the flow of two concentrically situated fluids inside a circular
cylinder.
In the case of the parallel plates geometry, we consider a Cartesian coordinate
system with the x and y axes on the lower plate. The x axis is in the direction of the

flow and the z axis is in the direction perpendicular to the plates, as shown in figure

L.

We denote by

U;y Uiy Wy, 1= 1,2 s . (2.1)

the velocity components of the flow. The index i=1 corresponds to the lower fluid
and i=2 corresponds to the upper fluid. The densities p; and p; of the two fluids
may be different but we make the assumption of incompressible flow and

consequently the continuity equations for each fluid component are

ou; 4 % 4 ow;
ox Oy Oz

=0. (2.2)

The corresponding momentum equations for each component fluid of the

system are given by



0Ty, Oy, 00y, ow Oow ow ow
+ === p(— +u— +v—+

5 Tz TV%y ), (29)

where 0gz, Oyy, 02, Toys Tazy Ty are the components of the stress tensor S .

Ozz Ty Tz

[t
Il

N’

Tey Oy Tyz |-
Tzz  Tyz azz_l

The stress at a point is specified by the six components where o has been
used to denote a normal stress and 7 has been used to denote a shear stress.
Figure 2 illustrates the components of the stress tensor S . In the case of

Newtonian Fluid, the shear stresses are

Toy = “(’g‘:; + Z—Z) , @7)
Ty = u(% + 2—1:) , 2.8)
Tow = M(g—z + %) : (2.9)

and normal stress are given by :




ou

Ogg = — D+ 2#’5} ’ (2.10)
ov

ow= Pty @.11)
ow

Opz — — p+ 2“'6_2 » (2.12)

where p is the pressure in the fluid.

Equations (2.7) through (2.12) can be summarized by the tensor equation

S=—pl+p[Vu+(Yu)], (2.13)

where [ is the identity tensor and

8ui
\Y4 = 2.14
(_111_)2] 818_7 ( )
Here we use the notation
U =1U, Up =V, U3 = W. (2.15)

In Chapter 4, we discuss the flow of upper convected Maxwell fluids. Consequently,
we introduce here the constitutive equations describing the behavior of these fluids.
The stress tensor S is related to the pressure p and to the "extra" stress T by

§=-pl+T, (2.16)

The "extra" stress T satisfies the differential equation

T+ A%% =n(Yu+Vu), (2.17)



: o . o D
where A is the relaxation time and 7 is the viscosity and i denotes the upper

convected time derivative.

DI 0T T
E—g*‘(uy)l— [Y@-I-*—T_(Z-ﬁ) :Ia (2.18)
where
0 0 0
(u.V) = (u—a—m tugo wa) . (2.19)

If equation (2.16) is modified to include the effect of a Newtonian viscosity

ie.

S=—-pIl+T+p(Vu+Vu) (2.20)

then one has the coﬁstitutive equation for the Oldroyd B type fluid which may be
physically interpreted as a mixture of a viscoelastic fluid in a Newtonian solvent.
Another more general fluid to be considered here is the one iﬁtroduced by
Giesekus [1] which is capable to model second normal stress differences and also
shear thinning behavior. -
A set of constitutive equations for one special case of this fluid is

S=T +T 2.21)

where T° is the Newtonian solvent contribution

T°= —pl +us[Vu+ Vu)'], (2.22)

and T is the viscoelastic stress contribution. In equation (2.22) pu,is the solvent
viscosity.

The tensor T' satisfies the equation:

10



DT a)
T+ A\—=+—TT=29D (2.23)

where D is the rate of strain tensor given by

D=-[Vu+(Vu'] (2.24)

DO | =

and o, A, 7 are material parameters.

The time derivative % which appears in 2.23 is defined earlier by equation 2.18.
We would like to rewrite all of the equations presented in this section in

nondimensional form. This will facilitate discussion in this sections to follow.

We measure all distances relative to do a reference length d,.¢, i.e.

(—l'-, 7, ,—Z-) = (iL‘, Y, z)/dref (225)

We measure velocities relative to a reference velocity U,.¢, i.e.

(Wi, U3, Wi) = (ui, iy i)/ Unres (2.26)

We measure time relative to def/Urey, i.e.

t= tUref/dref, A= )\Uref/dref (2.27)

We measure viscosities and densities relative to a reference viscosity pires and

reference density pres, 1.
B = i/ bref, T ="i/tirefs P = piPref - (2.28)

Finally, we measure stresses relative to the reference shear stress

,urerref/dref, ie.

D= pdref/iu’rerref, (T)E) = (I’ ﬁ)dref/:urerref . (229)

11



Using equations (2.25)-(2.29) and dropping the bars from the non dimensional

variables we obtain the non dimensional form of the continuity equation as:

ou Ov Ow

£+8_y+5=0, (2.30)

and the non dimensional form of the momentim equations,

00, 4 0Ty . OTyg

0x Oy 0z

0 0 0 0
(Reres/F Tgef)pgx + - - - u) )

Rerefp<at +u8— +v8—y +w$

0Ty 0oy 4 0Ty

oz Oy 0z

ov ov ov 0
(Reref/FT?ef)pgy + U)

= Rerefp<at +u8— -|-’Ua—y +'LU5;

(2.32)

or. 8
(Revey /Frl,,) pgs + oz 4 9Tz 00

0 0 0 0
= Rerefp( ol + U—w + ’U—w + w£>

0x Oy 0z ot . Oz Oy 0z
(2.33)
Here the reference Froude number is given by
Ure f
Fro.s = 2.34
= ek (2.34)

Where g is the gravitational acceleration. We point that g, g,, g, are
nondimensionalized relative to the gravitational acceleration g.

In equations (2.31)-(2.33) the reference Reynold's number Re,.; is given by

Te UTG dre
Reyes = PrefUref@ref (2.35)
Uref
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In addition, the time derivative D/D; which appears in (2.23) is still defined as
earlier by equation (2.18) . The non dimensional form of the constitutive equation of

the Giesekus fluid (cf. equation 2.23) is

DT
z+weD—;+%wezz=n[zg+<m)ﬂ (2.36)

where the Weissenberg number w, is the non dimensional relaxation time A

given by equation (2.27).
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3. SHEAR FLOW OF TWO NEWTONIAN FLUIDS

In this section we summarize some known results about the simple shear of

two different Newtonian fluids in contact.
The fluids are assumed to be immiscible so there is a sharp interface. Couette

flow for parallel plates and the Poiseuille flow for both geometries of parallel plates

and circular cylinder will be discussed.

3a. Parallel Plates

Here we first consider the simple shear flow of two superimposed Newtonian
fluids between two parallel plates separated by a distance do. The lower plate is
stationary while the top plate moves with a velocity U. The only velocity component

present is the one in the x-direction and it depends on z only so that

ui = u;(2) | (3.1)

- and

vi=w =0, i=1,2 (3.2)

We choose U as U,.; and d, as d;.

The lower fluid occupies the region defined by 0 < z < d; and the upper
fluid occupies the region defined by d; < z < dy. The index ¢ = 1 corresponds to
‘the lower fluid and ¢ = 2 corresponds to the upper fluid.

In nondimensional form the boundary conditions are given by

14



1 (0) = 0, (3.3)

ug(l) =1 (3.4)

and the interface conditions are
(Tz:v)l = (Tz:z:)Z (35)
ul(dl) = ’u,z(dl) = V* (36)

In this section we consider two problem, the first one is Couette flow, with
zero pressure gradient. The second problem is Poiseuille flow for which the pressure
gradient dp/dzis constant and equal to P.

Let us consider the first problem. The continuity equation (2.2) is

—

automafically satisfied and from (2.7) —(2.12) we have

(Tmz)i = /4‘2’%% , (37)
(Tyz)i = (Tyx)i =0 = (38)
(U:L')i = (Uy)i = (Uz)i = —D (3.9)

the momentum equations (2.6),(2.7),(2.8) give;
op _ 0 O

oz 5(“1 0z ) (3-10)
Opi _ Opi
5 =55 = (3.11)

Equation (3.11) indicate that the pressure p is the independent of y and z. For
the Couette flow we take pto be independent of z as well. This is the condition of

zero pressure gradient. As a result of this assumption , equation (3.10) simplifies to

15



i—)=0. 3.12
5, Hig,) (3.12)
Integrating (3.12), we obtain
C
Uy = ——llz + Cia (3.13)
231
C
Uy = ﬁz + Cr (3.14)
H2

where Cji, Cpare integration constants to be determined by boundary
conditions.

Using boundary conditions (3.3), (3.4) and (3.6) we obtain

Vi
U = d—lz (3.15)
z— d1
up = Vi + (1 = Vo)( ). (3.16)
1-d;

We find the V, by using interface condition (3.5).
Hady

V= ——— 3.17
pady + pody (3.17)
We note that in the nondimensional variables used dy = 1 — d;
If we introduce m , and d
1 da
m=—, d=—, 3.18
) di (3.18)
then we have
1
.« = , 3.19
1+md (319)
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Z/d1
1+md

u = , (3.20)

b= 14+m((z/d) — 1)
2= 1+4+md

(3.21)

In the second problem, we consider the same plate geometry, same boundary

conditions, and same interface conditions, but we consider a non zero pressure

gradient given by
dp
— =P. 3.22
Iz (3.22)
The momentum equation now gives
0 8u1
—(u—) =P. .23
g (k1 P ) (3.23)
Integrating we have
P2 C
u = + 224 Oy (3.24)
201 m
: P22 C
Uy = i 2, Ch. (3.25)
244 H2
Using boundary conditions we obtain C;, Cig, Ca1, Coyy as
2V.p1 — Pd?
C11 = -——ﬁ-l-——————l— , 012 =0 (3.26)
2d;
: V.—-1 P
= ——(d1+1 27
Ca — 2(1+), (3.27)
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di— V. Pd;
=31t (3.28)

CY22

from interface condition, we calculate the V,;

. 2/.L2 —Pd2

additionally by substituting Cy, Cia, Co1, Coo We obtain,
Pdiz , =z z
- Z v, ,
W= ( 7 )+ a (3.30)
P/, (Va—Dz—-Vi+d;
= (2 —2(di+1)+d )
Uup 2#2(2 z(di+1)+dy ) + -

. (3.31)

3b. Circular Cylinder

In this section we study the flow of two axial Newtonian fluids in a circular
cylinder under the influence of a pressure gradient. We start our analysis with
dimensional variables and we will later introduce a nondimensionalization which is
slightly different from the one dimensionalization earlier.

Here we consider the fully developed flow of two superimposed Newtonian
fluids in the circular cylinder by a radius R; + Ry. A cylindrical coordinate system
(r,0,z) is used to describe the flow. The zaxis coincides with the axis of the
cylinder. one of the fluids occupies the inner region defined by

0<r <R (3.32)
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and the other fluid occupies the region defined by

Ri<r<Ri+ Ry (3.33)

The fluids are immiscible, sothat there is a sharp interface in the form of a
cylindrical surface at 7 = R;.
Because of the axial symmetry of the flow we have

u, =U(r), u, =uy=0 (3.34)

The interface velocity is again denoted by V,, i.e.

Ur(Ry) = Us(Ry) = Vi (3.35)

The pressure gradient along the axis is constant and given by

% _p

5 (3.36)

We have one boundary condition at r = R; + Ry where the velocity must
vanish. The momentum equations in cylindrical coordinate are (neglecting gravity)

op
o =0
1op _

i (3.37)
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The continuity equationis automatically satisfied. The normal and shear

stresses are

(Trz)i = .ui%% (339)
('Trg)i = (ng)i = 0 (3.40)’
(Urr)i = (Uﬁe)i = (Uzz)i = —D | (341)

Index i=1 denotes the inner flow while i=2 denotes the outer flow. Substituting (3.39)

in to (3.38) and integrating we obtain,

2 C
Ui(r) = ——47;LIP + —ulll In|r|+ Cp (3.42)
7‘2 021
Uy(r) = —P + —=In|r| + C 3.43
2() Apy 2 | | 2 ( )

Using the condition that U; must be finite at r = 0, we obtain Cj; = 0. Using

interface condition
Ul (Rl) = VH
we obtain Cy5 as
R2
Cia=V,- 2P (3.44)
4:,U,1

Similarly using Uy = 0 atr = R; + Ry we obtain

2
Ry + Ry) P+ Cy
4z 2

In|Ry + Ry| + Cip = 0 (3.45)

and using Uy(R;) = V; we obtain
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v, = fip , Cu

—ln|R1| + Cyo. (3.46)
dpg )

We can use equation (3.45) and (3.46) to solve for Cs; and Cy3. We obtain

Vi+L£ Ry (R, + 2R
=20 2(Rz 1) (3.47)
ln(R1+R2)
‘ 2 InRy(uaVi+Z Ro(Ry + 2R
cmzv;—flp_ nfa(paVety 2R( 2 + 2R1)) (3.48)
H2 1) l’n,(—-Rl_l_le)
2 R2
T 1
Ui(r)= —P+V,— —P 3.49
1(r) " I ( » )
P
(7-2 _ R%) V:"+Z/_A;R2(R2 +2R1) r
Uy(r) =V, + +—"Lp_ — .
2(r) =V T ln( Rl) (3.50)

We nondimensionalize the variables by measuring velocities with respect to the

interface velocity V., P with respect to (_R%{)? ,and length with respect to R; + Rs.

We introduce the parameter R=z3— . which implies that for the inner region
Ry+Ry

0 <r <R and for the outer region R <r < 1. We also introduce m= /15 and

we have

Uy = l+—li(r2—R2) (3.51)
4m

>

Uy =1+ £(r* — R?) - [%(1—R2)+1] [1— LL;;}Q]. (3.52)
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4. SHEAR FLOW OF TWO UPPER CONVECTED
MAXWELL FLUIDS

The results summarized in the previous chapter form the basis for discussion
of the stability of stratified shear flows of immiscible multiple-component systems.
The first investigation on the interfacial stability of two Newtonian viscous fluids in
shearing motion was carried for plane Poiseuille/Couette flow by Yih[2]. Yih found
that for these flows, viscosity stratification can cause an instability that persist even at

vanishingly small Reynolds numbers. This low Reynolds-number instability is due to

the presence of the fluid-fluid interface which introduces an "interfacial mode" of
instability. Following Yih's work, similar linear-stability analyses have been
performed for shear flows in different geometries for both Newtonian and viscoelastic
fluids. A ‘most comprehensive review on the subject is given in a monograph of
Joseph and Renardy[3]. In this section we consider the zeroth order solution of plane
Poiseuille/Couette flow of two superimposed viscoelastic fluids. The two fluids are
assumed to obey the constitutive equation of the "Upper Convected Maxwell" (UCM)
fluid. This analysis is partly based on the work of Renardy [4] who studied the
stability of the interface in two-layer Couette flow of UCM liquids. The two fluids
have different viscosities y; , densities p;, and relaxation times A;. Surface tension

is assumed to exist at the interface.

The fluids are assumed to be immiscible. We consider the paralle]l plate

geometry as discussed in chapter 3.
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The lower fluid occupies the region defined by 0 < z < d; and the upper fluid
occupies the region defined by d; < z < dy. The index 7 = 1 corresponds to the
lower fluid and ¢ = 2 corresponds to the upper fluid.

The extra stress T is given by equation (2.17) and since the problem is two

dimensional with only x and z involved, we can simplify the stress matrix to

T- [Tx:v Tzz} @1

Tez Tzz

In this geometry the only non zero velocity u(z) is in the x direction and depends on z,

Vu= (8%_)‘ - )

hence

Considering that the flow is time independent and using (2.18) we have

DT _ (23t Tl (4.3)
Dt Tzz% 0 |

Substituting this expression into (2.17) we obtain

T. T. ‘27-.1'2@& 'Tzz@ 0 Qu
T TZ A oz dz | — 0z 4.4
[Tmz Tzz:\ + [ -Tzzg—z 0 :| n[% 0 :| ( )
or
0

Teg — 2 A T:cz'a_l; =0, (4'5)

ou ou
Tez — A Tzza - 775 ) (46)
Toe = 0. (4.7)

In view of (4.7) we can write (4.5) and (4.6) as
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T — 2xn(5 2a .
Tee =2 1(5) (48)
Ou
Tez = 77'6—2 ) (49)
using equation (2.16) we have
_ | —P + Tex Tz
S = { T 0 }, (4.10)

where the pressure p is a function of x only. From the momentum equation in the x-

direction we obtain

@ . 0Tz,

— et =0 (4.11)

For the Couette flow between two parallel plates gg =0, hence we have

0Ty,
=0. 12
P (4.12)
If we substitute 7, from (4.9) we have
0 , Ou
—(n=—)=0 1
5, 13, (4.13)
Integrating the equation we obtain
ui = %—iz+bi i=1,2 (4.14)
i

and we write for each 1index,
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U = M+ b1,
™

Uy = @z + bs.
2

(4.15)

(4.16)

Here a1, ag, b1, by are constants to be determined by applying boundary conditions. .

Boundary Conditions are

(73] (0) = 0,
up(1) =1 (4.17)
and interface conditions are
Tzt =*(Tm2)2,
Uy (dl) = U2 (d1)=V* (4.18)
where V, is the velocity at the interface.
We consequently obtain,
Vi
== 1
Ui d1 A (4 9)
1-V, Vi-dy
= 2
R TP A ) (4.20)
to find V, we apply the interface condition, then we have
V= L (4.21)
T 14nd -
where the quantities n, and d are defined as
T dy
n=—,d=—. 4.22
72 d (4.22)
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We now consider the more general problem where the upper plate moves with a

constant velocity, the lower plate is stationary and there is a pressure gradient P in

the x-direction. For this case the momentum equation gives (4.11) gives

0Ty,

Substituting (4.9) into (4.23) we have

Here, first we substitute cyinto (4.18)

~ for each of the layers:

Integrating we obtain,

U

=P .
y (4.23)
0, Ou
P=Lu), (420)
P 2

Uy = -z + El—lz + c19 (4.25)
2m m
P22 €21

= — 4+ —2+cx : (4.26)
20 M

We apply the boundary conditions (4.17) and (4.18) to obtain ci1, ci2, ¢21, C22.

These are given by

2V.m — Pd?
el = —'—7712'&1—1— , c12 =0, (4.27)
V,—1 P
= 2 .
=i (di+1) (4.28)
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Pdy V.—-1

= l+— — X
Ca2 om 41 (4.29)
by using interface condition V* is obtained.
2my — Pd
A e 2 (4.30)
27’]2(1 + nd)
and by substituting ci1, ¢i2, €21, €22
Pz%  2V,m — Pd?
W= — n- A (4.31)
. I B 2m 2y )
Pz? V.-1 P 1 V-1
——(d; +1 1+ -
"= <d1—1 T )>z+ o 41
(4.32)
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5. FLOW OF TWO GIESEKUS TYPE VISCOELASTIC FLUIDS

The problem that we discuss in this chapter is a Couette flow of two
incompressible viscoelastic liquids obeying the Giesekus one-mode "linear" model.
We have in view primarily flows of dilute polymer solutions or concentrated polymer
solutions and melts of flexible polymer molecules which are the two important classes
of viscoelastic fluids.

Both dilute solutions and melts have first normal stress differences of
significant magnitude. However the shear viscosity of concentrated solutions and

melts decreases by three-orders-of-magnitude-as-shearrate-inereases—But-similar-case

dilute solutions have little shear thinning. In concentrated solutions and melts the
first normal stress coefficient, ¥ = Ny/ x2can decrease by several orders of
magnitude as x increases. This decrease in 4 is another manifestation of shear
thinning. In addition concentrated solutions have a significant negative second
normal stress coefficient 1, = Ny/x2. In dilute solutions this quantity- is almost
zero. Both shear thinning and a non zero second normal stress differences are
predicted to play major roles in controlling stability in viscoelastic flows. The stability
characteristics of dilute solutions are completely different from those of melts. [5]
The behavior of these fluids can be modeled by the Giesekus type viscoelastic
fluid. The constitutive equation for this fluid was introduced in chapter 2 (cf. equation
(2.21)-(2.24)). We consider again the two parallel plates geometry with a planner

interface separate two immiscible fluids. The distance between the plates is taken
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equal to 1,the lower fluid occupies the region 0 < z < d; while the upper fluid
occupies the region defined by d; < z < d.
The extra viscoelastic stress contribution T which is introduced by equation (2.21) has

the form.

Tzz 0 Top
T=]0 7y 0 (5.1)

Toz 0 Ty
This form of the stress tensor is implied by the fact that there is no velocity in the y
direction and the non zero velocity u(z) is in the x direction and depends only on z.

We consequently have

Vu=

N ,
0z

0 (5.2)
0

OO O
o O O

Considering that the problem is time independent we use equation (2.18) to obtain

DT
He - We have

2%, (0 &

DT 0z ETZZ
= |,0 0 0 (5.3)

g’fzz 0 0

We substitute (5.3) into (2.36) and we obtain
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Trx 0 Tzz 2%7-"’2 0 %Tzz
0 7y 0| -—-W, 0 0 0
Txz 0 Tzz %TZZ 0 0 ]
aW, (Tmz)2 + (Tzz)z 0 Toz(Toz + Tzz) [0 0 %
+ —= 0 (Ty)? 0 =n{0 0 0 [(54)
T L) Tas+72) 0 (7)o (732 &g 0
We have four scalar equations from the above matrix equation. These are
0 W,
Tex — 2We_'l£7-mz + &((Tzz)z + (Tzz)z) = 0, (55)
0z n
0 W, 0
Tez — Wea_:Tzz =+ L%Tzitgz) = néga (56)
aW;
Tyy + 77_(Tyy)2 =0, (5.7)
W,
Tyz + a (ng + Tzz) = Oa ’ (58)

If we introduce the Weissenberg number W, which appears in these equation is the

nondimensional relaxation time X is given by (2.27). We introduce 8, and :x by

W,
B=—=, 5.9
. 59)
ou
=N - 5.10
X =5 (5.10)
We can write

Tez — 20X Tez + 0B(T2, +72,) =0, (5.11)

Tez — ﬂXTzz + a,@T:vz(T:L‘:z: + Tzz) =X (512)
Tyy + aﬂ(Tyy)2 =0, (5.13)
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Taz + CY,B(T%Z + sz) =0.
From equation (5.13)
Tyy = 0.
We introduce the first normal stress difference
N. 1= Tgz — T2z

and the second normal stress difference

N2 = Tyy - Tzz.

(5.14)

(5.15)

(5.16)

(5.17)

We use 7 to denote the shear stress 7, and we note that the Newtonian shear stress

is given by

where x is the shear rate given by (5.10).

From (5.15) and (5.17) we have,

N2 = — Tz,

NI_N2:T:1::1:.

Substituting (5.19) and (5.20) into equations (5.11), (5.12), (5.14),

N1 —N2 —2,BTX+OZ,B[(N1 —N2)2+7'2] ZO,
7"-l-ﬁxNz-HJlﬂT(Nl—21\’2) =X,
—Ny+af(T*+N3)=0.

Subtracting (5.23) from (5.21) we write
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Ny {1+ af(Ny — 2N;)} = 2Brx .

Equation (5.22) can be written as

{1+ af(N1 — 2MNs)} = x(1 - BNy)

and from (5.23)

Ny(1 = afiNy) = ofr? .

From (5.24) and (5.25) we write

1— BN.
’7'2 = Nl —( 2g 2) .
Using (5.27) in (5.26)
ey
a-pM)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)

Equations (5.28), (5.27), (5.25) pfovide the expressions required in the evaluation of

Ni, 7, xin terms of a given value of Ny, In order to allow the calculation of the

stresses N1, Ng, and 7 in terms of the deformation gradient x we need to introduce a

variable A by the equation

1-A

PN, = 1+ (1-2a)A

In terms of A we can solve (5.28) to obtain

1— A2

Ni = aBA(l+(1—2a)A)

Using (5.28) and (5.29) into (5.25) we obtain
2(1 — a)A?

T =
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(5.30)
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From (5.25) and (5.27) we can obtain
2 — Nl{l + aﬁ(Nl - 2N2)}

) 5.32
28(1 — BN,) (5-32)
we can then use (5.29) and (5.30) to obtain
1— A2
2 __
X T faphi(i-a) (5:33)

We can now see the advantage of the transformation (5.29). Equation (5.32) provides
a quadratic relations for the solution of A2 in terms of . We can explicitly calculate
7 from (5.31) N; from (5.30) and N from (5.29).

This general formulation is valid for non zero values of the parameters o, 3, 7.

~Now, we will consider some special cases.

a)f=n=0

from (5.10) and (5.21)- (5.23)
Ni=Ny=7=x=0

This is the Newtonian case that we studied in chapter three.

b) a=0;( B#0)

in this case we have N; = 207x, Ny=0and r=yx (5.34)
This is the Oldroyd B type fluid . Notice that if the solvent term in the Oldroyd B
equation is set to zero that is u=0 the equation reduces the UCM equations.

Here both the upper-convected Maxwell and the Oldroyd B models show a
zero second normal difference Noand no shear thinning. These might be acceptable
approximations for dilute solutions but are poor approximations for melts. Also

there are some important limitations of the Oldroyd B equations for describing dilute

solutions are :
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The model contains only a single relaxation time, while the fluid actually

displays a spectrum of time constants ,and extensional viscosities grows limitless, in

extensional flows when the extensional strain rate exceeds a critical value .

From the momentum equation in the x-direction we obtain

0 0S;,
op . 88

e 8, 0

where the stress tensor S is defined by equation (2.21).

For the Couette flow between two parallel plates Qg = 0, hence we have

(5.35)

0S
— == =0
0z
From the equation (2.21) we have
SIL‘Z = Tas;z + T)

where T denotes the extra shear stress 7,

Ssubstituting (5.18) and (5.31) into (5.37) we obtain

[k 2(1 — a)A?
Taz = (77 + 14+ (1-2a)A X

(5.36)

(5.37)

(5.38)

Equation (5.36) implies that S,, must be constant. In view of (5.38) and (5.33) we

conclude that y must be a constant. Consequently we can integrate equation (5.10)

for the upper and lower fluid to obtain

X1
u; = —2z+c¢,
m
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Uy = 2(—22 + C12. (5.40)
2

From the boundary condition at u; =0 at z =0, we obtain ¢;; = 0. From the

boundary condition uy; = 1 for z = 1 we obtain
Ci2=1-— X2 (5.41)
2

We denote by V., the velocity at the interface z = d;. From (5.39) and (5.40) we see

that

d d
Xi¢1 _ Xa2d1 11— X2 (5.42)
m 2 2

Vi=—

The interface stress condition can be written as,

2(1 — o) A? 2(1 — a)A2x:
piy Azeboa o, Moaghye (g gy
m 1+ (1 — 20(1)A1 Y 1+ (1 - 2a2)A2
Using (5.42) we can write
Vi U-YV,
Mo X (5.44)

m di M dy
If we replace x1, and x3 in (5.43) by their expression (5.44) we obtain an equation for

V=« of the form ,

Ve | 2m(l-e)AV,  (1-Vi) | 2p(1 - ap)AJ(1 - V)
dl[l -+ (1 - 20[1)A1] =R ds d2[1 + (1 - 20[2)A2]

(5.45)

Here Ay, A, are given, in view of equation (5.33) , by
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v 1-m

d_f ANl - )

(1-V.)? 1- A7

d22 Ao Al - ap)

(5.46)

(5.47)

Equation (5.41) and (5.42) can be solved analytically for A;, A, in terms of V, . For

this we call

Ao dor 23 (1 — o)
- = ,
dl

and (5.46) becomes

AVZA + AT -1=0.

Solving for

Y; = A2

we obtain

2 LT V/I+4AV2

! 2AV?

Similarly, for equation (5.47) we define B as

_ Aoafimi (1 — o)
d;

B

and we obtain A2as

—14++/(1+4B(1 - V,)?)

2 _
Az = 2B(1-V,)? -
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We can now establish an iterative procedure for solving equation (5.45) for
Vi. We start with the choice V, = d; (which corresponds to the single fluid flow)
and use (5.51) and (5.53) to calculate A; and A, we can then proceed evaluating the
residual of equation (5.45). A root finding technique can then be utilized to improve
the estimate of V, . Having obtained V, we can use (5.42) to calculate y; ,and x,
and (5.51) and (5.53) to calculate A; and A,. We can then obtain the normal stress
difference N; Nj and the shearing stress 7 using equations (5.29)- (5.31).

The procedure described above has been used to produce the data illustrated in
figures 4-39. The various cases considered are summarized in table 1. In all cases

the Newtonian viscosities p;, yo are chosen to be equal zero. This is done in order to

e;mphasize the viscoelastic character of the fluid. We note that several stability
studies have shown an important stabilizing effect of the Newtonian viscosities. The
strategy used here to illustrate the results of these calculations is the following: The
network viscosity 7; of the fluid in the lower layer is kept equal to 1 (i.e. viscosities
are normalized with respect to the network viscosity of the lower layer). Similarly
the Weissenberg number We; of the fluid in lower layer is kept equal to 1 (this
implies that the relaxation time of the fluid in the lower layer is equal to dyef/Upes.
Here d,¢s is the distance between the plates U, is the velocity of the upper plate).
The velocity gradients in both the lower and upper layer and the corresponding shear
and normal stress differehces are plotted as functions of the network viscosity of the
upper layer. This is done for values of the mobility parameters ¢; varying between
0.1 and 0.5. We only consider cases for which the mobility parameters of the upper

and lower fluids are equal.
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We consider three different values (1, 0.2, 2) for the Weissenberg number of
the fluid in the upper layer . For each one of these cases we consider three different
layer configurations. In the first configuration the layers are equal of depth. Then we
consider a this layer in the bottom (near the stationary plate ) at ratio 1:9 and
consequently consider a this layer near the top plate (which moves) again at ratio 1:9.
The letters A,B,...I are used to name the nine cases described above (see table 1).
Figures 4a and 4b depict the velocity gradient xi x2 which are related to the actual
velocity gradients g—’; by relation (5.10). Consequently x; is indeed the velocity
gradient, but x,is equal to the product of 7, with the velocity gradient of the fluid is

the upper layer.

We observe that all curves of figure 4a as well as all curves of figure 4b pass
through the point 73 = 1, x1 = x2 = 1. This ,of course , is an expected result since
for this case A and for 7 = 1 we have a configuration consisting of a single fluid.
For a single fluid the velocity gradient is equal to 1 due to the normalization utilized
in this thesis. Figures 4a, 4b also show that inéreasing values of the mobility
parameters ¢; in the case of a less viscous top layer result in a decrease in the
velocity gradient y; with a corresponding increase in ;. The fact that a decrease in
x1 must be accompanied by an increase in  can be explained by the consideration of
the velocity V., at the interface (see figure 3). A decrease ih V. results in a decrease in
X1 and an increase in x2 while the reverse happens for an increase of V,.

Figure 5 illustrates the variation of the shearing stress 7 with the viscosity of
the top layer , for various values of the mobility parameter. In all of the cases studied
here the shearing stress 7 is the total shearing stress in the fluid , since the Newtonian

viscosities are taken equal to zero. In the Couette flow considered here the shearing
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stress remains constant throughout the layer. Consequently the continuity of the
shearing stress condition at the interface implies that 77 = 5. We also note that for
1n9=1 (case of a single fluid with velocity gradient 1), 7, # 1. this is , of course , due
to the nonlinear character of the fluid due to the non zero values of the mobility
parameter.

Figures 6a and 6b depict the first normal stress differences Ny; and Ny, as
function of the upper layer viscosity 7;. We note the maximum reached by the first
normal stress differences in the upper layer. Similar results for the second normal
stress differences are depicted in figures 7a and 7b . In view of equation (5.34) we

note that when 7 = 1, and « =0 the first normal stress differences should tend to 2

while the semress differences should tend to zero. Figures 6 and 7
clearly indicate these tendencies.

Flgures 8 to 11 illustrate the varlatlon of the Velocxty gradlents xl, X2 the
shearmg stress differences N; and Ny w1th the viscosity of the upper layer 7, for the
case B of table 1. Case B differs from case A because of the Weissenberg number of
the upper fluid ié much lower. The differences observed between cases A and B are;

a) Velocity gradient in the lower layer increases for increasing values of the
mobility parameter. Those is opposite of what is observed in the case of equal
Weissenberg numbers when the lower layer is more viscous than the upper layer.

b) The first normal stress differences in the upper layer tend to 0.4 as « =0
and 7o = 1. The first normal stress differences in the lower layer still tend to 2 for «
=0 and 779 = 1. This is explained by equation (5.33) which predicts that in this limit

N; ~ 243
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c¢) The second normal stress differences should tend to zero as o =0 however

in the upper layer they are significantly lower than the common stress of case A.

Figures 12- 15 depict the corresponding graphs for case C of table 1. Here the

Weissenberg number for the upper layer is taken to be equal to 2. The graphs for this

case are similar to the ones oBtain for case A with the exemption that there is no

common point of the velocity gradient curves for 17, = 1 as is the case in A. The fact

-a that case C differs from A less than B does from A is of course explained by the fact
that We, in C is twice as large while in B is 1/5 of its value in case A.

Figures 16- 19 depict the velocity gradients, shear stress, and normal stress

differences for the case D of table 1. Here we consider a thin layer of fluid near the

" botfom stationary plate. The Weissenberg numbers of both fluids are equal to 1.

When the viscosity of the upper layer is less than the viscosity of the lower layer then

X, Temains very close to 1 for all values of the mobility parameters . The behavior
of the shearing and normal stress differences for fhis case is similar to the case A.
Figures 20-23 depict the corresponding  for case E of the table 1. The difference
between E and D is essentially the reduction of the second normal stress difference in
the upper layer due to the lesser value os We,. In addition we note that the influence
of the mobility parameter on the velocity gradient, shearing stress and first normal
stress difference of the upper layer is reduced.

The corresponding result for the case F of table 1 are given in figures 24-27.

Figures 28-31 depict again the velocity gradients, shear stress, and normal
stress differences as function of the network viscosity of the upper layer for the case G
of table 1. Figure 29-32 depict similar graph for the case H for which the

Weissenberg number of the upper fluid is 115 of the We number of the lower fluid.
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A common characteristic of all these curves appears to occur for 75/, > 1.
This is the case of a thin highly viscous layer between the lower fluid and the moving
upper plate. For this configurations the velocity gradients, the shear stress and the
normal stress differences seem to depend weakly on the network viscbsity. Their
values are strongly influenced by the values of the mobility parameter a.

Case I of table 1 is depicted in figures 36-39.
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6. CONCLUSIONS
The steady state solution of shear flows associated with multiple-layered
fluids can easily be obtained in a variety of fluid configurations. For the geometry of
two parallel plates and a circular cylinder, closed form analytic solutions are available
when we have two superimposed newtonian fluids or two viscoelastic fluids
characterized by the UCM model.
For the Giesekus model used in this thesis which is capable of predicting
second normal stress differences and shear thinning, we use an accurate and simple
numerical solution approach. As expected, the second normal stress difference

increases for increasing values of the mobility parameter . In addition, increased

Weissenberg numbers produce higher second normal stress differences.

In the cases where one of the layers is much thinner than the other, we
conclude that the nondimensional velocity gradient in the thick layer remains very
close to 1 for all values of the mobility parameter, provided that its viscosity is less
than that of the thin layer. This result is more pronounced when the Weissenberg
numbers of both fluids are nearly equal.

Again, in the cases where the layer next to the moving plate is much thinner
than the other, we conclude that the velocity gradient and the normal stress
differences exhibit a pronounced maximum for a specific ratio of the network
viscosities. The amplitude of the maximum increases for larger values of the mobility

parameters .
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we
d Wey =1, Weys =1 | Wey =1, Wey = 0.2 | Wey = 1, Wey = 2
di=ds=0.5 A B C
d; = 0.1 D E F
dy = 0.9
d; =0.9 G H I
dy = 0.1

TABLE 1.Summary of flow characteristics of the examples studied

H1=H2 = 07 m= 1 X(’l’)a NI(Z)7 NZ(i)aTa VCI'SUS 2

foro; = g = 0.1,02,0.3,04,05.
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FIGURE I. The parallel plates geometry.
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FIGURE 3. The relation between V, and the velocity gradient.
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FIGURE 4. The velocii:y gradients x; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case A where We; = Wey =1, d; =dy =0.5. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1. a)
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FIGURES. The shear stress 7; in the two layers as functions of the network
viscosity 7 of the upper layer for values of the network mobility parameter o between
0.1 and 0.5. Case A where We; = Wey =1, d; =dy =0.5. The Newtonian

viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGU RFE 6. The first normal stress ny; in the two layers as functions of the network
viscosity 7 of the upper layer for values of the network mobility parameter o between
0.1 and 0.5. Case A where We; =Wey =1, d; =dy =0.5. The Newtonian
viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURET. The second normal stress n,; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case A where We; = Wey=1,d; =d; =0.5. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case B where We; =1 Wey = 0.2, d; = dy = 0.5. The
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FIGU RE9. The shear stress 7; in the two layers as functions of the network
viscosity 7 of the upper layer for values of the network mobility parameter o between
0.1 and 0.5. Case B where We; =1 Wey = 0.2, d; = dy = 0.5. The Newtonian
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FIGURE 10. The first normal stress nj; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parame;er o!
between 0.1 and 0.5. Case B where We; =1 Wey =0.2, dy =dy =0.5. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGUREF 11. The second normal stress n,; in the two layers as functions of the

network viscosity 7 of the upper layer for values of the network mobility parameter

between 0.1 and 0.5. Case B where We; = 1 Wey = 0.2, d; = dy = 0.5. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case C where We; = 1 Wey = 2, d; = dy = 0.5. The
Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGU RE 13. The shear stress 7; in the two layers as functions of the network

viscosity 7 of the upper layer for values of the network mobility parameter o between

0.1 and 0.5. Case C where We; =1 wey = 2, d; = dy = 0.5. The Newtonian

viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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Case C where We; =1 Wey =2, dy =dy =0.5.
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FIGURFE 14. The first normal stress n;; in the two layers as functions of the

network viscosity 7 of the upper layer for values of the network mobility parameter o

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 15. The second normal stress ny; in the two layers as functions of the

network viscosity n of the upper layer for values of the network mobility parameter o

between 0.1 and 0.5. Case C where

We1 =1 Wez =2, dl = d2 = 0.5.

The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 16. The velocity gradients y; in the two layers as functions of the
network viscosity 7 of the upper layer for yalues of the network mobility parameter o
between 0.1 and 0.5. Case D where We; = Wey =1, d; =0.1 dy =09. The
Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 17. The shear stress 7; in the two layers as functions of the network
viscosity 7 of the upper layer for values of the network mobility parameter a between
0.1 and 0.5. Case D where We; = Wey =1, d; = 0.1 dy =0.9. The Newtonian

viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 18. The first normal stress ny; in the two layers as functions of the
network viscosity n of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case D where We; = Wey; =1,d; =0.1 dy =0.9. The
Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 19. The second normal stress n,; in the two layers as functions of the
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FIGURE 20. The velocity gradients x; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case E where We; = 1 Wey = 0.2, d; = 0.1 d3 =0.9. The
Newtonian viscoéity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 21. The shear stress 7; in the two layers as functions of the network
viscosity 7 of the upper layer for values of the network mobility parameter o: between
0.1 and 0.5. Case E where We; = 1 Wey = 0.2, d; = 0.1 dy = 0.9. The Newtonian

viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 22. The first normal stress ny; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case E where We; =1 Wey = 0.2, d; = 0.1 dy =0.9. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE23. Thé second normal stress n,; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility pafaméter a
between 0.1 and 0.5. Case E where We; =1 Wey = 0.2, d; =0.1 dy =0.9. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 24. The velocity gradients x; in the two layers as functions ‘of the
network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case F where We; =1 Wey =2, d; =0.1 dy =0.9. The
Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE25. The shear stress 7; in the two layers as functions of the network

viscosity 7 of the upper layer for values of the network mobility parameter o between

0.1 and 0.5. Case F where We; =1 Weg =2, d; = 0.1 dy = 0.9. The Newtonian

viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 26. The first .normal stress ny; in the two layers
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FIGURE?27. The second normal stress n,; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter «
between 0.1 and 0.5. Case F where We; =1 Wey =2, d; =0.1 dy =0.9. The
Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 28. The velocity gradients x; in the two layers as functions of the
network viscosity n of the upper layer for values of the network mobility parameter
between 0.1 and 0.5. Case G where We; = Wey =1,d; =09 dy =0.1. The
Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE29. The shear stress 7; in the two layers as functions of the network
viscosity 77 of the upper layer for values of the network mobility parameter o between
0.1 and 0.5. Case G where We; = Weg =1, d; =09 dy = 0.1. The Newtonian

viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 30. The first normal stress nj; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter «
between 0.1 and 0.5. Case G where We; = Wey =1, d; =09 dy =0.1. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.

a)ny; vs. 72 b)njavs. o

73



0.50

0.40

0.30

N21

0.20

0.50 T Y
— o0=0.1
................ 0=0.2
o40 b  a--e =03 1
——— o=04
—-—- 0=0.5
0.30 PN -1
q L/ N
Z ST N
/s . S~ D ~
0.20 ST N .
L. ~. ™~ ~
/7 Sl ~o ~.
g S e
A Tl T~
0.10 ,// /' ~ T
54// ...............
000 05 10 15
. 1, . .
(31b)

FIGURE31. The second normal stress n,; in the two layers as functions of the

network viscosity 7 of the upper layer for values of the network mobility parameter o

between 0.1 and 0.5. Case G where We; = Wey =1,d; =09 dy =0.1.

The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 32. The velocity gradients x; in the two layers as functions of the
network viscosity n of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case H where We; =1 Wey = 0.2, d; = 0.9 dy =0.1. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 33. The shear stress 7; in the two layers as functions of the network
viscosity 7 of the upper layer for values of the network mobility parameter o between
0.1 and 0.5. Case H where We; = 1 Wey = 0.2, d; = 0.9 dy = 0.1. The Newtonian

viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 34. The first normal stress ny; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case H where We; = 1 Wey = 0.2, d; = 0.9 dy =0.1. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 35. The second normal stress n,; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter
between 0.1 and 0.5. Case H where We; = 1 We2 =0.2,d; =09 dy =0.1. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE36. The velocity gradients x; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case I where We; =1 Wey =2, dy =09 dy = 0.1. The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1
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FIGURE 37. The shear stress 7; in the two layers as functions of the network
viscosity 7 of the upper layer for values of the network mobility parameter o between
0.1 and 0.5. Case I where We; =1 Wey =2, d; = 0.9 dy = 0.1. The Newtonian

viscosity are zero, the network viscosity of the lower layer is fixed at 1.

80



®

FI GU RE 38. The first normal stress n;; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case I where We; =1 Wey =2,d; =09 dy =0.1. The

Newtonian viscosities are zero, the network viscosity of the lower layer is fixed at 1.
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FIGURE 39. The second normal stress n,; in the two layers as functions of the
network viscosity 7 of the upper layer for values of the network mobility parameter o
between 0.1 and 0.5. Case I where We; =1 Wey =2, d; =09 dy =0.1 .The

Newtonian viscosity are zero, the network viscosity of the lower layer is fixed at 1.
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