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Abstract

Binary representation has been widely used to model many common interconnec-
tion networks such as the Butterflies (BF), Cube Connected Cycles (CCC), Shuffle
Exchange (SE), Hypercubes and deBruijn (DB) networks. However, binary models
are difficult to analyze and complex to use, except for a few select ones such as
the Hypercubes. In this research we exploit new algebraic representations for BF,
CCC, SE and DB networks. While algebraic models for BF and DB are available in
the literature, this dissertation provides algebraic models for CCC and SE for the
first time. The simplicity of the models and access to powerful algebraic techniques
allows us to explore the structural properties of these networks. In particular, we
have found all the automorphisms of BF and CCC networks and the effect of these
automorphisms on graph edges. This has allowed us to provide strategies to map
algorithms on networks with faulty edges, which is an important problem in parallel
processing. We illustrate our methods by mapping Hamilton cycle on the butter-
fly under various edge fault scenarios. This dissertation also exploits the algebraic

machinery to find paths in SE and optimal paths in the CCC networks.






Chapter 1

Introduction

1.1 Introduction

Over the last few decades, the semiconductor technology has delivered increasingly
faster and complex and yet smaller integrated circuits. Unfortunately, this ability to
create chips of shrinking sizes and higher complexities has now hit the technological
barriers. On the other hand, applications are becoming increasingly complex and
need faster solutions. The only way to solve these highly dynamic and complex prob-
lems is by using parallel computing paradigm. It is therefore an accepted premise
that parallel processing using a larger number of processors will be the future of
computing.

While somewhat specialized parallel machines based on SIMD (single-instruction-
multiple-data) and shared memory have also been designed, the most common par-
allel architecture is the distributed memory parallel machine. In such a machine,
multiple processors work independently on different parts of the application using
their own program and data memories. They exchange data and partial results with
each other using communication links between them. These links, together, form an
interconnection network of the machine. Unfortunately, the communication speeds
have not kept up with the computational speeds. As a result, the performance

of message passing parallel architectures and multi-core chips depends, to a large
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extent, on the underlying interconnection network.

The choice of the interconnection network also affects other key characteristics
of the system such as the ease of algorithm development, overall speed, reliability,
scalability and complexity of physical layout. Therefore communication network of
a parallel processor dominates its performance.

Interconnection networks can be modeled as graphs whose nodes represent pro-
cessors, and edges, the communication paths between them. Hypercubes, butterflies,
cube connected cycles and meshes are some of the popular graphs on which many
of the existing parallel machines are based [1]. To run a computation on a parallel
machine, one partitions the task into a set of sub-tasks and develops a task graph.
One then maps the task graph on the interconnection graph of the architecture such
that the communicating sub-tasks are mapped (as far as possible) on processors that
have a direct link between them. Graph theory is one of the most powerful math-
ematical tools for designing and analyzing interconnection networks. Selecting an
appropriate topological structure of an interconnection network is a major problem
in designing distributed memory parallel machine.

Interconnection networks are characterized by the following parameters:

o Network size: the number of nodes in the network. Large network size is

desirable since it implies more processors and hence higher throughput.

e Node degree: the number of communication links connected to a node. The
degree of a node in interconnection network directly determines the complexity
of communication hardware within that processor node. Clearly a small node
degree is desirable. In addition, if the node degree is constant with respect
to the size of the network then the same node hardware may be employed to
build networks of different sizes. Thus constant node degree is important for

scalability and economical of parallel computing.

e Bisection width:  The minimum number of links which need to be cut in
order to divide the network into two equal halves. A large bisection width is

desirable since the bisection width limits the rate of data transfer between the
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SOME PROMISING NETWORKS

two halves of the network, thus affecting the performance of communication.

Network diameter: The maximum shortest path between any two nodes in
the network. The shortest path is the minimum number of links which must
be traversed in order to connect two nodes in the network. The network
diameter is the longest of such shortest paths between any pair of nodes and
therefor represents the maximum number of links that a message may have to
traverse before it reaches its destination. A smaller diameter implies a shorter
time for message communication and results into a higher speed of algorithm

execution.

Ezistence of mappings of parallel algorithms:  Mapping algorithms on ar-
chitectures is an important requirement of an interconnection network. To
reduce the communication overhead, a good match is necessary between the
structure of parallel algorithm represented by the guest graph (in which the
nodes represent subtasks and edges, communication between subtasks), and
the network topology represented by the host graph. There are several de-
sirable properties such as dilation, congestion, loading, etc. to estimate the

quality of a mapping.

Symmetry: An interconnection network is symmetric if it looks the same from
any node. Symmetry allows simpler algorithm mappings, easier communica-

tion strategies, task remapping and fault avoidance.

We now review some common interconnection networks in the light of the desired

properties stated in this section.

1.2

Some promising networks

This section reviews some of the common interconnection networks in the light of

the desired properties.

The simplest interconnection network is a Ring of N nodes [1]. Each node in

the ring is connected to only two other nodes in a cycle with diameter of N/2.

5
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It has constant node degree of 2 and a constant bisection of width of 2. Ring
network contains several attractive properties such as simplicity, extensibility and
symmetry. Ring networks are suitable for implementing simple algorithms with low
communication costs. However, mapping most guest graphs onto Ring is difficult
because of the simple architecture and the large diameter of this architecture.

A two-dimensional Torus network is defined to have n x n = N nodes, formed by
an n X n array of nodes with each connected to its immediate neighbor in the row
and column, including the wrap around edges. Torus is one of the attractive inter-
connection networks due to its symmetry and application to solving finite element
problems. It has a constant node degree of 4 and a diameter of O(v/N) [1].

Many networks use labels that are binary strings. We therefore explain the
notation first. Let Z, denote the group of integers {0,1,...,n — 1} under the
operation of addition modulo n and ZZ, the group of binary vectors of length n
under the operation of modulo 2 addition.

A topology that has been used in several parallel machines is the Hypercube.
The n-dimensional hypercube H,, is defined to have 2" nodes labeled with elements
of Z% [2,1]. Two nodes are connected with an edge if and only if their labels differ
in exactly one bit. Hypercube H, can be constructed from two H, _; hypercubes
by connecting the corresponding nodes. This hierarchical property of a hypercube
simplifies the development of communication strategies as well as the mappings of
a large number of parallel algorithms on the hypercube. Hypercube H, also has
many other nice properties such as a small diameter n and a large bisection width
2"~1 The non-constant node degree, however gives the hypercube poor scalability.
A network with a large number of nodes becomes very complex, which is reflected
in the network cost.

The n-dimensional Shuffle Exchange graph, SE,, has 2" nodes, each labeled
with an element of Z3. A node (v1vy...v,) is connected to three distinct nodes:
(v1vg ... v, ®2") (an exchange edge), (vavs ... v,v1) and (v,v1 . .. v,—1) (shuffle edges)
3]. SE, has 3 x 2"~ edges and a diameter of 2n — 1. Its node degree is < 3.

The n-dimensional deBruijn graph, DB, was introduced to overcome the Hyper-

cube disadvantage that the degree grows as the size of the network increases. DB,
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has 2" nodes, each labeled with an element of ZJ. A node (v1vy...v,) € DB, is
connected to (vevs ... v, 0), (vavs...v, 1), (0 vive...v,—1) and (1 vive. .. v,_1) [4].
DB, has 2! edges and a diameter of n. Its node degree is < 4. Shuffle Exchange,
and deBruijn, though non-symmetric, are still considered important because of their

small node degree and small diameter.

The Cube Connected Cycles network of degree n, CCC,, was developed as a
hypercube derivative by replacing each node of a degree n hypercube by a cycle of
n nodes [5]. CCC,, has n2" nodes, each labeled by a pair (m, V') where m € Z,, and
Ve ZF. A node (m,V) of CCC is connected to only three other nodes: (m+1,V),
(m—1,V) and (m,V @& 2™) as shown in Fig. 5.1, where V & 2™ is the string V' with
mth bit complemented. The diameter of CCC is 6 when n =3 and 2n + |n/2| — 2
when n > 3 [6]. This low diameter and the low constant node degree imply that

CCC may be very useful for parallel architectures.

The Wrapped Butterfly graph BF,,, n > 3, is defined to have n2" nodes, each
labeled with a pair (m, V') wherem € Z,, and V' € Z [1]. A node (m, V) is connected
to four distinct nodes: (m+1,V), (m+1,V&2™), (m—1,V) and (m—1,V&2m1)
as shown in Fig. 2.3. BF,, represents a good trade-off between the cost and the
performance of a parallel machine. It has a large number of nodes (n2"), fixed node
degree (4), low diameter (|3n/2]), symmetry, and ability to support a variety of
parallel algorithms [1,7-10].

Table 1.1 summarizes the topological properties of the various interconnection

networks mentioned in this section.

This dissertation focuses on constant node degree networks since these are the
only trully scalable networks from hardware perspective. However, as described
above, other properties such as a small diameter and the availabilty of mappings of
common parallel algorithms are crutial to the performance of such networks. The
prominent networks that have a constant node degree include the Ring, the Torus,
the Tree, the Shuffle Exchange network, the deBruijn network, the Cube Connected
Cycles and the Wrapped Around Butterfly. Of these, the Ring and the Torus have a
substantially large diameter, O(N) and O(v/N) respectively, where N is the number

7
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Table 1.1: Comparison of Hypercube (H,), Ring (R,), Torus (T, ,), Shuffle Ex-
change (SE,), deBruijn (DB,,), Cube Connected Cycles (CCC,,), and Butterfly (B,,)

interconnection networks

Network  No. Dia Node Bisection Symmetry
name  of proc degree  width
H, 2" n n on—1 Yes
R, n n/2 2 2 Yes
Ton n? n 4 on Yes
SE,, 2" 2n — 1 <3 n/log n No
DB, 2" n <4 2" /n No
CCce,, n2" on 3 on—1 Yes
B, n2"  [3n/2] 4 2n Yes

of nodes. Thus they do not really scale well in performance. The Tree, Shuffle Ex-
change and the deBruijn networks do not possess symmetry, an important property
that is required for fault tolerance as well as to simplify algorithm mappings. Thus
neither of these three networks are scalable in this context.

The two scalable networks that have symmetry, constant node degree and ac-
ceptable diameter, O(log N), are thus the Cube Connected Cycles and the Wrapped

Butterflies. Our research focuses on these two architectures.

1.3 Existing algebraic models for interconnection

networks

This section reviews the existing algebraic models for constant node degree intercon-
nection networks. The objective is to provide the reader with a concise introduction
to these models.

The first general framework for constant node degree interconnection networks
was introduced by Akers and Krishnamurthy [2,11]. They showed that by using
Cayley graphs, one can obtain constant node-degree interconnection networks, all
of which are symmetric. Given a group G and a subset S called the generator set,

an interconnection network can be defined as a Cayley Graph, in which each vertex

8



1.3. EXISTING ALGEBRAIC MODELS FOR INTERCONNECTION NETWORKS

is labeled by an element of G and two vertices u,v € G are connected if and only if
there exists an element s € S, such that v = us. To ensure bidirectionality of edges
and to avoid self loops, S should be closed under inverses and should not contain
identity element. The node degree of this graph is the number of elements in the
subset S.

All Cayley graphs are node symmetric. All the common symmetric networks
such as hypercubes, rings, toruses, butterflies can be constructed as Cayley graphs
using appropriately defined groups and generator sets. Further, this concept has
also been used to develop new interconnection networks with attractive properties,
e. g., star graphs and pancake graphs [2,12,13]. As an illustration, Hypercube H,
of dimension n can be constructed as a Cayley graph of the group ZZ under the
binary operation of bit-wise XOR, and the generator set S to be the set of n binary
vectors of weight 1.

Cayley Graphs, for the first time, offered a unified view of symmetric intercon-
nection networks. Unfortunately, even though they provide new models for some
older networks and a procedure to generate new networks, they do not simplify the
investigation of either topological (other than the symmetry and node degree) or
mapping properties of these networks.

Cayley graphs cannot model non-symmetric networks such as Shuffle Exchange
and deBruijn graphs which have important topological properties (refer to Table
1.1). An extension of the Cayley graph concept known as the Cayley Coset graphs
was therefore developed by Annexstein et al. [11]. Given a group G and its subgroup
H, and a generator subset S as in the case of a Cayley graph, a Cayley coset graph
with |G|/|H| nodes may be defined as follows. Every node of the graph is labeled
by a (say) left coset of H in G. Node Hz is connected to node Hy if and only if
there exists an s € S such that x;s = y;, where 7 € Hx and y; € Hy. If the
subset H is trivial, i.e., if H = {e} where e is the identity element of G, then the
Cayley Coset Graph is the same as the Cayley graph obtained from G and the set
of generator S. Thus, Cayley coset graphs can be used to represent both symmetric
and non-symmetric graphs. Unfortunately this model also suffers from the same

drawback as the Cayley graphs, namely that it can be used effectively to design new

9



CHAPTER 1. INTRODUCTION

interconnection networks but it does not simplify the investigation of the existing
networks. In order to benefit from the model one needs to make the model powerful
enough to explore all the structural properties.

The third kind of algebraic model used to describe interconnection networks
uses finite fields. Since a field admits both addition and multiplication, this model
often is more powerful. Currently models that use finite fields are available for
the deBruijn networks [14, 15] and for the Wrapped Butterfly networks [10]. In
these models, the graph nodes are expressed using elements of finite fields (for the
deBruijn network) or elements of a direct product of groups and finite fields (for
Wrapped Butterflies). The connectivity between nodes can then be expressed as a
simple algebraic relationship between the node labels. This allows one to explore the
structural properties of these networks in much more direct fashion using powerful
algebraic techniques. Further, such a model allows one to map algorithms to parallel
machines rather easily [10].

Binary representation has been used to model common interconnection networks
such as Wrapped Butterfly, Hypercube, Cube Connected Cycles, deBruijn, and
Shuffle Exchange. Unfortunately, the binary model is quite difficult to analyze
except for a few selected ones such as Hypercube. For example, in a Wrapped
Butterfly network, the destination of (m, V) is (m + 1,V & 2™) the complexity of
this representation should be apparent from the fact that the second coordinate of
the destination is a function of both V' and m, the two coordinates of the source.
Because of this, one cannot treat the two coordinates independently making it very
difficult to explore the topological properties of the network.

With the advances in the VLSI technology, it is now possible to build parallel
machines with a large number of processors. However, larger the machine, higher is
the probability that one or more of its processors and links will develop a fault. Thus,
for the underlying networks of these large machines, mapping of algorithms on faulty
graphs becomes an important issue [16-20]. Unfortunately, earlier work with these
models did not explore mappings on networks with faults. Finite field based models
are powerful enough to yield results in this domain as well. In particular, these

models may yield easy expression of such powerful concepts as the automorphisms

10



1.3. EXISTING ALGEBRAIC MODELS FOR INTERCONNECTION NETWORKS

of the graphs. Since automorphism is a natural way to remap an algorithm on a
faulty network, it represents an important direction for exploration.

This research develops a new approach to mappings on faulty butterflies using
an algebraic model first given in [10]. We show that with this model, it is rather
simple to obtain all the automorphisms of the butterfly. Automorphisms can be
used to translate an algorithm mapping to one that avoids node faults. For example,
an algorithm mapping can avoid a faulty node Nyqu4, by using a free node Ny,
(assuming one exists) and an automorphism ¢(-) of the interconnection graph such
that ¢(Nfree) = Npauity- By remapping tasks on each node N to node ¢(INV), one
can run the algorithm entirely on fault free nodes. Automorphisms have also been
used to obtain better VLSI layouts of butterfly networks [21,22].

This research obtains all the automorphisms of the degree n wrapped butterfly
BF,, (Theorems 1, 4, 6). We explore the edge transformations in butterfly networks
due to automorphisms. In particular, we show that exactly n2" automorphisms of
BF,, affect all the edges in a column similarly (Theorem 7). As an example, we show
that a butterfly BF,, supports a Hamilton cycle even when it has up to 2" faulty
edges of the same type (to be defined later) in each column except one (Theorem 11).
Hamiltonian cycle provide an optimal all to all broadcast in architectures that have
processor constrained communication (a processor can receive only one message at
any time). As a corollary, one can show that BF, is Hamiltonian with up to n — 1
random edge faults distributed one per column. The remaining n2" automorphisms
change the type of exactly half the edges in a column while the other edges retain
their type (Theorems 9, 10). Further, one can design automorphisms to achieve
the desired edge transformation. This allows one to map algorithms onto butterfly
machines with edge faults. As examples, we show that a Butterfly BF,, supports a
Hamilton cycle even when it has faulty edges in all but two of its rows as long as
the faults in a given set of rows are constrained to one type and those outside to one
type as well (Theorems 13, 14). Further, the requirement of two fault-free rows can
be lifted when n is odd (Theorems 15, 16). Our procedure allows one to map the
Hamilton cycle on to the faulty butterfly easily and directly. The simplicity of the

automorphism and the resultant edge mappings show promise of wide applicability

11



CHAPTER 1. INTRODUCTION

of this technique to a variety of applications.

Binary models of Cube Connected Cycles (CCC,,) suffer from similar defects.
The connectivity of CCC,, using the binary model is much too complex to obtain
many of the useful properties of the network. In this research, we propose a new
model for CCC,, based upon the direct product of a cyclic group and a finite field.
With this new model, one can avail of powerful algebraic techniques to investigate
the structure and mappings of CCC,,. Similar algebraic models developed previously
for the deBruijn network [15] and the wrapped butterflies [10] have allowed efficient
mappings of cycles and trees on the butterflies and provided insights into intricate
structural properties such as the automorphisms [23,24]. This new model helps solve
similar problems in CCC,,. Besides proving this model, this reserach demonstrates
its use to obtain paths in CCC,,. We also provide a similar new model of SE,, and
explore the relationship between the Shuffle Exchange and the deBruijn networks.

Finally, this research also obtains all the automorphisms of the Cube Connected
Cycles and explores the edge transformations in CCC,, networks due to automor-

phisms.

1.4 Organization of the dissertation

The rest of this dissertation is organized as follows. The necessary mathematical
background required for the rest of the dissertation is presented in the next Chapter,
where we briefly review some basic results in finite fields. Chapter 2 also reviews the
algebraic model of the Wrapped Butterfly network using direct product of finite fields
and cyclic groups. Chapter 3 obtains all the automorphisms of a Wrapped Butterfly
network. It also investigates the translation of Butterfly edges by automorphisms,
and proposes a new strategy for algorithm mappings on an architecture with faulty
edges. The new algebraic model of the Shuffle Exchange is defined and proved
in Chapter 4. We prove that the Shuffle Exchange network is a subgraph of the
deBruijn network of the same size. In Chapter 5 the new algebraic model of the

Cube Connected Cycles network is introduced and proved. We then provide all the

12
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automorphisms of the Cube Connected Cycles network. We also investigate the
effect of automorphisms on the Cube Connected Cycles edges. Finally, Chapter 6

summarizes the most important results of this work.
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Chapter 2

Mathematical Preliminaries and
Algebraic Models

This chapter presents the mathematical framework on finite fields and their proper-
ties to be used in the subsequent chapters. The definitions and background provided
in this chapter will be used to treat the interconnection networks; in particular the
Wrapped Butterfly (B,,) and the Cube Connected Cycles (CCC,,). This chapter is
organized in these sections. Section 2.1 presents the main definitions concerning fi-
nite fields. Section 2.2 discusses the dual of polynomial basis of finite fields. Section
2.3 discusses the automorphism definition. An overview of the new representation of
B,, and its isomorphism to the binary node labels is provided in Section 2.4. Section
2.5 is devoted to mapping of cycles of possible lengths to B,,, then provide simple
procedures to merge cycles under this model. Section 2.6 provides an overview of

the algebraic model of the deBruijn network.

2.1 Finite Fields

In this section, we discuss the main definitions and properties of finite fields and
groups that will be used in this research. For more extensive coverage of the topic,

reader is referred to [25,10]. Group is one of the important structures we employ.
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CHAPTER 2. MATHEMATICAL PRELIMINARIES AND ALGEBRAIC MODELS

It is defined as follows.
Definition 1 [26] A set G with a binary operation ® is called a group iff
1. G is closed under ®.
2. ® is associative, i.e., a (bR c) = (a®@b) ® ¢ for any a,b,c € G.
3. There is an identity element e € G such that a® e = e ® a = a for all a € G.
4. For each a € G, there exists a,b € G such that a @ b=b® a = e.
A group in which a @ b=0® a for all a,b € G is called commutative group.
Now we define a field structure.

Definition 2 A set F' with binary operations @ (generally called addition) and ®
(generally called multiplication) is called a field iff

1. F'is a commutative group under &. Let e denote its identity.
2. Set F'—{e} is a commutative group under .

3. ® is distributes over @, i.e., a® (bDc) =aRbDa® c for any a,b,c € F.

Definition 3 A finite field also called (Galois field) is a field that contains finite

number of elements.

Finite fields are algebraic structures that support the four basic operations: addi-
tion, subtraction, multiplication, and division. They do share many of the properties
of the other fields such as the fields of real numbers or complex numbers. The only
difference is that finite fields have a finite number of elements unlike the fields of
real or complex numbers. Finite fields are important in algebraic geometry, cryp-
tography, Galois theory and coding theory among others. It is known that a finite
field has exactly p™ elements where p is a prime and n is a positive integer. Further,
there is only one finite field (within isomorphism) of any size. A Galois Field with

p" elements is denoted by GF(p™).
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We restrict ourselves to p = 2, i.e., finite fields GF(2"). However, to construct
GF(2"), we first build GF(2), a field that has only two elements 0 and 1. The
addition and multiplication operations on GF'(2) are defined as addition and mul-
tiplication modulo 2. This implies that X + X = 0, for any X € GF(2). Thus
X = —X in GF(2).

To enlarge the field of two elements to a field of 2" elements, one uses a primitive
polynomial p(z) of degree n over GF(2). A primitive polynomial over GF(2) has
coefficients in GF'(2), but has no roots in that field. One can extend GF(2) by
including a root of p(z), say «. Since one is constructing a structure in which
multiplication is a valid operation, one would expect products of these elements,

3 o, ... to be also valid elements of the new field. However, all these powers

a?, a
cannot be distinct. Recall that « is the root of a polynomial of degree n. Thus, o”
can be expressed in terms of the lower powers of . Thus any o' can be expressed
as of 3770 a;a', a; € GF(2). One can thus show that the number of distinct powers
of a is at most 2" — 1. If p(x) is indeed primitive, then all these 2" — 1 powers
of a are distinct. In fact, o®"~! = 1 and thus, the elements of GF(2") are closed
under multiplication. Therefore, any of these distinct a powers may be multiplied
and the result would still be an element within the finite set of a powers. The finite

field thus generated has 2" elements comprising of 0 and the 2" — 1 powers of «

enumerated as {0,1,a,a?, ..., %" 72}
Fields GF(2%) and GF(2%) are illustrated below in Table 2.1 and Table 2.2,
respectively. Expressing each element of GF(2") in basis (a" ', a" 2, ... «a,1) is

fairly straightforward. For example, in Table 2.2, elements 1, o, o? and o? are
already the basis elements. a? can be expressed using lower powers of o using the
fact that « is the root of the primitive polynomial z* + 2 + 1. Thus o* +a+1 = 0,
or o = @+ 1. (Recall that GF(2") uses modulo 2 additions.) The expressions for
successive higher powers of a are obtained by multiplying the expressions for lower
powers by « and replacing any o, thus created, by o + 1.

Tables 2.1 and 2.2 are important to simplify additions between field elements. For
example, using Table 2.2, one may easily add o'® and o' in GF(2?) as o + o't =

(@+a+1)+(a®+a?+a)=a®+1=a'

17
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Table 2.1: Structure of GF(23).

Primitive Polynomial: 4+ x + 1
Elements and their Relationships:

0 ad=a+1
1 at =02+«
« ad=a?2+a+1
a? b =a?2+1

Table 2.2: Structure of GF(24).

Primitive Polynomial: 2* + x + 1
Elements and their Relationships:

0 "=t +a+1

1 a®=a?+1

« a9:a3+a

o? al'=a24+a+1

o3 al'=ad +a2+a
at=a+1 a?=a*4+a’+a+1
ad=a’+a a3 =a*+a?+1

ab = a3+ a2 a% =ad 41

Dual Base <637ﬁ27ﬁ1750> = <1,OZ7OZ2,0414>.

2.2  Dual of polynomial basis of Finite Fields

One can use an alternate representation for the elements of GF(2") over GF(2)
using the dual basis (6,1, Bn_2, - -, o). The dual of polynomial basis is unique and
its component f; is defined as that element of GF'(2") which satisfies

0 otherwise

To(e8) :{ 1 ifj =1, 2.1)

18
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where, the Trace function Tr(-) : GF(2") — GF(2) is computed as [25]:
Tr(z) =Y %, xeGF(@2).

Note that Trace is a linear function. In other words, for any a,b € GF(2) and
X,Y € GF(2"), one has

Tr(aX +b0Y) =aTlr(X)+bTr(Y).

The structure of the primitive polynomial governs the relationships between the
dual basis elements. In particular, the dual basis elements 3;, 0 < i < n of a finite

field GF(2™) are related to each other as given by the following Lemma.

Lemma 1 Let (8, 1, Bn_2,-..,00) denote the dual base of GF(2"). Then

4 = { af ifi=n-—1 2.9

aBip1 + piv1Bn—1  otherwise,

where « is the primitive element of the field and p; is the coefficient of x* in the

primitive polynomial used to generate the field.

Proof.
To prove that £,_1 = afy, all we need to show is that the element a3, satisfies

the definition of £,_;. Consider any 0 < 7 < n — 1. Because of the properties of 3y,
Tr(a?afy) = Tr(a?*'5y) = 0.

On the other hand, by using the linearity property of the Trace function and the
fact that

n—1
n k
Q= E jy%e’
k=0
one gets,

n—1
Tr(a" " afe) = > pTr(a"Bo) = po = 1.
k=0
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The relation of 8; and ;11 can be proved similarly. For any 0 < i <n — 1, and
0<j<n-—1,7%#i

Tr(o? (afis1 + pisiBn-t)) = Tr(a? Bi1) + pin Tr(e? Bu_1) = 0. (2.3)
Further, for i <n —1, for j =n — 1,

by expressing a” as ZZ;& pra® (since p(ar) = 0),

n—1

Tr(a" Y (aBis14pit18n-1)) = O okTr(a” Bis1)+pis1 Tr(@ ' Bui1) = pis1+pit1 = 0.
k=0
(2.4)
Finally, for j =7 <n —1,

Tr(a'(aBiz1 + Pis1Ba-1)) = Tr(@™ Bip1) + pisaTr(a’Boq)) =1+0=1. (2.5)

From (2.3), (2.4) and (2.5),

aBiy1 + piv1Bn—1 = Bis for0<i<n-—1

We use symbol ¢ to denote the quantity (a” + 1). Using the fact that p(a) = 0,
o can also be expressed as o = Z?;ll p;a’. The interaction between o and elements
of the dual basis is important to our representation. It is given by the following

Lemma.
Lemma 2 Let (3, 1,..., 01, Po) denote the dual basis of GF(2"). Then

Tr(o8) 0 if =0,
r\op;) =

Di otherwise,
0 ifi=n—1

Pir1  otherwise.

Tr(a o) = {
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Proof. One has
n—1
Tr(oB) =Tr((a" +1)B;) = TT(Z pjajﬁi)
j=1
n—1
= ijTr(ozjﬁi) (2.6)
j=1

The trace function in (2.6) is 0 except when j = ¢, when it is 1. This gives the
value of Tr(of3;) stated in the lemma. The value of Tr(a~'o3;) can be computed

similarly. |

2.3 Graph Automorphism

Graph isomorphism represents the problem of testing whether two graphs are iden-
tical. An isomorphism ¢ from a graph G = (V, Eg) to a graph H = (Vg, Ey) is
one to one mapping of Vi onto Vg that preserves connectivity, that is ¢ : Vg — Vi
such that for any two vertices v and v € Vi, we have (¢(u), ¢(v)) € Ey if and only
if (u,v) € Eg.

An automorphism of a graph is an isomorphism from a graph to itself. Auto-
morphisms are useful to remap an algorithm without affecting its performance on
a graph in the event of failure of a node or an edge. It is also important in multi
user machines when algorithm mappings need to be moved every time a new user
demands some part of the architecture. Recently, automorphisms of architecture
graphs have also been used to design better VLSI layout of multicore chips [21,22].

To illustrate the concept of graph automorphism, consider a graph shown in
Fig. 2.1, and a mapping function defined in Table 2.3. To prove that the resulting
graph after applying ¢ is an automorphic copy of graph in Fig. 2.1, one needs to
show that this mapping satisfies the automorphism properties. It is easy to check
that the specified ¢ is a one to one mapping from the graph nodes to themselves
which means every node is an image of one and only one node. Secondly, for every
pair of connected nodes in the graph, their images are also connected, and if the

two nodes are not connected in the graph then their images remain unconnected.
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For example nodes B and E are connected in the graph. One can see that their
images under ¢, A and C respectively, are also connected. Therefore, one can often
call an automorphism as relabeling the node graph as shown in Fig. 2.2. In this
graph, nodes are relabeled with their images. In Chapter 3, and Chapter 5 we
will determine all possible automorphisms of the Wrapped Butterfly and the Cube
Connected Cycles graphs.

C D E F

Figure 2.1: Original Graph.

Table 2.3: Automorphism Function

HEHO QW =2
<
UOEI"UTPUJE

2.4 An algebraic model of the butterfly graph

Before we provide the algebraic model for the butterfly, we first discuss the conven-

tional binary model.
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F E C D

Figure 2.2: Relabeled Graph.

Let Z,, denote the group of integers 0 through n — 1 under the operation of addi-
tion modulo n and Z7}, the group of binary vectors of length n under the operation
of modulo 2 addition. Then the wrapped butterfly graph BF,,, n > 3, is defined to
have n2™ nodes each labeled by the pair (m, V'), where m € Z,,, V € Z%. The nodes
of BF,, may be arranged in a 2" x n array such that (m, V) is in the located in m-th
column and V-th row. Each node is connected only to nodes in the neighboring
columns (except for the wrap-around links between the nodes of the 0-th and the
n — 1-th columns). BF,, graph is shown in Fig. 2.5. BF,, is a symmetric, undirected
regular graph of degree 4. BF,, has a logarithmic diameter of |3n/2] and a vertex
connectivity 4, i.e., for any pair of nodes there exist 4 node disjoint paths between
them. BF,, supports many parallel algorithms well [1,7-9,27,28]. It is shown that
one can map cycles and trees on BF,, with relatively low dilation [29-31]. A node
(m, V) is connected to four distinct nodes: (m+1,V), (m+ 1,V &2™), (m—1,V)
and (m — 1,V @ 2™7!) as shown in Fig. 2.3. Note that the third and the fourth
edges are inverses of the first and the second edges respectively. Thus the edges of
a wrapped butterfly are bidirectional, i.e., corresponding to an edge from (my, V1)
to (mg, V2), there is also an edge from (mq, V3) to (mq, V7).

In this classical definition of the wrapped butterfly, the rows of destinations
(m+1,V&2™) and (m— 1,V & 2™ 1) are dependent on both the column and the
row of the source (m, V). This complicates mappings of algorithm task graphs on
the butterfly.

Now we provide the algebraic model of BF,, first presented in [10]. Here, the
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o (m+1,V)

® (m+1,Va2m)
(m, V)

® (m—1V)

®(m—1,Vp2mt)

Figure 2.3: Connections from node (m, V) in the butterfly network.

nodes of BF,, are labeled with pairs (m, X), m € C,,, X € GF(2"), where C,, is the
cyclic group of integers 0 through n — 1 under the operation of addition modulo n
and GF(2") is the finite field of 2" elements. We will often refer to m as the column
and X, the row, of node (m, X). Let o denote the primitive element of GF'(2") and
(Bn-1, Bn—2, .-, Po), its dual basis. The node connectivity of graph BF,, can then be
described through an algebraic relationship. In particular, a vertex (m, X) of BF,
is connected to the vertices (m + 1,aX), (m+1,aX + B,-1), (m — 1,a7'X) and
(m —1,a7'X + f3y) as shown in Fig. 2.4. For convenience, we refer to these four

! respectively. It is easy to verify that if edge f goes from

edges as f, g, f~'and ¢~
node N; to Na, then the edge that goes from N, to N is f~!. The same observation
is also true for ¢ and g~!. Since edges of the butterfly are bidirectional, we often
refer to an edge either as f or g without worrying about the direction.

In order to establish the equivalence between the binary labels and the new

labels, we use the following mapping ¢ : Z, x Zy — C,, x GF(2"),

|
—

n

C(mv Un-1Up—-2 - .. UlvO) = (m, V(i+m) mod n 52) (27)

Il
=)

Mapping ( is one-to-one and onto because (3,1, 5,2, ..., o) is a basis of GF(2").

It is proven in [10] that ¢ also preserves the connectivity of BF,,. Thus ( is merely an
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e (Mm+1,aXx)

®(m+1,aX + 3,_1)
(m, X)

® (m—1,a"1X)

® (m—1,a ' X + (o)

Figure 2.4: Connections from node (m, X) € C,, x GF(2") in the butterfly network.

isomorphism or relabeling of the butterfly nodes. Table 2.4 provides the mapping ¢
between the two representations of B4. In order to illustrate the entries in this table,
consider mapping of a butterfly node (1, 1110) € Z,, x ZI to its new algebraic setting.
The dual basis of GF(2%) given in Table 2.2 is (83, 2, 81, Bo) = (1, a, a?, a'*). Thus

¢(1, 1110) = (1, e +a*+a)
= (I, 1+ a+a®+a
= (1, a'®).

Thus the butterfly node with binary label (1, 1110) is renamed in the new algebraic
notation as (1, a'?). The butterfly graph B, relabeled in the algebraic notation is
shown in Fig. 2.6.

The simplicity of this model should be apparent from the fact that unlike the
binary representation, the two components of the destination of (m, X') are indepen-
dent. For the proof and examples of the algebraic model of BF,,, reader is referred
to [10].
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Figure 2.5: Conne of Butterfly By in Binary notatio
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First coordinate
; 0 1 2 3 0=

P N N )
e A\ //&

'OA \\\VIII
1/ XX \\\WII

Q, a Q.
w

Qo
-
:fg
’$
Qn

a.
Q o ¢ 5
.<-
a.
—
»‘
L > =

'QAANIIIA\\\
2/ Xl W

Q. a. P
e ¢F ¢ o o o o o
[

&2 O
AV

Figure 2.6: Connections of Butterfly B, in Algebraic notation.
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Table 2.4: Equivalence between the nodes of By and graph C; x GF(2%).

label (m, X) label (m, X) label (m, X) label (m, X)
(0, 0000) | (0,0) (1, 0000) | (1,0) (2, 0000) | (2,0) (3, 0000) | (3,0)
(0, 0001) | (0,a') || (1, 0001) | (1,1) (2, 0001) | (2,) (3, 0001) | (3,a?)
(0, 0010) | (0,a2) || (1, 0010) | (1,aM*) || (2, 0010) | (2,1) (3, 0010) | (3,c)
(0, 0011) | (0,a'3) || (1, 0011) | (1,a3) || (2, 0011) | (2,a%) || (3, 0011) | (3,a®)
(0, 0100) | (0,) (1, 0100) | (1,a2) || (2, 0100) | (2,aM) || (3, 0100) | (3,1)
(0, 0101) | (0,a7) || (1, 0101) | (1,a®) || (2, 0101) | (2,a7) || (3, 0101) | (3,a®)
(0, 0110) | (0,a%) || (1, 0110) | (1,a!3) || (2, 0110) | (2,a3) || (3, 0110) | (3,a%)
(0, 0111) | (0,a?) || (1, 0111) | (1,a%) || (2, 0111) | (2,a%) || (3, 0111) | (3,al?)
(0, 1000) | (0,1) (1, 1000) | (1,« (2, 1000) | (2,a2) || (3, 1000) | (3,al%)
(0, 1001) | (0,a3) || (1, 1001) | (1,a*) || (2, 1001) | (2,a5) || (3, 1001) | (3,a!?)
(0, 1010) | (0,a®) || (1, 1010) | (1,a7) || (2, 1010) | (2,a®) || (3, 1010) | (3,a7)
(0, 1011) | (0,a%) || (1, 1011) | (1,a%) || (2, 1011) | (2,a!%) || (3, 1011) | (3,a!?)
(0, 1100) | (0,a%) || (1, 1100) | (1,&%) || (2, 1100) | (2,a!3) || (3, 1100) | (3,a?)
(0, 1101) | (0,a%) || (1, 1101) | (1,a!9) || (2, 1101) | (2,a'?) || (3, 1101) | (3,a®)
(0, 1110) | (0,a0) || (1, 1110) | (1,a!2) || (2, 1110) | (2,a5) || (3, 1110) | (3,a°)
(0, 1111) | (0,at) || (1, 1111) | (1,atY) || (2, 1111) | (2,at) || (3, 1111) | (3,atl)

2.5 Cycles in Wrapped Butterflies

This section provides an overview of mapping cycles of all possible lengths on
Wrapped Butterfly. For detailed discussion, see [10].

[10] has shown that in BF,, with an even n, cycles of all even lengths L can be
mapped except L = 6 when n > 6 and L = 10 when n > 10. Similarly for an odd n,
cycles of all lengths can be mapped on BF,, except odd L < n, L =6 whenn =5
orn>6and L =10 whenn =7, n =9 or n > 10. Since part of this research
deals with mapping cycles on faulty butterflies, we briefly describe here the process
of mapping a cycle on BF,,.

To map a cycle of length L < lem(n,2"—1), where L is a multiple of n L # 2" —1,
one can start from a vertex (m, X) where m is arbitrary and X = 3,_1(1 + o)7L
By continuously using the f edges, the rest of the vertices of the cycle are obtained.
The last vertex, (m — 1,a*71X), is connected to the first vertex (m,X) by a g
edge because of the value of X when L < lem(n,2" — 1) and by an f edge when

L = lem(n, 2™ —1). Note that the second coordinate of each vertex in such cycles
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is nonzero. On the other hand, by starting from a vertex (m,0) for an arbitrary m
and using f edges between nodes, one can get a cycle of length n that contains all
the nodes with their second coordinate 0. We will often refer to this cycle as the
0-cycle.

Two cycles in BF,, may be merged to form a larger cycle as the following Lemma

shows.

Lemma 3 [10] Any two distinct cycles in BF,, may be merged if one cycle contains
some verter P = (m, X) and the other, the vertex QQ = (m, X + ).

Proof. Let P' and ()’ denote the adjacent vertices to P and ) in the two cycles with
first index m+ 1. It is easy to see that if P — P’ is an f edge, then sois QQ — @, or
else P’ are ' are not distinct. Similarly, if P — P’ is a g edge, then so is Q — @’.
Cycle merging in both these cases is achieved by dropping the edges P — P’ and
Q — @ and adding edges P — Q' and Q — P |

(m+1,0 X ) ,\ (m+l,0 Xf-1 ) (m+1,0 X1 (m+1,a X)

Figure 2.7: Two possible cases of merging two distinct cycles when one cycle contains
the vertex (m, X) and the other, the vertex (m, X + f3y).

The cycle obtained by merging has a length equal to the sum of the lengths of
the two original cycles. Lemma 3 can also be used to obtain a Hamiltonian cycle in
BF,,. To achieve this, we first design ged(n,2™ — 1) distinct cycles that include all
the vertices with nonzero second coordinate. Each cycle begins from some vertex
(m, X), X # 0, not included in previous cycles and uses only f edges. It is easy to
show that each of these cycles will have n/ged(n,2" — 1) vertices of type (m, ).
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Since the corresponding vertices (m,0) belong to the 0-cycle, each of these cycles
can be merged with the 0-cycle using Lemma 3. Thus we get the Hamiltonian cycle
for BF,, rather easily.

Note that Lemma 3 can also be used to merge a pair of outside adjacent vertices
(m,Q) and (m + 1,Q’) with a cycle provided a vertex (m, P) within the cycle is
such that P = @ + [y. This observation allows one to create cycles of lengths which

are not necessarily multiples of n into BF,,.

2.6 An algebraic model of the deBruijn graph

The deBruijn graph [32] has been one of the interesting and applied graphs. A de-
Bruijn graph of degree n, DB, is defined to have 2" nodes, each with a maximum
node degree of four independent of the network size. DB,, is attractive because it has
a small constant node degree and a small diameter, n. It however suffers from the
fact that its connectivity is difficult to explore. It is neither symmetric nor recursive.
Consequently, mapping parallel algorithms on them becomes a very complex task.
Since an interconnection network is useful only if real-world application programs
can be mapped onto it, there have been intense efforts recently to map standard al-
gorithm skeletons such as the trees and cycles on these networks [4,33-36]. However,
apart from [37], which uses graph theoretic relationship between shuffle oriented di-
agraphs and hypercubes, very few results are available that provide a fresh look at
the connectivity properties. This lack of proper analytical models to express the
connectivity of these networks has proved to be a major roadblock in these analysis.

In this section we show that the nodes of DB, maybe labeled with elements
of the finite fields GF(2") such that the node connectivity is expressed through
an algebraic relationship between these labels. This allows one to exploit the rich
properties of the finite fields to develop good mappings on these networks.

Before we provide the algebraic model for the deBruijn, we first discuss the
conventional binary model. DB,, is defined to have 2" nodes each labeled with an

n bit binary string. A node (v,_1,Vn_2,...,79) € DB, is connected to four nodes
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(0; Upn—1,VUn—2, .. ‘Ul)a (1, Un—1,Un—2,- - -Ul), (%-27 Un—3 - ..o, 0) and (Un—z, Un—3 - ..o, 1)-

DB, graph is shown in Fig. 2.8.

0001 0011 0111
0010 A 1011
00: 11
0000 1111
0100 1010 1101
1000 1100 1110

Figure 2.8: Connections of deBruijn DB, in Binary notation.

Now we provide the algebraic model of DB,, first presented in [15]. Here, the
nodes of DB,, are labeled with elements of the finite field GF(2"), a finite field of 2"
elements. Let o denote the primitive element of GF(2") and (8,_1, Bn_2,-- -, 50),
its dual basis. The node connectivity of graph DB,, can then be described through
an algebraic relationship. In particular, A node with label X € GF(2") is connected
to nodes a X, aX + B,_1, a !X and o' X + Sy as shown in Fig. 2.9.

For convenience, we refer to these four edges as f, g, f~! and ¢!

respectively.
It is easy to verify that if edge f goes from node N; to Ns, then the edge that goes
from Ny to N; is f~!. The same observation is also true for g and ¢g—!. Since edges
of the deBruijn graph are bidirectional, we often refer to an edge either as f or g
without worrying about the direction.

In order to establish the equivalence between the binary labels and the algebraic
labels, mapping ¢ : Z,, X Z§ — C,, x GF(2") defined below can be used.

n—1

C(Un-1,Un—2,...v1,00) = (D v; Bi). (2.8)

i=0
Mapping ( is one-to-one and onto because (3,1, 5,2, ..., o) is a basis of GF(2").

It is proven in [15] that ¢ also preserves the connectivity of DB,,. Thus ( is merely
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Figure 2.9: The connectivity of the deBruijn graph (DB,,)

an isomorphism or relabeling of the deBruijn nodes. Table 2.5 provides the mapping
¢ between the two representations of DBy.

In order to illustrate the entries in this table, consider mapping of a deBruijn
node (1,1,0,1) € Z% to its new algebraic setting. The dual basis of GF(2%) given
in Table 2.2 is (1, a, a?, o). Thus

¢(1,1,0,1) = 1+a+a™
= l4+a+(@+1)

= a3—i—a = ag.

Thus the deBruijn node with binary label (1, 1,0, 1) is renamed in the new algebraic
notation as a®. The deBruijn graph DBy relabeled in the algebraic notation is shown
in Fig. 2.10.
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Table 2.5: Equivalence between the binary and the algebraic labels of D Bj.

Binary | Algebraic Binary | Algebraic
(0, 0, 0, 0) 0 (1, 0,0, 0) 1
(0, 0,0, 1) att (1,0,0,1) o?
(0, 0, 1, 0) a? (1,0, 1, 0) ab
(0,0, 1, 1) al? (1,0, 1, 1) ab
(0, 1, 0, 0) « (1, 1,0, 0) ot
(0,1,0,1) o7 (1,1,0,1) a®
(0,1, 1, 0) ab (1,1,1,0) | @'
0,1,1,1) | a2 (1,1,1,1)| ol
ot o a*?

1 4 o°

Figure 2.10: Connections of deBruijn DB, in Algebraic notation.
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Chapter 3

Butterfly Automorphisms

3.1 Introduction

As the quest of high-speed computing resources continues, the physical limitations
on uniprocessor speed due to the Moore’s law imply a pressing need for parallel
processors. These multi-processors exchange information using interconnection net-
works. Unfortunately, the speed of data transfer between cooperating processors
has not kept pace with the increase in the computing speed. Therefore, the choice
of the interconnection network affects several characteristics of the system, such as
performance, ease of algorithm development, reliability, scalability and complexity
of the physical layout. As a result, communication network of a parallel processor

dominates its performance.

The wrap-around butterfly network represents a good trade-off between the cost
and the performance of a parallel machine. It has a large number of processors,
fixed node degree, low diameter, symmetry, and an ability to support a variety of
parallel algorithms. Cube Connected Cycles is a sub-graph of BF,, [38]. Other
extensions of BF,, are also available [39,40]. BF,, supports many parallel algorithms
efficiently [1,7-10,27,28,31].

With the advances in the VLSI technology, it is now possible to build parallel

machines with a large number of processors. However, larger the machine, higher
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is the probability that one or more of its processors or links will develop a fault.
Thus, for the underlying networks of these large machines, mappings of algorithms

on faulty graphs becomes an important design issue.

Previous results about mappings on faulty butterflies include one by Vadapalli
and Srimani who have shown that in BF,,, there exists a cycle of length at least
n2" — 2 with one faulty node and n2" — 4 with two faulty nodes [41]. Later, Tsai
et al., improved this to show that for odd n, cycle length n2" — 2 is possible with
two faulty nodes [42]. They also proved that in the presence of one faulty node and
one faulty edge, there exists a cycle of length n2" — 2 when n is even, and n2™ — 1,
when n is odd. Hwang and Chen have shown that the maximal cycle of length n2"
can be embedded in a faulty butterfly even with two edge faults [43]. However,
these studies have used the binary representation of the butterfly resulting in rather
complex mappings. Their results are limited to either mapping Hamiltonian cycle

or the largest possible cycle with limited fault set.

This chapter obtains all the automorphisms of a wrapped butterfly network of
degree n using an algebraic model. We show that with this model, it is rather simple
to obtain all the automorphisms of the butterfly network. In addition, this chapter
uses the powerful algebraic techniques to study the edge transformations due to these
automorphisms. This chapter also proposes a new strategy for algorithm mappings
on an architecture with faulty edges. This strategy essentially consists of finding
an automorphism that would map the faulty edges to the free edges in the graph.
Having a set of n2"*! simple well defined automorphisms which translate graph edges
deterministically, makes this a very powerful technique for dealing with edge faults.
This strategy of avoiding edge faults using automorphisms is quite novel because
previously automorphisms have been employed only to avoid the node faults. We
illustrate our methods by mapping Hamilton cycle on the butterfly under various

edge fault scenarios.

This chapter is organized in these sections. Section 3.2 obtains all the automor-
phisms of a wrapped butterfly network of degree n using an algebraic model. Section

3.3 investigate the translation of butterfly edges by automorphisms. It proposes a
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new strategy for algorithm mappings on an architecture with faulty edges. We il-
lustrate in Section 3.4 our methods by mapping Hamiltonian cycle on the butterfly

under various edge fault scenarios.

3.2 Automorphisms of the butterfly network

Wagh and Guzide have previously shown that the algebraic model allows efficient
mappings of cycles of all possible lengths and trees of largest sizes on the butterfly
[10]. The relevant part of that work is summarized in Section 2.5. We extend this
work by exploring the automorphisms of butterfly in the same setting.

Since nodes in column m are only connected to nodes in columns m + 1 and
m — 1, one has only two kinds of automorphisms of BF,,; those which map nodes in
column m to nodes in column m + ¢ for an integer ¢ and those which map nodes in
column m to nodes in column ¢ —m. We denote the automorphisms of the first kind
by ¢(-). An automorphism which maps nodes in column m to nodes —m mod n is
denoted by v (-). A product of ¥(-) with the set of ¢(:) automorphisms provides all
the automorphisms of the second kind.

We first give the following lemma which relates the edges in a column to edges

in any other column. This lemma forms the foundation of the automorphisms of
the first kind.

Lemma 4 (connectivity) Let K,,, K41 € GF(2") be related as K,+1 = oK,
or K1 = aKy, + Bho1. For any X,Y € GF(2") and t € C,, if nodes (m, X)
and (m + 1,Y) are connected in BF,, then so are the nodes (m +t,X + K,,) and
(m+14+tY + Kpp).

Proof. The presence of the edge (m+t, X + K,,) = (m+1+1¢,Y + K,,11) can be
proved by showing that Y + K, 11 = a(X + K,,) + ¢f,—1 for some ¢ € {0, 1}. Since
(m, X) — (m+1,Y), the connectivity of BF,, gives Y = aX +¢f,,_1 for ¢ € {0,1}.
Further, the given constants K,, and K,,,; are related as K,,,1 = aK,, + '5,_1,
where ¢’ € {0,1}. Therefore Y + K11 = (X + K,,) + (¢ + ") Bn-1. |
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CHAPTER 3. BUTTERFLY AUTOMORPHISMS

The connectivity specified by Lemma 4 can be used to obtain the automorphisms

of the butterfly network as shown in Theorem 1.

Theorem 1 If constants Ko, K1, ..., K, 1 € GF(2") satisfy

K — OéKi_l or OzKZ‘_l + /Bn—la sz <i1<n-— 17
z aK,_1 or oK, 1+ fBn if i =0,

then function ¢(-) : B, — B,, defined as
o((m, X)) =(m+1t, X+ Ky) (3.1)

for any t € C,, is an automorphism of BF,, i.e., it maps nodes of BF, to nodes

and edges to edges.

Proof. The fact that ¢(-) maps edges to edges is clear from Lemma 4. To prove
that it is an automorphism we only have to show that it is a one-to-one and onto
mapping.

Let ¢(m, X) = ¢(m/, X’), then from the definition of ¢(-),

(m+t, X+ Ky)=m +t, X + K,).

From the first components of the two pairs, m = m’. From the second components,
X + K,, = X' + K,,, which implies that X = X’. Thus two distinct nodes cannot
have the same image under ¢(-), i.e., ¢(-) is one-to-one.

Now consider any node (m/,Y) € B,. It is easy to see that this node is the
image of (m' —t,Y + K,,_4). Therefore ¢(-) is onto. i

Note that constant ¢ merely translates edges in one column to a column ¢ away.
As Theorem 1 shows, this ¢ and constant elements K; € GF(2"), 0 < i < n fully
define the automorphism ¢(-). We will henceforth refer to ¢ as the column offset and
K;s as the automorphism offsets,

One can see the simplicity of the automorphism ¢(-) defined in (3.1). Every node

in the network is applied the same column offset and every node in the same column
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is applied the same automorphism offset. Further, the offsets of the two coordinates
of a node label are independent. This makes use of such an automorphism especially
attractive.

Theorem 1 allows one to design such an automorphism under various conditions.
For example, suppose one wants an automorphism such that for a given pair of
nodes Ny = (a, U), Ny = (b, V) € B, the automorphism maps N; to Ns, i.e.,

¢(N1) = No. (3.2)

(If we can do this for an arbitrary pair of nodes, it would imply that BF,, is a sym-
metric network.) Such a mapping can be obtained by choosing a column offset ¢ and
automorphism offsets Ko, K1,..., K,,_1 € GF(2") satisfying condition in Theorem
1) and then defining ¢ as in (3.1). Note that the relations between K;s provide
certain flexibility in the choice of the constants. We exploit this flexibility to ensure
that (3.2) is satisfied.

Let us rewrite the relations between K;s as
K, = O‘K(iq)mod ot CiBn1, 0<i<n-—1, (3.3)

where each ¢; is either 0 or 1. One can use (3.3) repeatedly to express any individual

automorphism offset as

Ko = aK,_ymod n T CaBn
_ 2
=« K(a72)mod n T <C(a71)mod n @ F Ca) Bt
_ 3
=« K(a—3)m0d n +

2
(Cla—zymod n @ T €anmod » @ 1 €a)Bn-1-

Proceeding in this fashion, one gets

n—1

Ka =a" Ka + <Z C(afj)mOd n &j)ﬁn*h
=0

or
n—1

Ko=(1+a")"(>] Cla—jymod n a?)B_1. (3.4)

Jj=0
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Further, if ¢((m, X)) = (m+t, X + K,,), then to satisfy (3.2) requires that

t = (b—a)modn and
K, = U+V. (3.5)

By combining (3.4) and (3.5), one gets

n—1

(U + V) (an + 1)5;—11 = Z ¢a—jmod n&j’ (3'6)
j=0

One can see that the left hand side of (3.6) is an element of GF(2") and can
a™2 ..., 1). This
gives the unique set of values for ¢;s. One can then use these values in (3.3) to
K 5 K

therefore be uniquely expressed in the polynomial basis (™™,

obtain the automorphism offsets K (

a+1)m0d n’ (a+2)m0d n’ " (a—l)mOd n’

One can illustrate this procedure by:
Example 1. Computing an automorphism ¢(-) : By — B, which maps node (3, a''4)
to node (1,a?). For this function, the column offset ¢ = (1 — 3)mod 4 = 2 and the

automorphism offset K3 = o' + a? = a'®. (see Table 2.2). Further,

n—1

> s jmod n® = Kaofy" = a’ + 1.
§=0

Thus one gets co = 1, ¢; = 0, ¢ = 0 and ¢3 = 1 and consequently, K, = o3, K; = o*

and Ky = o’. The resultant automorphism function ¢(-) is given in Table 3.1.

It is easy to verify that the mapping in Table 3.1 preserves connectivity. For
example, (0,a?) and (1,a*) were connected in the original graph. After mapping,
their images (2,0) and (3,0) remain connected.

Example 2. Computing an automorphism ¢(-) : By — Bz which maps node (1, a?)
to node (0,a%). For this function, the column offset ¢ = (0 — 1)mod 3 = 2 and the
automorphism offset K; = a? +a® = 1. (see Table 2.1.) Further,

n—1

j -1
Z;) Ca—pmod & = FKiofy " = 1.
j:

Thus one gets co = 0, ¢; = 1 and ¢, = 0 and consequently, Ky = a2, K; = 1 and

K5 = a. The resultant automorphism function ¢(-) is given in Table 3.2.
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(1,a2).

Table 3.1: Automorphism ¢(-) : By — B, such that ¢(3, a'?)
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Table 3.2: Automorphism ¢(-) : B3 — Bs such that ¢(1,a?)
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It is easy to verify that the mapping in Table 3.2 preserves connectivity. For
example, (0,a%) and (1,1) were connected in the original graph. After mapping
their images (2,1) and (0,0) remain connected.

Alternately, one can design an automorphism ¢ : B,, — B,, given ¢;s values. To
construct ¢ in this case, given constants ¢; € {0,1} , 0 <i < n, we compute Ky by
(3.6) as

n—1
Ko(a" +1)B,2 = > ¢(j) mod n0.
§=0
The other K; values can then be inferred from (3.3).
As an example, let constants cg = 0,¢; = 1,5 = 1,¢3 = 1 in By. Automorphism

offset K can then be obtained from

n—1
Z €(—j) mod n o = KO(l + a4)5:;1~ (3'7>
=0

co + ez + coa® + c10® = Ko(a)(1) 7!

a+a? +a’ = Ky(a)

o't = Ky(a).

Solving (3.7) gives Ko = %) which, in turn yields K; = o'?, Ky = af and K3 = o°.

The resultant automorphism function ¢(-) is given in Table 3.3.

As is evident from this discussion, all the automorphism offsets for any ¢(-) are
related such that choosing any one of them, say, Ky, fixes all the others. On the
other hand, distinct K and ¢ values give rise to distinct automorphisms. Thus there
are exactly n2" automorphisms of butterfly BF,, when the first index of all the nodes
is translated by the same amount.

Because the automorphism offsets play such a central role in defining the auto-

morphism, we now provide some of their basic properties.
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Theorem 2 Let ¢(-),¢'(:) : B, — B, be any two automorphisms of BF, based on
sets of constants t, Ko, K1,...K,—1 and t', K{, K{,...K],_,. Then,

1. If any K,,, =0, then oll K; =0, 0 <i <n.

2. If any K,,, # 0, then all K; #0, 0 <1 < n.

3. If any K,,, = K], then all K; = K], 0 <i < n.

4. If any K, # K], then for every i, 0 <i<n, K; # K|.

5 YK, s either 0 or (14 ) 1B, 1.

Proof. From (3.4) one can see that K,, = 0 implies that ¢; = 0, 0 < j < n. Relation
(3.3) then shows that each Kj; is zero. On the other hand, if any K, is nonzero,
then so is every other K; or else, any K; = 0 would invalidate any other nonzero
K,,. This proves the first two parts of the corollary.

To prove the third and fourth parts, it is sufficient to note from (3.3) and (3.4)
that any given K, uniquely determines all the other K;s. If K,, = K, , then from
(3.6) we get the same ¢ values in the two cases, which will generate an equal set of
K values. Hence, K; = K;, for all 7.

Finally, the sum of all K;s can be computed as follows. By applying a summation
to both sides of (3.3), one gets

n—1 n—1 n—1
Z K’L = CV( Kz) + ( Ci)ﬁnfl
=0 =0 =0
n—1
= O e)Ba(l+a)™ (3.8)
1=0

Since Y77 ¢; in (3.8) is either 0 or 1, the sum of all K;s is as stated in the Corollary.

It is well known that the set of all the automorphisms form a group. In case of
BF,,, set of automorphisms of the first kind also form a group. In particular it is
easy to verify that automorphism ¢(m, X) = (m, X) is the identity of the group.

Following theorem specifies inverse of an automorphism.
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Theorem 3 Let ¢(m,X) = (m +t,X + K,,) then the inverse automorphism is
given by

¢~ (m, X) = (m —t, X + Kpy).

Proof. 1t is easy to see that
dro(m, X)=op(m —t, X + Kpy) = (m, X + Kpyy + Kpy) = (m, X)
and
oo (m, X) =" (m+t, X + Kp) = (m, X + K, + K) = (m, X).

Group formed by all automorphism of the first kind is not commutative. If
automorphism ¢ is characterized by ¢ and K, while another, ¢’, by ¢’ and K], then
o' (m, X) = (m+t+t', X+ K| +K,iv) and ¢’ op(m, X) = (m+t'+t, X+ K+ Kot
Clearly these two expressions cannot be equal always. However, the set of ¢’s with
column offset ¢ equal to zero form a commutative group.

We now investigate the automorphism #(-) of BF,, that reflects the column index
of each node. Our result concerning this automorphism is stated in the following

theorem.

Theorem 4 For every X € GF(2"), X = X0 w8, let X' = X 2iBn_1-4. Then
the mapping

P(m, X)=(n—m,X')
s an automorphism of BF,.

Proof. Tt is simple to see that 1(+) is one-to-one and onto. We only need to prove

that it preserves the edge connectivity of BF,,. In particular, we demonstrate that
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since vertex (m, X) is connected to the vertices (m + 1,aX + ¢f,_1), ¢ € {0,1},
Y(m, X) is also connected to vertices ¥(m + 1,aX + ¢B,_1). Let X = X1 ;5.

Then using the relationships between the consecutive ;s given in Lemma 1, one

gets
n—1
aX +cfp1 = Z(ﬂ%ﬁi—l + 2piBn-1) + (¢ + o) Bo
i=1
n—2 n—1
= Y w1+ (c+ D piti)Bui. (3.9)
i=0 i=0
Thus
Yim+1,aX +cfp1)=(n—m—1Y) (3.10)
where,
n—2 n—1
Y = Z Tip1Bn—1-i + (c+ Z pit;)Bo
i=0 i=0
n—1 n—1
= Z Tifn—i + (c+ Zpi%)ﬁo (3.11)
i=1 1=0
Now,

n—1 n—1
aYy = Z B, + (c+ Zpixz‘)ﬂn—l
i=1 i=0

n—1

= Z(wiﬁn_l_i + xz’pn—iﬁn—l)

=1

n—1
+ (c+ Z Pii) Bn-1
i=0

n—1
= Y xiBp1i + B, (3.12)
i=0
where ¢ € {0,1} denotes
n—1
d=c + Z(pz —i—pn_i)xz-. (313)
i=0

Note that

Y(m,X) = (n—m, "z_: Tip—1-i)
i=0

= (n—m,aY +B,1). (3.14)

46



3.2. AUTOMORPHISMS OF THE BUTTERFLY NETWORK

Table 3.4: Automorphism ¢(-) : By — By.

(i, X) [ $0m, X)) |[ (m X) | 6(m, X) || (m, X) [ 9, X) |[ (m, X) | 6(m, X)
0,0 | 0.0) | (LO) | 30 | @0 | @0 | G0 | (L0
0,1) | (0,09 || (L1 | B || @1 | @) | 31 | (La
(0,0) | (0,0 | (La) | B.0?) || 2a) | 202 || Ba) | (1a?
0,09 | (0,a) || (La?) | Ba) || @a) | 2a) | Bad) | (La)
(0,0%) | (0.0%) || (La?) | Bah || 20" | @20a%) || B.a%) | (La¥)
(0,0%) | (0,0 || (La?) | B || 2aY) | 209 || 304 | (1)
0,0%) | (0.0%) || (La®) | (3,07 || 20" | 209 || 309 | (Lo
(0,0%) | (0.0%) || (La% | (30" || 209 | 2% || 3,09 | (La%
(0,07) | (0.0 || (La) | (3.0% || 20" | 20" || Ba7) | (La)
(0,0%) | (0.a) || (La%) | (3.7 || 20a% | 20a7) || B.a%) | (La?)
(0,0%) | (0.0 || (La%) | 3,09 || 20" | 209 || 3% | (La%
0,0 | (0,02) || (La%) | 3,0 || 2,09 | (2,01 | (3,0 | (1,a)
(0,0 | (0,0 | (La) | (3,01 || (20) | (2,01) || (3,a%) | (1,0
(0,02) | (0,0 || (La) | (3,01 || (2,01?) | (2,02) | (3,012 | (1,010)
(0,0%) | (0,0%) | (La™) | B304 || (20| 2a) | (3,09 (1,0%)
00| 0,1 [[(La®] @1 |@a] @) |G| 1

From (3.10) and (3.14) it is obvious that vertex ¢ (m, X) is connected to vertex
v(im+1,aX +¢fB,-1), c € {0,1}. |

When the context is clear, we sometimes write (X ) in place of ¥(m, X). The-

orem 25 lists some basic properties of ¥(-).

Theorem 5 1. ¢(-) is an order 2 automorphism.
2. (X1 + Xp) = (Xy) + (Xa).

3. p((m, X)) = (n—m, X) for exvactly 2I"/?1 values of X € GF(2").

Proof. The first two properties of ¥(-) are obvious from its definition. For any
X =S 2B, v(m, X)) = (n —m, X) if and only if 7; = 2,14, 0 < i < [n/2].
From this the third property follows. |

Automorphism #(-) : By — By is shown in Table 3.4.
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We end this section with the following theorem enumerating all the automor-
phisms of BF,,.

Theorem 6 BF, has a total of n2"" automorphisms.

Proof. Note that the product of two automorphisms is also an automorphism. Thus
in addition to the n2" automorphisms defined by Theorem 1, another set of auto-
morphisms can be defined by multiplying each of these ¢(-)s by the automorphism
¥(-) in Theorem 4. Since the order of automorphism v (-) is 2, these are all the
automorphisms of BF,,. |

3.3 Edge Transformations by automorphisms

This section investigates the effect of an automorphism on the butterfly edges. We
call edges (i —1,X) — (i,aX) and (i — 1, X) — (i,aX + B,-1) for all X € GF(2")
as the edges in the ith column of BF,,.

The automorphism ¢(-) of Theorem 1 affects all the edges in the same column

similarly. This is stated in the following theorem.
Theorem 7 Let the automorphism offsets be related as:
Ki:OéK(i_l)modn_’_ci/Bn—l? OSZ Sn_la

(a) If ¢; = 1, then the automorphism ¢(-) maps all f edges of BF, in column i to g
edges and all g edges to f edges.
(b) If ¢; = 0, then the automorphism ¢(-) maps all f edges of BF,, in column i to f
edges and all g edges to g edges.

Proof. Consider an f edge between nodes Ny = (i — 1, X)) and Ny = (i, aX) of the
sub-graph of BF,,. Now, ¢(N;) = (i — 1, X + K;_1) and,

= (Z, CYX + CYKi_l -+ Ciﬁn—l)
= (h,a(X + K1)+ Ba1)
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3.3. EDGE TRANSFORMATIONS BY AUTOMORPHISMS

From this, one can clearly see that the edge between ¢(N7) and ¢(Ny) is a g edge.

The translation of a g edge into an f edge can be similarly proved. |

Note that the automorphism ¢(m, X) = (m +t, X + K,,) also advances the
column number m by quantity ¢. In this case, ¢,, = 1 has the effect of mapping the
f edges of the sub-graph between columns m — 1 and m to g edges and all g edges
to f edges; but these transformed edges now appear in column m + t. Similarly
the edges in mth column are mapped to edges of the same type in column m + ¢ if
cm = 0.

We will show in the next section how Theorem 7 is helpful in avoiding faulty
edges in a mapping.

To describe the effect of the automorphism () on the edges of BF,,, we first
define a set S as

S={X e GF2")|Y(X) = ap(aX)} (3.15)

The types of edges from any element of S are preserved by . (See Theorem 9).

Some of the basic properties of S are listed in the following theorem.

Theorem 8 Let p; denote the coefficient of x' in the primitive polynomial used to
generate GF(2"). Then

1. X =Y a5 €S if and only if X020 i (pi + pui) = 0.
2. Forany X ¢ S, av(aX) +¢¥(X) = Ba_1.

3. If p; = pn_i, then B; € S,

4. S is a subgroup of GF(2") under the operation of addition.
5. There are ezactly 2"~ elements in S.

Proof. Using Lemma 1 one gets
n—1

n—2 n—1 n—1
aX = Z arifi = xoBn-1 + Z Ti(Bi-1 + Pibn-1 = Z TiBn—i + Pn1 ZPzIz)
i=0 i=1 i=0

=1
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n—2 n—1
Therefore, P(aX) = Z Tit1Bn—1-i + Bo Z Di;.
i=0 i=0

A multiplication by « gives

n—1 n—1
ap(aX) = Z Ti(Bn-i—1 + Pn—iBn-1) + Bn1 Z Dii
i=1 i=0
n—1 n—1
= Y Zifno1-i + T0fn-1 + Bu1(D wi(pi + Pri))- (3.16)

i=1 =1

Adding (3.16) to

n—1
1/1(X) = Z TifBn—1-
i=0
gives
n—1
ap(aX) + (X)) = Bu1 Y wipi + Pni)- (3.17)

i=1
Since all x; and p; belong to GF'(2), the right hand side of (3.17 ) is either 0 or 3,,_;.
The first two parts of the theorem therefore follow directly from (3.17 ).

To prove the third part, note that Lemma 1 implies

a(af;) = ap(Bici + pifn-1) = a(Bn-i + pifo)
= Bn-1-i + Pr-iBn-1+ DiBp-1- (3.18)

For f5; € S, one needs to have ¥(f5;) = aw(ap;). Comparing ¥(5;) = Fn_1-; with
(3.18) gives the required result.

To prove that S is a group under addition, all one needs to show is that 0 € .S
and that S is closed under addition. The first of these is obvious. To show the
closure, let X7, X5 € S. Then

a(a(X; + X)) = a(¥(aX) + ¥(aXs)) = a(aX)) + ap(aXs) = ap(aX; + aXs).

This implies that X; + X5 € S
To prove the last part of the theorem, we first show that it is impossible to have a

primitive polynomial of degree n > 3 over GF'(2), with all p; = p,_;, 0 < i <n. To
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3.3. EDGE TRANSFORMATIONS BY AUTOMORPHISMS

prove this by contradiction, suppose there is a primitive polynomial p(x) of degree
> 3 with coefficients satisfying p; = p,_; for all 0 < i < n. Let o be the primitive
root of p(x). Then all its roots of are given as a2i, 0 < i < n. Now consider a

1

polynomial g(x) = z"f(z~!). Clearly, g(a™') = 0 showing that a~! is a root of

g(x). However, because of the assumed relationships between the coefficients of
p(x), g(z) = p(z). Thus o' = a*, or a**! =1 for some i, 0 < i < n. Now since
« is a primitive element, the smallest power of o that gives a 1 is 2" — 1. Thus
2" + 1 is a multiple of (2" — 1). But this is impossible for n > 3 because i < n.
Therefore it is impossible for a primitive polynomial of degree > 3 to have p; = p,_;
for all 0 <7 < n. As a result of this, the first part of the theorem implies that there
is a linear relationship between the components of X when X € S. Thus one can
choose all but one component of X independently. The choice of n — 1 independent

components, each in GF(2), implies that there are exactly 27! elements X € S. |

Set S plays an important role in edge transformations of BF,, under 9 (-) as the

following theorem shows.

Theorem 9 When X € S, ¢ maps f edges from (m, X) to f edges and g edges to
g edges. On the other hand, when X ¢ S, v maps f edges from (m,X) to g edges
and g edges to [ edges.

Proof. Consider an edge (m, X) — (m + 1,aX + ¢f,_1). If ¢ = 0, this represents
an f edge and if ¢ = 1, a g edge. The automorphism maps the first node to
Ny = (n —m, (X)) and the second to Ny = (n —m — 1, (X) +¢cfy) if X € S.
Clearly there is an f edge from Ny to N; when ¢ = 0 and a g edge when ¢ = 1.

If X ¢S, then from the second part of Theorem 8, one can see that the second
node maps to Ny = (n—m—1,a (X)) +a ' Bp_1+cBo) = (n—m—1,a (X)) +
(c+1)By). Thus there is a g edge from N, to N; when ¢ = 0 and an f edge when

c=1. I

As a consequence of Theorem 8, we have the following result.
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CHAPTER 3. BUTTERFLY AUTOMORPHISMS

Theorem 10 Automorphism 1(-) maps edges from exactly half the rows of the but-
terfly to the edges of the same type.

Proof. Theorem 9 shows that edges starting from nodes in the same row (i.e., nodes
(m, X) having the same X) behave similarly; all of them either map to edges of the
same type (when X € §) or map to edges of the other type (when X ¢ S). The
stated result is true because |S| = 2"~! (Theorem 8, Part 5). |

3.4 Application of automorphisms to tolerate edge

faults

Previously automorphisms have only been used to tolerate node faults. However,
Theorems 7 and 9 directly express the effect of an automorphism on the butterfly
edges. Consequently, one can now use these automorphisms to tolerate edge faults
for many mappings on the butterfly.

The general procedure to obtain a fault free mapping on a faulty butterfly is
simple. If some edges used in the mapping are faulty but the edges to which they
can be mapped by some automorphism are free, then applying that automorphism
to the mapping will allow it to use only fault-free edges. Note that much of the
power of this method is due to the fact that we have n2"*! well-defined and sim-
ple automorphisms that map edges in a deterministic fashion. We illustrate this

procedure by constructing a Hamilton cycle under various edge fault scenarios.

Theorem 11 If the edges in one of the columns of BF,, are fault free and the faults
in each of the other columns are limited to only one type of edges, then BF, is

Hamiltonian.

Proof. As shown in [10], it is possible to construct a Hamiltonian cycle in BF,, by
first constructing two cycles using only f edges; one linking all nodes (m, X), X # 0,
and another linking all nodes (m,0). These cycles are merged into a Hamiltonian

cycle by using a pair of g edges in column ¢: (t — 1,0) — (¢, 5,-1) and (¢t — 1, 5o)
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and (¢,0). With 0 <t < n, there are n such independent pairs of g edges that may
be used to merge the cycles. We will use the g edges in the column of BF,, that has
no faults. We now show that one can design an automorphism ¢ : B,, — B,, which

will avoid all faults. To construct ¢, we compute constants ¢;, 0 < i < n such that

. { 1 if there is a fault in f edge in column ¢ (3.19)

0 otherwise

One can then get Ky by (3.6) as

n—1
Ko(a™ + 10 = > ¢(—j) mod na’.
j=0
The other K; values can then be inferred from (3.3). Theorem 7 then shows that
the Hamilton cycle will use f edges in columns where f edges are fault free and g
edges where f edges have faults. Thus the transformed Hamiltonian cycle will not

have any faulty edges. |

To illustrate Theorem 11, consider a butterfly B4 shown in Fig. 3.1 with faults in
columns 0 and 1 restricted to f edges and in column 2 to g edges. Edges in column
3 are fault free. Clearly in this case, ¢ = ¢; = 1 and ¢ = ¢3 = 0. This gives from
(3.19), Ky = o®, K; = o3, Ky = o* and K3 = o®. By following the procedure of

Theorem 11 we first create the original Hamilton cycle as:

0,1) = (L,a) —(2,0?) — (3,a%) — (0,a') —
(1,0°) — (2,a%) — (3,a") — (0,a®) — (1,0°) —
(2,a1%) — (3,a!) = (0,a'?) — (1,a!3) = (2,a')—
(3,0) —(0,0) —(1,0) — (2,00 —(3,1) —
0,a) — (1,0*) —(2,0%) — (3,a*) — (0,0°) —
(1,a5%) — (2,a") — (3,a®) — (0,a”) — (1,a'%)—
(2,a™) = (3,a'?) = (0,a®) = (1,aM) — (2,1) —
(3,a) —(0,0?) = (1,03) — (2,a%) — (3,0°) =
(0,0%) = (1,a7) = (2,0®) — (3,0%) — (0,a'%)—

ot
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SN/

T NN

a
\/
13
a

Figure 3.1: Butterfly B, with faulty edges marked with light lines and fault-free
edges with dark lines. The column numbers are at the top and the row index of
each node is marked next to the node.
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(1,a™) = (2,a'?) = (3,a") = (0,aM) — (1,1) —
(2,0) = (3,0%) = (0,03) — (1,a) — (2,0°) =
(3,a%) = (0,a7) — (1,a®) — (2,0%) — (3,a!%)—
(0,at) — (1,a'?) = (2,a') — (3,a') — (0,1)

By applying the automorphism offsets already calculated, one can then obtain

the required fault-free Hamilton cycle as:

(0,a5%) — (1,a%) — (2,a!%) — (3,a!) = (0,a'))—
(1,a!t) — (2,a'?) = (3,a?) = (0,0®) — (1,a) —
(2,0?) —(3,0®) — (0,a) — (1,0®) —(2,a°) —
(3,0°) — (0,a'3) = (1,0%) — (2,a*) — (3,a'%)—
(0,a'?) = (1,a%) — (2,a") — (3,a®) — (0,a") —
(1,a?) — (2,0®) — (3,a) — (0,a'%) = (1,a'?)—
(2,a'3) — (3,a') - (0,0) —(1,1) —(2,a) —
(3,a?) — (0,a') — (1,0) — (2,0) —(3,0) —
0,1) — (L,a?) = (2,6°) = (3,a%) — (0,0 —
(1,6°) — (2,a%) — (3,a") — (0,a®) — (1,a')—
2,1) — (3,a) —(0,a®%) — (1,a") —(2,a%) —
(3,a%) — (0,0%) — (1,a?) = (2,a') = (3,1) —
(0,a%) — (1,a'%) = (2,a!!) — (3,a'?) — (0,a5)

Theorem 11 is interesting because it implies that up to 27! edges of the same
type may be faulty in up to n—1 columns and the faulty butterfly is still Hamiltonian.
It is easy to extend this idea to any other mapping also. A direct result of Theorem

11 is the following result.

Corollary 1 A butterfly with n—1 edge faults distributed one per column is Hamil-

tonian.

We now give a new alternate simple proof of a previous known result [43] based

on our work discussed in the previous section.
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Theorem 12 Graph BF,, with up to 2 random edge faults is Hamiltonian.

Proof. 1f there is only one fault or if there are two faults, both in the same type
(f or g) of edges, or if they are in two different columns, then by Theorem 11 one
can generate a Hamiltonian cycle for BF,,. Thus we only need to treat cases that
involve two faulty edges of different types (one f and one g) in the same column.

Consider now the case of an f and a g faulty edge in the same column m such
that they do not share a node. Let the faulty f edge be (m — 1,X) — (m,aX),
X # 0. In this case, one can first create a cycle containing all the nodes (i, X),
0<i<n-—1, X # 0 using only the f edges. Clearly this cycle avoids the faulty g
edge. Further, it can be easily modified to avoid the faulty f edge. To achieve this,
add the g edges (m —1,X) — (m,aX + f,-1) and (m —1, X + 3y) — (m,aX) and
remove the f edges (m —1,X) — (m,aX) and (m —1,X + fy) = (m,aX + 5,_1)
as shown in Fig. 3.2. This removes the faulty f edge from the cycle, but partitions
it into two disjoint cycles.

We now show that there exist ¢ edges (shown as horizontal lines in Fig. 3.2)
connecting the two parts which can be used to rejoin the two halves and create a
single cycle of all the nodes (m, X), X # 0 without any faulty edge. It is easy to see
that the number of nodes in each part is a multiple of n, and in fact, is at least 2n.
Let k be any integer between 0 and n — 1 other than m — 1 or m — 2mod n. This
is always possible because n > 3. Since there are exactly 2" — 1 nodes with first
index k in the two cycles, one of the cycles will have an odd number of such nodes.
Without loss of generality, assume that it is the right cycle. Consider a typical node
(k,Y) in this cycle. If node (k + 1, ay + 8,-1) also belongs to the same cycle, then
the g edge from (k,Y) — (k + 1,ay + 5,-1) will end up in the same cycle. At the
same time, the node (k,Y + (o) which belongs to the same cycle will have a g edge
going to (k + 1,aY’) in the same cycle. Thus the g edges starting from that cycle
and ending up in the same cycle occur in pairs. Since there are odd number of nodes
with first index k, one of these nodes, say (k,Y’), will have a g edge to the node
(k+1,aY + f,_1) in the left cycle. Further, the node (k,Y + fy) from the left cycle
has a g edge ending up at (k+ 1,aY’) in the right cycle. Using this pair of g edges,
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one can create a cycle of all nodes (i, X), X # 0 without using any faulty edge as
shown in Fig. 3.2. Note that because the f and g edge faults are not incident on

the same node, none of the g edges used here are faulty.

(m-1, X) o (m, aX)

(+lavy+p ) \ (. Y)
! |

(k.Y+ Bg ' i (k+1, YY)

(maXx+p ) T (m-1, X +Bg )

Figure 3.2: Fault free cycle of all nodes (i, X), 0 <7 <n—1, X # 0 when an f
edge (m — 1, X) — (m,aX) is faulty.

To add the rest of the BF,, nodes to the Hamiltonian cycle, one can build the
cycle of all the nodes (7,0), 0 <i < n — 1, using faultless f edges and merge it with
the cycle in Fig. 3.2 using g edges in any column other than m.

If the faulty f edge is (m — 1,0) — (m,0), then one can create a cycle of all
nodes (¢, X), X # 0 using faultless f edges, and of all nodes (t,0) using f edges.
The faulty f edge will be in the second cycle. Merging the two cycles gets rid of the
faulty edge.

Finally, consider the case of the faulty f and g edges in the same column and also
sharing a node. We initially construct a Hamiltonian cycle considering that both
f and g edges from the node (0,0) to be faulty. This cycle can then be translated
using an appropriate automorphism to one that avoids f and g edges from any node.

We first partition the butterfly nodes into three sets of nodes connected by f
edges as follows.

Set 1: (1,0) L5 2.0 <5 3,00 L - (0,0).
Set 2: (0,4) <5 (1,Bua) < (208.0) L - (n=1,4).
Set 3: (0,801) L5 (1,aB.1) L ¢
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Note that sets 2 and 3 when joined together give the cycle of length n2" —n
containing all the nodes with nonzero second coordinates obtained by continuously
traveling along the f edges. Set 1 contains all the BF,, nodes with their second
coordinate 0. We can connect sets 1 and 2 into a cycle because their endpoints are
connected by ¢ edges. In particular, (0, ) A, (1,0) and (n — 1, o) N (0,0).
The nodes in Set 3 can be incorporated in this cycle if the two end nodes of Set
3 are connected to some two consecutive nodes in the cycle. Note that the end
nodes of Set 3 have the following connectivity: (0, 3,_1) 9, (1,aB,—1 + Bn_1) and
(n—1,a7'f) N (0, Bo+Bn_1). One can verify that (0, Bo+ B,_1) L) (1, a8, 1+
Br—1). Thus if node (0, 5o+ S,_1) is in Set 2, then one can remove the f edge between
this node and the next, and instead connect the nodes of Set 3 into the cycle using

the g edges noted here. The resultant cycle is shown in Fig. 3.3.

wo) f (20 f GO 0,0)

Set 1: -
OB+ ), (Lap +B
0 n-1 f n-1 n-1 f
Set2:. @& — >0 — 0> = —>&-----
©oB) @B ) (@ap ) (n-1B
0 n-1 n-1 0
Set 3:
©B ) @aB ) (2a®p ) (1078 )
n-1 n-1 n-1 0

Figure 3.3: The Hamiltonian cycle when the f and g edges from (0,0) are faulty
and the node (0, Sy + fn—1) is in Set 2. Note that all edges are bidirectional and the
dashed f edge is not part of the cycle.

On the other hand, if the node (0, By + fn—1) is in Set 3 rather than in Set 2,
then the g edges from the endpoints of Set 3 go to adjacent nodes of Set 3, namely
the nodes (1,af,-1 + Bn_1) and (0, By + B,_1). By removing the f edge between
these adjacent nodes and adding the g edges from the endpoints, one can see that
all the nodes of Set 3 form a cycle. To show that this cycle can be merged with the
cycle formed by the nodes in Sets 1 and 2, we show that there is some (m, ) in

cycle 3 with m # 0 and m + 1 # 0. Because then, one can drop edge (m, () L

o8



3.4. APPLICATION OF AUTOMORPHISMS TO TOLERATE EDGE FAULTS

(m+1,58,-1) in the cycle of Set 3 and instead use connections to merge this cycle
with Set 1 using edges (m, (o) 4, (m+1,0) and (m,0) 4, (m+1,6,-1). To
see that such a node (m, ) exist in Set 3, note that the number of nodes in Set 3
is at least 2™ — 1. In other words, the second coordinate of the nodes in Set 3 take
all possible nonzero values. Consequently, there will be some (m, ) present in Set
3. Further, both (0, 8y) and (n — 1, 5y) are in Set 2, showing m # 0,n — 1. Thus
nodes in Set 3 can also be merged in the cycle formed by nodes in Sets 1 and 2.

This gives the required Hamiltonian cycle. |

Theorem 12 can be illustrated by mapping a Hamiltonian cycle in a faulty B4 in
case of the faulty f and g edges in the same column and sharing a node. Assume that
the faulty edges are (1, af) N (2,a7) and (1,a%) L5 (2,a?). We first construct a
hamiltonian cycle considering that both f and g edges from node (0,0) to be faulty
as in Fig.3.3. Then we apply an automorphism ¢(-) : By — B, which maps node
(0,0) to node (1,a®). For this ¢, the column offset ¢ = (1 — 0)mod 4 = 1 and the

6

automorphism offset Ky = 0 + a® = ab The cycle obtained is shown in Fig.3.4.

Further, from(3.6),

n—1

Ca—jymod o@ = KooBs" =’ +a+1.
=0

Jj=

Thus one gets ¢cg = 1, ¢; = 1, ¢ = 0 and ¢3 = 1 and consequently, K; = o,

K, = a!? and K3 = o'2. The resultant cycle after applying this automorphism to
cycle in Fig.3.4 is shown in Fig.3.4.

Earlier we gave Theorem 11 to deal with faults of the same kind in columns, The
following theorem deals with faults of the same kind in rows ( Recall that nodes
with the same second index are deemed to be in the same row).

The next five theorems use the set S of rows. Equation (3.15) defines S. Theorem
9 shows that i) does not convert the types of edges.

Theorem 13 If the edges in rows 0 and By of BF,, are fault-free, the faults in other
rows X € S are restricted to g edges and those in rows X ¢ S are restricted to only

one type of edges, then BF, is Hamiltonian.
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Figure 3.4: Hamiltonian cycle in B, avoiding faulty f and g edges from (0,0).
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Proof. We prove the theorem by constructing a Hamiltonian cycle in BF,, using only
fault-free edges.

We begin with a cycle containing all nodes (m, X) € B,,, X # 0 linked by f
edges and another containing all nodes (m,0) € B,,, again using only f edges. (This
is a procedure similar to that in Section 2.5.) We then merge these two cycles into
a Hamiltonian cycle using g edges in rows 0 and fy: (¢,0) — (t + 1,5,-1) and
(t,B0) — (t+ 1,0) for some ¢. If the faults in rows other than 0 and 5, are only in
g edges, then we already have the fault-free Hamiltonian cycle. If the faults in rows
X ¢ S are in f edges, then applying the automorphism 1) to BF,, would map them
to fault-free g edges as stated in Theorem 9. Note that 1) maps the f edges in rows
X € S to fault-free f edges, thus giving the required Hamiltonian cycle. |

Application of this theorem is illustrated in Fig.3.6 which assumes that the but-
terfly B, has a large number of faults in the category specified by Theorem 13. Note
that in By, S = {0,,a5% a", a® al? ol o'}

The fault-free Hamiltonian cycle is then obtained as:

(0,0 = (1,1) — (2,a') — (3,a!%) — (0,a)—
(1,a?) = (2,a%) — (3,a") — (0,a®) — (1,0°) —
(2,0°) — (3,a!3) = (0,03) — (L,a) —(2,0%) —
(3,a') = (0,0) — (1,0) —(2,0) —(3,0) —
0,1) —= (1,a?) — (2,a'%) — (3,a!t) — (0,a'?)—
(1,a5%) — (2,a") — (3,a®) — (0,a”) — (1,0°) —
(2,a) = (3,0®) = (0,a) — (1,a%) — (2,a')—
(3,1) —=(0,a?) — (1,a'%) - (2,a!) — (3,a'?)—
(0,0°) = (1,a7) — (2,0®) — (3,0") — (0,0°) —
(1,a®) = (2,0®) — (3,a) — (0,0*) — (1,a')—
(2,1) = (3,a%) = (0,a'%) = (1,a) = (2,a'?)—
(3,a%) = (0,a7) = (1,a®) — (2,0%) — (3,0°) —
(0,a) = (1,0®) = (2,a) — (3,a%) — (0,a')
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Figure 3.6: Butterfly B, with faulty edges marked with light lines and fault-free
edges with dark lines. The column numbers are at the top and the row index of
each node is marked next to the node.
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3.4. APPLICATION OF AUTOMORPHISMS TO TOLERATE EDGE FAULTS

If the edge faults are located differently, then one can use the automorphism (+)
with a different Hamiltonian cycle to obtain a fault-free mapping as the following

theorem shows.

Theorem 14 If the edges in rows 0 = (1 + «)™ 18,1 and o + By of BEF, are fault-
free, the faults in other rows X € S are restricted to f edges and those in rows

X ¢ S, restricted to only one type of edges, then BF,, is Hamiltonian.

Proof. We use the original Hamiltonian cycle of Theorem 13. By applying a ¢(-)
which flips edges in every column (Theorem 7), we get a Hamiltonian cycle which
uses only g edges in all rows other than rows o and o + 3. The rest of the proof

runs parallel to the proof of Theorem 13. |

To illustrate Theorem 14, consider a butterfly B, shown in Fig. 3.7 where

Vand o + By = o' of By are fault-free, the faults in other rows

rows o = o'
X €S ={0,a,a% a’,a8 a'® ol a}. are restricted to f edges and those in rows
X ¢ S, restricted to g edges.

We start by constructing the hamiltonian cycle of Theorem 13. By applying ¢(-)
which flips edges in every column, we get a Hamiltonian cycle which uses only g
edges in all rows other than rows a!' and o', Then applying v(-) should get rid of
all faults. The Hamiltonian cycle obtained from this is shown below. The fault-free

Hamiltonian cycle is then obtained as:

(0,a") — (1,0*) —(2,0%) — (3,a") — (0,a°) —
(1,a%) = (2,0%) — (3,a'%) — (0,a) — (1,a')—
(2,a™) = (3,a') = (0,a'?) — (1,a'3) — (2,a!)—
(3,0) —(0,1) —(L,a) —(2,0®) —(3,a") —
(0,0%) — (1,a®) — (2,a*) = (3,0%) — (0,a%) —
(1,%) = (2,a'%) = (3,a'?) — (0,a'?) — (1,a!')—
(2,00 —(3,1) —=(0,0) —(1,a%) —(2,a") —
(3,a?) — (0,0®) — (1,a*) — (2,0°) — (3,a5) —

(o))
w
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Figure 3.7: Butterfly B, with faulty edges marked with light lines and fault-free
edges with dark lines. The column numbers are at the top and the row index of
each node is marked next to the node.
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(0,%) = (1,a'%) = (2,a'?) — (3,a'3) — (0,a')—
(1,0) —(2,1) — (3,a) —(0,a%) —(1,a") —
(2,0%) = (3,0®) — (0,a*) — (1,0°) — (2,a5) —
(3,a%) — (0,a'%) = (1,a'?) = (2,a'3) = (3,a!)—
0,00 —(1,1) —=(2,0) —(3,a®%) — (0,a")

Theorems 13 and 14 require that two rows of BF,, be fault-free. As shown in the

next two theorems, this condition may be dropped if n is odd.

Theorem 15 Let n be odd. If the faults in rows 0 and By of BE, are restricted to
the f edges, those in the other rows X € S to the g edges, and in rows X ¢ S to
faults of only one type, then BF, is Hamiltonian.

Proof. We first construct a Hamiltonian cycle as follows. Start from any node of

the butterfly and choose the next node from a current node (m, X) € B, using:

(m—l—l,O) 1fX:607
next node =4 (m+1,6,1) if X =0 and (3.20)
(m+1,aX) otherwise.

It is easy to prove that the cycle from (3.20) is a Hamilton cycle. Further, nodes
in rows 0 and [, in this cycle use only fault-free g edges. The rest of nodes use f
edges. If they are fault free, we already have the fault-free Hamiltonian cycle. If
faults in rows X ¢ S are restricted to edges of type f, then applying automorphism
¥(+) to this cycle will give the fault-free Hamiltonian cycle. |

Theorem 15 can be illustrated by mapping a Hamiltonian cycle in a faulty Bs
shown in Fig. 3.8. Note that in B3, S = {0, 1, a*, o°}.

The Hamiltonian cycle obtained from Theorem 15 is shown below.

0,0?) — (1,1) —(2,0) — (0,a) —(1,a%) —
2,a°) = (0,a%) — (1,0%) — (2,0*) —(0,1) —
(1,0) —(2,a) —(0,a') — (1,0°) — (2,a%) —
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Figure 3.8: Butterfly B; with faulty edges marked with light lines and fault-free
edges with dark lines. The column numbers are at the top and the row index of
each node is marked next to the node.

A similar result can also be derived by applying ¢(-) which flips all the edges of
the cycle (3.20) to get the starting Hamiltonian cycle used in Theorem 15. We state

the result below without proof.

Theorem 16 Let n be odd. If the faults in rows o and o + By of BF, are restricted
to the g edges, those in the other rows X € S to the f edges, and in rows X ¢ S to
faults of only one type, then BF,, is Hamiltonian.

Note that the symmetry of BF,, will allow further generalization of Theorems 13
- 16.
We end this section by showing that one can also employ automorphisms ¢(-)

and 1 (-) together to get even more powerful results.

Theorem 17 If the edges in one of the columns of BF,, are fault free, and the faults
in each of the other columns are such that edges from X € S have one type of fault
and those from X & S have another type of fault. Then BF, is Hamiltonian.
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Proof. 1f the faulty edges from (m, X), are of type g when X € S and of type f if
X ¢ S, then applying ¢ will map all of these faulty edges to type g in column n—m.
On the other hand if the faulty edges from (m, X), are of type f when X € S and
of type g if X ¢ S, then applying ¢ will map all of these faulty edges to type f in
column n — m. Thus, after applying ¢, all the faulty edges in any column will be
limited to only one type and there will be no faulty edges in one column. Theorem

11 can then be used to build the required Hamiltonian cycle using fault free edges.

Application of this theorem is illustrated in the next example which assumes that
faults are limited to g edges from X € S and to f edges from X ¢ S in columns
1,3 in By; and for column 0 faults are limited to f edges from X € S and to g
edges from X ¢ S, where S = {0,a,a® a”, a® o' o'l a'*}. We need to choose an
automorphism with ¢ = 0,¢; = 1,5 = 0,3 = 0. Automorphism offset K can then
be obtained from

n—1

Ko(@* + )85 =" ¢(—j) mod n0. (3.21)

=0
Solving (3.21) gives Ky = o, which in turn yields K; = o', Ky =1 and K3 = «
from (3.3). Using an automorphism based on these offsets provides a re-mapping of

the cycle on the faulty butterfly as:

0,0®) = (1,a7) = (2,0®) — (3,0%) — (0,a'%)—
(1,a'?) = (2,a'?) — (3,a') - (0,1) — (1,a*) —
(2,0°) = (3,a%) — (0,a") — (1,0*) — (2,0%) —
(3,a) —(0,0%) — (1,a') = (2,1) —(3,a%) —
(0,0°) = (1,a®) = (2,a") = (3,1) — (0,a) —
(1,0®) — (2,0") — (3,a'%) — (0,a!) — (1,a')—
(2,a'?) = (3,a!3) = (0,a) = (1,0) —(2,0) —
(3,0) —(0,0) —(1,1) — (2,a) —(3,a%) —
0,0®) = (1,a) — (2,0?) — (3,a%) — (0,a') —
(1,a%) — (2,a!) = (3,a'?) = (0,a'?) — (1,03) —

(@)
|
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(2,0) = (3,0°) — (0,a%) — (1,a) (2,a')—
(3,a!) —(0,a'?) — (1,a5) (2,a7) (3,a%) —
0,0%) = (1,6°) = (2,a%) — (3,a") — (0,a8)
Applying 1, one gets the cycle:

0,a") = (1,a®) — (2,0 — (3,0%) — (0,a5) —
(1,a") — (2,0®) — (3,0) — (0,a'%) = (1,a'))—
(2,a!?) = (3,a%) — (0,0°) — (1,a%) — (2,a®)—
(3,a%) — (0,at) — (1,a!%) — (2,a!) = (3,a'?)—
0,a'3) = (1,0®) — (2,a) — (3,0?) — (0,03) —
(1,a) — (2,0%) — (3,a') = (0,0) —(1,0) —
(2,0) — (3,00 —(0,1) — (L,aY) —(2,a'%—
(3,a!t) = (0,a!t) = (1,a'?) = (2,a%) — (3,a") —
0,0%) = (1,a") = (2,1) — (3,a*) = (0,0°) —
(1,a3) = (2,a!) = (3,1) — (0,a) —(1,0%) —
(2,0%) = (3,a) —(0,a%) — (1,a%) — (2,0%) —
(3,a?) — (0,a!) — (1,1) — (2,a) — (3,a'%)—
0,0?) = (1,a) —(2,a") — (3,0®) —(0,a")

One can check that this Hamiltonian cycle does not contain any of the faulty

edges.

3.5 Conclusion

This Chapter has focused on exploring structural properties and fault tolerant map-

pings on BF,, using an algebraic model based on finite fields. This Chapter has also

provided all the n2""! automorphisms of a wrapped butterfly network of degree n
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using the direct product of a cyclic group and a finite field. In the past, automor-
phisms have been used to map algorithms on architecture with generally one faulty
node. This Chapter investigated for the first time the translation of butterfly edges
by automorphisms. A new strategy for algorithm mappings on an architecture with
faulty edges has been proposed. We have illustrated our technique by mapping

Hamilton cycle on the butterfly under various edge fault scenarios.
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Chapter 4

Shuffle Exchange Networks

4.1 Introduction

Interconnection networks which are used to move data between multiple cores within
a chip or between computers in a parallel machine often constrain the performance of
the machine. The Shuffle Exchange (SE) is an interconnection network that is non-
symmetric but still considered one of the most fundamental interconnection networks
for parallel computation due to their small, fixed node degree and small (logarithmic)
diameter [3,44,45]. Previous work on SFE includes VLSI implementation and design
of optimal layout [46]. The Shuffle Exchange network is proven to be a coset graph
of the CCC. It was shown in [47] that the Shuffle Exchange network contains a
Hamiltonian cycle. Feldmann and Unger [38] have proved that the Shuffie Exchange
network is a subgraph of deBruijn network. The problem of designing fault-tolerant
networks for Shuffle Exchange was addressed by [48,49].

One drawback to this class of networks lies in its unwieldy model. Unfortunately
the connectivity of Shuffle Exchange using the binary model is much too complex to
obtain many of the useful properties of the network. This Chapter is organized as
follows. Section 4.2 develops an algebraic model for the Shuffle Exchange network

based on a finite field. With this model, one can avail of the powerful algebraic
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1001 1100

0011 0110

Figure 4.1: An 16-node Shuffle Exchange network (SFj) in Binary notation

techniques to investigate the structural properties of this network. Section 4.3 ex-
ploits these techniques to find paths in the Shuffle Exchange network. Section 4.4

explores the relationships between the Shuffle Exchange and deBruijn networks.

4.2 An Algebraic model of the
Shuffle Exchange Network

Even though non-symmetric, Shuffle Exchange is a popular interconnection net-
work [45]. A Shuffle Exchange graph of degree n, SE, has 2" nodes, each with
a maximum node degree of 3. Traditionally, one uses a set ZJ of n-bit binary
strings to label the nodes of SE,,. A node (v,,_1,v,_2, ..., ) is connected to nodes
(Un—2,Vn—3, -+, V0, VUpn_1), (Vo, Un_1,Vp_2, . ..,v1) (shuffle edges) and (v,_1, v_2, ..., Tp)
(exchange edge). SE, graph labeled in binary is shown in Fig. 4.1.

In this section we show that the nodes of SE,, may be labeled with elements
of the finite field GF(2") such that the node connectivity is expressed through an

algebraic relationship between these labels.
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Theorem 18 The nodes of the Shuffle Exchange graph SE, can be labeled by the
elements of the finite field GF(2") such that a graph node X is connected to the
nodes (aX + B,_1Tr(cX)), (o' X + BoTr(ca X)) and (X + ().

Proof. Consider a mapping ((-) : Z3 — GF(2") defined as

n—1
C({vn-1,Vn—2,---,v0)) = D vif3; (4.1)
=0

We now show that the correspondence expressed by (4.1) relabels the graph nodes
in such a manner that the graph connectivity is expressed as in the theorem.

Let X denote the algebraic label of the node V' = (v,_1,vp_2,...,v0), i.e.,

n—1
X =(V)= ZO v 3; (4.2)
The neighbors of V are Vi = (v,_2, Up_3, ..., Vo, Un_1), Vo = (Vo, Vpn—1, Un—2, ..., V1)
and V3 = (v,_1,Vp_2,..., 7).
The relabeling of node V; gives
n—1
¢(Wh) = z(:) viBir1 (4.3)

where the index of f is considered modulo n. Using Lemma 1, one can write (4.3)

as

n—2
Vi) = > Vi (B + Pig1Baa1) + Un—10” By
i=0

n—2
= le_lX + /6() Zpiﬂvi. (44)
i=0
However, from Lemma 2,
n—1 n—2
Tria'oX)=> vTr(a 'oB) = vipit1. (4.5)
i=0 i=0

Comparing (4.4) and (4.5) we get
(V1) =a ' X + BoTr(a o X).
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Similarly, the relabeling of node V; gives

n—1

((Ve) =D vifia (4.6)

=0
where the index of f;_; is considered modulo n. Using Lemma 1, (4.6) may be

rewritten as

n—1

(Vo) = vi(aBi + piBn-1) + voaSo
i=1
n—1
= aX -+ ﬁn,1 Z PiV;. (47)
i=1
But from Lemma 2,
n—1 n—1
Tr(oX)=> vTr(cB) =>_ vpi. (4.8)
i=0 i=1

From (4.7) and (4.8) one gets
((Va) =aX + B1Tr(cX).

Finally, recognizing that the value of 7y can be expressed in GF'(2") as vy + 1,

the relabeling of V3 gives
n—1
C(Vz) = (vo+1)B+ Z v; B
i=1

n—1
= fo+ Y vifi =X+ fo.
i=0

Thus all the three edges of SE,, in binary notation may be expressed in terms of

their algebraic relationship. |

The translation of binary labels of graph SFE, to their algebraic values using (4.1)
is illustrated in Table 4.1. The SE; and SE, relabeled in the algebraic notation is
shown in Fig. 4.2 and Fig. 4.3.

The connectivity of SFE, using the new algebraic model is shown in Fig. 4.4. As

indicated in this figure, we will refer to the three edges as f, f~! and g in this path.
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Table 4.1: Equivalence between the binary and the algebraic labels of SFE,.

Binary | Algebraic Binary | Algebraic
(0000) 0 (1000) 1
(0001) a124 ElOOl; ozz
(0010) o 1010 o
(0011) al? (1011) ab
(0100) a (1100) ot
(0101) af (1101) a?
(0110) o® (1110) al?
(0111) al? (1111) all
a
0 1
o2

Figure 4.2: An 8-node Shuffle Exchange network (SFj3) in Algebraic notation
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Figure 4.3: An 16-node Shuffle Exchange network (SEj) in Algebraic notation

(aX + Bn_1Tr(c X))

X g (X + Bo)
f—l

(@™'X + BoTr(ca™tX))

Figure 4.4: The connectivity of the Shuffle Exchange graph SE,,.
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4.3. PATH ALGORITHM FOR SHUFFLE EXCHANGE NETWORK

Not only is the connectivity expression in this model is simple, but because of the
linearity of the trace function, one can make the following interesting observation.
If X, L5 v, and X, -1 Yy, then,

X1+ Xy i> Y] 4+ Y5,

Similarly, If X; f—_1> Y, and X, f;l> Y5, then,

X1+ Xo f—_1> Y+ Y.

We will call this observation as the linearity in source property of the f and f!
edges and use it later when we embed SE,, in the deBruijn graph.

We now show the use of algebraic machinery to chart a path from node X to

node Yin the shuffle exchange graph. We will only use edges f and g.

4.3 Path algorithm for Shuffle Exchange Network

This section deals with designing a path to travel between any two nodes of the

Shuffle Exchange network.
Algorithm 1 (Path to go from X to Y in SE,)

Compute ¢; = Tr((X +Y)a'), 0 <i < n.
Compute destination nodes D; as follows. Let Dy = X.
fori=0ton—1 do

From D; go to node D} = D; + ¢; (.

From D} go to node D;11 = aD. + p,_1Tr(cD))
Then D, =Y.

Note the simplicity of Algorithm 1 which is a direct consequence of the algebraic
model specified in Theorem 18. The path given here is not necessarily optimal since
we constrain ourselves to only two of the edges. However, it shows that the diameter
of SE,, cannot be more than 2n. Further, when ¢; = 0, the first step in iteration ¢ is
not really a move from a node to the next node on the path. Thus the length of the
path in the algorithm is n+ number of nonzero ¢;s. The proof of the correctness of

the algorithm is provided below.
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Proof. We first show (by mathematical induction) that

i—1

Dz’ = OéiX —+ thﬁnfzﬂrj’ (49)
=0
where t; = ¢; + Tr(afoX).

When i = 1, One can demonstrate that (4.9) is true by direct calculation. Now
assume that (4.9) is true for some 4. Its truth for i + 1 can be established as follows.
From Algorithm 1,

i—1

D; = ogiX + thﬂnfz#j + CiﬁO?
=0

and consequently,

i1 i1
Diy1 = o™X+ Z tiaBn_iv; + Cifn1 + B Tr(a’cX) + Z t;Tr(ofn—ij)
j=0 =0
' i1
= o X +t,8,1+ Z tilafn—itj + Bn-1Pn—i+j]
=0
i1

= o' X + 8,1+ > tiBn—it;
=0

= CYiJrlX -+ thﬂnfi71+j- (410)
j=0
Step 2 of (4.10) uses Lemma 2 and step 3 uses Lemma 1. Equation (4.10) shows
that if (4.9) is true for ¢ then it is also true for ¢ + 1. Therefore by mathematical
induction, it is true for all 0 <7 < n.

Clearly the final destination D,, is dependent upon the values of ¢;s. We now
show that to achieve D,, =Y, ¢;s should have the values specified in the algorithm.
Using (4.10), one gets

n—1

Tr(X +Y)a") =Tr(X +a"X + > _t;5)a". (4.11)

J=0
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Using linearity of the trace function and the fact that Tr(8;a') = 1 only if j =i

and is 0 otherwise, one can simplify (4.11) as

Tr(X +Y)a") = Tr(a'oX)+ ”z—: t;Tr(B;a")

Jj=0

= Tr(d'oX)+t;
_— (4.12)

This proves that the ¢;s used in the algorithm do indeed lead the path to the desired
final destination D, =Y. |

As an illustration, consider the path from node X = 0 to node Y = af in SE,.
One can compute ¢g = 1, ¢; = 1, ¢o = 0 and ¢3 = 1, The path is then given by

0—-a?—=1—a®>—at—>a®—a?—ab.

4.4 Relation with deBruijn network

We now show that the Shuffle Exchange network SE, is related to the deBruijn
network DB,,.
A deBruijn network of degree n, DB,,, is a graph with 2" nodes, each labeled

with an n bit binary string. A node with label (a,_1,a,_2,...,a) is connected to
four nodes (0,a,_1,an_9,...,a1), (1,ap_1,0n_2,...,a1), (@n_2,an_3, ...,a0,0) and
(Gp—2,an_3,...,a0,1). DB, is attractive because it has a small constant node degree

and a small diameter, n. However, it is not symmetric and is not seen prominently
in commercial world because of its lack of algorithm mappings.

An algebraic model for DB,, is available in literature [15]. In this model, the
nodes of DB,, are labeled using the elements of the finite field GF(2"). A node with
label X € GF(2") is connected to nodes aX, aX + 3,1, a 'X and a !X + f.
These connections are indicated in Fig. 4.5.

Following theorem shows that SE, can be embedded in DB,,.
Theorem 19 SE, is a subgraph of DB,.
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o (aX)

® (('YX + ﬁn—l)

® (o 'X)

Figure 4.5: The connectivity of the deBruijn graph (DB,,)

Proof. Use the mapping A(-) : SE,, — DB,, defined as
AX) =X + f(X)B,1Tr(0X), X € GF(2"),
where,
f(X)=Tr(o(1+a) 'X).

We first show that A(-) is a one-to-one mapping between the nodes of SE,, and
DB, by contradiction. Assume A(X) = \(Y) for some X,Y € GF(2"). If f(X) =
f(Y) =0, then X =Y. If f(X) = f(Y) = 1, then it leads to a(X +Y) +
Brn_1Tr(c(X +Y)) = 0. However, we know from the CCC,, connectivity (see Fig.
5.3) that a(X +Y) + B,-1Tr(0(X 4+ Y)) is the destination of (X +Y') along the f
edge. Since this destination is 0, the source X +Y = 0 as well. Thus, again we have
X =Y. Finally, if f(X) and f(Y) are different, say if f(X) =1 and f(Y) = 0,
then A(X) = A(Y) gives aX + (,.1Tr(cX) = Y. One then gets f(Y) = f(X),
which is a contradiction. Thus any time A(X) = A\(Y), X =Y, i.e., function A(-) is
one-to-one.

We now prove that the edges of SE,, are preserved by A(-). Because of the linear-
ity in source property of the f edges of SE,,, one only needs to show the preservation
of f and f~! edges starting from f3;, 0 < i < n. Consider the edge f3; i) Bi—1. One
can show that f(5;) = f(Bi—1) = 1. Thus A(8;) = 5; + Bn-1T7r(cB;). From Lemmas
1 and 2, one can then see that A(5;) = §;_1. Similarly \(5;_1) = Bi—2. Thus the
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edge (; i> Bi—1 of SE, translates to the edge ;-1 — [;_2 of DB,, (see Fig. 4.5)
(it is an f edge in DB, if p;_1 = 0 and a g edge otherwise).

Finally, to see the preservation of the g edge of SE,,, consider edge X D' +Bo.
One has, f(X + fy) = f(X)+ 1. Thus if f(X) = 0, then f(X + fy) = 1. Thus
the edge is transformed by A(-) to X — a(X + o) + Bn_1Tr(c(X + fy)) = aX +
Bn-1 + Bn1Tr(cX). This is clearly either edge f or g of DB,. On the other
hand, if f(X) = 1, then f(X 4 8y) = 0. Thus the SE,, edge is transformed to
aX + B,1Tr(cX) — X + fBy. This is either edge f~! or g=! of DB,,. |

4.5 Conclusion

This Chapter has developed a new algebraic model for the Shuffie Exchange network
that is used in parallel architecture. This model allows the use of powerful algebraic
techniques to study the structural properties of the network. Our strategy exploits
these techniques to find paths in the Shuffle Exchange network and to explore the

relationship between Shuffle Exchange and deBruijn networks.
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Chapter 5

Cube Connected Cycles

5.1 Introduction

Interconnection networks often constrain the performance of multi-cores chips or
parallel computers. Cube Connected Cycles (CCC) is an attractive interconnection

network because of its symmetry, small constant node degree and small diameter.

Previous work on CCC includes VLSI implementation and optimal layout [50,51],
load balancing, routing and one-to-one, one-to-many broadcast strategies [52, 53],
mappings of cycles in fault-free and faulty topologies [54] and determination of the

forwarding index of the network [55].

One of the drawbacks of the CCC network is its unwieldy model which compli-
cates mappings of algorithms on these architectures. As a result, even though this
network is scalable and has attractive topological properties, its utility in applica-
tions is somewhat constrained. With this in mind, a new addressing scheme for CCC
using Cayley graphs over permutation groups has been proposed [56]. Unfortunately
even that new model does not provide sufficient insight into the graph connectivity.
This Chapter provides a new algebraic model of the Cube Connected Cycles using
cyclic groups and finite fields. Our model allows one to harness powerful algebraic
techniques to explore the topological properties and mappings on the Cube Con-

nected Cycles graph. It also illuminates the relationships between graphs as diverse

83



CHAPTER 5. CUBE CONNECTED CYCLES

as Shuffle Exchange, deBruijn (both non-symmetric), Wrapped Butterflies and the
Cube Connected Cycles.

With this new model, one can avail of powerful algebraic techniques to investigate
the structure and mappings of these networks. Similar algebraic models developed
previously for the deBruijn network [15] and the Wrapped Butterflies [10] have
allowed efficient mappings of cycles and trees on the Butterflies and provided insights
into intricate structural properties such as the automorphisms [23,24]. The new
model proposed here helps solve similar problems in Cube Connected Cycles.

This Chapter is organized as follows. The new algebraic model of the Cube
Connected Cycles is defined and proved in Section 5.2. Section 5.3 provides optimal
path algorithms for the Cube Connected Cycles. Section 5.4 obtains all the auto-
morphisms of the Cube Connected Cycles using an algebraic model. We explore the
edge transformation in Cube Connected Cycles networks due to automorphisms in
Section 5.5. Section 5.6 proves that the Cube Connected Cycles is a subgraph of

the Butterfly network of the same size.

5.2 An Algebraic model of the
Cube Connected Cycles

The cube connected cycles network of dimension n (CCC,,) has n2™ nodes, each of
which is labeled by a pair (m, V) where m € Z,,, a group of integers {0,1,---,n—1}
and V € ZF, a set of n bit binary strings. A node (m, V') is connected to nodes
(m—+1,V), (m—1,V)and (m,V & 2™) as shown in Fig. 5.1, where V & 2™ is the
string V' with mth bit complemented. The diameter of CCC is 6 when n = 3 and
2n+ |n/2] —2 when n > 3 [6]. This low diameter and the low constant node degree
implies that CCC may be very useful for parallel architectures. CCC, graph labeled
in binary is shown in Fig. 5.2.

In this section we provide a new model for the CCC,, defined over the structure
C, x GF(2™). In particular, following theorem shows that if the nodes of CCC,
are labeled by the elements of the structure C,, x GF(2"), then the edges can be
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o (m+1V)
(m,v) >0® (m,Vo2™)
(m—1,V)

Figure 5.1: The connectivity of the Cube Connected Cycles graph CCC,,.

expressed by a simple algebraic relationship between the labels.

Theorem 20 The nodes of the cube connected cycles graph CCC,, can be labeled by
the elements of C,, x GF(2") in such a fashion that the graph connectivity can be
expressed as follows. A node (m, X) is connected to the three nodes (m + 1,aX +
Bu1Tr(cX)), (m—1,a X + ByTr(ca X)) and (m, X + B).

Proof. Let V. = (v,_1,05_2,...,v9). Consider the mapping ¢ : Z, X Z} —
C,, x GF(2") defined by

n—1

C((m,V)) = (m,X), where X => v,.;0;. (5.1)

=0

We now show that the correspondence expressed by (5.1) relabels the graph
nodes allowing the graph connectivity as stated in the theorem.

The three neighbors of (m,V) are (m + 1,V), (m — 1,V) and (m,V}), where
Vi = (Un—1,Vn-2, -, Umi1, Uy Um—1, - - -, V).

The image of the first neighbor of (m, V) is

n—1
C(m + ]-’ V) = (m + 17 Z Um—i—l—i—iﬁi)

1=0

n—1
= (m+1LY vmyifio1), (5.2)
i=0
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Figure 5.2: Connections of Cube Connected Cycles CCC} in Binary notation. To
make the drawing simpler, m in (m, V') is written as a column heading and nodes
in column 0 are repeated.

86



5.2. ALGEBRAIC MODEL OF CCC

where the index of § is considered modulo n. From Lemma 1, one can express [3;_1

in (5.2) in terms of 3; to get

n—1

C(m+1,V) = (m+1>@zvm+iﬁi+
i=1
n—1

Bn-1 Z VmtiPi + UmfBo)
i=0
n—1

= (m + ]-7 OZX + Bn—l Z Um+ipi>- (53)

=1

Now, using Lemma 2 and definition (5.1),

Tr(cX) = Z’Um_H'TT(O'ﬁi)

n—1

=0

Combining (5.3) and (5.4) one can see that
C((m+1,V)=(m+1,aX + ,1Tr(cX)).

Thus (m, X) is connected to (m + 1,aX + 8,_1Tr(cX)).
Similarly, The image of the second neighbor of (m, V') is

n—1
C(m -1, V) = (m -1, Z Um-&—iﬁi—&—l)v (55)
i=0
where the index of 3 is taken modulo n. Using Lemma 1, one gets
(m—-1V) = (m—1,a" vaﬂﬁl
n—2
Bo Z UmtiDit1 + Vmin—1Bn—10 ")
i=0
n—2
= (m+1,07' X + 60D UmyiPis1)- (5.6)
i=0

However, Lemma 2 and definition (5.1) give

n—1

Tr(a'oX) = > vpTr(aof)
=0
n—2

= Z Um+iDi+1- (5~7)

=0
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From (5.6) and (5.7) one can see that
Cm+1,V)=m+1,a ' X + BoTr(a o X)).
Thus (m, X) is connected to (m — 1,a ' X + ByTr(a"'oX)).

Finally, since 7,,, = v,, + 1, the image of the third neighbor of (m, V) is given by

n—1
C(m7 ‘/1) = (ma Z Um—l—iﬁi) + 60
i=0
= (m, X + Bo)

Thus (m, X) is connected to (m, X + fy). |

Fig. 5.3 shows the connectivity of the algebraic model for CCC given by Theorem
20.

(m+1,aX + B,-1Tr(c X))

(m, X) (m, X + Bo)

(m—1,a7'X + BoTr(ca™tX))

Figure 5.3: The connectivity of the Cube Connected Cycles graph CCC,,.

Note that unlike its binary counterpart, this connectivity is amenable to algebraic
manipulation. Recall also that in binary representation, an edge from node (m, V')
ended on node (m, V' @& 2™). Thus the second coordinate of the destination depends
on both, the first and the second, coordinates of the source. On the other hand,
in the new algebraic model, each coordinate of a destination depends only on the
corresponding coordinate of the source (see Fig. 5.3). This, in our opinion, would
greatly simplify explorations of the CCC,, network. Finally, note that similar to the
Shuffle Exchange graphs, within the context of the algebraic model of CCC,,, one

can make the following observation. If
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Table 5.1: Equivalence between the nodes of CCCy and graph Cy x GF(2%).

label (m, X) label (m, X) label (m, X) label (m, X)
(0, 0000) | (0,0) (1, 0000) | (1,0) (2, 0000) | (2,0) (3, 0000) | (3,0)
(0, 0001) | (0,a') || (1, 0001) | (1,1) (2, 0001) | (2,) (3, 0001) | (3,a?)
(0, 0010) | (0,a2) || (1, 0010) | (1,aM*) || (2, 0010) | (2,1) (3, 0010) | (3,c)
(0, 0011) | (0,a'3) || (1, 0011) | (1,a3) || (2, 0011) | (2,a%) || (3, 0011) | (3,a®)
(0, 0100) | (0,) (1, 0100) | (1,a2) || (2, 0100) | (2,a*) || (3, 0100) | (3,1)
(0, 0101) | (0,a7) || (1, 0101) | (1,a®) || (2, 0101) | (2,a7) || (3, 0101) | (3,a®)
(0, 0110) | (0,a®) || (1, 0110) | (1,a!3) || (2, 0110) | (2,03) || (3, 0110) | (3,a%)
(0, 0111) | (0,a?) || (1, 0111) | (1,a%) || (2, 0111) | (2,a%) || (3, 0111) | (3,al?)
(0, 1000) | (0,1) (1, 1000) | (1,« (2, 1000) | (2,a2) || (3, 1000) | (3,a!*)
(0, 1001) | (0,a3) || (1, 1001) | (1,a*) || (2, 1001) | (2,a5) || (3, 1001) | (3,a!?)
(0, 1010) | (0,a®) || (1, 1010) | (1,a7) || (2, 1010) | (2,a®) || (3, 1010) | (3,a7)
(0, 1011) | (0,a%) || (1, 1011) | (1,a%) || (2, 1011) | (2,a!%) || (3, 1011) | (3,a!?)
(0, 1100) | (0,a*) || (1, 1100) | (1,a%) || (2, 1100) | (2,a'3) || (3, 1100) | (3,a®)
(0, 1101) | (0,a%) || (1, 1101) | (1,a!9) || (2, 1101) | (2,a'?) || (3, 1101) | (3,a®)
(0, 1110) | (0,a0) || (1, 1110) | (1,a!2) || (2, 1110) | (2,a5) || (3, 1110) | (3,a°)
(0, 1111) | (0,at) || (1, 1111) | (1,atY) || (2, 1111) | (2,at) || (3, 1111) | (3,atl)

(m, X1) L5 (m+1,%1) and (m, X) 5 (m+1,73),

then, (m, X; + X3) i> (m+1,Y1 +Ys).

Similarly}_lf =

(m, X1) =— (m —1,Y7) and (m, X3) =— (m — 1,Y3),

then, (m, X; + X3) Q (m—1,Y1 +Y5).

We will refer to this observation as the linearity in source property of the f and f~!
edges of the CCC,, graph.

Table 5.1 provides the mapping ¢ between the two representations of CC'Cy. In
order to illustrate the mapping from Binary to Algebraic notation, consider mapping
of a Cube Connected Cycles node (1, 0110) € Z,, x Z to its new algebraic setting.
The dual basis of GF(2%) given in Table 2.2 is (83, 82, 81, Bo) = (1, a, a2, a'*). Thus

¢(1, 0110) = (1, fo+ 1)
(1, o™+ a?)
a'?.

Thus the Cube Connected Cycles node with binary label (1, 0110) is renamed in the
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new algebraic notation as (1, a!'?). The CCCy relabeled in the algebraic notation is

shown in Fig.5.4.

5.3 Path Algorithms for Cube
Connected Cycles

This section deals with designing a path to travel between any two nodes of the
Cube Connected Cycles network. We start by stating a result that will help us

minimize the path length.
Lemma 5 A path with n consecutive f edges forms a cycle in CCC,.

Proof. We have

(m.6) L5 (m+ 1,08+ B,Tr(05)
= (m+1,af; +pifn_1) from Lemma 2
=  (m+1,5_1) from Lemma 1.

Consequently, starting from any (m, ;) and traversing n f edges will bring one back
to the starting node. Since any X € GF'(2") can be decomposed into a sum of s,
the linearity of the f edges ( see discussion after Theorem 22) implies that the cycle

characteristics is also true of any starting node (m, X). i

We are now ready to use the algebraic machinery to chart a path from a node
(0, X) to the node (a,0) in CCC,, for any given a € C,, and X € GF(2"). Because of
the symmetry of CCC,,, one can transform the problem of finding the path between
any two arbitrary nodes to the one of finding a path between such a node pair. We
develop two strategies to determine such a path.

In our first strategy, we employ the edges f and ¢ only. Since the g edge is its
own inverse, it can be followed only by an f edge. Thus there are only two possible
paths to go from the mth column of CCC,, to the (m+1)th column. In first of these
paths, (m, D) i) (m—+1,D"), where D' = aD + (,,_1Tr(cD), while for the second
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Figure 5.4: Connections of Cube Connected Cycles CCC} in Algebraic notation. To
make the drawing simpler, m in (m, X) is written as a column heading and nodes
in column 0 are repeated.
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path, (m, D) N (m, D +p) i> (m+1,D"), where D' = aD+p,_1+ Bn_1Tr(cD
+06y) = aD + Bn-1(1 + Tr(cD)). This last simplification uses Lemma 2. Thus
in both cases, the second coordinate of the destination node, (m + 1, D’), can be

expressed as
D'=aD + B,_1(c+ Tr(eD)), (5.8)

where c¢ is either 0 or 1. We will refer to the path going from (m, D) to (m + 1, D’)
as a path segment. Clearly, each path segment in this strategy is made of either an
f edge or a g edge followed by an f edge.

To express the coordinates of any node along the path, one can apply (5.8)
repeatedly. We begin by designating the starting node as (m, Dy) and a node reached
after ¢ path segments as (m + ¢, D;). Let ¢; denote the value of binary constant ¢

used in the ith path segment. From (5.8) one gets,
D1 = OzDo + /Bn_l(C() + T’I“(UDO)). (59)

Using (5.8) repeatedly and simplifying the result each time using Lemmas 2 and 1
gives the destination (m + k, Dy) after k path segments as
k-1
(m+k,a*Dy+ 3" Buiyj(c; + Tr(a’oDy)). (5.10)
=0
Assuming the starting node (m, Dy) = (0, X)) and the destination node (m-+k, D) =
(a,0), then

k = amodn and
k-1

0 = "X+ Buiijle; +Tr(dloX)). (5.11)
=0

Values of k and ¢;, 0 < j < k satisfying (5.11) give the required path.

To solve (5.11), first note that for any k& > n, the summation in (5.11) goes over
all the 3;, 0 < j < n. Since X has a unique decomposition in the dual basis, one
can always find ¢;s to satisfy (5.11) in this case. For smallest such k, k = n + a,
(5.11) becomes

n—1 n+a—1
Z TT(Oén-HH_jX)Bj = Z ﬂ,aJrj(Cj -+ T?"(ijO'X)), (512)
7=0 7=0
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where we have expressed a7 X on the left hand side of the expression in its dual

basis. Comparing the coeflicients of ;, 0 < j < n —a, on both sides of (5.12 ) gives
Tr(a"tMX) = cjrq + Tr(a? o X).
By using the linearity of the trace function and the fact that o = 1 4+ o™ gives

Cira = Tr(@*X), 0<j<n—a or,

¢ = Tr(dX), a<j<n. (5.13)
Similarly, comparing the coefficients of 5;, n —a < j < n, in (5.12 ) gives

Tr(a"™ X)) = cjpa+Tr(@oX) +¢j pnia +
Tr(a? "o X).

Simplifying this as before gives

Cita + Cjta—n = Tr(™"X), n—a<j<n or

cjtenyy = Tr(d?X), 0<j<a. (5.14)

For a smaller k = a, the summation in (5.11) does not span all the 5;,0 < j <n
of the dual basis. Therefore all X values may not yield a solution to (5.11). In
particular, with £ = a, (5.11) becomes

a—1

nz_:lTr(a“*jX)ﬁj =Y Busj(c; + Tr(doX)). (5.15)

j=0 j=0

All the path segments as described here end with an f edge. In order to provide
a greater flexibility at designing the path, we allow a last g edge (if required) after
the a path segments to reach the destination node. Using the last g edge has the
effect of adding 3y to the expression on the right hand side of (5.15). By comparing

the coefficients of various [3;s on both sides of this equation as before, one gets

c;=Tr(d’X), 0<j<a,
last g edge to be used if Tr(a’X) =1 and
Tr(a’X)=0, a<j<n. (5.16)
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The discussion above, including the computation of ¢;s from (5.13), (5.14) and

(5.16), provide the following path algorithm.

Algorithm 2 (Path to go from (0,X) to (a,0) in CCC,, using edges f and
g.
If Tr(a'X) =0, for all a < i < n, then
Set PathSegments to a, LastGEdge = Tr(a®X) and
choose binary values ¢; = Tr(a'X), 0 <i < a.
Else Set PathSegments to a + n,
choose binary values ¢;, 0 <1 < a+n, as
Ci+ Cipn =Tr(a'X), 0<i<a and
c; =Tr(a'X), a<i<n.
(Note: ¢;, Citn, 0 <1i < a are not unique.)
Start from the node (0, X).
For 1 from 0 to PathSegments do
If ¢; = 1, proceed along a g followed an f edge.
If ¢; = 0, proceed along an f edge.
If PathSegments = a and LastGFEdge = 1,
proceed along the g edge.

Note that the path obtained by this algorithm can sometimes be shortened.
Because of Lemma 5, any time ¢ > |[n/2] consecutive f edges are indicated by the
algorithm, they can be replaced by n —t f~! edges.

We illustrate the algorithm with the following examples.

Example 1. (path from (0,a") to (2,0) in CCCy).

In this case, Tr(a®a’) = 0. Therefore one needs only 2 path segments in this path.
By using appropriate traces, one has: ¢y = Tr(aa’) = 1, ¢; = Tr(aa’) = 0 and
the last g edge is to be used because Tr(a?a”) = 1. The required path then uses the
edge sequence gf, f,g (We have separated path segments by commas for clarity).
The actual path is given by: (0,a7) <% (0, ) i (1,a?) 7, (2,0) L5 (2,0).
Example 2. (path from (0,a%) to (2,0) in CCCy).

In this case, one needs 6 path segments. By following the procedure of the algorithm,
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cot+cy=1,c14+c5 =1,co =0and c3 = 1. To satisty the first two of these equations,
we choose ¢y = ¢; = 1 and ¢4 = ¢5 = 0. The path will then use the edge sequence
af,af, f,af, f, f- Since in CCCYy, four consecutive f edges from any node return one
to the same node, fff = f~!. Thus, in this case, a shorter path to the destination
is given by the edge sequence gf, gf, f,gf'. The actual path is given by:
(0,08 L5 (0,0%) L5 (1,07) L5 (1,0) s
2.0%) L5 3,014 L 3,055 2.0

We can also create a path from (0, X) to (a,0) using the f~! and g edges. As
before, since g edges cannot follow each other, the path segments going from a
column m to a column m — 1 will be made up of edges f~! or gf~!. Let the starting
node be (m, D). The destination of the first path segment can be computed to be
the node (m — 1, D’), where D' = a™'D + ByTr(a"toD) + cf31, where the binary
value ¢y equals 0 if the path segment is f~! and 1, if it is gf~!. The node on the
path after going through k such path segments is given by

k k-1
(m—k,a*D+>" B Tr(aoD) + 3 ¢;B_j), (5.17)
j=1 Jj=0

where ¢;, 0 < j < k, is the binary constant used in the jth path segment.
With the starting node (0, X), (5.17) will give the destination node (a,0) after
k path segments if

a = —kmodn and
k ' k—1
0 = "X+ BiTr(aoX)+ Y ¢;Biy) (5.18)
j=1 3=0

As before, we need to consider only two cases; & = (n — a)mod n and k =
(n — a)mod n + n.

When k& = n + (n — a)mod n, (5.18) has a solution for every X because all the
basis vectors of the dual base, §;, 0 < 7 < n are available on the right hand side.
By matching the coefficients of each §; on both the sides of (5.18), one can obtain

relationships between c;s. Comparing coefficients of 3y, one gets
Tr(a X)) =Tr(a o X) + Tr(a"*oX) + cpn.
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On simplification, this yields
Cnoa =Tr(a"X). (5.19)
Similarly, coefficients of §;, 1 <¢ < k — n, one gets

Tr(a™*X) = Tr(aoX)+Tr(a e X) +

Ck—i + Ck—i—n-
This equation can be simplified to yield
citctitn=Tr(@"'X),0<i<n—a. (5.20)
Similarly, comparing coefficients of §;_,,, one gets
Tr(a™"X)=Tr(a"oX) + co + cp,

which simplifies to
cot+c+n="TrX). (5.21)

Finally, comparing coefficients of 5;, k —n < i < n, one gets
Tr(a*X) =Tr(a" %o X) + ¢4,

which gives
ci=Tr(@"'X), n—a<i<n. (5.22)

When k£ = (n —a)mod n, (5.18) may not have a solution for all z values. In this

case, a > 0 as is obvious from (5.18). For this k = n — a, (5.18) becomes

n—1 n—a
Z Tr(a"_“+jX)ﬁj = Z ﬁn_a_jTr(ofjaX)
=0 j=1
n—a—1
Y b (5.23)
=0

The path described here necessarily ends in an f~! edge. To make the strategy

more flexible, we allow for a last g edge which may reach the destination node in
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the same column, a. With this, the expression on the right hand side of (5.23) gets

added with an additional fy. Solution of this equation gives

co =Tr(X),

c;j=Tr(a"7X), 1<j<n-—a,

last g edge to be used if Tr(a”X) =1 and
Tr(a’X)=0,n—a<j<n. (5.24)

This discussion gives the following path algorithm using f~! and ¢ edges.

Algorithm 3 (Path to go from (0,X) to (a,0) in CCC, using edges f!
and g).

If a =0, Set PathSegments to n — a,
choose binary values co = Tr(X) and
¢ =Tr(a""X),1<i<n-—a.

Else If a > 0 and Tr(a'X) =0, for all 0 < i < a, then
Set PathSegments to n — a, LastGEdge = Tr(a*X)
and choose binary values co = Tr(X),
c;=Tr(a""X),1<i<n-—a.

FElse Set PathSegments to n+ (n — a)mod n,
choose binary values ¢;, 0 <1 < a+n, as
co+cn =Tr(X), ¢; + Ciyn = Tr(a"'X),
O<i<n—aandc=Tr(a"'X),n—a<i<n.
(Note: ¢;, Citn, 0 <i <mn—a are not unique.)

Start from node (0, X).

For i from 0 to PathSegments do
If ¢; = 1, proceed along a g followed by an f~! edge.
If ¢; = 0, proceed along an [~ edge.

If PathSegments = n — a and LastGEdge = 1,
proceed along the g edge.
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Note that, as in the case of the first algorithm, the path obtained by this algo-
rithm can sometimes be shortened using Lemma 5. Any time ¢ > |n/2] consecutive
=1 edges are indicated by this algorithm, they can be replaced by n —t f edges.

Following example illustrates the algorithm.

Example 3. (path from (0,a'!) to (1,0) in CCCy).
In this case, since a = 1, the condition Tr(a/X) =0, n —a < j < n in (5.21) is
obviously satisfied. Thus we can use only n — a = 3 path segments. From step 1
of algorithm 3, one gets ¢y = ¢; = ¢ = 1. Further, since Tr(aa!') = 1, one should
use one extra g edge at the end. The edge sequence is therefore gf 1, gf 1, gf !
The actual path is g1ven by:
0,01) L5 (0,019 I (3,09 L5 (3,04 L5
2,09 L5 2115 (Lat) L 1,0,
Example 4. (path from (O a®) to (2,0) in CCCY).
In this case, one has cy+cy = Tr(a’) =0, c;+c5 = Tr(a®) =0, c; = Tr(a’) = 1 and
=Tr(a®) =1, We use ¢y = ¢4 = ¢; = ¢5 = 0 to satisfy the relationships between
¢;s. Thus the edge sequence of the path is f=1, f=t,gf L gf % f~% f~1 Since
=4 7L ft = fin CCCy, one can use a shorter edge sequence f~1f=1 gf~t gf.
The actual path is gwen by:
0,605 30 2a) L 25
(La™) 25 (1,0) L5 (2,0).
Example 5. (path from (0,a°) to (0,0) in CCCy).
In this case, since a = 0 there will be no extra g edge at the end. Thus, we
can use only n — a = 4 path segments. From step 1 of algorithm 3, one gets
co = c1 = 0,c3 = c3 = 1. Thus the edge sequence of the pathis f=1, f=1, gf 1, gf L.
The actual path is glven by:
(O,a)fi <3a)f7 2,0%) L (2,1) 15
(1,0 % (1,045 (0,0).
One can show that the algorithms 2 and 3 provide paths which are less than the

diameter of the Cube Connected Cycles graph as given in the following theorem.

Theorem 21 The path algorithms 2 and 3 provide a path less than the diameter of
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coa,.

Proof. The diameter of CCC,, is 6 if n = 3 and 2n + [n/2] —2if n > 3 [6]. We
show that the path obtained by one of the two algorithms is always less than the
diameter.

Because of symmetry of CCC,,, the path between any pair of nodes in CCC,, is
isomorphic to a path between (0, X) and (a,0) with appropriately chosen a € C,
and X € GF(2"). We therefore only focus on these paths using algorithms 2 and 3.

The theorem for n = 3 can be proved from algorithm 2 rather easily. for a = 0,
the constants cy, ¢; and ¢y are either 0 or 1. Since ¢; = 0 implies an f edge and
c¢; = 1, an edge sequence ¢gf, even when each ¢; is 1, the path length is at most 6.
For a = 1, even if all traces that give the ¢;s are 1, one can choose cog =c; =cy =1
and c3 = 0. This results in the edge sequence gf,gf,gf, f, which, from Lemma 5
equals gfgfgf~", a path of length 6. Finally, when a = 2, in the worst case (of all
trace functions are 1), one can choose cg = ¢; = ¢o = 1 and ¢3 = ¢4 = 0, giving the
edge sequence gf,qf,qf, f,f =qgfgfg, a path of length 5.

When a > 3, the choice of algorithm can be based on a (for the purpose of
this proof). If [n/2] < a < n, one can use algorithm 2. If the number of path
segments equals a, then the path length is at most 2a < 2(n — 1). If the number
of path segments equal a + n, then ¢; + ¢;1pn, 0 < @ < a are fixed, but individual
Cis Cian € GF(2) are not. We choose ¢, = ¢41 = -+ = ¢pra—1 = 0. Value ¢,
may be either a 0 or a 1. Since each 0 value of ¢; implies an f edge, while a 1, gf
edges, at least a+ 1 edges at the end of the path are f edges. Using Lemma 5, these
consecutive @ + 1 f edges can be replaced with (n —a — 1) f~! edges. The path
length is then given by the number of edges due to ¢;, 0 < i < n — 1, at most one

! edges at the end. We therefore have path

g edge due to ¢,—; and (n —a —1) f~
length <2(n—1)4+1+(n—a—1) <2n+ [n/2] —2.

On the other hand, if 0 < a < [n/2], we use algorithm 3. If the number of
path segments equals n — a, then the path length is at most 2(n — a) < 2n because
each path segment is made up of at most two edges, This also covers the case when

a = 0. If @ # 0 and the number of path segments equal (2n — a), then ¢; + ¢;ip,
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0 < i < n —a are fixed, but individual ¢;, ¢;1,, € GF(2) are not. As before, we
choose ¢, = ¢c41 = -+ = copn_q—1 = 0. Value ¢,_; may be either a 0 or a 1. Since
each 0 value of ¢; implies an f~! edge, while a 1, gf~! edges, at least (n —a + 1)
edges at the end of the path are f~! edges. Using Lemma 5 again, these consecutive
n—a+1 f~! edges can be replaced with (a — 1) f edges. Thus the path length in
this case satisfies path length <2(n—1)+ 1+ (a—1) <2n+ [n/2| =2.

Finally, when X = By + 81 + -+ + fp_1, Tr(a’X) =1, 0 < i <n. Ifa = [n/2],
then using similar arguments, it can be shown that either of the two algorithms give
the minimum path length from (X, 0) to (a,0) to be 2n+ |n/2| — 2. Therefore this
is the diameter of CCC,,. |

5.4 Automorphisms of the Cube Connected Cy-
cles Graph

We now explore the automorphisms of the cube connected cycles graph CCC,,. For

this, consider the constants Ko, K, ..., K,_1 € GF(2") related to each other as
Km—i—l = al, + 5n—1TT(0Km)> 0<m< n, (525)

where, as will be shown later, the index of K can be considered modulo n.
Constants K, through K, i play a central role in characterizing the automor-
phisms. It is therefore worthwhile considering their interdependance first. Because
each K, is related to K,,, it is natural to expect that each of these constants can
be obtained from Kj. The explicit dependence of K,, on Kj is given by
Kn=a"Ko+ Y Tr(a™7oKy)Bu—j, 0<j<n. (5.26)
j=1
Equation (5.26) can be proved by mathematical induction. It is obvious for m = 0.
If it is true for some K,,, then its truth for K,,,; can be established using (5.25)
and (5.26) as follows.

K1 = o™ Ko+ Tr(a™7oKo)Bp_ja + BoaTr(ca™Ky)

j=1
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m

+ anlTT(O' Z TT(OémijUKo)ﬁnfl)

= "M Ko+ Tr(a™7oKo)(Bajo1 + Pu—jBu-1) + Bu1Tr(ca™ Ky)

=1

+ Bn-1 Z T?“(ozm_jaKo)pn_j

=1

= " Ko+ Y Tr(a™70K)Buj-1+ Bor1Tr(ca™Ko)
j=1
m+1 )
= "M Ko+ > Tr(a™ 7 oKo)Baj,
j=1
Let 0 Ky be expanded in dual basis as

n—1

O'KO = Z a,,@l
i=0
Then the relation (5.26) for m = n gives

n n—1

K, = Oén—I—ZZ(IZ njﬁzﬁng

7j=11i=0
= a"+ Zan—jﬁn—j
= ao" + KO = Ko. (527)

From this, one can clearly see that the index of K, in (5.25) is modulo n.

Theorem 22 now states a set of automorphisms of the CCC graph.
Theorem 22 A mapping ¢(-) : C,, x GF(2") — C,, x GF(2") defined by
dp(m, X)=m+1t, X+ K,,), (5.28)

for arbitrary t € C,, and constants K,,’s related to each other as in (5.25) is an

automorphism of graph CCC,.

Proof. 1t is clear that ¢ is a one-to-one onto mapping. We show that if two
nodes N and N’ are connected in CCC,,, then so are the nodes ¢(N) and ¢(N').
Let N = (m, X). Then we have

O(N) = (m+t,X + K,,) (5.29)
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There may be 3 kinds of edges between N and N’. We prove the result for each
separately.
Case 1 N'=(m+1,aX + 5,1Tr(cX)).
In this case we have
O(N) = (m+t+1,aX + B, 1Tr(cX) + Kpi1)

= (m+t+1,aX +aK, + G, 1Tr(c(X + K,)))

= m+t+1La(X+K,)+ BoaTr(c(X + K,))). (5.30)
Eq.s (5.29) and (5.30) show that ¢(NN) is connected to ¢(N').
Case 2 N' = (m,aX + ).

We now have
O(N") = (m+t,aX + K, + o). (5.31)

Clearly from eq.s (5.29) and (5.31) ¢(N) is connected to ¢(NN') in this case also.
Case 3 N' = (m — 1,a'X + BTr(ca 'X)).
The image of this N/ under ¢ is given by

O(N)=(m+t—1,0a' X + BTr(ca™ X) + K,,_1) (5.32)
Now from the relationship (5.25) between K, and K,,_1, we get

oo 'Ky = 0Ky + 0ByTr(0 K1), or

Tr(ca 'K,,) =Tr(c K, 1).

Thus,
Kpo=a 'K, +a ', 1Tr(ca*K,,). (5.33)

Combining (5.32) and (5.33) gives

H(N) = (m+k—1,a ' X+ ByTr(ca*X)+a 'K, + BTrica 'K,))
= (m+k—-1a"(X+ Ky + BoTr(ca (X + Kp))). (5.34)

From (5.29) and (5.34) one can see that ¢(NN) is connected to ¢(N’) in the third

case also. I
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We will refer to the automorphisms specified by Theorem 22 as the automor-
phisms of the first kind. The parameters K, through K,_; characterizing the mod-
ification of the second coordinate of a node label will be called the automorphism
constants the change in the first coordinate ¢ would be called the automorphism
offset.

We now demonstrate the use of automorphisms of first kind to prove the sym-
metry of CCC,,.

Corollary 2 Cube connected cycles graph is symmetric.

Proof. We prove the symmetry by showing that given any two nodes Ny = (a, X;)
and Ny = (b, X3), there exists an automorphism ¢(-) of CCC,, which maps N; to
Ns.

Choose t = (b — a)mod n, constant K, = X; + X, and other constants K,
0 < i < n, i # a obtained using (5.25). Define the automorphism ¢(-) as in
Theorem 22. Clearly, ¢(Ny) = No. i

As an illustration, we provide in Table 5.2 an example of an automorphism
that maps (1,a%) to (2,a") in CCC,. First, we calculate the column offset ¢t =
2 —1 = 1. This first calls for computing constants K through K3 which will
provide the automorphism as in Theorem 22. Note that in GF(2?), 8,1 = 33 =1
and 0 = (o' + 1) = a. Using (5.25), we then get

K, =a® +af = ot
Ky =aK, +Tr(ck,) =a°
K; =aK,+Tr(cK,) =a and
Ko =aKs3+Tr(cKs) =a°

Which leads to the automorphism mapping shown in Table 5.2.
The automorphisms constants can also be determined from the traces Tr(c K;),
0 < i < n as shown in the following Theorem. This result would be used later to

develop mappings on faulty CCC,, graphs.
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Table 5.2: an automorphism ¢ that maps (1,a?) to (2,a7) in CCCj.

node N | ¢(N) |/ node N | ¢(N) || node N | ¢(N) || node N | ¢(N)
(0,0) | (L&) |1 (1,0) [ (2,a) || (2,0) | 3,e”) || (3,0) | (0,0
(0,1) | (L) || (LY | 2,0) || (21) | (3a®) || 3,1) | (0,a%)
(0,0) | (La?) || (La) | (21 || (2,0) | (3,0°) || 3,0) |(0,0™)
(0,02) | (1,0%) || (1,0%) | (2,0'%) || (2,0%) | (3,0) || (3,@?) | (0,0™)
0.0 | (LO) || (Le¥) | 2a7) || @a®) | Ga) || B1a®) | (0,0%)
0.0) | o) || (La®) | @0) || @aY) | Ga®) || (3.aY) | (0,al)
(0,0°) | (La™) || (1,a%) | (2,0%) || (2,0°) | (3,0) || (3,@”) | (0,a")
(0,09 | (1,®) | (1,0%) | (2,0') || (2,0°) | (3,@”) || (3,0%) | (0,1)
(0,07) | (L) || (L,a7) | (2,07) || (2,07) | (3,0") || (3,@T) | (0,a")
0,0 | (1a¥) || (Lo¥) | 2a) || @a® | G.a?) || (0¥ | (0,0%)
(0,0%) | (L) || (1,a) | (2,0M) ]} (2,0") | (3,0°) || (3,a”) | (0,a')
(0,0) | (1,a™) || (1,a1%) | (2,0%) || (2,0 | (3,1) || (3,%) | (0,a”)
(0,0™) | (L,a®) || (1,alh) | (2,0") || (2,0) | (3,0%) || (3,a’) | (0,a%)
(0,0) | (1,a'%) || (1,0'2) | (2,0%) || (2,02) | (3,0™) || (3,0'%) | (0,q)
0,0%) | (1,a%) || (La®) | 20" || 2a®) | (3,07 || B.a®) | (0,0
(0.0 | @11 J| @0 | (2,0% || (2,0") | 3,0 || 3,a™) | (0,07)
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Theorem 23 The n binary values ¢; = Tr(cK;), 0 < i < n, uniquely determine

the automorphism constants K;, 0 < i < n.

Proof. From (5.25), one gets, K; = aKy+ coBn_1, K2 = a? Ko+ (o + ¢1) Bn_1, ete.
After applying (5.25) n times, one obtains

n—1
Ko=a"Ky+ B,-1 Z a1
=0
From this, one gets
n—1
Kg = O'_lﬁn_l Z Cl‘Oén_l_i. (535)
=0
Once K, is determined, other K;, 1 <1i < n are fixed by (5.26). i

The symmetry of a network is important for designing mappings, avoiding faults
and readjusting mapping templates to specific situations. For example, Algorithm
2 provides a path to travel from (0, X) to (a,0). If we want to travel from (my, X;)
to (mg, Xo) we can use symmetry to first transform the problem to one suitable
for Algorithm 2 as follows. We first find an automorphism ¢ such that for some
X € GF(2") and a € C,, one has

¢(0,X) = (my, X1) (5.36)

and
#(a,0) = (mq, X2) (5.37)

From (5.36) one gets the column offset ¢ = my. But from (5.37), t = my — a, giving
a = my—my. Now, (5.37) gives K, = X,. From K,, one can obtain Kj as in (5.25).
Then using Equation (5.36), one gets X; = X + Ky or X = X; + K. Once X and
a are thus obtained, one can use Algorithm 2 (or 3) to obtain a path from (0, X) to
(a,0). Applying automorphism ¢ to this path transforms it to one from (ms, X;) to
(ma, X3).

We illustrate this procedure by finding a path from (2,a5) to (1,a®) in CCCy.
We start by defining an automorphism ¢ such that

$(0,X) = (2,a% (5.38)
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and

(a,0) = (1,a®) (5.39)

The column offset from (5.38) is ¢t = 2, and ¢t = 1 — a from (5.39). Thus, a = 3.
From (5.39) gives K3 = o8, which in turn yields Ky = o, K; = o®, Ky = a. Then,
using Equation (5.38) one gets Ky = X + a® and X = o® + a” = o', Therefore,
finding a path from (2, a®) to (1,a®) becames a problem of finding a path between
(0,') and (3,0) using Algorithm 2. The path obtained from the algorithm is:
(0,019 L5 (1,012) 5 (1,07) L5 (2,0%) 25 (2,02) L5 (3,0) 5 (3,0).

Applying ¢ to every node, one can then obtain the required path from (2, a®) to
(1,a®) as:

2,08 L5 3,09) L5 3,04 L5 (0,0%) <L (0,012) L5 (1, 08) <L (1, 0%).

We now count the total number of automorphisms of the first kind. Note that
Ky € GF(2") can have 2™ distinct values. Once K is chosen, all other automorphism
constants K through K,_; are fixed by (5.26). Similarly, the automorphism offset
t can be chosen from n distinct values. Thus there are n2" different automorphisms
of the first kind.

In order to describe the remaining automorphisms we define a function pu(-) :
GF(2") — GF(2") as follows.

n—1 n—1
u(X) = Z Tp_ifi, where X = Z 2 3;. (5.40)
i=0 i=0

Note that the index of z; is considered modulo n. When expressed in the dual
basis, the components x; through z,,_; of X are reflected to obtain u(X). Following

Lemma specifies some basic properties of .

Lemma 6 The function u defined in (5.40) has following properties.
1. p is a one-to-one mapping.
2. p(pu(X)) =X forall X € GF(2").
3. w(X+Y)=puX)+wY), for any X, Y € GF(2").

106



5.4. AUTOMORPHISMS OF THE CUBE CONNECTED CYCLES GRAPH

4 (X + Bo) = (X) + Bo, for any X € GF(2").

5 waX) =x100 + X0y wipiBi + S0y TiBn_iv1, for any X € GF(2"), where p;

is the coefficient of o in the primitive polynomial.

Proof. The first four assertions are obvious. We prove the last one using Lemma 1.
n—1
pwlaX) = p (Z xiaﬁi>
i=0
n—1
= W (3305711 + Z ri(Bi1 +Pzﬂn1)>
i=1
n—1 n—1
= 116 + Z Tipif1 + Z Tifn—it1-
i=0 i=2
i

We can now specify a new automorphism of CCC,, not covered by Theorem 22.
Theorem 24 Mapping ¥ (m, X) = (n —m, u(X)) is an automorphism of CCGC,.

Proof. From Lemma 6 one can see that mapping v is one-to-one. To show that
it preserves connectivity, consider the f edge between (m,X) and (m + 1,aX +
Brn_1Tr(cX)). The images of these nodes under ¢ are: Ny = (n —m, (X)) and
Ny = (n—m — 1,Y) where, Y = p(aX + B,-1Tr(cX)). We now show that
there is an f edge from Ny to N;. Note that the column of N; is one higher than
that of No. To show that their rows are related as required, we will show that
aY + B 1Tr(cY) = pu(X). One has,

aY + B, 1Tr(cY) = ap(aX) + afiTr(cX) + Bp_1(Tr(cpu(aX)) + ;i Tr(cX)).

(5.41)
However,
n—1
ap(aX)+apiTr(cX) = ap(aX)+ap d Tr(zop)
=0
n—1

= ap(aX)+ab Y wp;

=1
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n—1
= T1Bn1 + ToB1 + Z Ti0fBn i1
i=2
n—1
= T10n-1+ oo + Top1Pn-1 + Z Tifn—i
i=2
n—1
+ Z TiPn—it1Pn-1- (5.42)
i=2
n—1 n—1
BrnaTr(op(aX)) = Bua|Tr(zi0b) + Z x;Tr(oBn_iv1) + Tr(opr) Z ipi
i=2 1=0
n—1 n—1
= 671—1 Z TiPn—i+1 + plﬂn—l Z XTiPs- (543)
i=2 i=0
And finally,
n—1
p1BuaTr(cX) = pifaa Z ;0 f3;
i=0
n—1
= 1B ) Tipie (5.44)
i=1

By adding (5.42) through (5.44) gives from (5.41),

n—1
Y + B,_1Tr(cY) = z1fBn1+30Bo+ D il
i=2
= pu(X) (5.45)
From (5.45 ) it is clear that there is an f edge from Ny to Nj.
Similarly, nodes (m, X) and (m, X + () which are connected by a g edge have
images (n —m, u(X)) and (n —m, p(X + B,-1)) = (n —m, u(X) + By—1). Clearly,
these images are also connected by a g edge.

Thus the one-to-one mapping 1 preserves connectivity of CCC,,. It is therefore

an automorphism of CCC,,. |

Automorphism ¢(-) : CCCy — CCCy is shown in Table 5.3.

Theorem 25 lists some basic properties of the automorphism (-).

Theorem 25 1. ¢(-) is an order 2 automorphism.
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Table 5.3: Automorphism ¢(-) : CCCy — CCCl.

(i, X) [ $0m, X)) |[ (m X) | 6(m, X) || (m, X) [ 9, X) |[ (m, X) | 6(m, X)
0,0) | (0,0) (1,0) | (3,0) 2,0) | (2,0) (3,0) | (1,0
0,1) | 00 | LY | Ba) | 21 | 2a) || 31 | (1La)
(0,0) | (00) | (La) | B || ) | @) | Ga | (La)
(0.0%) | (0.1) | (La?) | 31 || 2e) | @1) | (3.0 | (11
(0,0%) | (0,0 || (La?) | B0 || 20" | 20 || 3,07 | (1,02
(0,0) | (0.0%) || (La?) | 3,07 || 2aY) | 207 || BaY | (La)
0,0%) | (0.a) || (La®) | BaY) || 20" | @2aY) || 309 | (La)
(0,0%) | (0,09 || (La®) | (3,09 || (20%) | (209 || (3,09 | (1.a%)
(0,07) | (0.a") || (La) | (3.7 || 20" | 20a7) || Ba) | (La)
(0,0%) | (0.0 || (La%) | 3,09 || 20% | 20a% || B.a% | (La¥
(0,0%) | (0,02) || (La%) | B0 || 20" | 20?) || 309 | (La2)
0,0 | (0,019 || (La%) | (3,0 || (2,019 | (2,0%) | (3,02) | (1,019)
(0,a) | (0,01) || (La') | (3,01) || (2,01) | (2,01) || (3,a1) | (1,a1)
(0,02) | (0,09 | (La®)| 3,09 || (2a?) | (2a%) | ((3,a2)| (1,09
(0,0%) | (00" | (La™) | 3,09 || (2a®) | (2a%) | (30| (1,0%)
(0,0) | (0,0M) || (L,a™) | (3,01 || 2,01 | (2,0) || (3,0) | (L,a)

2. ¢(m> Xl + XQ) = ¢(m> Xl) + T/J(m,X2)

3. ah(m, X) = (n —m, X) for exactly 21"1/21 yalues of X € GF(2").

Proof. The first two properties of ¥(-) are obvious from its definition. For any
X =" 2B, v(m, X) = (n—m, X) ifand only if 2; = 2, 4, 1 < < [(n—1)/2].
From this, the third property follows. |

Since 1 is an order 2 automorphism and it is independent of the ¢ automor-
phisms, ¥ - ¢ for each ¢, is also an automorphism. Further, ¢ - ¢ = ¢’ - 1) where, the
two automorphisms defined by pairs (¢, Ky) and (¢, K{)) respectively are related as
t' = —t and K{ = p(Kp). Therefore ¢ - ¢ cannot generate any new automorphisms

that are not generated by ¢ -1. Thus the total number of automorphisms of CCC,,

is n2ntl,
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5.5 Edge transformations by automorphisms in

CcCC,

This section investigates the effect of the automorphisms described in Sec. 5.4 on the
edges of CCC,,. It is easy to see that all the automorphisms of CCC,, map ¢ edges to
g edges. In particular, given any automorphism of the first kind, ¢(-) with automor-
phism offset ¢ and automorphism constants K;, the g edge (m, X) I, (m, X + Bo)
is mapped to the edge (m +t, X + K,,) AN (m+t, X + Bo + K,,). Similarly, the
automorphism of the second kind, v (-), maps the g edge (m, X) g, (m, X + fo)
to another g edge (n — m, u(X)) N (n—m, u(X) + Bo).

To study the effect of the automorphisms on the f edges of CCC,,, we classify
them as either of type 0 or type 1 based on the nodes from which they originate.
We define an f edge from (m, X) to be of type 0 if Tr(cX) = 0, and of type 1, if
Tr(cX) = 1. This classification of f edges is equivalent to partitioning elements
of GF(2") into two sets, Fy and E; such that when the f edge from (m, X) is of
type 0, X € Fy and when that edge is of type 1, X € E;. Clearly, Tr(cX) = 0 if
X € Ey,and Tr(cX)=1if X € F.

We then have the following result about the sets Fy and Fj.

Theorem 26 E, is a subgroup of the additive group GF(2") and |Eg| = 2" 1.
Further, Ey is a coset of Ej.

Proof. Note that if X1, Xy € Ey, then Tr(o(Xy + X3)) =Tr(cX1) + Tr(cX3) =0
implying that X;+ X, € Ej as well. Element 0 € Ej is the identity of Ej and inverse
of any X € FEj is X itself. Thus, Ey is a group. To find the number of elements
in FEy, note that when X goes over all the elements of GF'(2"), so does ¢.X. Since
exactly half the elements of GF(2") have a 0 trace, |Ey| = 2"!. E; being the coset

of Ejy is obvious. [

Theorem 26 shows that exactly half the f edges in any column of CCC, are
of type 0 and the remaining half, of type 1. Theorem 27 explores the effect of an

automorphism of the first kind on these edges.
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Theorem 27 Let ¢(-) be an automorphism of the first kind defined by the automor-
phism offset t and the automorphism constants K;, 0 < i < n. ¢(-) maps each f
edge in column m to an edges of the same type if Tr(cK,,) = 0 and to an edge of
the opposite type if Tr(cK,,) = 1.

Proof. Consider an f edge from a node N; = (m, X). The image of this edge under
the automorphism ¢ is an f edge from node Ny = ¢p(m, X) = (m +t,X + K,,,).
The classification of the f edge from node N; into type 0 or 1 depends on the
value of Tr(cX) while that of the edge from Ny depends on Tr(c(X + K,,)) =
Tr(cX)+Tr(cK,,). The theorem immediately follows from this. i

Note that Tr(cK,,) has been previously denoted by ¢,, as in Theorem 23.

As Theorem 27 shows, the effect of an automorphism of the first kind on the type
(0 or 1) of an f edge from (m, X) depends only on the value of m. In other words,
the automorphism either preserves or alters the type of all f edges in a column. On
the other hand, the effect of the automorphism of the second kind, #(-), on the type
of an f edge from (m, X) depends only upon X. In other words, 1(-) either preserves
or alters the type of all f edges in a row of CCC,,. To see this, consider an f edge
(m, X) 7, (m+1,Y), where Y = aX + ,_1Tr(cX). Under the automorphism
¥(+), the image of this edge is (n —m, u(X)) <L (n—m —1, u(Y)) where function
w is defined in (5.40). Clearly, the types of these two f edges depends upon Tr(cX)
and Tr(ou(Y)) respectively. Since these values are independent of m, one can see
that the transformation of the edge type by 1 (-) does not depend on m.

To study the effect of 1(-) on the edges of CCC,, we define a set S of the
elements of GF(2") such that an X € S if and only if the type of f edge from
(m, X)) is preserved under ¢ (-). It is not difficult to find elements of the set S.

An X € S can happen in two cases. when the f edge from (m, X) is of type 0, i.e,
(m, X) L (m+1,aX) and its image (n—m, (X)) <f— (n—m—1, u(aX)) is also
of type 0. This case requires that Tr(cX) = 0 and Tr(ou(aX)) = 0. In the second
case, the f edge from (m, X) is of type 1, i.e, (m, X) L (m+1,aX + 8,-1) and
its image (n —m, u(X)) A (n—m—1,u(aX + B,-1)) is also of type 1. This case
requires that Tr(cX) = 1 and Tr(opu(aX+6,-1)) = 1. However, the linearity of the
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trace and the u(-) functions and Lemma 2 allows one to write Tr(ou(aX +3,-1)) =
Tr(op(aX) +Tr(cpu(fn-1)) = Tr(cu(aX)) + pi1. Therefore, one gets X € S if and
only if

Tr(cX)="Tr(ocpu(aX)) =0, or Tr(cX)=Tr(cpu(aX))+p = 1. (5.46)
Condition (5.46) can be written more compactly as
X € S ifand only if Tr(c(p; X + pu(aX))) =0, (5.47)

where, p; denotes the complement of pq, i.e., when p; = 0, p; = 1 and vice versa.
With the set S characterized by (5.47), one can now state Theorem 28 which

specifies its properties.

Theorem 28 1. S is a subgroup of the additive group of GF(2").
2. If the primitive polynomial p(x) is such that
p(z) + 2" p(z™) = (1 +2)(1 +2™), (5.48)
then |S| = 2", otherwise, |S| = 2"
3. Ezactly half the elements of S are in Ey and the other half in Ey.

4. Amongst the elements of GF(2") that are not in S, exactly half are in Ey and
the other half in E;.

Proof. From (5.47), it is obvious that 0 € S and S is closed under addition because
of the linearity of T'r and p functions. Additive inverse of each X is X itself. Thus
S is a group.

To determine the number of elements in .S and their distribution amongst sets
Ey and Ej, consider first the case when p(z) satisfies (5.48). Let p(xz) = 1+ 2™ +
St pia’. Then a direct computation gives

p(z) + 2" p(a™) = (1 +2)(1 +2") + pr(z +2") + nz (P + Pr—it1),  (5.49)

112



5.5. EDGE TRANSFORMATIONS BY AUTOMORPHISMS IN CCCy

Thus if the primitive polynomial p(z) satisfies (5.48), then its coefficients must
satisfy p; = 0 and for every i, 2 < i < n, p; + pp—ix1 = 0. Equation (5.47) for
X = 03;, 1 <1 < n, then gives
Tr(o(Bi + maBy))) = Tr(o(Bi + u(Bi-1 + pifn-1)))
= Tr(o(Bi + Bnit1 +piB1)) = pi + pa—it1 + pipr = 0.
This shows that £; € S, 1 <17 < n. Similarly,

Tr(o(fo+ m(apo))) = Tr(o(Bo+ A1) = p1 =0,
showing that 5y € S. Since S is a group and every X € GF(2") can be decomposed
into the dual basis, every X € S and |S| = 2". Further, from Theorem 26, exactly
half of these elements are in Ey and the rest in Ej.

When p(x) does not satisfy (5.48), either p; = 1 or for some 2 < i < n, p; +
Pniv1 = 1. If py = 1, the condition (5.47) shows that X € S if and only if
Tr(opu(aX)) = 0. But because u(-) is an one-to-one onto function from GF(2") to
GF(2"), as X varies over all the elements of GF'(2"), so does ou(aX). Since exactly

half of the field elements have a trace equal to 0, |S| = 2"~!. Now consider the pair
of elements X and (X + Sy + f1). One has

Tr(ou(aX)) +Tr(cu(c(X + Bo+ 51))) = Tr(ou(a(Bo+ £1)))
— Tr(op(Bo) = Tr(of) = 0.
Using (5.47) one can thus infer that either both X and (X + fy + 1) are in S or
both are not in S, However, only one of these is in Ej because
Tr(cX)+Tr(c(X + 6o+ 1)) =Tr(o(Bo+ f1)) =p1 = 1.

Therefore in this case, exactly half the elements in S are in Fy and the rest in Ej.
In addition, amongst the elements that are not in S, exactly half are in Fy and the
rest in Fj.

Finally, when p(z) does not satisfy (5.48), but p; = 0, there must be an i,
2 <1 < n such that p; + p,_ix1 = 1. For a pair of elements X and X + f3;, one has

Tr(o(X + p(aX))) +Tr(o(X + B + pla(X + 3)))) = Tr(o(Bi + u(apb;)))
=Tr(o(Bi + p(Bi—1 + piBn-1))) = PiPn—it1 + pip1 = L.
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Thus from (5.47), exactly one of X and X + f3; is in S, giving |S| = 2", To find
out how many of these elements in S are in Fy, we examine X and (X + 5;+ 5,—i11)-
We have,

Tr(o(X + p(aX))) +Tr(o(X + Bi + Bo—iv1 + (X + Bi + Bn-it1))))
=Tr(o(B; + Bu—it1 + p(a(Bi + Bn-it1))))
=Tr(o(B; + Bu—it1 + p(Bim1 + Bu—i + (Pi + Pn—i+1)Bn-1)))
=Tr(o(pi + pn—i+1)61) = (Pi + Pp—i+1)p1 = 0.

Thus from (5.47), both X and X + f3; are in S or not in S. However, exactly one of

them is in Ey because

Tr(oX) +Tr(o(X + Bi + Bu—iv1)) = Tr(o(Bi + Bn-it1)) = Pi + Pn—it1 = 1.

Therefore exactly half the elements in S are in Ey and the rest in E£;. In addition,

exactly half of elements that are not in S are in Ey and the rest in Fj. |

Theorem 28 shows that the edge transformation in CCC,, because of the auto-
morphism of the second kind, ¢ (-) is highly regular. Either none of the f edges in
the graph change their type (when p(x) satisfies (5.48)), or edges in exactly half the
rows of the graph change their type (when p(x) does not satisfy (5.48)) because of
1. Further, within the sets of edges that change or do not change, exactly half are
of type 0 and the others, of type 1.

It is clear from the theorem that the characteristics of the primitive polynomial
used to build the field and model the network are important. In particular, relation
(5.48) is critical in determining the sizes of sets of edges that change types because
of the automorphism (-). One can show that to satisfy (5.48), the degree of the
polynomial should be odd and its coefficient p(,41)/2 should be 1. Even though
condition (5.48) seems rather artificial, there are many primitive polynomials which
satisfy it. Primitive polynomials z* + 22 + 1 and 2° + 2% 4+ 23 + 2% + 1 can be cited
as examples.

For applications to mappings on faulty networks, it is preferred to have smaller
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sets of edges with predictable transformations due to an automorphism. It is there-
fore preferred to use a primitive polynomial p(x) which does not conform to (5.48).
This would ensure that f edges in only half the rows in CCC,, would change type,
while other half would not. Fortunately, it is possible to show that there does ex-
ist at least one primitive polynomial which does not satisfy (5.48) for every degree
n. Let a primitive polynomial p(z) of degree n satisfy (5.48). Then its reciprocal
polynomial, p(z) = z"p(x~!) is also a primitive polynomial. p(z) cannot also satisfy

(5.48), because otherwise, one would have
) + 2" e = (1 +2)(1 + 2™). (5.50)

Expressing p(x) in terms of p(x) in (5.50) and simplifying gives p(z) = 1+2", which

is impossible as p(z) is primitive.

5.6 CCC, as a subgraph of BF,

It is known that the cube connected cycles is a subgraph of the butterfly graph [38].
We show in this section how this can be derived in our algebraic model.
Consider a function f(-) : GF(2") — GF(2) defined as

f(X)=Tr(o(a+1)"1X). (5.51)
Following lemma states important properties of f.

Lemma 7 The function f(-) : GF(2") — GF(2) defined by (5.51) is linear and has
the following properties.

fX+6) = f(X)+1
flaX + Bp_1Tr(cX)) = f(X) and
f@™ ' X + BTr(ca™X)) = f(X)
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Proof. Linearity of f is obvious from the linearity of the trace function. Let X' =
X + By. Then,

(X)) = Tricla+1)"'X)+Tr(c(a+1)""5)
= Tricla+1)7'X)+1.

To prove the other two parts of the lemma, note that o(1+a) ' =1+a+a?+
<"l Let X' =aX + 8, 1Tr(0cX). Then,

fX) = Tr(e@X +- +a"X) + Tr(eX)Tr(Bu1 +afpr + - +a" 7 f1)
= f(X)+Tr(X)+Tr(a"X)+Tr(cX)
= f(X).

Similarly, when X’ = a™'X + ByTr(ca™X), one has

fX) = Tr@' X+ +a"2X) + Tr(ca™ X)Tr(By + afy + -+ a" ' By)
= f(X)+Tr(a*X)+Tr(@"'X) +Tr(ca ' X)

= f(X).
i
We now state the central result of this section.
Theorem 29 CCC, is a subgraph of BF,.
Proof. We show that the function ¢ : CCC,, — BF,, defined by
dp(m, X) = (m+ f(X), /X + f(X)B,_1Tr(c X)), (5.52)

maps all the edges of CCC,, to distinct edges of BF;,.

First note that ¢ is a one-to-one function. This is because if ¢(mq, Xy) =
¢(ma, Xs), then

VX 4 f(X0) By Tr(0X1)) = o/ XD Xy + f(X2) By 1 Tr(0Xs)).  (5.53)
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If f(X1) = f(Xy), then (5.53) gives X; = X,. Without loss of generality, assume
f(X1) =1and f(X2) =0. Then (5.53) can be rewritten as

OéXl + anlTT(O'Xl) = XQ. (554)
Thus,

[(X2) = Tr(o(a+1)7'X,)
= Tr(cala+1)' X)) +Tr(cX)Tric(a+1)"8,_1). (5.55)

Using a(a +1)"" = 1+ (a + 1)~! in the first term of (5.55) and o(a + 1)~ =

1+a+a?+---+a"!in the second, one gets
f(Xo) =Tr(cXy)+ f(X1) +Tr(cXy) = f(X3).

But this contradictory to the assumption that f(X;) =1 and f(X3) = 0. Therefore
¢ is a one-to-one function.

We now show that ¢ maps the edges of CCC,, to edges of BF, through the
following three cases.
Case 1. Edge between (m,X) and (m + 1,X’) in CCC,,, where X' = aX +
Brn-1Tr(cX)).
When f(X) = 0, because of Lemma 7, f(X’) = 0 as well. The two vertices map in
BF, to

o(m,X) = (m,X), and,
o(m+1,X") = (m+1,aX + fuiTr(oX)).
Because Tr(0X) is either 0 or 1, there is clearly an edge between these two vertices
in BF,,.
When f(X’) = f(X) = 1, vertices (m, X ) and (m + 1, X’) in CCC,, map to the
following BF), vertices.
dp(m,X) = (m+1,X"), and,
dm+1,X") = (m+2,aX + BaTr(cX")).
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Since T'r(cX') is either 0 or 1, there is an edge in BF,, between these two vertices.
Case 2. Edge between (m,X) and (m — 1, X’) in CCC,,, where X’ = o !X +
BoTr(catX)).

As in the previous case, let f(X) = f(X’) = 0, Then the two vertices map in BF,

to

¢(m, X) = (m,X), and,
pm—1,X") = (m—1,X")=(m—1,a'X + ByTr(ca*X)).

Since Tr(ca'X) is either 0 or 1, there is a direct link between these two vertices
of BE,.
On the other hand, when f(X) = f(X’) = 1, one has

op(m, X) = (m+1,aX +B,1Tr(cX)) and,
pm—1.X) = (m,aX + furTr(oX)) = (m, X).

Thus in this case also, there is an edge between these two vertices in BF,.
Case 3. Edge between (m, X) and (m, X + f5y) in CCC,,.
In this case, when f(X) =0, f(X + ) = 1 from Lemma 7. Thus the two vertices

map to

¢(m,X) = (m,X) and,
d(m, X +Bo) = (m+1,a(X + o) + BnaTr(c(X + Bo)))
= (m+1,aX+ 8, 1(Tr(cX)+1)),

showing that the two vertices are connected in BF;,.
Similarly, when f(X) =1, f(X 4 8o) = 0. Thus the edge maps to

o(m,X) = (m+1,aX +B,1Tr(cX)) and,
d(m, X +By) = (m, X+ Bo).

Clearly, in this case also, there is an edge between these two images in BF),. |
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5.7 Conclusion

This Chapter has provided a new algebraic model for the CCC using the direct
product of a cyclic group and a finite field. This model allows the use of powerful
algebraic techniques to study the structural properties of the network. We exploited
these techniques to find optimal paths in the CCC and explore the relationships be-
tween the Cube Connected Cycles, the Shuffle Exchange and the deBruijn networks.
We have shown that the total number of automorphisms of a the CCC network of

degree n is n2""! and have obtained explicit expressions for these automorphisms.
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Chapter 6
Conclusion

Wrap-around Butterfly Network (BF,), Cube Connected Cycles (CCC,,), Shuffle
Exchange (SE,,) and deBruijn (DB,,) are some of the most popular interconnection
networks on which many of the existing parallel machines are based. This disser-
tation focused on exploring structural properties of Wrapped Butterflies (BF,,) and
Cube Connected Cycles (CCC,,) using algebraic models based on finite fields.

We have obtained simple expressions for all the n2"*! automorphisms of BF,,.
Automorphisms have been used in the past to deal with single node faults and for
tight VLSI layout of single chip implementations of interconnection networks. Even
though the number of automorphisms could be computed from the packages such
as Nauty, there is no prior work on obtaining these automorphisms themselves. We
have explored useful properties and interactions of these automorphisms. We have
investigated, for the first time, the effect of automorphisms on graph edges. This, in
turn, can be used to map algorithm on Butterfly architectures with faulty edges. To
achieve a fault free mapping, one only has to choose an appropriate automorphism
to map the set of faulty edges to free edges. Since an automorphism set is complete
and since each of these automorphisms are simple; it helps in this choice.

We have illustrated our technique by mapping a Hamilton cycle on a Butter-
fly under various edge fault scenarios. Previously, Hamilton cycle mappings were
possible only for two node or one node and one edge or two edge faults. Our work

shows that Butterfly (BF,,) supports a Hamiltonian cycle even when it has up to
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2" faulty edges of the same type in each column except one (Theorem 11) or even
when it has faulty edges in all but two of its rows as long as the faults in a given set
of rows are constrained to one type and those outside to one type as well (Theorems
13, 14). Further, the requirement of two fault-free rows can be lifted when n is odd
(Theorems 15, 16, 17). As a corollary, we have shown that BF,, is Hamiltonian with
up to n — 1 random edge faults distributed one per column (Corollary 1). We also
give much simpler construction than [43] for building Hamilton cycles in BF,, with

up to two random edge faults.

This dissertation has provided new algebraic models for the Shuffle Exchange
(SE,,) and Cube Connected Cycles (CCC,,) networks. Because of fixed node degree

and small diameter, these networks are scalable.

Our models use finite fields and are much simpler to deal with than the usual
binary models. We show the power of the algebraic model by proving that CCC,,
is a subgraph of BF,, in a manner much simpler than the prior proof [38]. We also
use the models to design path algorithms to travel between any two nodes of the
Cube Connected Cycles and Shuffle Exchange networks (Algorithms 1, 2, 3). Paths
in CCC,, have been studied before [56,57], but our algorithms are much simpler and
provide many alternatives which might be a useful characteristics if some edges in

the graph are faulty.

This research has obtained all the n2"*! automorphisms of the Cube Connected
Cycles of dimension n for the first time (Theorem 22). Even though the number of
automorphisms of CCC,, could be computed earlier using the Naulty package, the

automorphisms themselves were not determined earlier.

Similar to our work on BF,,, we have also investigated the effect of automor-
phisms on the edges of CCC,, (Theorems 26, 27, 28). Our work shows that four
quite distinct interconnection networks, SE,, DB,,, CCC,, and BF,, all share very

similar algebraic models and are subject to similar mathematical exploits.
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6.1 Future Research

This research proposed a new approach to mappings on Butterfly network with
faulty edges. Even though we have limited our mappings to Hamiltonian cycle,
we believe that the techniques developed in this research hold a lot of promise for
other parallel algorithm mappings on BF, under a larger set of edge faults and
mapping under node faults. The algebraic model shows very promising results in
analyzing constant node degree networks. In this dissertation we have proposed a
new algebraic model for Cube Connected Cycles and Shuffle Exchange networks. In
particular we show that these networks can be very effectively described by a finite
field. One may identify the nodes in the interconnection graph with the elements
of the abstract algebraic structure in such a fashion that the connectivity between
nodes is expressed as a simple algebraic relation between the field elements. This
allows one to exploit the rich properties of the finite fields to develop good mappings
on these networks. We demonstrated the power of these techniques to find optimal
paths in the CCC,, and SE,,. Our work could be extended to map cycles and trees
on Cube Connected Cycles (CCC,,). Finally, we also believe that similar algebraic
approach could be used to model other constant node interconnection networks as

well.
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