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FRITZ ENG!NEERMG LABORATORY
LEHIGH UNIVERSITY
BETHLEHEM, PENNSYLVANIA

AN IRVESTIGATION OF STEEL RIGID FRAMES
by Inge Lyse® and W. E, Black°

SYNOPSIs

Thig paper presents the resu}ts of tests on two one-
gquarter size riveted steel rigid frames, In one frame, the knee
sections were square, having a sharp reentrant angle at the inner
cbrner. The other fréme had a large circular flllet ét the inslde
corner of the knee, The frames wers tested chlefly as two-hinged'
structures under working loads,

In general, the structural behavior of the two rigid frames
was in accordance with conventional theory. At the knees of both
frames, however, gfhe normal stress diétribution departed markedly
from the usual stralght-line relationship. In the square knee, a
concentration of stress existed at the 1nner corner but was found
to be of minor importance.i In the curved knee, compressive stress~
es in the flange of the curved fillet :wers greatérthan those computed
by either the straight or curved beam theories, Further, a trans-
verse variation of the stress in the. curved flange added still more
to the high compressive stresses invﬁhe,curved knee., On the basis
of the test results, recommendations for the anélysis and design of

each type of rigid frame have been made and are presented herewith.
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INTRODUCTION

During the last decade there has been a growing appre=-
ciation of the meny structural and esthetic advantages of the
rigld frame typé of construction, particularly as applied to
short span bridges. However, due to thevlack of available in~
formation regarding the stress distribution in this type of
structure, particularly at the knee section, the steel rigid
frame 1s still viewsd with some concern by‘many-engineers.

In order to remedy this situation, the American Insti-
tute of Steel Construction initiated two investigations of the
structural behaﬁior of steel rigid fremes, One was conducted
by the National Bureau of Standards at Washington, D.C., the
results of which have been published in ten reports.” The sec-
ond 1nvestigation, reported in this ﬁaper, was made possible by
the establishment at the Fritz Engineering Laboratory of a co-
operétive rgsea#ch fellowshipvby the A. I. S. C. and Lehigh'
University. ' |

'.I’he program for this investigatic:? prepared by the
Technical Researeh Committee of the Institute, consisting of
Mr., Jonathan Jones, chairman, the late Mr. H. G. Balcom, and
Messrs. P. H. Frankland,‘ 0. E. Hovey, H. D. Hussey, J. R.
Lambert, and Aubrey Weymouth. Acknowledgment is due to the

* Progress Reports No. 1 to 10 on STRESS DISTRIBUTION IN STEEL
RIGID FRAMES, National Bureau of Standards, published by the
dmerican Institute of Steel C onstruction.



members ofvthe-committee for their-active interest in the work
and their advice and guldance; to Mr. E. L. Durkee, Mr. G. L.
Gray, and Mr. W. B. McLean of Fabricated Steel Construction,
Bethlehem Steel‘COmpany,.for'the design of tbe square knee modsl
and for thaif‘valuable assistance iﬁ the theoretical analysis -of
" the frames: to ¥r, Hussey for the design of the curved knes model
and to the members of the 1abo$atory staff for their as§istance
!inltesﬁing the'mbéelsyand the pfepafation of the fepért;

' In the investigation conducted at the National Bureau
of Stanﬁérds,'only knes épecimens were tested, the primary pur=
pose Being to determine the stress distribution at this section.
At Lehigh Unlversity, two complete rigid frames éere tested be
secure a check upon éhe stress a1 stribution obtained by the test~-
ing of knee specimens alone,; and also to permit the observation
of other important data regafding the fraéa as a'whole, The fo-
cal‘pbiﬁt'of interest was the knee sectlon, although such sub-
jecﬁé és.911ppage of foundations, and accuracy of conventional

methods df‘analysis and design were also studied.

TEST PROGRAM

o The investigation was planned with the view of studying
the behavior of the frames when hinged at the supports. The
test program was laid out with the fellowing objectives in minds
A. Determination of Stress Distribution in the Knee Section
1. Principal Stresses and Maximum Shears

2, Normal Stresses and Shears on Arbitrary Sectlons




B, Effect of the Stress Distributlion in the Knee upon the
Behavior of the Frames as a Whole
1, On Horizontal Reaction
2., On Stresases in Frames
3. On Deflections
C. Effect of Simulated Foundation Slippage
1., On Horizontal Reaction
2. On Stresses,iﬁ Frames
3. On Deflections
D, Determination of Restraint Provided by Flat-Plate Base
E. Comparlson Between Experimental ?ata and

Caleulated Results

For the most part the program was carried out as out—
lined for both frames. Exceptions will be cited as they are
discusased.

TEST SPECIMENS

| In order to compare the results of this investigation
with those obtained at the Natiocnal Bureau of Standards; the
shapeéof the knee sectlions of the two model frames were made
similar to two of the specimens tested at the Bureau.

The chief peint-of difference between the two models
was the shape of the lmee. One, which shall be referred to as
the square knee frame, had a sharp reentrant angle of about 90°
at the inside corner of the knee, while the other, designated )

as the curved knee frame, had a large clrcular fillet at the



inside of the knee. The detalls of the two frames are shown
in Fig; 1 and 2, The method of fabrication of the square knee,
showgng tpat the web does not extend through the vertical sec-
tion.at the inside corner of the knee, is illustrated in Fig;s.
The size of the models was chosen to fit the testing machine

available, and the applled loads were designed to produce worke

‘Ing stresses in the models,

The square knee frame was considered to be reduced from
en imaginary prototype with a clear span of 72 ft. and was“de-
signed as the middle one of three such frames spaced 15.fts .
apart, with framed floorbeams and stringers supporting a 36-ft,
roadway with H-20 loeding. The linear dimensions ‘of the model
were one-fourth and the cross~sectional areas approximately one-
sixteenth of those of the prototype. The curved lmee was design=-
ed for the same conditiohs. _

bue.to the small siée of the frames, 1t was considered
advisable to ﬁave them fabricated at an ornamentel iron works
rather than at an ordinary structural shop. Bids were obtained
from several such organizations in the viecinity of the labora-
tory; the square knee frame was fabricated by the .Bethlehem
Fence Works and the curved knee frame by the Allentomn Iron
Works.

‘In general the workmanship of the two frames was satis-
factory., Overall dimenslions and depths of the sections were

sufficiently accurate to psrmit use of the nominal values in




éii but a few inéﬁanceé; One objectianable feature was feund,

howaver, in the square knee fr&me. At the 1ntersection of the

compression flanges at both knees, where tlght bearing should

be obtained, small gaps exiated. It waa considered advisable

to fill these gaps with shims which were tack~welﬁed in place,

but which praduced tight bearlng only aleng the outstanding legs

of the girder flanwe angles. Thus, a loose fit was eliminateﬂ

at the ezpense of a concentration of stress at ths bearing.
"Tensile properties of the material in the two frames

are given in Table T. | | |

TEST METHODS

A, Loading Apparatus = The frames were tested in a

300,000=1b, Olsen machine having & 21-ft. beam which provided

an excellent base on which to set the 18~ft. models. The load
was‘transferred from the moveable head of the‘testing machine

to the load points of the framea'by a system of bars end load=
ing beams as illustrated in Fig. 4. [

The horizontal reaction was resisted by a 5/4~in. round
bar exgending‘between the two column bases in all tests. To
allow adjgstment of the reaction and the span length of the
frame, the ends of the tie bar were threaded and fitted with
.nuts, Rollers under one of the column bases 1nsufed_that only
a negligible amount of friction might affect the horizontal re=
action, The tie-bar attachment and rollers are sghown in Fig. 4

and 5,



In order to prevent lateral buckling or twisting of the
flexible horizontal girder, trussed frames were bullt up from
the testing machine at midspan, and just inside the inner face
* of each column, as shown in Flg. 4. The frame had a tendency .
to bear against all of these lateral supports under load, but
. only at the center was.there any appreciable deflection where
friction might be developed., Comparative tests, with and with=-
out the center support, gave practically identiealpresultsé 80
the'friotional.restraint was~consldered:negligible. ~

B. Base Details - 1. Hinged Bageé. The apparatus shown

in Fig. 5 was developed to provide a point bearing for the frame
supports and a?-the same time transmit the horizontal resction
to the tie~bar, The bearing ares of the pln was always less
than 1 in. wide; which wag sufficlently small for the assumption
of a point support:. . | |

‘2. Flat Bage. It was considered worthwhile to investigate
how much restraining moment was produced by the base when the
Brame 1‘95139@ upon flat bases which restrained heorizontal movew
ment, but not rotation, To provide this ce?dition,,the‘twe_sets
of apparatus shown in Fig. 6 were éaveloped; 3ince the two gaxe

.identical results, Base No. 2 waes used in most tests.

C, Observations and Instruments - In all tests the to=-
tal load was 1000 1lb, for the zero condition, and 13,000 1b, for
the working condjtion, glving a working range of 12,000 1b, Fig.
1l and 2 show the location ‘of the load points. In some of the




early tests, the working load was applied in two equal incre=-
ments, but for the most part 1t was found convenient to apply
the load in but one increment. For purposes of checking in
the latter case, each loading wids dlways repsated,
To determine the state of stress at each gage point

on the web, three strain readings, horizontal, vertical, and
inclined at 45°, were obserVéd; Stresses-were ocbtalned from
the observed strains by the graphlical method developed by W.

R. Osgood and R. G. Sturm™ of the National Bureau of Standards.
At each flange gage polnt, only the strains pafallel to the
longitudinal dimension of the flange were observed, as the )
transverse stresses in the flange may be considered negligible.
Wherever possible, flange strains were observed at both heel
and toe of‘the outstanding_legs of the angles and on the edge
of the web. At all gage points, strains wero observed simul=
taneocusly on both sides of the frame in order to eliminate the
the effect of lateral bending. These strain observations were
made with Huggenberger tensometers having one-inch gage lengths.
With these lnstruments, stresses could be obtalned within an ex~-
pected accuracy of 300 p.s.i. The instruments were held in
'position on the web plate by means of 1/8-1n. bolts and tapped
holes in the web. As it was desirable to keep the number of
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* THE DETERMINATION OF STRESSES FROM STRAINS ON THREE INTER~
SECTING GAGE LINES ARD ITS APPLICATION TO ACTUAL TESTS, by
Wm, R. Osgood and R. G. Sturm, Buresu of Standards Journal
of Research, Vol. 10, 1933, Research Paper No. 559.



holes at a minimum, only three strain readings were observed
at each point, Inatead of phe chgck gsually obtained by thﬁ
fourth reading, a‘repefition was made of each loading and ob-
servation. The tensometer attachments.for web and flange
strain measurements are shown in Fig. 4 and Te

| Huggenberger tensometers were also used for observing
flange strains at midspan and at other points in the frames
‘as required by the spacial problems which appeared in the test-
ing of the frames,

The adjustment of the span 1ength was measured by a

0 GOl—in. Ames dial bearing against one column base and fast-
ened to & long 1light angle which was clamped at its opposite
end to the other column bése, Rollers suppertéd thﬁlangle
along its 1ength. The two ends of thls device are shown in

Fig. 6. Readings at gero load were always taken at normal span

length.“ By normal span length 1s meant the span length under
noAloaa. As the load was beihg applied, the span was adjusted
by the nuts on the tie~bar, so that at maximum,load, tha span
length was as desired, either normal, or plus or minus 8 gilven

quantity.

| The horizontal resction was determined by observing the
strain in the tie<bar with a ten-inch Whittemoie strain gege and
omputing the stress and load therefrom. This instrument contains
'a 0.0001-in, Ames dial and indicates stress within about 300 p.s.
'1., or about 150 1b. load in the tie-bar,
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The vertical deflection of the frame at midspen was
measured by a 0,001-in, Ames dlal between the top flange of
the frame and a framework bullt up from the bases of the

Irame as shown 1n Plg, 8,

TEST _DATA

l, B5tress Distribution at Knae - Square Knee Frame.»

Three complete sets of stress-dlstribution date were obtained
for the square=-knee frame, one set for each knee of the frame
at normal span,lengfh, and one for the East knee with the sup~
ports allowed to move outward 1/4-in. under load. In general,
the results for the two knees were 8o similar that the data
frem only one are presented here, The variation of dlstribution
due to movement of the supports is discussed in another section.

From the stralns observed at each gage point on the web
of the knee, principal stresses and maximum shears were deter¥
mined graphically. On the backs of the flanges only longitu-
dinal strains were observed, from which stresaea-wefe computed
directly. The values of principal stresses and meximum shears
are indicated by lines of equal stress, contour lines, for ths
normal span condltion in Fig. ¢. Directions and megnitudes of
the principal stresses are also shown in Fig. 9.

In connection with the rigid frame investigation con=-
ducted at the Bureau of Standards, a thedretical'analysis of a

rectangular rigid frame knee was developed.™ The analysis
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* STRENGTH OF A RIVETED STEPL EIGID FRAME HAVING STRAIGHT
FLANGES, A, H, Stang, Martin Greenspan, and Wm. R. 0sgood,
Journal of Research of the National Bureau of Standards,

Vol,., 21, September 1938
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+ involved an application of the theory of elasticlty to & rec-
tangular plate loaded at the edges with shears, thrusts and
moments in 1ts own plane as shown in Fig, 10, The resulting
contours of principal stresses and maximum shears, which were
worked up by Mr, H, Dé Hussey of tﬁe American Bridge Company
for a rigid frame knee of practicaliy identicel proportions as
the square knee are also given in Fig. 10.9 Iﬁ 1s noted thét
the general agreement between theoretical and observed results
is very satisfactory. _

The kmee joint may be considered as a rigld beam and
colunm connection in which the column extends to the top of the
frame, With this ides in mind;’ncrmal stresses on sections ap=-
proximately ﬁerpendicu’lar to the éxes of the columm and the girv':-‘-
der were determined from observations and are shown in Fig. 1ll.
It will be noted that the neﬁtral-axis of the column deviates
only a-éomparatively small amount from the centerline. The
presence of direct stress in sddition to bending was recognized
in locating the neutral exis. Normal étresses on & plane at ap-
proximately 45° through the 1nside corner of the knee are also
’shown in Fig. 11. The stress on this plane at the inside cormer
was obtained from the flange stressea at the corner. Since these
flange stresses could not be measured; tﬁey-were obtained by ax~
trapolgtion from observed values near the corner. The detted
curve on the vertical section in the girder nearest the celumn

face 1ndicates the stress distribution that would probably have
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existed had the vertical legs of the compression flange tgken
thelr proper share of the total compression in the flangs.

Fig..Q‘A&hows that the maximum shears are very ﬁearly ‘
constant over most of the web in the knee and are all apﬁroxim~"
ately horizontal and vertical, being at 45° with the principal
stresses, Computations show that the averége of the horlzontal
- shears over the entire knee is 98,4-per cent of the'avérage of
‘the maximum shears, Thus,Ja correct determination of the hori-
zontal shearing stregsesvwéuld be adsquate for design purposes,
Fig. 12 presents a comparison between the horizontal shears de~
termined from observations aﬁd those cemputed on the assumption
that the web resists a horizontal shear equal to the tension in
the top flange of the girder. The glrder flanges have been as=-
suned to take a1l the moment and thrust on the section at the
colum face as shown in Fig. 12.

A comparison of observed and computed extreme”fiber )
stresses in ﬁh@-?icinity of the knee is presented in Fig. 13.
- Computed stresseé‘are based on ﬁhe/canvention&lfformulas for
flexure and direct stress. In plotting'the computed tension
values it was assumed that the stresses reach a maximum at the
sections which pass through the inside corner of the knee, and
decrease unifofmly along the flanges of the lmee %0 zero at the
outer corner, The stresses represented by triangular dots on

the vertical section passing through the inside corner of the
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knee were computed on the assumption that the flange angles
of the girder transmitted all of the moment and thrust in the
girder to the columm,

Curved-Enee Frame, In the testing of the curved knee frame,

it was observed that stresses at the toes of the outstanding legs
of the curved flange angles were 40‘to 70 per cent less than
stresses at corresponding polints ?n;the heels of tha angles or

on the edge of the web, The stresses at the heels of the angles
and at the edge of the web agreed very closely. PFlg. 14 shows
flénge stresses observed on the three gage lines, A, B, and C,

at the knee, Thils transverge v§riation in stress in the outstand~
ing legs did not exist‘on stralght flanges; whethér subjected to
tension or compression.

Observations of flange‘strains transverse to the longl=~
tudinal axls of the curved flangs indicated that the outstanding
legs were bending back slightly away from the heels of the angle,
Computations showed that ih order for the observed stresgs variae
tion to take place, the toes of theloutstaﬁding legs would havé
to deflect 0.0l-in..with respect ﬁo the edge of the web., The
slight transverse bending‘observed was not gufficient, however,
to produce this deflection, indicating that a rotation was tak-

- ing place about the rivet liné. The stresses on all three gage
lines increased approximately in proportion to the load.

Normal stresses on plenes radial to the curved flange are
shown in Fig. 15. ©Straight line stress distribution does not ex=

ist on these planes within the knee section. A comparison between
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aversge observed extreme fiber stresses at the knee and those
computed by the conventional formulas for flexure and direct
stress is'§hown,in Fig. 16, The average stress values were ob-
tained by éssuming that the extreme fiber stress was cohstant )
across the backs of the angle at each sectlon, that the neutrel
a;is remained stationary, and that the mbmsnxkafthe_compression
area about the neutral axls remsined constant. From the ob=
served stresses and the observed position of the neutral axis,
the average stress value was then computed, A comparison be-
tween these average values and the actual observed maximum
stresses at-the extreme compressive flbers 1s indicated in Fig.
15, A

The observed principal stresses and maximum shears for
the curved knee frame are shown in Plg. 17. It is noted that
the greatest maximum shears in the knee lie appﬁcximately within
a square at the exterior corner of the knee with two of 1its
boundaries coineciding with the straight flanges of the knee and
wit@ its interior corner on the obsserved neutral axis (éee Flg.
16). This square is shown in detail in Fig. 18, From Fig. 17
it is also noted that the meximum shears within ﬁh@ aguare are
very nearly all horlzontal and vertical., The foreces acting on
thls section of the web are illustrated in Fig. 18, the shears
introduced by the flange tenslons being very great in compari-

vending

son to the/loads due to the web. Therefors, the horizontal and

vertical shear in the square was considered to be approximately
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equal to the shear introduced by the flanges., The stresses in
the angles which must be unloaded into the web along the two
exterior sides of the square can be computed by the conventional
formulas for flexure and direct stress. Assuming that the square
was isolated from the remalnder of the knee and loaded with hori-
zontal and vertical shears equal to the average of the tensions
in the two flanges, which were nearly equal, the resulting aveg#
age unit shear agreed closely with the observed maximum shears,

. The comparison betwsen observed and computed reSults'is' showﬁ

in Fig, 18,

2., General Behavior of Frames = Three observations on

each frame were used as criteria for the general behavior of the
frame, namely; the horizontal reaction, the internal moment at
midspan, and the vertigal deflection at midspan. By comparing '
the observed values with theorstical values and with semi -theo-
retical values obtained by using the observed horizontal react-
ion, a good indication of the efficlency of the knee-joint as
well as of the frame as a whole was obtained. Such a comparl -
son is given for each frame in Table II. All values refer to
ﬁhe normal span condition,

S8ince only six tensometers were available for use, a
great many repetitions of loading were necessafy to obtain all
desired data. Straln observations on the tie-bar were made at
regular intervals throughout the'course of the testing, and no
appreclable change was noticed at any tims; Evidently such
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effects as permaﬁént'set due to high localized stresses and
slipp;ge of rivets and jolnts had a negligible effect upon the
frame as a whole, However, & decrease of aboutas per cent in
thé'high loecalized stresses at the knee of the square knee
frame occurred during the course of the testing,

Load~reaction and load-defiactian curves for4eédh frame,
shown in Fig. 19, 11lustrate that the frame as a whole behaved
as an elastic s%ructuré, i.é., the observations varied in direct
wprbpcrtion to the load. Indiﬁidﬁal stress observations &ere gen=
erally made 1ﬁ but one load increment, but at several random
points load-stress date were observed, a stralght 1ine relation=-

ship was obtained.

3. Horizontal Movement of Supperts - In order to simu~-

late one of the most important problems in rigid frame construc=
tion, that of foundation slippage, the bases of ;he frames were
moved inward or outward a given distance as the load was being
applied. Each frame was studied under flve such conditions, the
span length varying from the normal condition by the following
amounts: =1/2 in., =~1/4 in., O=-in., +1/4 in., +1/2 in. A
1/4~in. movement in the model corresponded to a 1-in, movement
in the prototype.

Oﬁéerved and computed values of the horizontal reactions,
the eenter moments, and the centsr deflections for the varlous
span lengths are shown in Fig. 20 and 21 for both frames. A line-

ar variation was found for both theoretical and experimental values
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for all conditions. It is noted that the increments of the
observed reactions, moments, and deflections for a variation
in span 1§ngth of. any definite'amountvarg slightiy 1arge:;
than those of. the computed values, '

For both frames the observed horizontal reactions were
slightly less than the computed values, varying from O to 4 per
cent for the.square knee frame, and constant at about 4 per cent
for the curved knee frame. The observed center moments and de-
flections were greater than the computed values, varying from O
to.8 per cent for the square knee frame, and from 5 to 13 per
cent for the curved knee frame, According to the laws of stat-
ics, observed reactions and center moments should always check
each other. In general they agreed very well. Whenever the
check was not satisfactory, the values of horizontal reactlon
and center nmoment were adjusted, equal weight being given to the
two observations. | N

The stress distribution in the square knee «fpame for the
span-variation of +1/4-in. differed but little from that for the
normel span. In gensral the stresses observed were slightly
less, as would be expected in view of the amalier horizontal re=-
action. |

Flat.Base Tests = Both frames were tested with the sup-

ports resting on the flat plete bases shown in Fig. 6 in order
to determine the amount of rotatlonal restraint produced by this

type of vase, Internal moments Were determined from strain
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measufemﬁnté at two locations in the frame,., Since the hori=
sontél‘reQCtion was also observed, it was possible toJcompuﬁe
'thé‘iocétior; of thé polnt of inflection in the columi, 1f 1t
exi-s‘ﬁ‘éd. ‘Thé z"»e‘éult‘s. indicated that for both franes; the
point of inflection lay so close to. the base that in effect it
cculd be considered a hinged support

' Tabla III. presents ratlios of observed to computed hori=

: center moments,

zontal reacticns and center defleeticna for both hinged and flat
base tests. It is noted that ths two base conditlions gavefvery
similar results for both frames, In the CO@putations it was as=«

sumed that a hinge existed at the flat base.

ANALYSIS
1. MNoment of Inertia « A test was made to determine the

cofrect moment of inertla for use in computations. With the
curved knee frame inverted in the testing machine, the girder
which was of uniform section, was teated as a simple beam with
two equal and symmetrically situated loads., At a working load
for the girder, maximum flange strains were observed. Stresses
were computéd from the observed strains, and the effective moment
of lnertia was computed from the maximum strésses, applied loads,
and dimensions of the glrder.

The effective moment of inertia was slightly less than
the gross moment of inertia, and almost exactly equal to that
obtained by assuming the totai area of the rivet holes to be uni-
formly distributeé along the length of the girder. This average
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moment of inertias was used 1n'a11vccmputations-, If the gross

moment of inertia had been used, the  error would have been

- about 3 per cent: for this girder.

= o< 2 o0
"

2.

As =
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Vh' =

Horizontal Reaction = NOTATIOQ
horizontél reaction
1ength of'arbitrary sectioh of frame

moment of inertia

- eross—sectional area

web ares

modulus of elasticity in tension and compression
shearing modulus of elasticity

actual moments in the ffame

actual shear in the frame

gctual thrust in the freme

angular deformation of a section

= moment due to applied loads on simple frame, i.e.,

no restraint to horigontal movement of bQSES
shear due to applied loads on simple frame
direet.thrust dﬁe to abplied loads on simple frame
moment due to unit horizontal.load applied
. ab supports
shear due to unit borizontal load applied

at supports

‘thrust due to unlt horizontal load applied

at supports
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In order to compare the test results with computed
values, analysesvwe:e made for both frames by the Maxwell -Mohr
(unit dummy load) métﬁod ag applied to a twoéhinged.arch. Since
both frames were of non~uniform cross=—section, the members of
each‘framé were,arbiﬁrérily divided into short sections an§ the
necessary integrations carried out as algebraic sunmations. The
arbltrary sections are shown in Fig, lxand 2. '

The effects of sheai and direct_stress wore 1ﬁcludad in
the computations, since for comparison with test reéults,a.greaﬁ~
er degree of accuracy than that ordinarily required in deslgn was
desired. The equatlion for the horizontal reaction, considering
deformations due to bending, shear, and direct stress, dan be

written in this manner:

MimAs . t Vivpds  NinpAs
2 IE?A + 2z lA’I'lG ik lAg i
H= = z — ~ - (1)
As V- b8 ny,- 4s
Emh_ + 3 Vh +s h
El AtG ' AE

Actuel evaluation of the different quantities indicated that for
rigid frames of types similar to the two models, the last two
terms of'the numerator and the lest term of the denominater may
be neglected for all practical purposes, giving: |

Mimnh,o8
v

: EI - _ g
H = — : (2)
mh®4 8 vpAs

+ 2
EI AtG
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Reglecting the remaining shear term would introduce an error
of about 3 per cent for the-square knee frame and about 1 per
cent for the cupved knee frame.

The application of this formila for H is a routine ;
matter providing the structure behaves in accordance with the
assumptions on which the theory is based. Test results indi-
cate, howsver, that at the knees of both rigld frames, sections
that are plane before bending do not.neeessarily remain plane
after bending. As a result, the sctual bending deformations

(@%%J and shearing deformations (%%%J in the sections at the kmee

will_differ from those computed by the Maxwell-Mohr theory. There-
fore, a study of the stress distribution at the knee of sach frame
was made for the purpose of determining the treatment‘cf the éor~‘
ner sections which would most nearly approach actual conditions as
interpreted from observed data. -

The changes 1n.horizonta1 reaction due to variations in _
span length were determined directly from equation (2), The term,

s Mmpds 45 the numerator of the expression for H representé the
EI :

_horizont§l deflectipn of the suppérts'éue to the applgéd loads

whan the supports are free‘to move horizontally, i.e., the varia-

tion in span length for a 100 per cent chenge in reaction. Since .

the change in reactlon is proportional to the varlation in span

length, the horizontal reactions for the various span lengths

~ were obtalned directly.
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3. Deflections - Vertical deflections at the center of

each frame were computed by the Maxwellgﬁohr method, involving
the spplication of a vertical unlt load at the polnt at which
the deflection was desired. In this determination, the follow-
ing question arose* should the unit load be applied to the fully
restrained frame, thns ,producing a horizontal reaction, or to
the determinate frame with supports free to move horizontally?
An investigation of the problem showed that the two procedures
gave ldentical results, For convenlence, it 1s therefore recom=-
mended that the moments due to,ﬁhevuhit load be coumputed on the‘
basis of the determinate frame, that is: |

& =
ST |
where: & = deflection at any point

M = actual moments in structure due to
| .applied 1oadv
m = moments due~to'unit.lead appliéd to
determinate structure at the
point and in the direction of
the deflection desired

s, E, and I have their conventional significance

4, Corner Sectiong =~ Square Knee Frame. Of primary im=-

portance 1s the degree to which the sections within the knee may
influence the determinastion of the horizontal reaction, Total
negleét of knee sections in the computations for horizontal re-

action, that 1ls, considering the knee to be infinitely stiff,
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increased the computed value by about 3 per cent,

The actual deformation of the square knee was obtained
from thﬁ information in Fig, 9; Since the principal stresses
within the knee were approximately clrcumferential and radial,
the knee was divided into clrcumferential bands, as shown in
Fig. 22a, Average radial and circumferential stresses were
asslgned to the bands in accordance with the observed stress
distribution. From the average principal stresses the elonga-
tion of each band was computed; which when plotted togsther,
gave the total angular change between the two internal faces of
the square knee, also shown in Fig. 22&4 This angular change
was practicaliy.the same as that computed from the observed
shears in the kneél(Fig. 22b), indlecating that bending contrib-
.uted very little to the deformation of the knee,

The effect of shear in the lknee is accurately represented
by the analysis.pfesanted in Fig. 22¢c. This pfactiee'of treating
the column as a free body acted upon by the reactions of the frame
and by the flange foreces and end shear of the girder is n@ﬁ used
by some designers. When the knee is considered to be loaded in
this manner, bending about the neutral axls of the column will
contribute but little to the effective deformation of the knee,
which was already indicated by test results in Fig. 22a and b.

Two conventlonal methods of treating the corner of a
square rigid‘fr@nﬁy%%r mechanical integration are shown in Fig;
224 and e¢. The computed bending deformations at the knee for the
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two cases were approximately equal and considerably. greater than
that indicated by the analysis shown in Fig, 22a and b. If, How=-
ever, the effect of sha&r 1s néglected throughout the frame, as
-would be dons in deslgn, the large bending deformations assigned
to the knee tend to offset the absence of shear deformations in

- the frame as a whole, The results thus obtained‘qiffered but
élightly from those in which shear was consldered.

A comparison betweén the obseérved horlzontal reaction
and the valuses obtained by the several methods of analysis are
given in Table IV. ‘

A simplé method for computing normal stresses on the 45°
plane through the inside corner of the lmee was developed from ‘
the test data shown in Fig. 1l. In sccordance with the stress
distribution on the dlagonal plane, the neutral axis for this
section waé agssumed to be located at one-fifth the length of the
diagonal from the inside corner, the tension stress area was as-
sumed tblbe a second degree parabola, and the compression stress
_area a triangle.‘ With these assumptions and the equilibrium
equations for éirect stress and for bending on the section, the
meximum values of tenslon and compression were determined. Con-
sidering the compression flange, but not the tension flange of
. the girder nor the horizontal stiffening angles to be acting with
the web, the maxirum tension and compression stresses computed by

the above method fell within 5 per cent of the observed values.s
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Curved Knee Frame = In the curved knee frame the horl -~
¢ zontal resction was 3-1/2,per cent below the computed value,
Average cbmpﬁessive flangeAstfesses at the knee varied from 15
to 50 per cent in excess of stresses computed by the convention=
al formulas for flexuré and direct stress as shown in Fig. 16,
~Thérefo§e, the bending deformations in sections wlthin the knee
were greater than those computed by conventional methodss i.e.,
the knee was not as stiff as assumed, To remedy this condition,
a simple and arbitrary method for reducing the moments of inertia
and section modull of sections within the knee was developed from
the test results., Using these modified values, computations gave
& horizontal reaction and compressive stresses within the lmee in
close agreement with the observed data,

For knees of this type radial‘sectiona,are the most con=-
venient to use and were employed in all analyses involving mech=
anical integration. To obtain what will be-called the "effective”
section modulus (S') for each section, the moment was divided by .
the average observéd compregsive stress at the extreme inner
fivers. The ratio_of "effective"” section modulus to actual sec-"
tion modulus (%;3 was éetermined.for each séction snd plotted

against the central angle C as shown in Fig. 24. The spproxim=

ately linear relationship between the ratio gl.and the angle C

T

can be expressed by the linear equationt
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8' o1 - (04453 (4)

S 2 _

or st =5 (1-% : - (8)
90

-Due tO*Fhe erigin of this equation, the compressive
. stresses based on’ the "effective" section-modull agreed closely
with the averége obgerved compreésive stresses, Purther, the
saﬁe ﬁrinciple used in the modification of the seétion‘modulus
may be applied‘to the moment of inertia in brder to correct f9r
the diserepancy in observed and computed horizontal reactions.,
The procedure in an actual design, assuming that the stréss in
the exbrema'compréssive'fiberS‘is constant across the width of
the flange, would be to compute the "effective” moment of iner-
tia (1'), from the relationships ' '
I' = Stec | (6)

‘where ¢ 45 one-haelf the éctuai‘dépth of‘segﬁion. In the case
of the eurved knee frame however, the defqrmation of the lmee de~
pended not on the QVerage flangé-stresses, but on the maximum
compressive stresses which occurred at the edge of the web. By
using the "effective” moments of lnertia based on thevmaxiﬁﬁm-
compressivé stresses'in the web, the value of the horizontal re~
action (neglecting shear) %as reduced from 4690 to 4480 1b., as
compared with the observed value of 4530 le

Maximum tenslle stresses'at the knee occurred at the ox=
treme fibers of sections near the points of tangeney of the curved

flangs and are in falrly close agreement with values computed by
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the conventional formulas for flexure and direct stress. On the
section through the exterior corner of the-kpee, however, the
meximum tenslle stress can neﬁ be computed in this manner. A
simple solution for this section was derived from the test re-
sults in Fig. 15, identical in princlple with the method applied
to a corresponding‘section in the square knee frame. The assump=-
tions made were that the neutral axis was located one-quarter the
distance from the compression flange to the exterlor corner, and
that the stress distribution followed a second degree parabola on
the tension side and a triangle on the compression-side. Assum=
ing that the tension flaﬁge angles did not act with the web, and
applyilng the equations of equilibrium, the maximum observed ten-
sion and compression stresses on the section were checked withln
about 10 per cent, Since this sectlion 1s not likely to be a
eritical section, the check was gonsidered satisfactory.

5. BSource of Computed Values Used in Comparisons = All

gomputed values, unless otherwise specifled, were based on hori-
éonbal reactions, computed by equation (2). For the purpose of
comparlson with test results the knee seéticn of the équare knee
frame was analyzed as shown in Fig. 22§, Computations for sec=-
tions in the curved knee were based oﬁ_the conventional formulas

for flexure and direct stress: c,g,¥£§§ *s‘a-ﬁ-ﬁ.%g. The fact

EI A

that the flanges were not parallel at the curved knee was disie«

garded in evaluating moments of inertia and section moduli.
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DISCUSSION OF RESULTS

1. Stress Distribution - Square Knee Frame. In géneral,

the portions of the frama outside of the kmee behaved in accord-
ance with conventional theory. On sectlons within a few inches

" of the boundaries of the imee, straight line distribution of
normal stresses was obtained. However, irmediately adjacent to

" the knee observed stfééseé in the compression flangeé,ef both
column'énd‘girder‘wére‘cansiaerabiy'gréaﬁer than stresses com=
puted by—the conventional beam formula for flexure ana direct
strgss. Probably two principal causes contributed to this con=
dition. = First, the web of the frame was a1 séontinuous through
the #eftical joinf at the‘knee, which proﬁaﬁly’resulted in the
flanges of the girder carryingfmbre than their'share of the mo-
ment and thrust 6n the éection»aéAthe'ealumn'face. Thisspremise
15 upheld by the normal stress distribution shown in Fig. 11 on
the girder sectlon next to the knee., It is noted that on this
section the web 1s understressed and the flange angles over=

" ‘stressed. Second, the presence of shims between the girder
dompression flange and the column caused practically all of the
‘compression in the girder to be transmitted to the column through
the outsﬁénding legs of the flangé_ang1933 At e point ‘on the gir-
der 2-1/2 in. from the coluwmn facé, the outétanéing legs were

" carrying ébout thres~fourths of the total load in the compression
flange angles. The average stress in the compression flange

agreed closely with the stress computed on the assumption that
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~ the ouer flanges carry all the moment and thrust in the girder

et the knee joint, The slight echESGStress n§fed in the com=-

' pression flsnge of the column at the inglde corner of the knee

was pfebably,eaﬁsédxby,théféx@remévcéncehtratibﬁ_of}be&ring at
that point,. It seems evident that any additionel concentration .
of stress in the column or girder at‘theiknéé-beeause-af-a'sﬁarp
reentrant«anglefia‘éf small magnitude, Whatever concentration
does~exist‘1s.diredtiy dependent upen the bearing céhdition“agé
isting at-tha'cerner;>'An aeeura£9~fit‘between,the compression
flange'anglesﬂwill @fodude~high“atreSéés.in‘thewflanges,-Wh@reas

a‘léoge-fit w111 proﬁuce lewer-stﬁéBSéS'in'ﬁhe-flanges butwhiw =

er strésﬁeéfin the web, L0031 var1at1Qns‘0f this nature are éf

g@neral.dcaurreécg'ig steel shruetures,‘where‘these high lbgal“f_
iged stressés;arg'usually disfﬁgardeéfaa unimportant. = Therefore,
with‘regapd.ﬁolconcentratioﬁs of stress5at sedtian‘adjéqent to
the knee; the rigld frame may be treated as any other steel
Within the lmee the stress distribution can n@ﬁ_beﬂde~~

termined by any simp1e-theareticalggnalysisé »The’appliéatioa .

' of the theory-of elastielity is tdo complicated and tedious for

practical use by designers, The test data indlcatéd that the

eritical sections er-nermal éﬁresges“at’the knee are the hori=

" zontal and vertical sections through the inside cormer of the

knee, which wéré discussed in the prééeding;parégréph.
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Shear 1s apparently quite important in a rigid frame
knee of this type. The unit shear within the knee was about
twice the shear which existed just outside the knee, which is
ordiharily considered to be the critical section with respect
to shear. A étudy of the maximum'shears showed that designing
for horiéontal and vertical shears in the knee on the basis of
an external shear equal to the total tenslon in the top‘flange
of the girder, was both adsquate_and'correct.

Curved Knee Frame. As in the case of thezsquareeknee

frame, the portlions of the fran@ outside the knee gavevresults

in accord with conventlonal theory. ‘w:;thih the lmee, the
stress distribufion differed marke&iy‘from that obtained by the
ordinary beam theory. Throughout the entire curved portion of
the compression flange at the knee, the observed strasses were
much greater than the computed values. Two factors probably |
contributed to the observed difference. First, the neutral |
axis has a'ﬁrcnounced curvature at the‘knee. Howsver, an ap=-
plication of the curved beam thebry accounted for only a small
part of the differences between observed and computed stresses,
particularly on the compression flange. The second and possibly
the most important factor is the rapid change of section which
takes place at the knee, Thig latter problem introduces complex=-
ities which may be reasonably solved only by a highly theoretical
analysis,vor by an arbitrary procedure based on test results. The

arbitrary procedure presented in the section on analysis makes no
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dlfferentiation between the separate effects of the two factors
mentioned above, Such a differentiation would be,of value only
1f the method of analysis were to be extended to knees having
decidedly different degrees of curvature.

The stress distribution was complicated by a stress re-
lief in the outstanding legs of the curved flange gngles.' The
radial component of\compressicn due to the curvature of the
flange caused the outstanding legs to deflect away from the
center of curvature and thus elongéte relative to the edge of
the er. I1r, ﬁowever, there had beén & cover plate on the backs
of the curvéd flangé angles, it is-probable that no appreciable
radial displacement Af the outstanding legs could have taken
place. Not only would fhe outstanding legs have been reinforced
by an additional thickness of metal, ﬁut any rotation of the in-
dividual angles about the rivet line would have been effectively
preveﬂted. Ih the sectien on analysisrit was assumed that cover
plates would be present. Consequently the~effect'ofAstress Te=-
lief in'the outstanding legs was eliminated by using an average
extreme fib@r.stress,

2, General Behavior = In both frames the horizontal re=-

actions were slightly lower than the computed values, k=1/2 per

cent for the square lmee frame and 3-1/2 per centvfor the curved
knee frame. These relations refer to the normal span condition.
Although this degree of accuracy appears to be satisfactory, the

discrepancy is on the unsafe gside, A decrease in the horizontal
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reaction will produce an 1increase ofimuch greater magnitude in
the center moment; A greater degree of accuracy was obtalned
for thé curved knee frame by arbitrarily reducing the moments
of inertia within the knes in accordance with observed stresses,

In genersl, observed center moments and deflections
agreed very well wlth corresponding values computed from the
observed horizontal reactions, Therefore, the accuracy with
which stresses and deflections can be computed is merely a re=
flection of the accuracy of the computations for the horlzental
reaction. In other words, the knee of a two-hinged rigld frame
affects the frame as a whole only insofar as 1t affects the
horizontal reaction.

The sbserved normal span deflections of 0.46-in. and 0.67
in. for the square knee and curved knee frames, respectively,
seem large when it 1s considered that the deflections in the pro=~
tatypeé are four times as great, In this connection, reference
is made to deflection tests® made on three structural steel rigid
frame bridges in Westchester County, New York. In these tests,
the floor éystems and cut-off walls, which were not included in
the deflection calculations, evidently acted with the frame gir-
ders to a great extent. The observed deflections in gone casses
were only one-elghth of tha-computed.valuea.
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* DEFLECTION TESTS SHOW RIGIDITY OF STEEL RIGID-FRAME BRIDGES,
R. M. Hédges, Engineering News-Record, September 3, 1931.
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3. Foundation Slippaga - The importance of prgvegting

‘horizontal movement of the supports of rigid frames is clearly
1llustrated by Fig. 20 and 21, For an increase in span length
of 1/4-in., i.e., each support deflecting outward 1/8-in., the
horizontal reaction for the square knee frame deecreased 7 per
coent and the center moment increased 20 per cent, Correspond-
ing variations were not as great for the curved knee frame be-
cause of 1ts greater flexibility.

The accuracy of computations for the effect of horlzon-
tal movement of the supports upon the frame as a whole depends
chiefly on the accuracy with'which the horizontal reaction is
determined, Changes in horigontal reaction for known Variations
of spen length did not check the computed values exactly, but

the agreement was satlisfactory for all practical purposes.

4, Flat Base Tests = It 1s of interest to note that
practically no rotational restraint was developed at the sup=-
ports by allowing the base plates of the rigld frame models to
rest upon flat plates‘which_registed only horigzontal moveument.
In fact, the horlizontal reasctions were 1ess than the values com~
puted assuming the sup?orts to be hinged,vwhile the presence of
any regction moment should have the effect of increasing the re-
action. This might be due to a miéalignment of the frames. If
the bases were not truly horizontal, the reéction might easiiy
have been located inside the centroid of the base., Such a con=

dition would have produced a reduced horizontal reaction. However,
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these test results definitely indlcate that unless specific pro=-
visions are made to prevent rotation at the base of a rigld frame,

the frame will act as a two-hinged structure.

RECOMMENDATIONS FPOR DESIGHN

For most practical purposes, horizontal reactions in two s
hinged rigid frames of the types tested in this investigatian,
may be computed satisfactorily by any theoretically sound method
of analysis., Flg. 20 and 21 present a criterion of the sccuracy
which ean be expected,

If greater accuracy 1s desired for the curved knee frame,
the followlng recommendations are madet: arbitrarily reduce the
moments of inertia of sections within the lmee by means of the
graph in Flg, 23, Shear 1s of secondary importance and need not
bs considered when radial sections at the knee are used,

Concerning the design of the kneé in each frame, the
following recommendations are made:

Square EKnee: 1, The horlizontal and vertical sections through

the inside corner of the knee are critical sections with respect
to normal stresses, Apply the usual formula for flexure and dif
rect stress to the horizontal section, On the vertical section,
assume that the flange angles carry all the moment and thrust in
the girder,
2. Deslgn the Web‘to take a total horizontal shear equal to

the tension in the top flange of the girder computed in the‘pre-
ceding step. | V
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5. If the web plate is thin in comparison to that in the
.test specimen, 1t may be well to investigate the tension in the
,Web on the 45° plane through the inside corrier,  For this sect=
'ion, the neutral axis will lay at about one-fifth the 1ength of
the diagonal from the inside corner, and the stress distributlon
5may be considered to take the form of a second degree parabola
.en the tansion side, and of a trlangle on the compression side.
Maximum stresses may then be computed from the equations of

equilibrium for bending and direct stress on the section.

Gurved Knee. 1. Critical secticns for direct stress at the

knee occur within 15° frcm the points of tangency of the eurved
flange. Maximum compression stresses‘may be determined by use
of conventional formulas for flexure and direct strEss in straight
:beams 1f the section moduli are reduced in accordanee with Fig.23.
| Maximum tension stresses-may be determined in the same manner, but
using nominal section moduli. | | |

2. The web should be designed for shaar on thﬁ basis of the
afbitpary method 1llustrated in Flg. 18. Shears existing outside
the square will be smaller‘than those computed for the square,.

3. If the wgb plate is thin in comparison to that in the test
specimen, the 45° plane through the dutside corner should be in-
_vestigated usingﬂthe sameé procedure that was recommended for a
corresponding section in the square knee. The only difference
1s that in the curved knee the neutral axis 18‘1ocated at a dis~-
tance frém the compress;on flange about equal to oﬁe-fourth the

whole diagonal distance,
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SUMMARY
' The important Ffindings in this investigation may be
summarized as follows: |

1, The square knes did not act as a continueué homo=
geneous corner., It may therefore be analyzed and designea’as
a'rigld girder and column connection, in which the reactions of
the girder upon the colinm ¢onsist chiefly of & top flange ten-
slon, a bottom [lange compression, and a shear, | 4

2. Stress concentrations at the sharp reentrant angle
of the square knee were due principallyjto imperfect bearing
rather than to any inherent property of rigld frame knees.

3. Normal stresses upon radial sections of the curved
knee did not exhlbit a linear relationship. .The neutral axis
lay between the centroidal axis aﬁd the compression flange, -On
the radial sectlon through the exterior cernér the neutral axis
was about oheéfdurth the distance from the compression flange
to the exterior corners, _

4, Maximum,strésaes in the curved knee occurred on sec«
tions just inside the points of tangency of the curved flange.
Average extreme flber stresses in the eurved flange were from 10
to 30 per cent higher than stresses computed by the convantional
formulaa-for flex?revand direct stress in straight beams.

. 5. A simple method of reducing section modull and moments
of inertia within the curved knee produced close agresment between
observed and computed values for compressive stresses in the

curved flange and also for horizontal reactions.
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6., The outstanding legs of the curved flange angles de-
flected back under the radial component of compression introduced
by the curvature., As a result, the stresses observed near the
toes of the outstanding legs at various points along the curved
flange were only from 40 to 70 per cent of the stresses at corres=-
ponding points on the heels of the angles and on the edge of the
web, Maximum stresses on the’edge.of the web.were about 25 per
cent greater than the average values used for cpmpéring test re-
sults with computations.

7, Conventional methods of rigid frame analysis gave hor-
igontal reactions slightly greater than those observed; 1-&/2 per
cent for the square lmee frame and 3-1/2 per cent forvths curved
knee frame at normal span.

8. Conventional methods gave center moments and deflect-
ions as much as ten per cent less than observed valuesfirbomxframes.

S, Center moments and deflections generally agresd closely
with values computed from observed reactions and applied 1oads,

10, Changes in horizontal reaction, center moment, and
center deflectlion due to horizontal movement of supports alse
checked theoretical values fairly closely.

11, No appreclable raetational restraint was developed by
setting the base plates of ths rigld frames on flat plates which
reslsted horizontal movement of the supports, but not rotation,
Rigid frames in which no speciel precaution for preventing.base

rotation is taken, wlll therefore act as two-hinged frames.



TABLE I - RESULTS OF TENSILE TESTS OF STEEL COUPONS

Coupons Modulus of Yield Tenslle Elongation

Cutb Elastlicity Point - Strength in 8 in,
From: in 1000 p. s. i,
Square Angles 28,400 43,1 62.7 24,1
Knee v o
Frame Plates 28,570 45.8 54.4 22, 0
curved Angles 29,370 - 39.5 59.3 30. O
Knee ' ; §
Frame Plates 29,400 —— 63,6 15.7

*No definite yleld point

TABLE II «~ COMPARISON BETWEEN TEST DATA
AND COMPUTED VALUES FOR NORMAL SPAN TESTS

Horigontal Center Center
Reaction Moment Deflection
in in . in
| pounds 1000 infib. inghes
OCbserved . beso 93,M_ - 0,465
Square Computed 5340 93 455
Knee Computed from ~ - .
, Observed -
Frame -  Horizontal oo : o8 +485,
Reaction
: Observeg 4530 _ , 1.3 - .678
Curved Computed 4690 143 .615
Knee Oemgutéd*-fram ' o o
beerved — w4 ‘
Frame Horizontal ‘ 154 - #700

- Reaection
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TABLE III - COMPARISON BETWEEN HINGED BASE
AND FLAT BASE. RESULTS

‘ .. Observed
Type of Ratio = Computed
- Base Horizontal Center - Center
Reaction  Moment = Deflection
Square . Hinged 0.985 1.06 1.02
Knee - .
Frame Flat . 975 1.08 1.04
Knee . - |
Frame Flat + 956 1.09 1.11

TABLE IV - HORIZORTAL REACTIONS OF SQUARE KNEE FRAME
BY DIFFERENT ANALYSES: ‘
Computed by Analysis Computed by Analysis
in Fig, 22¢ ~ inPig, 22d or e

Shear Shear Shear ‘shear
Included Neglected Included Neglected

' Observed

Horizontal o
Reaction 5280 5340 - 5480 5320 5360
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Fig. & = Moveable Hinged Base
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Fig. 8 - Curved Knee Frame and Deflection Apparatus
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