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I, INTRODUCTION

In Ref. 1 a general method of solution was developed for the
plagtic design of rigid frame structures. The particular parts
of that repcrt that had to do with single and multiple span,
pinned-~taess gable frames were presented in a separate report(a)
whieh also included design curves and examples. This paper pre-
sents the same type of information for pinned-base "lean-to" type

structures,

The assumptions that will be made are the same as those
listed in the earlier papers. That is,
1. As moment approaches its fully plastic value,'Mp, curva-
ture increases indefinitely;
2. Bguilibrium can be formulated in the undeformed position;
3. No instability occurs prior to the attainment of the
fully plastic load;
li. The influence of ghear and thrust is neglected;
5, There is a known amount of moment that can be trans-
mitted through the connections;
6. All loads are increased proportionally, and
7. Faillure corresponds.to that condition where the structure
is reduced to a mechanism through the development of
vield (or plagtic) hinges.
These assumptions correspond to those made in "simple plastic

the ory",

As shown in Ref. 3 and | the necessary and sufficient con-

ditions for a plastic solution, eccording to the simple plastic
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theory, are:

1.'The structure mustAbe in equilibrium;

2. The moment at any section must be less than or equal to

the fully plastic moment value, (i.e.,|M|< Mp); and

3. A mechanism must be formed.
Several ' .ierent approaches or methods of solution may be used
which will ensure that these three conditions are met. The one
that will be followed in this report is the Mechanism Method(s’él
In essence, this type of golution assumes that all possible fail-
ure configurations are examined and that the load corresponding to
each 1s determined. The maximum load that the structure can sus- |

tain is then the one having the lowest critical load wvalue.

II. DEVELOPMENT OF THE DESIGH CHARTS

1. Loading, Plastic Hinges and Mechanisms

The basic structure to be considered

is the one shown in Fig. 1. It may exist bl
either bj itself or in combination with Yy ©
other pinned-base structures. For the

al Mp Mp
single span frame, the assumption will be :
made that each of the members can deliver A . &
a resiating moment equal to Mp. When the | L |

frame is connected to other structures;

[FIG. 1]

that is, for multiple span frameg; the
interior columns will be chosen large enough to ensure development

of hinges in the rafter. The size of these columns will be
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determined from the moment diagram after the failure condition

and corresponding load is ascertained.

W W

A I v

V M,
H \'s
1 Hp T
P # 7 oL
SR P ) Hl—é ' -L
{a) | ( al
- ~ N
wL? . wL?> WLZ/ b Wl j—-..
G e Sl L
L L

[F16. 2]

The loading to which these structures may be subjected will
be either of the itwo general cases illustrated in Fig. 2. In
Plg. 2a it is assumed that an external load is applied to one side
of the structure {could be either side) while the opposite side
is connected to an adjacent span. Figure 2b is typical of an in-
terior span. Since adjacent structures can transmit horizbntal
- and vertical forces and bending moment at their points of con-
nection, these effects must be cpnsigeredVWhen exgmiping the be-
havior of any one span. However, since & mechanism method of
solution will be used in solviﬁg the problem the only quantity of
interest, as far as external load to the span in question is con-
cerned, is the total work done by these forces and moments as the
mechanlsm is formed. The total effect of these influences could
therefore be replaced by hypothetical moments assumed to act

about the base of the structure asg is shown by the dashed moments
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in Pig. 2. These would be chosen such that they "apply!" the same
amount of external work to the span in question. This procedure
is the same ag that used in Ref. 1 and 2. Therein a more detailed

discussion of the method is given.

For a concentrated, éxternal, horizontal load assumed to act
at the "+  ser eave', as shown in Fig, 2a, the corresponding
hypotheticel moment would be chosen equal to %AWLQ, where
A= (Za)(ﬁf)o That is, the moments of the two systems about the

base would be made equal,
1 R
P(all) = _Z.A(WL ) ° o ° ° ° ° ° ° ° L4 ° ° ° o L4 ° o ° (1)

This assumes that no hinge will occur in this column and such will

always be the case for this loading.

When the structure is subjected to a uniformly distributed
horizontal load of the type shown in Fig. 3 a conservative solution

can be obtained by again making the two moments equal. This is

proven in Ref., 1 and 2. That 1is, | W
‘ I TITTIT]
wLamﬁ 2 2
A = 5= L (at+b) —_—
or
Yw L(atb)
A= Y(atb)® . . . . .(2)
Ved
r I U
\
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Here again, it is assumed that the maximum moment in the wind-
ward column must occur at the point of junction between the column

and the rafter.

As was pointed out in the preceding section, when for a given
combination of applied loads the ultimate loading is reached, a
sufficien* .aumber of hinges will develop to reduce the structure
to a mechanism. For the structure and loading under consideration
(see Fig. 2) three locations of possible plastic hinge formation

exist: one at each of the junctions of the rafter and the columns,

and one within the rafter. These - (2) (3)
2
are shown in Fig. L. The exact bL (%L///V///ﬂ
‘ 4 r|
location of hinge (2) in the I |
I
rafter will depend on the loadin
i ® S U I
and mechanism and will be chosen '
| 0L I
by minimizing such that the \ 3

structure "failg" at its first

opportunity.

For the structure in question 1t 1s in general necessary to
5;53g‘ develop two hinges to reduce the system to one of one degree of
freedom. However, for certain combinations of the loading para-
meters A and D, it 1s also possible that three hinges will be
developed, The hinge systems that must be examined are therefore
as shown in Fig. 5. For a given loading situation the mechanism
which requires the largest value of M, will develop. This then

will be the criterion of selection of the critical mechanism,
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(a) | (b) (c)
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2. Mechanisms for which the Structure Sways to the Higher Side

The solution corresponding to failure modes (a)% and (c¢) of

Fig. 5 will be carried out to illustrate the mechanism method of

solution.

(A) Mechanism (a)

With the three hinges forming

as shown in Fig. 6, the rafter falls
as if it were a beam of span length
‘equal to L and consequently the

, 2
applied hypothetical moments AE%—

Wl ® ‘
and D=>- do not enter into the
solution. This assumes that the
columns remain vertical and, as

will be shown later, can occur

e em Be b W ees sm aw R mm A% R Wma e mm em wS W G e e SR e b We ke e m e G® gm wm e

#® It should be noted that for beam mechanism (a) of Fig, 5, the
gtructure actually hasg two degrees of freedom.
it does not necessarily cause the structure to sway either to

the hilgher or lower side.

For thls reason,
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only for certain particular combinations of the parameters A,

b
D a.nd "'8':0

In determining the eritical load that will result in this
failure configuration‘a virtual displacement method will be used.
It is assumed that the rafter\is given a virtual rotation "e" at
the plastic hinge (1). Since hinge (2) is located in the center
of the span, the vertical projection of its movement during this
virtual digturbance equals @(%)o From geometry, hinge (3) also
rotates through a virtuél éngle @; whereas, hinge (2) rotates
through an angle of 26. Equating the Internal and external work

agsociated with this virtual disturbance of the assumed mechanism
Woxt = Wint
2. (Force) (Average Distance Moved) = 3 (Mp)(e)
1, ,1 _ ‘
_wL(g)(E Le) = Mp (0 + 20 + @)

or

WL

M
""EB = 0. 0625 ¢ © © o a © © © o o 6 6 o e o © a o o (3)

(B) Mechanism (c)

Assuming hinges at locations (2) and (3), the mechanism will
be that shown in Fig. 7. Bar (0-1-2) is constrained to rotation
about the base (0). Bar (3-4) will rotate about point (L), and

Bar (2-3) will rotate about its instantaneous center(a), which
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is denoted as I.C. in the figure. This point is determined geo-

métrically in the same manner as for a "real" linkage system.

bL

alL,

Subjecting then, the right hand column to a virtual rotation
equal to © about point (1), hinge (3) will move horizontally to
the right through a distance OL(a+b)*, For thilis movement to be
possible Bar (2-3) must rotate about I.C. through an angle equal-
to.

wr | em e wm mo e sm oy e e 4@ WR O &3 G0 me b DN ey em Gd €W G0 e om S ew  Gm ko mn ke dme s

order deformations are considered.
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In like manner

a+b

g = g (-—a—) ° L] o o o o ° ° ° aQ L i o < ° ° ° o ° (5)

0

The total rotation at each of the plastic hinges is then given by

the sum of the rotation at the two adjacent instantaneous centers

That is,

or

and

or

O(2) = 9 * °1,0C.
02y =0 CENEER) -« v e e 2 (8)
°(3) = °1.c. YO

a+ A Db
9(3) = g [gzijai] e 072

For the structure to be in equilibrium, the internal and ex-

ternal work associated with this virtual displacement must be

1,2
equal. The applied moment &Hgf (always assumed to do positive

T R
work) rotates through the angle ©4. Similarly,.DE%- (always

asgsumed to do negative work) rotates through the angle €. The

external work ls therefore

i @®L)? L’a(1~§(234 ' pWL?

(7)

¢
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1R at+b w{sL)® a+b
Wext = Aw2 o (=) + “iﬁ—l- ¢ (=3

L2(1-x)? +b 1,2
o MW g by (o) | il

Internally, work is done at each of the developed hinges,

therefore,
Wing = Mp (6p) + M, (63)
, _ a+b (Bt ob A
M’int - Mpg \:( )(l 0() + a(l__(x))] e o o o o o ¢ 0(9)

Equating these values of internal and external work (Eq 8 and

9) and simplifying gives

M (1-
D1 1= ™®) - D
wLR T o ( ){ (A+) ] e e e e e W (10)

b
2+ 3 (1 + oK)

Since it 1s the value of o which results in the greatest

value of Mp that is degired, the critical case will be determined

from the condition

2My

ad = O o L o o . o ° o L] © @ L] o ° 0 ¢ L] ° (] o L (ll)

Carrying out this operation, the following 1s obtained:

2+ 2 b [13 +2 {1+D-A(1+b/a))]1 ]

A = \1+-
b a byz
ry (2 +3)

fOI‘ -g > O o o a a ° e . ° ° ° . ) s ° o (12)
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and

wlo

= O ° ° ° ° o ° ° ° ° ° ° (13)

- A +
O( :[—1—-——.—5-———-]2] 5 fOI’

0f the four possible mechanisms shown in Fig. 5, mechanism
(d) will result in negative external work being done as the struc~
ture moved to the higher side. The possibility of this mode of

failure - .ually occurring is therefore comparatively remote.

The equations corresponding to each of the assumed failure
mechanismg are summarized in the Appendix and the corresponding

Design Curves are shown as Design Charts 1 thru 6.

3. Mechanisms that Result in a Sway to the Lower Side

The mechanisms that must be examined are those shown as (a),
(b) and (d) of Fig. 5. It should be noted that Mechanisms (c)
would result in negative external work for this direction of

failure.

Equations corresponding to each of these assumed failure con-
figurations are given in the Appendix. The corresponding Design

Curves are shown as Deslgn Charts 7 thru 12,

L. Transition Between Sway to the Higher Side and Sway to the
Lower Side

Since the frame has a tendency to lean to the higher side
even under 1ts own weight, it 1s desirable to determine the re-
lationship between A and D for which the transition between sway

to the higher versus sway to the lower side 1s imminent.
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It can be seen from the Design Curves of Mp/wLa (Design Charts
1 thru 6 and 7 thru 12) that the mechanisms which contain plastic
hinges in the rafters and at the top of the leeward columns are
the prevalent ones. BRecalling that the solution which requires
the greatest Mp,value is the one necessary for design, it is pos-
sible to squate the Mp/wLa expressions for cases (c) and (d) of
Fig. 5 ei.u obtain the desired transition equations in terms of A,

D and b/a. If this equation can be solved for A (or D) in the

form

A = f(D, ) o o o o © © o0 © @ © e« € © s o° ® ® & o n(lu.)

wio’

then a set of curves can be plotted from this expression which
will give the boundary between the ranges of application of the
two conditions. Actually, because of the cumbersomeness of the
expressions for ® , these curves (given in Fig. 9) were defined

by a direct consideration of the Design Curves.
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Physically, the problem is the following: If moments are
acting at the bagse of the two columns, then keeping one constant
and increasing (or decreasing) the other, it should be possible
to have the frame sway from one side to the opposite (Fig. 8a and
8c). There must therefore exist certain values of the moments
that will result in a failure mode in which the columns remain
verticai and for which hinges develop as shown ianig. 8b. For
this situation a small change in either one of the moment values
(M] or M5) will cause the structure to sway. In Fig. 9 are shown
the curves of A versus D for which this traﬁsitiOn occurs. Above
each of the lines failure occurs by tilting to the higher side;

whereas, below the lines the structure tilts to the lower side.

It should be emphasized that in deriving the equations shown
in the Appendix 1t was agsumed that the nondimensional loading
(moment) parameter "A" always did positive work during the virtual
displacement. That is, when the frame tilts to the higher side,
"A" acts on the side of the shorter of the two columns. When the
structure tilts to the lower side, "A" is assumed to act on the
gside of the taller of the two columns. This notation and choice

of varlables ls consistent with that given in Ref. 1 and 2,

5. Desipn Curves for Single Span Structures

For a single span structure subjected to vertical load alone,
failure will always occur with the structure swaying to the higher
side. Furthermore, if this structure is to be subjected to ver-

tical load plus the same wind from either side (note that D = 0),
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the lcase where the wind load is applied to the shorter side.will
be critical., From the previously defined Design Curves for mul-
tiple span structures, it is therefore possible to present curves
for the design of single span frames. These are shown as Desilgn

Chart 13.
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III. DESIGN EXAMPLES

Two design examples will be carried out to illustrate

the procedure,

1. Mill Building

For th: first example, the three span symmetrical frame

loaded as shown in Fig. 10 will be considered.

W
ARRERRANRARERANRANERRRURRRNNERRRRRRRENREE,

o b= 2=
;= 1.00 ==0.33 = = 1.00

' .
0., 2wl L
R ._%__
L
(2)
—-
0. 2wL Mp ‘L
——— |
(1) (3) —TL
—O—kMp —0— 7 _d_kMp _J_)__ Y
Ly1=2L Lo=)L Ly=2L
|FIG. ld
Spans (1) and (3) =  1.00
b s
ry Ratios:
Span (2) = . 0.33
8) Vertical Load only = 1,88%
Load Factors( : .
Vertical Load plus Wind = 1.41%

Design values for span (2); i.e., the pinned-base, gable

frame, were obtained from Ref. 2.

* These values were chosen to be consistent with Ref. 1 and 2. )
Values of 1.85 and 1.0 have been suggested as more desirable(9
since they would not imply an accuracy of "three figures".
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(A) With Vertical Load Only

Consider first the structure subjected to vertical load

alone. The sub-structures that must be examined are those given

in Fig. 11.
. W W W
Ay [l]IlII%]IDI[EDIDIl [T
T 03
b _ 5= —
a = 1.0 //\ a 1.0 E
A
} N
(2) i
| g 4

(]

T
I
|

The two outside columns and the rafters in the outside spans are
agsumed to havejfully plastic values equal to kM while the
rafters in the‘ééﬁter span have plastic vaiues equal to Mp° Ag
to the size of fhe interior columns, these are presupposed to be
sufficiently large that hinges are forced to form in the rafters;
that is, the size of these columns will be determined from a
moment diagram after the fallure configuration and corresponding

load have been ascertalned.
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Since the structure and loading are symmetrical about the
center line, the two interior columns will tend to spread equal
amounts and thus push the two side spans equally outward., For
the varioué sub=-structures, the following are then knoﬁn (due to

symmetry, only half of the structure need be considered):

FQ‘P ‘Sp&m (l); Dl = O o < o ° ° o ° 0 ¢ o 0 o ° ° (15)

For .pan (2), the two base moments must be equal
Between spans (1) and (2)
lea WLZa

Az = Do

or

Ap = LD,

ThSPGfOI‘Sy D2 = %;_Al o o © ° ° ° o @ . . ° ° . o (16)

If Al l1s known, then corresponding values of Mp

be determined from the design charts. From Fig. 9 with Dy = 0,

and kMp can

A, must be greater than 0,12l for the outside spans to tilt to

the lower sides., That is,
Al% Oolgll. L] ° L] ) o © o o o ° o @ o 9 o o o ° L o (17)

Assuming values of Ay equal to or greater than 0.12] will result
in posgible designs for this given loading situation. Several

of these are listed in Table I and each results in a straight for-

o " Mp kl\&p
ward determination of b and =3 values, It should be noted
J w M
that in Table I there has also been listed values of g;f% and
kM,
P

g which include the load factor (1.88). For example, for the
Wy
first solution tabulated

KM, = 0.250(1. 88w, )L? = 0.170w,L®
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or
iy,
WWLQ = 0,470 0 . (18)
TABLE I
M My  +| XMy My, KM, My
D w® Ay P2 | wp,® wlL® wl® wL® | w, LR
0 | 0.0625 | 0.124-0.031| 0.0517| 0.250 |0.8272| 0.470 | 1.555
0 | 0.0702 | 0.20 | 0.05 | 0.0506| 0.2808]0.8092 0.528 | 1.520
0 | 0.0922 | 0.40 | 0.10 | O.0L72| 0.3688{0.7568| 0.69 |1.l23
0 | 0.1167 | 0.60 | 0.15 | 0.o442| 0.4668|0.7074) 0.879 |1.330
0 | 0.1432 | 0.80 | 0.20 | o.,0ul2| 0.5728]0.65954 1.077 | 1.240

+ These values determined from Ref. 2
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(B) With Both Wind Load and Vertical Load Acting

For the case where both vertical load and wind are assumed
acting, the sub-structures and loading will be as shown in Fig. 12.
Since the structure is symmetrical, only this one situation of

wind loading need be considered.

| w W

(O \ IRHEIRNRREIRRNEREN (T

b b o

s = L0 =~ = 0.33 2 = 1.0
0.2 wL /\ o
——— S —
(2) L
I
0.2 ul ] Mp | ¢
) | (3) —

I | :
L2 4 KMy L e DA L Ko N X
nt > WLy, bl L 0L

- D=k AamE Pyt Ay Earui

' L=2L ‘ I Lo=LL ‘ | Ly=2L, |

[FIc. 12]
For span (1)
whq ®
A~ = (0.2wL) (1)
or |A) = 0,10 . . ¢ « . . o . . (19)

Between spans (1) and (2)

WLZE WL- 2
Aé‘."""é"" = D7 4 (0.2wL) (3L)

or | A, = o.,25Dl + 0.075] . + . . (20)
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Between spans (2) and (3)
D5~ = A373

Or D2 = O¢25A3 3 a . Y . ° ® 0(21)

For span (3)

'D3 = O ° ° ° . ° ° 3 ° o 0(22)

From ihe Design Charts for the "lean-to" structures (Design

Charts 6a end 12a), it is noted that the smallest kM. value that

p
is possible occurs for a beam type failure. Furthermore, for a
constant "A" (or "D") value and varying the other moment para-
meter, the change in required fully plastic moment value is a con-
tinuous function. This situation is also true for the pinned-base
gable frame (where A = D gives the smallest value of Mp)(z). For
this "mill building" example, it is therefore possible to define
two limiting cases; that i1s, a) where kM, has its smallest value,

and b) where Mp is as small as possible. These two situations

confine the range of possible solution.

a) Side spans smallest (kMp smallest)

From the governing design charts (Design Charts 6a and l2a),

span (1) Af = 0.10, Dy = 0.326
KM, _
e = OO 2 o o o o © o L) o o @ L
span (3) D3 = 0, A3 = 0,124
kMp
a = 000625 ° Qo o ° L] Qo ° . . . Q(2u)
wL3 ‘
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span (2)
A2 = OQZSDl + 0,075 = 0.1565
D, = 0.25h, = 0,031
which gives (from the design charts of Ref, 25
Mp
wL28'= 0.0763]c o o o« « « o o « o o+ »(25)

Writing each of thege in terms

introducing the load factor for

(lLoad factor 1.41)

=

bh) Center span smallest (Mp sma.

As was shown in Ref. 2, th

However,

Oo 25D1 + Oo 07

Hence

of the length parameter, L, and

combined wind and vertical loading

Dl+oo3o==A

0.353
o ® ° ¢ o ° o ° 3 ° 0(26)

1.721
llest)
is requires that

o o o o o o L] ° L] o o o L © 0(27)
5 = O,ZSA3
3 @ o @ o o o o 9 ° ° o o o l(28)

Furthermore, the two outsgide sp

ans must give equal values of kMp.




For the condition Al = 0,10 a curve of

-23

M

pﬁ versus Dl can be

i o why

drewn s 1g shown by the solid curve of Fig. 13,

0. 10— /
v A
/
- /
] 0085 _____ — 1
‘‘‘‘‘ - J:/ ; le
J/ Span (1), \ Dl
- Va 417 0.10
Span (_”f;)y/
| D33O Pz ‘
/ %\\ |
B PN \w
/ .
’// WL
~
. . D. -
0.05F ABﬂgzé_ :} 3 0
2 |
| [ | 1 | I |

0 0.1 0.2 0.3 0., 0.5 0.6
lNotee D1+0.3A5

0 0.1 0.2 0.3

[FIG, 13

- Noting from Eg 28 that Dy + 0.3 = Aﬂ, it is also possible to super-

impose on this diagram by displacing the coordinate system as

shown in Fig. 13 the solution for the third span.

ship hag

The

of these

This relation=-

been shown by the dashed line.

solution to thig problem (determined by the intersection

two curves) iz

Dl = Oo 0_37 \)
A..:z = 0033‘7 ) -] e o o o o o ° e (29)
kM, kMp
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For these valuegs of A and D for the outside spans,

11

A, = 0.25D; + 0.075 = 0.0843 7
‘ o+« . (30)

and D, = 0.254, = 0.083 j

From Ref., 2 the corresponding size of the center span rafters is

MP M

P
o =0508 or -——':O- ° ° ° . ° . o . . ° l
WL, 483 I8 773 (31)
Including the load factor (1l.41) in the determination of the gizes
of the various members which make up this structure, the design

values would be

KM,
w L2 = (0.3l4) (1.41) = 0.479

B 123
My _
T (0.773) (1.41) = 1.090

Between the two extreme conditions that were considered:
side spans as small ag possible, and center span as small as pos=-
sible, a continuous function of kM,/ ;2 versus Mp/ﬁLz can be de-
fined. It could be defined by varying any one of the moment para-

meters; for example, D;.

(C) Governing Case

In parts (A) and (B) of this first design example, two sets
of "required" plastic moments were determined. It is now necessary

to compare them and see which is actually the critical case,
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Figure 1L shows the Mp versus kMp curves for case A), vertical

load only, and case B), vertical load plus wind,

, A) Vertical load only
N (Load factor = 1, 88)

(B) Vertical load plus wind
e (Load factor = 1,41)

0.3 0.5 1.0

The structure in question must provide the greatest M, and kMp
value, Therefore the case where vertical load alone is acting

will govern the design.

As is shown in Table I and Figure 1ll, there are many pos-
sible design solutions for a given vertical loading. Each one

will result in a different choice of relative member sizes.
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Since economy of main member is usually desired, that particular
combination of My and kM, which results in the least total weight

of material will probably be the more desirable solution.

Assuming that a linear relationship exists between the fully
plastic moment value, Mp, and the unit weight, W; that is,

W = 0 . e o '3 0 v e 9 . L S T . ° . e . °
W CMp (33)

the total weight of the frame can be determined from the relation-

ship
n Il
TOTAL WEIGHT = > (WL,) =  Cp (MpLy) .« .+ o +(34)
' 1=1 i=1

Since it 1s only the relative total weight that is important in
determining the combination of member sizes that result in a

leagt weight solution, a weight functlon in terms of only Mbi and

n
igi(WLi)
c

Agssuming that the interior columns will have the same fully plas~-

Li can be used.

n
WEIGHT FUNCTION = (= 2 (ML)« . (35)
i=1

tic values, Mp, as the rafters in the interior span, the following

wil;,be the welght function for this example:
£ = (6.472L) (kMp) + (L0.L472L)(Mp) « oo v v v o o .(35)
In the nondimensional form, this would be

kM M
-%z 6,172 (Eg) + 10.472 (-T;Eg) N 14

W.
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The calculated results which correspond to the solutions tabulated -

in Table I are listed in Table II.

TABLE II
KM M KM M
= D D L
wL® wL? 6°M72;£§ 10-&7255% ;EE
| 0.2% 0.8272 1,618 8. 662 10.280
0.2808 | 0.8092 1.893 8.474 10.367
0.3688 | 0.7568 2.1486 7.925 10.421
0..668 | 0.7074 3,147 7.1.08 10.555
0.5728 | 0.6595 3,862 6.906 10.768

The least weight solution is the one which results in the
smallest value of waLa and 1s therefore the first one listed in
the table. The design values for Mp_and kMp which include the
load factor of 1.88 are therefore

= 0.470 .« .+ v o .+ . . .(38)

(E) Plasticity Check

As was stated in the introduction, for a -"simple plastic
theory" solution to exist, it is necessary (and sufficient) that
the following three conditions be met:

a) The structure must be in equilibrium,

b) |M|< My, and

¢) A mechanism must be formed.
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In solving the preceding problem, mechanisms were assumed from
the out-set; thus condition three'waé fulfilled. A virtual dis-
placement procedure was used to determine the critical loads
corresponding to each of the assumed mechanigms. The first re-
quirement is therefore also satisfied. As to the second necessary
condition. all of the mechanisms that were considered possible
were examined and meximum required values of Mp were determined.
Therefore, this condition is also fulfilled providing that all
possible modes were considered. To be absolutely sure that this
was the case a moment dlagram should be drawn. If it nowhere ex-
ceeds the fully plastic moment of the section, then the solution
is the correct one. (This moment diagram would also be useful
in checking the lateral bracing of the main frame, a condition

that is not considered in this report.)

Since the étructure is statically determinate at failure,
the moment diagram can be readily determined. The moment diagram
corresponding to the leagst weight design is shown as Fig. 1lb5a.
Figure 15b 1s the moment diagram for one of the designs where the
gtructure was subject to vertical load plus wind‘(that case corre-

sponding to the smallest possible center span).




205. 61 -29

s nnm

= 0.8272
= 0.250
0.302My
Vertical Load Only
Least Weight Solution
(T P T T T T T
M
B _
i Mp \{ ‘\ Mp WLB 0‘773
X 0.963M kM
P Ex1onm, —= = 0.310
L196M, . 01M, s 184 wk
(b) _kMp = O.uuMp

P {x=0.417 A =0. 440 *=0. 416

Vertical Load Plus Wind Load
Center Span Smallest

[F1a. 15]
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2. "Saw-Tooth" Building

As the second design example consider the three span structure
shown in Fig. l6a. For this problem, three loading conditions
mist be examined; A) Vertical load alone (Fig. 16b), B) Vertical
load plus wind from the left (Fig. 16c¢c) and C) Vertical load plus

wind froi. the right (Fig. 164).

b _ b _ b -
7 0.6 - 0.6 - 0.6
Fo.eL
1t
-1
O ity Jj_L[_[__L_L[_[_,]_L_[_EL_L_L_j__[ 1 O 0 O A
(b) (c) @ )

FIG. 16

A) Vertical Lbad Alone Acting

For the case of just vertical load acting, the sub-structures,

and loadings that must be considered are those shown in Fig. 17.
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b . b _ b
a 0'6 ) a - 016 '3 = 0.6
. ' 0. 6L
!\\ {0
Co(L) (2) i (3) “L
’.l o ~ A of I T Y s
2 - 2 \2 - 2 ; ‘ - 2 .
W why L W wL wL wL
Dl‘El A1 Dy AZ'ER Dy—gd L.=2L A3*§3 =0

2 =0 ' Ly=2L lT 2'2" L,=2L ‘

Lo

Since each of the spans individually tends to sway to the higher

3

‘ : WL
side due to the vertical loading, all (Ai 2i ) moments oceur on

' 2
the "shorter column sides". of the structure. The'(Diwgi ) moments

are then on the "longer column sides".

The known "outside" conditions are

A, =0 )

Since the span lengths are equal, at the interior columns

o e o' * 4 e 0(39)

i}

D,

JAl

o o ° L] o 0 Q * ° . . ° L] . L] L] [ ] '. .(LLO)

]
ol

Ay
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From the Design Curve for % = 0.6 (Design Chart la), it is

noted that for spans. (1) and (3) to have equal Mp values it is

required that (see Fig. 18)

A'l = Q0
'j =0
Thus,
Ag = Dp =0
O.lo‘
Mp
wL?
0.05
0
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The resulting solution is then

My

3
le

= 0.0692,

or in terms of the length parameter, L,

M

- 2 = 0,2768 . . . . . . . . ¢ e * . . . . . . . -()_].3)

B) Vertical Load Plus Wind from the Left

W W
ANRENEERANN] ANERENAREED| EENRANNNNY
b _ b _ b _
= = 0.6 = = 0.6 = = 0.6
1
.%w (1) |
|
4 ~
[ —6— N% 4
‘ 2 h -/ 2 2 g n
L wL wL L2 wL2 . whL
D, M1 A PHL poito A B2 p WL3 —_—
172 =z et “Zz 37 EER

I L=2L l ‘ Lo=2L l L~=2L

FIG. 19

Replacing the uniformly distributed horizontal load acting on

the left hand structure by its equivalent®™ concentrated load, P,
2

. W.
and in turn replacing this by its moment Dl—zl— , the loading

- o o oM e em mm em s me we ee  me e me e mw  ww G e e we  mm me  mm e M e e em e e

* Equivalent meaning——having the same overfurning moment about the
base of the structure. -
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parameter, D;, becomes

wlq ® '
P1(1.6L) = D= = 3 (Zw) (1.60)%

or D:L: Oo_38h. o e o « e o e e o(uLl.)

Other known conditions are

A

A2 2D3 > ° ) @ ° o . Y O . ] . . . . . . . L] '(L‘-.S)

?nd A3 =0 )

As to the determination of to which side of the structure
sway will occur and thereby the designation of the "A" and "D"
moment terms, from Fig. 9 1t is noted that if spans (1) and (3)
sway to the left, then |

A > 0,193 and D

1 < 0.076

3

This would require that for the center span
D2 > Oo 193 &nd A2 < Oc 076 @ & e & o @ e e s e o = (Ll.é)

Howsver for
D2 = 0,193 and A2 = 0.076

span (2) also sways to the left. Hence the total structure must
sway to the left and the choice of the A and D variables will be
as shown in Fig. 19. The Design Curves shbwn as Design Chart la

will therefore be used for this design.
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Assuming various values of D3, the following table "of pos-

sible solutions can be defined.

TABLE III
(1) (2) (3) (L) (5) (6)
Mp

D, = A WL D, (2A) D A
A3 J3 = Ap WL g(fAl 1 1
0 0.076 0.0625 0.196 0.38L 0.193
0 0.075 0.0626 10.19% | 0. 381 [0.200 ] <<t]
0 0.050 0.0648 0.126 0. 38l 0.208
0 0 0.0692 0 0. 38l 0. 2440 |

| HE—

Values of A, as shown in column (6), are determined from a knowl-

edge of My /@ (column 3) and Dy (column 5).' Comparing columns
(L,) and (6), it is noted that Ay = D, for

Mp

WLla

= 0.0626

or in terms of the length parameter L,

e

m = OoZSOL]_ e e © & o 6 e 6 e o o o ¢ o o ¢ e o(h.?)

This then is the solution for this loading condition. Including
the load factor of 1.)l

Mp

= = 0.3531 . .o 0 o .
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C) Vertical Load Plus Wind from the Right

ENEEREENR| EEEEEENREN| [EEEENNRRNE|
b b _ b -
- 0.6 = 0.6 - 0.6
To.eL r‘“\\\\\\\
] L (1) | (2)
|
7 M ~ M
B S U b T U
2 N ! ~.
2 2
DL g A whT  p Wk
175 13 >
| L,=2L I | L=2L |
|FIG. 20! Note: L1=L2=L3
The known conditions are
— — = 1 2
or A3 = 0.38L
Also, D3 = A2
° ° o o ° o o . . . - . . . .(L],g)
Do = &

[P1 = 0]

For this problem there i1s no question but that the frame will tilt

to the left. A table similar to that gilven as Table III can there-
fore be worked out for this loading condition. It is given as

Table IV.
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TABLE IV
(1) (2) (3) (4) (5) (6)
i ?

0. 38 0.20 0.1132 (=) 0.260 0
0. 38l 0.30 0.1008 0.173 0.195 0 .
0. 38l 0.309 0.1000 0.190 0.190 0 '<:]
0. 38l 0.40 0.0902 0.425 0.136 0 -

‘From this tabulation it is noted that Al = Dy, = 0,190 for

wL 1

or

Including the

D) Comparison

Mb = 0.1000.

Mp

=z = 0.1000
Wiy

Mp

rie 0.14.000
W.

Therefore,

Mp

w, L®

= 0.5640

load factor of 1.4l

of Solutions Including Load Factors

the solution to the problem is

. +(50)

. +(51)

In summary, the solutions to the design of this structure

for each of the

Case A)

Case B)

Case C)

]

0.520

= 0,353

|

0.56l

(Load Factor
(Load Factor

(Load Factor

= 1.88)

- 1.41)

]

1.41) 4

conditions of loading are as follows:
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The critical condition of loading is the one that requires the
most of the structure and is therefore case (C); vertical load

plus wind from the right.

E) Plasticity Check

Assi.iing that the solution defined above (that is,
My /1, ® = 0.56l) 1s the correct solution; the locations of the de-
veloped plastic hinges in each of the rafters can be determined

from Design Chart Lb. They are found to be equal to

0(1 =D(2 20(3 = 0,367 ° s 'l ° ° . . e . . . * . . 0(53)

The corresponding moment diagram is given in PFig. 21. Thus the

correctness of the solution is verified.

ULJIHIIltlIHIllﬂ]LHIJHIIHIIH?TH[[IHWIHH

[F16. 21

Moment Diagram for Critical Loading
Design Example ¥2 '
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IV, SUMMARY

In this paper a method has been presented for the plastic
design of "lean~-to" type rigid frames. Both single and multiple
span structures were considered and design charts were developed -

to facilitate solution.

When designing such a structure, it is first necessary to

determine the direction in which the structure will sway at fail-

ure. Filgure 9 was pregsented to aid in this selection. Having
determined this, it i1s then possible to proceed with the design

in the same manner as in Ref., 2.

For each of the design examples, a mill bullding and a
"saw-tooth" type multiple span frame, the full range of possible
design situations (i.e., relative member sizes) were considered.
That particular solution which corresponds to the least total

weight of structure was then determined.
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D(Dy,Dy)
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VI. NOMENCLATURE

non-dimensional parameter, relating the height of
the shorter column to the span length

non-dimensional parameter, relating the rise of
rafter to the span length

function value

non-dimensional parameter, relating the fully plastlc
moment values of two spans,

numbers denoting members

distributed vertical load per unit length

anticipated distributed vertical load per unit length

non-dimensional parameter, relating the horizontal
force acting on a gtructure (or the-hypothetical
"overturning" moment of one part of a structure
on the adjacent part) to the vertical loads. It
is assumed that "A" results in positive work
being done as the structure falls.

constant

non-dimensional parameter, relatin% the horlzontal
resisting force or hypothetical M"over-turning"
moment acting on a structure to its vertical
loading., It 1s assumed that "D" results in
negative work being done as the structure fails.

horizontal reaction

span length; length measurement

bending moment

fully plastic moment value

concentrated load

vertical reaction

weight per unit length of a structural member

external work agsoclated with a virtual displacement
of an assumed mechanism
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VI. Nomenclature (contd)

internal work associated with a virtual displacement
of an assumed mechanism

Wint

CX(<Xl,u2) non-dimensional parameters, defining the distance to
the plastic hinge in the rafter of a structure

¥ non-dimensional parameter, relating the distributed
horizontal load per unit length to the distributed
vertical load per unit length

0(01,0)) virtual rotations

R weight function
f, M non-dimensional parameter, relating the horizontal
force or hypothetical "over-turning" moment acting

on a structure to its vertical loading
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VIII. APPENDIX: SUMMARY OF IMPORTANT EQUATIONS
1.
 bL
al,
2,_JL._
DwL
2
M b :
Moo 1| o) { (1B (aso)-D )
wL® 2 b
2+ (7)) (1+R)
243 bp’E{lDA(lb}l
+ +De +3
A ba l*ﬁlia bl a)']-l . . .for%>0‘
a (242)?
1=A+D
d = 2 ] o ° - ° ° o o ° . e o ° o ) . . . .fOl" % =
2.
wL?
2
b
Mp 1 | A(1+3)-D
wL® 2 2+73
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3.
s
LLO
LZ
AR
2
M \ e}
po_ 1| (- {A-D(1+a)+°<}
12 2 b
w 245 (1-0)
2 b b 1
A =1-D 1+§-[~D(l+'é)+l] - e e e e e e .for-lz>o
a 2 _ a
_|1=A+D
d—.[ 2 . o L] L ] L ] . L ] . . 0for%=
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IX.

DESIGN CHARTS
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FIG. 22 - DESIGN CURVES FCOR. PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE HIGHER SIDE

- DETERMINATION OF MEMBER SIZE
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FIG. 23 - DESIGN CURVES FOR PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE HIGHER SIDE

DETERMINATION OF MEMBER SIZE
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FIG. 2y - DESIGN CURVES FOR PINNED-BASE, LEAN-TO
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DETERMINATION OF MEMBER SIZE
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FIG. 25 - DESIGN CURVES FOR PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE HIGHER SIDE

DETERMINATION OF MEMBER SIZE
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FIG. 26 - DESIGN CURVES FOR PINNED-BASE, LEAN-TO

FRAMES SWAYING TO THE HIGHER SIDE
DETERMINATION OF MEMBER SIZE
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FRAMES SWAYING TO THE HIGHER SIDE
DETERMINATION OF MEMBER SIZE
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FIG. 28 - DESIGN CURVES FOR PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE LOWER SIDE

DETERMINATION OF MEMBER SIZE
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FIG. 29 - DESIGN CURVES FOR PINNED~-BASE, LEAN-TO
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FIG. 30 - DESIGN CURVES FOR PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE LOWER SIDE

DETERMINATION OF MEMBER SIZE
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FRAMES SWAYING TO THE LOWER SIDE
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FIG. 35 - DESIGN CURVES FCR PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE HIGHER SIDE

LOCATION OF PLASTIC HINGE
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FIG. 36 - DESIGN CURVES FOR PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE HIGHER SIDE

LOCATION OF PLASTIC HINGE
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FIG. 2 - DESIGN CURVES FOR PINNED-BASE, LEANmTO
FRAMES SWAYING TO THE LOWER SIDE y

LOCATION OF PLASTIC HINGE
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FIG. }3 - DESIGN CURVES FOR PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE LOWER SIDE
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Chart 10b

FIG. Ul - DESIGN CURVES FOR PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE LOWER SIDE

LOCATION OF PLASTIC HINGE
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FIG. L6 - DESIGN CURVES FOR PINNED-BASE, LEAN-TO
FRAMES SWAYING TO THE LOWER SIDE
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FIG. ;7 - DESIGN CURVES FOR SINGLE-SPAN,
PINNED-BASE, LEAN-TO FRAMES

LOCATION OF PLASTIC HINGE
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