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ABSTRACT

An analytical procedure for the determination of the
vehicle-induced dynamic response of highway bridges is presented.
The equations of motion are established using the Finite Element
Method and then numerically integrated with a Runge-Kutta scheme.
‘  The analytical results are given in the form df deflection and
moment time histories. Comparisons are provided between the

analytical solution and the available experimental data.




1. INTRODUCTION

A bridge superstructure will respond to a moving load
in a Qibratory manner. The induced dynamic behavior produces a
response spectrum indicating stresses and deformations which may
be greater or less than that of the static load case for a given
configuratioﬁ (Ref. 1H).

The oscillatory nature of the dynamic resﬁonse will in-
duce higher stress ranges andlcorrespondingly reduce the fatigue
life of the structure.

A dynamic analysis will reveal if.a particular bridge
design is "psychologically” unsatisfactory. If the motion of the
bridge can be felt by the motorist or the pedestrian, then‘an'ad~
verse public reaction‘may result.

In earliér studies the entire bridge superstructure,
which is composed of several girders and a slab, has been ideal-
ized as a single beam for the analytical defefminatioﬁ of the
dynamic response. The model consisting of one single béam is‘as—
signed mass and stiffness properties which afe assumed to reflect
the actual superstructure. This report presents a pilot study on
bthe.vehicle induced dynamic behavior of bridge superstructures
using the finite element method.

. Advantages of the finite element method over the\single

beam method are the following:




1. A more realistic model is obtained which treats the en-

tire cross section as a plate with several stiffeners.

2. The dynamic behavior of the superstructure can be ob-

tained in both iogitudinal and lateral directions.
3. The individual beam behavior can be investigated.
. The slab response is obtained.

5. The interaction between the various beams and the slab

may be studied.
6. Dynamic load distribution factors can be predicted.

Computer generated moment and déflection time his-.
tories are presented. Contour plots of moment and deflection at
specific‘times are also included to illustrate the response char-
acteristics of the entire superstructure. A comparison is then
made between fhe field test data from a full-scale inservice

bridge and the reported analytical approach.
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2. EQUATIONS OF MOTION

The time dependent displacement of a structure can be
defined as a product of a displacement function dependent on the

position (x,y) and a time function,

WEGY,E) = wlGy) R(D) | ™

The displacement function, w(x,y), can be represented by the

series

b

W (X, y) ='_z AJE; (X,Y) )
1=1 .

where Ai are constants to be determined. Proceeding with an en-

ergy approach, expressions for the kinetic energy, stain energy

of bending, potential energy of the transverse loads, and the en-

ergy dissipation due to viscous damping can be obtained (Ref. 1).

Application of the Lagrangian approach to the Lagrangian-Energy

function leads to the equations of motion:

[M] {vii} + [M] {vr} + [K] {wR} = {F (x,y,t) ] ‘ (3)
where [M] = total structural mass matrix
[M] = ‘total dampingbmatrix
[K] | = assembled stiffness matrix
R = time function
{3 = nodal‘point diéplaeemenf vecfdr‘

{P'(x,y,t)} nodal point force vector

i




3. STRUCTURAL AND VEHICULAR IDEALIZATION

'3.1 Bridece Idealization

For the development of the reported approach an existing
bridge, Lehighton Bridgé*, is utilized. A detailed description of
the Lehighton Bridge is given in Fritz Engineering Laboratory
Report No. 349.4 (Ref. 14) . The superstructure éonsists of three
71 ft. 6 in. length simply supported spans with 90° skew. The re-
inforced concrete bridge slab has a minimum nominal thickness of
7-1/2 in. and is supported by six 24/U45 prestressed concrete
I-beams with center-to~center spacing of 6 ft. 9 in. Elevation,
cross section, and slab details are shown in Figs. 1 through 3,
reépectively. In the reported study, interest is focused on the
vehicle induced dynamic response of the center span of the bridge.

Bridge surface irregularities tend to incrase the
dynamic effect of the moving load. In previous analytical studies
the entire bridge span was modeled as a single beam (Refs. U4,5,15)
where various éine and parabélie bfidge surface variétions have

been assumed. Experimental studies have been conducted including

the effects of the approach profiles, bridge surface, énd local
disturbances (Refs. 3,4,14). 1In the present analysis the road

surface is assumed to be free of irregularities.

* Located near Lehighton, Pennsylvania, carries L.R. 164-8 over

Pohopoco Creek.

o=l




Damping to some degree is present in the bridge sys-
tems. Experimeﬁts carried out on prestressed concrete bridgeé
indicated that damping is negligible (Refs. 4,8). 1In this study
‘the damping matrix is assumed to be a null matrix.

.In accordance with the Finite Element Method, the bridge
superstructure was discretized utilizing a mesh consisting of
20 slab elementsrand 24 beam elements connected at the node points
as shown in Fig; . Each prestressed concrete I—beambwas divided'.
léngitudinally into 4 beam elements. A slab element occupied the
entire lateral distance between each set of I-beams and extended
one~fourth of the length of the bridge in the longitudinal direc-
tion. The structural idealization has 30 node points with 3.un~
known displacements (vertical displacement and rotations about x
 and y axes)  per node, making a total of 90 degrees of freedom.

The bridge slab was modeled using a Quadrilateral Ele-
mént, known as Q-19, assembled from four linear Curvature Compat--
ible Triangular elemenfs, known as LCCT. Defailed descripfion'of
the derivatioﬁ of the plate finite elements can be found in Ref.
2. In this study the emphasis is placed on the application of
this elemenf to dynamic problems. Only a brief outline of major
concepts is presented. The LCCT Element with 12 degrees of free-
dom, designated as LCCT-12, is composed of three subelements, as
shown in Fig. 5a; The subelement displacement field is described

by the 10 term cubic polynomial




2
w(ix,y) = A+ Agx + Asy + A&x + Asxy + Asyz

oAy 4 Ay ? E
A+ Ay SVt ALy | ()

Reduction of the LCCT-12 element with 12 degrees of freedom to an
LCCT-11 element with 11 degrees of freedom may be accomplished by
assuming the slope at the midpoint of the extefnal edge to be an
average of the two élopes at the adjacent node points. Four
LCCT~11 triangular elements are then assembled to form a quadri-
léteral, as shown in Fig. Sb,’having 12 external degrees of free-
dom and 7 internal degrees 6f freedom.

It has been reported that little is to be gained by
using the consistent mass model over the lumped mass model
‘(Ref. 2) . The lumped mass model is used and forms a diagonal
matrix where the contributions to each node point by the bridge
slaﬁ, beams, parapet section, curb section, and truck are con-
sidered (see Appendix).

The Finite Element program that was used éonsidefs only
symmetrically stiffened plafes. Obviously the beam-slab system
of the bridge does not fall into this category. To overcome this
handicap a modified beém stiffness was used which was approxi-
mated as the moment of inertia of the composite section about its

gravity axis.

3.2 Vehicle Idealization

The vehicle may be idealized as a system of springs,
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dash-pots and masses as sho&n in Fig. 6a (Refs. 4,5,12,13,15).
Experimental vaiues for the tire-spring, suspension-spring, ana
damping characteristics for certain vehicular systems have been
reported (Ref. ).

A constant force model was adopted, whereby the force
exerted by each tire was assumed to remain constant for the en-
tire run time. Each wheel group was idealized as a concentrated
load, and is lineafly distributed to the nearest node points.
The front, drive, and rear axle groups applied a total constant
force of 10.2 kips, 32.2 kips, and 32.67 kips respectively with
whéel spacing as shown in Fig. 6b. This model simulates the

AASHO HS 20-44 design vehicle.




4. NOUMERICAL INTEGRATION

The Fourth Order Runge-Kutta numerical integration
scheme with Runge Coefficients i1s used to integrate the equations
of motion (Eg. 3) and obtain displacements of node points for
parfidular time values (Ref. 7). Pilot studies carried out on
small dynamic models using Runge~Kutta and Newmark’s B-parameter
- (Ref. 9) integration techniques have shown that the Runge-Kutta
approach is more efficient; consequently this approach is used
throughout the investigation. The Runge-Kutta scheme is appli-
cable to initial value problems and in the present application
initial displacement and velocity fields are prescribed.

Equation 3 may be written as
Ml {vR) + [x] {wR} = {re)} o (5)

in which the damping contribution has been neglected. Rearrange-

ment of Equation 5 yields
3 =™ {ir? - [x] {w} (6)

{w} is the nodal point displacement wvector e@ual to {vR} and {W
indicates the nodal accelerations.
An advantage of using the lumped mass model is that the

inverse of [M] is a diagonal matrix where



(w0 . .o |70 [am, o .. 0 |
0 Mgy - 0 0 /My . 0
0 = .. 0
. . .0 ) : .. 0
0 0 0 0 My 0 0 0 0 1My
— = = m

Equation 6 in expanded form may be expressed as

W= 1My [F) -k wy =k wee. =k pwd
W, = 1My, [F, - Kgy wy = Ky wye. = kg pw]
Wy = 1Mo []:"N -~k w, o=k W ... —-kNNWN], (3

Ni 1 Nz =2

The determination of the dynamic response of the bridge
superstructure, which is mathematically modeled by Equation 8,

- - . ¢ -
entails the following computational steps:

1. Assemble the stiffness matrix, [K], utilizing the finite

element‘technique.

2. Define a time interval, H, such that the numerical sta-

bility and accuracy requirements are met.

3. Define an inifial displacement and velocity field for

time t.

4. Compute vector {kl} where




{x,} = %2 1™t {E) - k] {wd ) (9)

-1

[M]

and {F}] are evaluated at time t and {w} is the dis-

placement vector for time t.

5. Compute vectors {kz} and {ks} where {ks} equals {kg} and

(b =B g™ e -0 { Gl e Bt e 200 Qo)

[M]™* and {F} are evaluated at time t + a1,
2

6. Compute vector {ké} where
O =3 07 {0 - God e mGad o+ O an

-1
[M] = and F are evaluated at time t + H.

7. Compute the new displacement vector for time t + H where
fuesm} = lum} + nlamd + 4 {OG) +{x) + 0} 12

8. Compute the new velocity vector where

1

lw+ml = vl + e

{0 2l + 20} +{1,3 @3)

9. Go to step U4 and repeat procedure to obtain the displace-

ment and velocity vectors for succeeding time intervals.

~10-




Initial trial runs were made to determine the maximum
time step size that could be used without causing numerical in-
stability in the integration scheme. A one milisecond time step
size was used after observing that a smaller step size of .5
miliseconds did not result in any appreciable change in the re-
sults.

Computer time required to solve the problem depends on
the vehicular speed. Analysis of the superstructure with the
vehicle traversing at 50 mph required 866 central processing
seconds and 1,055 peripheral processiﬁg seconds for 1,500 Runge-
Kutta integration cycles. Generation and printing of the nodal
point forces, the dispiacements, the element internal moments and
the nodal moments averaged over the plate element are included ih
the computer time. Above figures were obtained at the CDC-6400
installation at Lehigh University Computing Center. If is re-
cognized that different cbmputing systems will have different

time requirements.

4.1 Damped Vibration

Damping can easily be incorporated into the solution
~scheme. - The equations for {kl}, {kg}, {ka} and {ké} can be modi~

fied according to the following relations
H -1 = e | ‘
(k) =3 [ { {8} - [x] {wd - [ {wd } W
[M] and {F} evaluated at time t

11~




o) =5 0™t {E - {ed s B s E oot

i} (M1 { {w +%— {x 3} (15)

[M] and {F} evaluated at t +

nom

o) =4 007t {0 - {G s

NSl

i)+ (0}

- M) {6+ & g e

[M] and {F} evaluated at t + %

2

{3} = 5™ e - (k] {{w}d + 1 (&) + {33}

B

-0 {8+ £ Gl (17)

[M] and {F} evaluated at t + H

The new displacement and velocity vectors for time t + H can be

calculated using Eguations 12 and 13.

L,?2 Condensed Matrix Formulation

If the system may be satisfactorily modeled using a
smaller number of degrees of freedom per node, then it is advan-

tageous to reduce the total number of degrees of freedom prior to

-12-



the integration of the equations of motion. Analysis could be
undertaken assuming that rotational inertia terms contribute a.
negligible amount to the dynamic behavior of the system. The
mass matrix will be singular if the rotational inertia terms are
set equal to zero. It will not be possible to find the inverse
" of the mass matrix unless a condensation process is employed.

The condensation process can be accomplished as follows.(Ref. 10) :
1. The equations of motion are
[M] (%} + [x] {w} = {£} (18)

2. Partition the system so that the zero mass terms are

separated,

[KPP] [Kpo] {wp} [MP] [o] {%}P} f{PP}
o + ©(19)
[K,p] [K ] {w } [ 0] L[o] R (r )

Il

3. TForm two separate sets of equations,

(K] {wp} K] Lu )+ (] {B&P} - £FP} (20)
(k) wd s (k) {w} =(F] (21)

b, Solve for {wo} from Equation 21,
{wo} = [KOO]“L {{PO} - [I(OP] {wp}} (22)

-13-



5. Substitute {wo} from Equation 22 into Equation 20 and

solve for the acceleration,

. -1 . ' -1
{wp} =[] {{PP} - LK) {wP} - [k, 1 IR {r ]

+ [KPO] [1&00]*l [Kyp {wp}} (23

The condensed set of egquations of motion can be solved

using the following procedure:

1. Obtain a solution for {wp}'by applying the Runge-Kutta

procedure to equation 23.
2. Substitute {WP} into Equation 22 and éolve for {wo}.
3. Increment the time and start a new cycle.
- It is not necessary to solve for the displacements as-
sociated with the zero mass terms if only the displacements as-
sociated with the non-zero mass terms are of interest. Thus, the

Runge~Kutta integration procedure need only be applied to

Equation 23.

1l




5. RESULTS

Theoretical analyses were made for the following cases:

Truck Position Speed

Lane 3 25 mph
Lane 3 50 mph
Lane 3 300 mph

Lane 5 50 mph

Beam and lane numbering are shown in Fig. 4. A non-dimensional
distance or time factor, defined by either the ratio of (front-
wheel distance)/(bridge length) or the (time of front-wheel
travel) /(time for front-wheel to cross the bridge), is used to
locate the truck position. Displacements in the upward directioh
and moments that produce tension on the bottom fibers are con-
sidered positive. Table 1 gives a summary of the diéplacement

and bending moment plots which are of the following types:

1. Displacement or Bending Moment Time Histories (D.T.H. or
B.M.T.H.) which are response traces of a group of node
points or of a single node point while the truck travels

across the bridge.

2. Beam Displacement Diagrams for various load positions

(D. Diag.).

3. Bending Moment Diagrams for various load positions (B.M.

Diag.) .

~15-



4. Midspan displacement diagrams.
5. Midspan bending moment diagrams. -
6. Contours of displacements.

7. Contours of beam bending moments.

5.1 Lane 3 Runs

Figures 7 through 30 show the displacement and bending.

moment time histories for the 25 mph and 50 mph cases of the
nodal point groups (2,3,%), (7,8,9), (12,13,1%), (17,18,19),
(22,23,2W), and (27,28,29) representing points on beams F,E,D,C,B
and A as shown in Fig. 4. The dynamic and static nodal poiﬁt
responses are plotted on the same graph so that comparisons are
easily made. The dynamic response appears as an almost symmetric
oscillation about the smooth static response curve. At a dis-
tance ratio of 1.467 the rear axle of the vehicle leaves the
bridge span and the static response becomes zero. The dynamic
oscillations still persist and the analysis is stopped at approxi-
mately a distance ratio of L.5. The period of forged‘vibration
‘for the 25 mph case and 50 mph cése are approximately equal. It
should be noted that the figures corresponding to 25 mph cover a
:time span of approximately 3 seconds. Those referring to SO_mph.
cover approximately 1% seconds.

The maximum computed deflection occurs at the miéspan
node points for the grid used for any parficulaﬁ truck position

" and beam as can be seen in Figs. 7,8,11,12,15.,16,19,20,23,24,27

—-16~




and 28; The maximum computed beam bendingvmoments occur atrthe
midspan node points for the grid used, as can be seen in Figs.
9,10,13,14,17,18,21,22,25,26,29 and 30. As expected; the point
of maximum moment in those beams under the wheels moves along the
beam as the vehicle moves across the bridge (Figs. 21,22,25 and
26) . The points of maximum computed beam bending moments and

_ eorresponding distance ratios can be tabulated as follows:

Points of Maximum Moment ‘ Distance Ratio
Nodes 17 and 22 0.0 to 0.51
Nodes 18 and 23 | 0.51 to 1.07
Nodes 19 and 24 1.07 to 1.467

Beams A,B,C,D and E have maximum deflections in the
downward direction and maximum moments which produce tension in
the bottom fibers. Beam F deflects upward and is under negative
bending moment producing tension in the top fiberé. This is
caused primarily by the unsymmetrical lane 3 loéding and the ﬁage
nitude of thé curb~beam stiffness which was twice the-vaiue used
for an interior beam. The largest value from the envelopes of
maximum moment and deflection are loeated‘at midspén.‘ Figures
31 through 34 compare the maximum midspan response of all the
beams. Maximum static responses occur at a distance ratio of
0.738 for the midspan node points, while the maximum dynamic re-
sponses occur between 0.707 and 0.83i depending on the particular

node point and the vehicular speed involved.

-17-




The maximum deflection and moment of the bridge occurs
at ﬁode point 25, located at the midspan of beam B, followed by
node points 18,28,13,8 and 3 arranged in a decreasing order of
magnitude. The value of the negative moment at node point 3 on
the curb beam is approximately‘f% the magnitude of the‘maximum
moment at node point 23, while the deflection is g%‘the maximum
deflection at node point 23.

Figures 35 through 38 show fhe response of node pOint 3
for the 25 mph and 50 mph lane 3 cases plotted in an enlarged
scale. A dynamic response with larger amplitudes are present
for the 50 mph case as compared to the 25 mph run.

Figures 39 and H0 show the influence of excluding the
(Adg) term of the composite section on the displacement time
history of node points 23 and 3. Reducing the stiffness by as-
sumingvthe modified beam plate superstructure to be symmetrically

stiffened changes the deflection time histories as follows:

1. Node point 23 - Fig. 39
a) Deflection increase of U0%
b) Frequency decrease of 25%

2. Node point 3 - Fig. U0
-a) Static deflection shape reversed into the negative

range

b) Decrease in static deflection of 50%

c¢) Increase in dynamic deflection of 250%

~18-



d) Decrease in frequency of 38%

A critical velocity of approximately SOO-mph was cal-
culated considering the entire bridge structure as a single beam
(Ref. 8). Figures UL through Ui show the displacement and bending
moment time histories of the midspan node poinfs for the 300 mph
lane 3 léading.' The dynamic load factor associated with the maxi-
~ mum deflection is 1.56 as opposed to 1.07 for the 25 mph and 50
mph cases. |

Figures U3 and U4 show the reéponse time histories of
node point 3 for the 300 mph lane 3 case plotted in an enlarged
scale. Nodal point 3 moves through one complete cycle while the
truck is on the span and has an amplification factor eﬁual to 2.49.

Figures 45 through 50 are plots of beaﬁ B displacement
- and bending ﬁoment diagrams. The diagrams are numbered in time
sequence with a distanée ratio interval between the diagrams ofl
0.1231. The figures include static lane 3, 25 mph lane 3, and
50 mph lane 3 cases. Figures U7 and 48 show beam B deflected up-
ward and subjected to a negative internal‘moment.

| The deflection and moment diagrams for the maximum dyna-
mic stafe and the static state of beam B and the’dynamic state of
beam F are plotfed for comparison in Figs{ 51.,52,53 and 5.
These figures correspond to the 25 mph lane 3 case at a distance
ratio of 0.738 and the 50 mph lane 3 case at a distance ratio of

0.707 respectively.

-19-




Figures 55 through 60 show the midspan deflection and

- moment diagfams~for the static lane 3, the 25 mph lane 3, and

the 50 mph lane 3 cases. The diagrams are numbered in séquenee
with a distance ratio interval between the diagrams of 0.1231.
Node point 3 is located on the extreme left-hand side of the
plots with node point 28 located on the right-hand side. Maximum
deflection and moment occurs at node point 23 on beam B excépt
Ffor the case wheﬁ the‘node line has a convex deflection shape up-

wards as shown in Figs. 57 and 59.

5.2 Lane 5 Runs

Fifty mph lane 5 plots are shown in Figs. 61 through 8.
The lane 5 loading is symmetrical about the center—liné of the
bridge. However, due to the absence of a curb and parapet sec-
tion on one side of the bridge non-symmetric response develops.

Figures 61 through 72 show the displacement and bending
moment time historieé of beams F,E,D,C,B and A. As indicated in
the discussion of lane 3 runs, the dynamié response appears as én
almost symmetric oscillatioﬁ about the smooth static respénse;‘
The maximum deflection of the beams occurs at midspan regardless
_bf truck position. The maximum moment of beams A,B,E and F,
which are not directly under the wheels, occur at midspén. The
points of maximum computed beam bending moments énd corresponding
distance ratios for beams C‘and D which‘afé directly under the

tpuck wheels can be tabulated as follows:

~20-



Points of Maximun Moment Distance Ratio

Nodes 12 and 17 ‘ 0.0 *to 0.51
Nodes 13 and 18 0.51 to 1.07
Nodes 14 and 19 ©1.07 to 1.467

The midspan beam deflection and bending moment time
histofies are plotted in Figs. 73 and 74. The maximum response
occurs at node 18 on beam C.  This is expected because node point
13 is influenced to a greater extent than node point 18 by the
additional stiffness provided by the curb and parapet section.

The maximum deflection of beam F is f% of that of beam C. Thefe
is a pronounced difference between the dynamic response of beams
A and F. This difference is due to the existence of the curb and
parapet section over beam F only. All nodal deflections are in
the downward sense and nodal moments produce tension‘in the bot-
tom fibers, except where dynamic oscillations near the end of the
run produce positive deflections and negative moments.

Deflection and moment diagrams for beam C are plotted
for distance ratio intervals of 0.1231 in Figs. 75 through 78, -
corresponding to the static and 50 mph lane 5 runs.

The deflection and moment diagrams at distance ratios
of 0.707 and 0.676 for the maximum dynamic response and the static
response of beam C and the dynamic response of beam F are given in

Figs. 79 and 80. Figures 81 through 84 present the midspan de-
flection and moment diagrams corresponding to static and 50 mph

lane 5 runs.

21~




5.3 Contour Plots

Displacement and beam bending moment contours are plot-

ted in the figures enumerated below: | ‘

Figure ‘ ‘ Case
85 through 92 25 mph - lane 3
93 through_lOO 50 mph - lane 3
lDlrthrough 108 50 mph - lane 5

Contour values corresponding to the contour symbols used in the

plots are given in Table 11.

Contours for the maximum displacement and bending'mo~
ment states are shown.in Figs. 85,86,93,9@,101 and 102 for the
three cases. Contour displacement sequences and corresponding
bénding moment seqﬁences as the rear axle leaves the bridge are
presented to illustrate the bridge vibration charaqteristics as
the response of the superstructure approaches the sfate of free
vibration. From the displacement contours, it is apparent that
the bridge deck vibrates in‘elliptical disﬁ shaped patterns with
:the major axis of the ellipse paraliel to the bridge axis. This
is expected since this shape corresponds to the first mode of a
"plate. A line parallel to the major.axis of the ellipse is also
seen to éorrespond to the first modal Shape of a simply supported

beam.
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6. COMPARISON WITH EXPERIMENTAL RESULTS

The analytical (computed) results are compared to the
Lehighton'Bridge field test results (Ref. 1M). Experimental and
analytical static deflection and moment values for the transverse
midspan node points are listed in Table 2. - The maximum static
lane 3 computed deflection is -0.12HL in. at node 23 with a.cor~
responding moment of 3350 in-kip while the field test indicated a
maximum deflection of -0.090 in. with a moment of 3530 in-kip.
The maximum static lane 5 computed deflection and moment are
~0.1185 in. and 3251 in-kip occurring at node.lS whiie the ex—:
perimental maximums are -0.078 in. and 3401 in-kip occurring af‘
node 13.

The ratio values which are defined'és the analytical
(computed) results divided by the experimenfal results are listed
in Table 3. They indicate that the computed moments are much‘
closer to the experimental values than the computed deflections.
The'computed moments have an average errorlof 10% while the com-
puted deflections have an average error of 40%.

Theoretical results show beamrP deflecting upward fdr a
~lane 3 loading, as in the case of an experimental lane 2 load,
buf opposite to an experimental lane 3 loading. ©Node 3 deflection
ratio values of -0.67 and 0.43, corresponding to lane 3 and lane
5-ioads respectively, indicate that the étiffnéss of beam T has

been overestimated. Beams A,B,C,D and E exhibit deflection
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ratios greater than 1.0 which indicate that the stiffness has
been underestimated.

The neutral axis position and the degree of end re-
straint vary with the load position in the actual structure
(Ref. 1, 14). Considering beams away from thé loaded lane shows
that the position of the neutral axis falls closer to that of the
basic section as the distance from the loaded lane increases.
This is reflected in the deflection ratio values which change
with the location of the loaded lane and beam position. The de-
flection ratios for a particular beam should decrease as>the dis-
tance between the loaded lane and the beam in question increases.
This ié shown in Table 4 where the deflection ratio values of
beams A and B decrease while those of beams D,E and F increase
when going from the lane 3 to lane 5 loading.

The midspan dynamic response er deflection (DEF) and
moment (Mom.) with the corresponding dynamic load factors, (DLF)(i
and (DLF)m, for lane 3 and lane 5 speed runs are listed in Tables
b and 5 respectively. The total dynamic ioad factor, as defined
in Table W, provides a measure of the overall‘dynamic amplifica-
tion. Beamé which are not directly under the load tend to have
higher amplification faetbrs than those beams directly under the
load. It should not be inferred from this that the maximum dyna-
mic stress necessarily occurs at the beam with the maximum ampli-
fication factor. The maximum stress is, of course, a functibn of

the maximum live load stress as well as the amplification factor.
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The computed and experimental dynamic load factors for
deflection and ﬁoment are listed in Tables 6 and 7. The experi-
mental cases differ from the theoretical cases where noted. ALl
computed amplification factors were greater than 1.0 while 16 out
of the 36 experimental values were less than 1.0. The computed
amplification factors were always maximum fof beam F. This was
usually the cése for experimental results, although not always.
Unlike the edgé beams, the interior beams did not exceed the
AASHO,impact factor in both experimental and theoretical analyses.

Experimental and computed moment distribution éoeffi—
cients are reported in Tables 8 and 9 for lanes 3 and 5 respec-
tively.- Moment distribution coefficients for the static lane 3

and lane 5 cases are plotted in Figs. 109 and 110. The largest
discrepancies occur at beam F.

Experimental deflection time histories are shown in
Figs. 111 and 112 for node 23 on beam B and in Fig. 113 for node
13 on beam D. These figures éorrespond to the loading cases of
24,4 mph lane 2, 52.6 mph lane 2, and 54.5 mph lane 6 respec-
tively. Inaccuracieé may exist in the horizontal time scale of
the figures due tQ‘the uncertainties involved in réading the ex-
perimental oscillograph traces. All three figures show the ten-~
dency of the dynamic response to oscillate around the static re-
sponse curve in an irregular manner. An irregular response time
history,.which corresponds to the actual behavior, could be ana-

lytically obtained by using a spring~masé vehicle system rather
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than the coﬁstant forcé system which gave a symmetric response
about the static deflection curve.

Frequencies of vibration are listed in Table 10. The
natural unloaded frequency of vibration was estimated by consider-
ing the entire cross section of the superstructure as a single
beam (Ref. 8). Experimental and theoretical loaded frequencies
were calculated by finding the average loaded frequency of vibra-
tion of beaﬁs B or D, corresponding to a lane 3 or a lane 5 load-
ing respectively.

For lane 3 loading, the estimated natural freqﬁency,
(see Table 10) gives a higher value while the theoretical loaded
frequencies based on the finite element technique give a lower
estimate to the experimental loaded fregquencies. For lane 5
loading both the loaded theoretical and estimated natural fre-
quencies form a lower value to the experimental frequency. It
may be noted that the lumped mass matrix idealization, as used in
the reported study, may give either an upper or lower estimate to
the true frequency of vibration depending on the particular pro-

blem (Ref. 2).
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7. CONCLUSIONS AND RECOMMENDATIONS

A procedure for the dynamic analysis of highway bridges
using the finite element method has been presented. The finite
. element program that was used in the theoretical analysis is ap-
plicable to symmetrically stiffened plates. Eccentricity of.the
. beams was incorporated by the employment of a modified beam
stiffness as mentioned in Section 3.1. |

Comparisons between the experimental and theoretical
behavior indicate differences of U40% for beam deflections and 10%
for beam moments. The assumption of a constant force vehicle
model rather than a spring-mass vehicle model produced almost sym-
metrical dynamic oscillations around the static response curve,
unlike the more irregular experimental oscillations. Differences
between the theoretical and experimental frequencies ranged from
U% to 28%.

Possible future research may include the Ffollowing:
1. Idealization of the vehicle as a spring-mass system.

2. Modification of the finite element program to include
‘unsymmetrically stiffened plates in a more refined

manner.

3. Assessment of theveffect of bridge end restraint, such

as the neoprene pads, on the dynamic behavior.
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Assessment of the effect of neglecting the rotary inertia

terms in the Fformulation of the equations of motion.

Evaluation of the effect of vehicle position on bridge

properties.

Investigation of the effect of discretization on the

static and dynamic results.
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8. APPENDIX - MASS MATRICES

A. Interior Slab Element

(—'-

The lumped mass contribution to node i, j, k, or 1:

M 0 0|
w
1
E 0 Imx 0
0 0 Im
— x—“'
Mw = p a b ‘t

Imx = p b I

Im = a I
y P



where

B. Beam Element

the

the

the

thé

the

the

density

x dimension
y dimension
thickness

moment of inertia avound the x-axis

moment of inertia around the y-axis
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The lumped mass contribution to node i and j:

(M 0 0 7
W
1
5 0 Im 0
' 0 0 Im
, =P vol
Im = p b Ix
Im = p b J
where vol = the volume
J = the polar moment of inertia
C. Truck

The lumped mass contribution to node i:

[t . 0 0

0 0 0|
0 0 "0
L -

MB); = (Ft/g),

where Ft the external truck force at node i

1l

the acceleration due to gravity

ije
1l
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TABLE 1 SUMMARY OF RESPONSE FIGURES

Beam (Nodal Points)

F(2,3,4)

E(7,8,9)

D(12,13,14)

c(17,18,19)

B (22,23,24)

A(27,28,29)

Description of Figure

.
.

wwo o

z?aé

.
.

s=RlesBwlw)

B

.
* e
« e

HHEEE BamE Aaeams

Www oo

.
.

.
.
. .

R ERRERAaAa ZEea

.

[s-Mee BN w]

[s=Mve v N o)
o=

.
.

zzaﬁ 2 3 e

.
.

.
.
.

o

HHEIoDTD HEDE HHE I

Wwog

Case: MPH - Lane

25 -3
50 -3
25 -3
50 -3

25 -3
50 -3
25 -3
50 -3

25 -3
50 -3
25 -3
50 -3

25 -3
50 -3
25 -3
50 -3

25 -3
50 -3
25 -3
30 -3

- 25-3

50 -3
25 -3
50 -3
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Figure

31
32
33
34

35
36
37
38

39
40

41
)
43
L

45
16
7
us
49
50

TABLE 1 SUMMARY OF RESPONSE FIGURES

Beam (Nodal Points)

(3,8,13,18,23,28)

F(3)

B (23)
F(3)

(3,8,13,18,23,28)
(3,8,13,18,23,28)
F(3)
F(3)

B(21,22,23,24,25)

(Continued)

Description of Figure

Case:

25 -3
50 -3 -
25 -3
50 -3

25 -3
50 -3
25 -3
50 -3

300 -3
300 -3
300 -3
300 -3

Static -3
Static -3
25 -3
25 -3
50 -3
50 -3

MPH - Lane




TABLE 1 SUMMARY OF RESPONSE FIGURES

(Continued)

Figure Beam (Nodal Points) Description of Figure Case: MPH - Lane
51 D. Diag. Static and 25 -3
52 B and T : B.M. Diag. Static and 25 -3
53 D. Diag. Static and 50 -3
54 B.M. Diag. Static and 50 -3
55 ‘ . Midspan D. Diag. Static -3
56 o , Midspan B.M. Diag. Static -3
57 : Midspan D. Diag. 25 -3
58 (3,8,13,18,23,28) Midspan B.M. Diag. 25 -3
59 Midspan D. Diag. 50 -3
60 Midspan B.M. Diag. 50 -3
61 D.T.H. 50 -5
62 F(2,3,9 B.M.T.H. 50 -5
63 D.T.H. 50 -5
64 E(7,8,9) B.M.T.H. 50 -5
65 D.T.H. 50 -5
66 D(12,13,1%) B.M.T.H. 50 - 5
67 | D.T.H. 50 -5
68 C(17,18,19) B.M.T.H. 50 - 5
69 . D.T.H. 50 -5
70 B(22,23,24 B.M.T.H. 50 - 5
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Figure

71
72

73
74

75
76
77
78

79
80

81
82
83
84

85
86
87

89
90
91
92

TABLE 1 SUMMARY OF RESPONSE FIGURES

(Continued)
Beam (Nodal Points) Description of Figure Case: MPH - Lane
D.T.H. 50 -5
A(27,28,29) B.M.T.H. 50 -5
Midspan D.T.H. 50 -5
(3,8,13,18,23,28) Midspan B.M.T.H. 50 -5
. . D. Diag. Static -5
B.M. Diag. Static -5
c(16,17,18,19,20) D. Diag. 50 - &
B.M. Diag. 50 -5
D. Diag. Static and 50 -5
Cand F B.M. Diag. Static and 50 -5
Midspan D. Diag. : Static -5
Midspan B.M. Diag. Static -5
(3.8,13,18,23,28) Midspan D. Diag. 50 -5
Midspan B.M. Diag. 50 -5
Displ. at 0.738 25 -3
B.M. at 0.738 25 -3
Displ. at 1.4u6 25 -3
Displ. at 1.476 25 -3
(Contour Plot) Displ. at 1.507 25 -3
B.M. at 1.4u6 25 -3
B.M. at 1.476 25 -3
B.M. at 1.507 25 -3
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TABLE 1 SUMMARY OF RESPONSE FIGURES

(Continued)

Figure Beam (Nodal Points) Description of Figure Case: MPH - Lane
93 ' Displ. at 0.707 50 -3
oL B.M. at 0.707 50 -3
95 . Displ. at 1.415 50 -3
96 Displ. at 1.446 50 -3
97 (Contour Plot) Displ. at 1.476 . 50-3
98 B.M. at 1.u15° 50 -3
99 B.M. at 1.u44i6 50 -3

100 : B.M. at 1.476 50 -3
101 : Displ. at 0.707 50 -5
102 B.M. at 0.707 50 -5
103 Displ. at 1.446 50 -5
o4 . Displ. at 1.476 50 -5
105 (Contour Plot) Displ. at 1.507 50 -5
106 B.M. at 1.4u6 50 -5
107 : B.M. at 1.476 50 -5
108 ‘ B.M. at 1.507 50 -5
111 B (23) Experimental D.T.H. 2u.4 -2
112 B(23) Experimental D.T.H. 52.6 -2
113 D(13) Experimental D.T.H. 54.5 -6



TABLE 2 EXPERIMENTAL AND COMPUTED STATIC MIDSPAN
GIRDER DEFLECTIONS AND MOMENTS

Deflections. (in)

Beam Static - Lane 3 Static - Lane 5

(Node)
Comp. Exper. Comp. Exper.
A(28)  -.08u2 068 -.0186 -.026
B(23)  -.12ul -.090 -.0705 -.053
C(l8  -.1188 -.080 -.1185 -.075
D(13) -.o7oé -.052 -.1174  -.078
E(8) -.0260 -.021 ~-.0666 -.047
+.0027 -.004 -.0l04% -.024

F(3)

Moments (in-kip)

Static -~ Lane 3

Comp. Exper.
+2107. +1905.
+3350. +3530.
+3259.  +3168.
71879. +1922.
+699.  +772.
~150. +18L4,

Static - Lane 5

Comp. Exper.
+U465. +541.
+1887.  +1763.
+3251.  +30u48.
+3224.  +340L.
+1782.  +17u47.
- +572.  +1003.
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TABLE 3 STATIC MIDSPAN GIRDER DEFLECTION AND MOMENT RATIOS

Beam
(Node)

A(28)

B (23)

C(18) -

D(13)
E(8)

CF(3)

Average
% Error

Deflection Ratio

Moment Ratio =

Deflection

Lane 3

+1.2u0
+1.34
+1.48
+1.35
+1.24

-0.67

34.5

Computed Deflection

I

Experimental Deflection

Computed Moment

Ratio

Lane 5

+0.72
+1.33
+i.58
+1.51
+1.42

+0.43

4.8

Experimental Moment

Moment Ratio

Lane 3

+1.11
+0.95
+1.03
+0.98
+0.91

-0.82

8.0

Lane 5

+0.86
+1.07
+1.07
+0.95
+1.02

+0.57

13.0
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TABLE 4 LANE 3 COMPUTED MIDSPAN GIRDER DEFLECTIONS (DEF.), MOMENTS (MOM),

AND CORRESPONDING DYNAMIC LOAD FACTORS (DLP)1

25 MPH - Lane 3 50 MPH - Lane 3
Beam .o
(Node) DEF. (DLE) 4 MOM. (DLE) _ DEF. (DLE) 4 MOM. (DLF) _
(in) (in-kip) (in) (in-kip)
A(28) -0.0925 1.098 +2321. 1.102 -0.0910 1.081 +2282. 1.083
B(23) -0.1324 1.067 +3523. . 1.052 -0.1321 1.064 +3573, 1.067
C(18) -0.1260 . 1.060 +3345. 1.026 -0.1261 1.061 +3431. 1.053
D(13) -0.0751 1.010 +2011. 1.010 -0.0749 1.067 +2011. 1.070
E(8) ~-0.0287 1.104 +772. 1.104 -0.0289 1.108 +773. 1.106
F(3) +0.0036 1.334 -202. 1.3u47 +0.0046 1.704 -256. 1.707
Total®>®>* 1.076 1.06 1.075 1.08
(DLF)
1 (DLF) = Maximum Dynamic Response

Maximum Static Response

3 3
= 0.86 DA + Dp + DC + Dp + Dp + 1.4l DP (Ref. 2)

=¥ Dynamic DEF.
©¥ Static DEF.

® Total (DLE) ; =

Y Dynamic MOM.
% Static MOM.

* Total (OLF) =
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TABLE 5 LANE 5 COMPUTED MIDSPAN GIRDER DEFLECTIONS (DEF),
MOMENTS (MOM.), AND CORRESPONDING DYNAMIC LOAD FACTORS (DLF)

Beam
(Node)

A(28)
B(23)
C(18)
D (13)
E(8)
F(3)

Total
(DLF)

DEF.
(in)
-0.0242
-0.0756
-0.1246
-0.1225
-0.0791

-0.0152

50 MPH - Lane 5

(DLF) 4

1.301
1.072
1.051
1.043
1.188
1.461

1.1

MOM.
(in-kip)
+604.
+2029.
+3411.
+3334.
+1901.

+835. °

(DLF) _

1.299
1.075
1.0u9
1.034
1.067
1.460

1.08
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TABLE 6

Beam
(Node)

A(28)
B(23)
C(18)
D (13)
E(8)

F(3)
Total

1

EXPERIMENTAL AND COMPUTED DEFLECTION DYNAMIC LOAD FACTORS, (DLF)d

25 MPH - Lane 3

Comp.

(DLE) 4 ‘

1.098
1.067
1.060
1.070
1.104

1.333

1.076

Exper.l
(DLP)d

0.92
1.00%
0.93
0.92
0.73

1.99%

0.93

AASHO Impact Factor (1 +

.7

50 MPH - Lane 3

Comp.

(DLF) 4

1.081
1.06u4
1.061
1.067
1.108

1.704

1.075

Experimental was for 24.4 MPH - Lane 2

2 Experimental was for 52.6 MPH - Lane 2

8 Experimental was for 54.5 MPH - Lane 6

# These values were calculated by the authors and
are different from those reported in Ref. (2).

0.93

1.255

2

Exper.
(DLF)d

*

1.02

0.96
0.97
1.00

1.33

0.96

*®

50 MPH - Lane 5

Comp.
(DL]:“)d

1.301
1.072
1.051
1.043
1.188

1.461

1.10

Exﬁerla

(DLF)d
1.08
1.00
0.99
0.93
0.95

0.94

0.96
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TABLE 7 EXPERIMENTAL AND COMPUTED MOMENT DYNAMIC LOAD FACTORS, (DLF)m

Beam
(Node)

A(28)
B (23)
C(18)
D(13)
E(8)
F(3)

Total

"AASHO Impact Factor

25 MPH - Lane 3

Comp.
(DLI-‘)rn
1.102
1.052
1.026
1.070
1.104

1.347

1.06

Exper.l

(DLF) _

1.08
1.04
1.05
0.98
1.21

-4 24

1.07

=(l

50
* 155 1 T

50 MPH - Lane 3

Comp.
(DLP)m
1.083
1.067
1.053
1.070
1.106

1.707

1.08

. Experimental was for 25.8 MPH - Lane 2

2 Experimental was for 50.7 MPH - Lane 2

® Experimental was for 49.3 MPH - Lane 5

= 1.255

3
Exper.

(DLF)

1.06
1.05
1.03
1.02
1.21

~-2.24

1.06

50 MPH -~ Lane 5

Comp.
(DLF)m
1.299
1.075
1.049
1.034
1.067

1.460

1.08

Exper.3

(DLI-“)m
1.08
0.96
0.98
0.95
0.88

1.10

.97
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TABLE 8 EXPERIMENTAL AND COMPUTED LANE 3 MOMENT DISTRIBUTION COEFFICIENTS

Beam
(Node)

A(28)
'B(23)

c18)

D(13)
E(8)
F(3)

Distribution Coefficient

(Computed)

Moment x 100

~ ¥ Moments

Moment Coefficient x 100

Distribution Coefficient =

(Experimental)
Static
Lane 3
Comp. Exper.
18.4 16.6
29.3 30.7
28.5 27 .6
16.4 16.7
6.1 6.7
-1.3 1.6

T Z Moment Coefficients

25 MPH 50 MPH
Lane 3 Lane 3
Comp. Comp.
19.1 18.5
29.1 29.0
27.6 27.8
16.6 16.3
6.4 6.3
-1.7 -2.1




TABLE 9 EXPERIMENTAL AND COMPUTED LANE 5 MOMENT DISTRIBUTION COEFFICIENTS

Static - Lane 5

Beam

(Node) Comp. Exper.
A(28) - b2 h.7
B(23) - 16.9 15.3
C(18) » 29.1 ©26.5
D(13) 28.8 29.6
E(8) 15.9 15.2
F(3) 5.1 8.7

t Experimental was for U9.3 MPH - Lane 5

50 MPH -~ Lane 5

Comp. Exper.1 ,
5.0 5.2
16.7 15.2 ?
28.2 26.8 %
27.5 29.1
15.7 . 13.9
6.9 9.8
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TABLE 10 FREQUENCIES OF VIBRATION (CYCLES/SECOND)

Case

Source 25 MPH

1
Theoretical

(Single Beam Model) 5.7
Experimentala’3 5.4
2
Theoretical 5.2
(Finite Element) ‘
ﬂ EI
f (cps) = ;EF- = (Ref. 8)

Loaded frequency

Lane 3 Lane 5
50 MPH 50 MPH

5.7 5.7

5.5 6.8

b.9 4.9

8 Experimental values correspond to the following cases:

2u.4 MPH - Lane
52.6 MPH - Lane
54.5 MPH - Lane

2

2
6
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TABLE 11 CONTOUR VALUES

(Deflections in inches, Moments in inch-kips)
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TABLE 11 CONTOUR -VALUES

FIGURE 87
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- TABLE 11 CONTOUR VALUES
(Continued)

. FIGURE 89 FIGURE 90
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