
Lehigh University
Lehigh Preserve

Fritz Laboratory Reports Civil and Environmental Engineering

1971

Finite element analyses of elastic-plastic plates and
eccentrically stiffened plates, Ph.D. dissertation,
1971.
Anton W. Wegmüller

Follow this and additional works at: http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-
reports

This Technical Report is brought to you for free and open access by the Civil and Environmental Engineering at Lehigh Preserve. It has been accepted
for inclusion in Fritz Laboratory Reports by an authorized administrator of Lehigh Preserve. For more information, please contact
preserve@lehigh.edu.

Recommended Citation
Wegmüller, Anton W., "Finite element analyses of elastic-plastic plates and eccentrically stiffened plates, Ph.D. dissertation, 1971."
(1971). Fritz Laboratory Reports. Paper 2040.
http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-reports/2040

http://preserve.lehigh.edu?utm_source=preserve.lehigh.edu%2Fengr-civil-environmental-fritz-lab-reports%2F2040&utm_medium=PDF&utm_campaign=PDFCoverPages
http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-reports?utm_source=preserve.lehigh.edu%2Fengr-civil-environmental-fritz-lab-reports%2F2040&utm_medium=PDF&utm_campaign=PDFCoverPages
http://preserve.lehigh.edu/engr-civil-environmental?utm_source=preserve.lehigh.edu%2Fengr-civil-environmental-fritz-lab-reports%2F2040&utm_medium=PDF&utm_campaign=PDFCoverPages
http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-reports?utm_source=preserve.lehigh.edu%2Fengr-civil-environmental-fritz-lab-reports%2F2040&utm_medium=PDF&utm_campaign=PDFCoverPages
http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-reports?utm_source=preserve.lehigh.edu%2Fengr-civil-environmental-fritz-lab-reports%2F2040&utm_medium=PDF&utm_campaign=PDFCoverPages
http://preserve.lehigh.edu/engr-civil-environmental-fritz-lab-reports/2040?utm_source=preserve.lehigh.edu%2Fengr-civil-environmental-fritz-lab-reports%2F2040&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:preserve@lehigh.edu


••• 

··~ ... ~ 

.. .~ ... -

FINITE ELEMENT ANALYSES OF 

ELASTIC-PLASTIC PLATES 

AND ECCENTRICALLY STIFFENED PLATES 

by 

Anton W. Wegmuller 

A Dissertation 

Presented to the Graduate Committee 

of Lehigh University 

in Candidacy for the Degree of 

Doctor of Philosovhy 

in 

Civil Engineering 

FRITZ ENGINEERING 
LABORATORY LIBRARY 

Lehigh University 

Bethlehem, Pennsylvania 

1971 





• TABLE-OF CONTENTS 

ACKNOWLEDGMENTS 

ABSTRACT 

1. INTRODUCTION 

1.1 Objective and Scope 

1.2 Previous Work 

2. ANALYSIS OF ELASTIC PLATES 

2.1 Introduction 

2.2 Small Deflection Theory of Thin Plates 

1 

1 

5 

9 

9 

10 

2.2.1 Assumptions and Basic Equations 10 

2.2.2 The Differential Equation of Equilibrium 14 

2.3 Analysis of Plates Using the Finite Element 
Method 

2.3.1 The Displacement Approach 

2.3.2 Displacement Functions and Convergence 
Criteria 

2.3.3 Alternate Approaches 

2.3.4 Existing Rectangular Plate Bending 
Elements 

2.4 A Refined Rectangular Plate Bending Element 

2.4.1 

2.4.2 

2.4.3 

2.4.4 

2.4.5 

Choice of Displacement Field 

Derivation of Element Stiffness Matrices 

Kinematically Consistent Force Vectors 

Enforcement of Boundary Conditions 

Solution of Stiffness Equations 

2.5 Examples of Solution 
. ·-·---., ....... 

15 

15 

20 

26 

28 

32 

32 

40 

45 

47 

51 

55 



., 

2.5.1 Selected Examples 

2.5.2 Accuracy and Convergence of Solutions 

2.5.3 Comparison with Existing Plate Elements 

2.6 Summary 

3. ELASTIC ANALYSIS OF STIFFENED PLATES 

3.1 Introduction 

3.2 Methods of Analysis for Stiffened Plate 
Structures 

3.3 A Finite Element Analysis of Stiffened Plates 

55 

57 

60 

62 

63 

63 

64 

69 

3.3.1 Application of the Method to the Plate 69 
and Stiffener System 

3.3.2 Derivation of Bending and In-Plane Plate 71 
Stiffness Matrices 

3.3.3 Derivation of Bending and In-Plane Beam 74 
Stiffness Matrix 

3.3.4 Inclusion of Torsional Stiffness of Beam 81 
Elements 

3.3.5 Evaluation of St. Venant Torsional 85 
Constant KT 

3.3.6 Assembly of the System Stiffness Matrix 87 
and Solution of the Field Equations 

3.4 Application of the Method to the Analysis of 
Highway Bridges 

3.4.1 Description of the Test Structure 

3.4.2 Study of Variables Governing Load 
Distribution 

3.4.3 Inclusion of Diaphragms 

3.4.4 Inclusion of Curb and Parapet 

3.5 Convergence and Accuracy of Solutions 

3. 6 Summary 

91 

91 

93 

102 

102 

103 

105 



' 

4. ANALYSIS OF ELASTIC-PLASTIC PLATES 

4.1 Introduction 

4.2 Existing Methods of Analysis 

4.2.1 Upper and Lower Bound Approaches 

4.2.2 Finite Difference Methods 

4:2.3 Discrete and Finite Element Methods 

4.3 A Finite Element Stiffness Approach Using a 
Layered Model 

4.3.1 Description of the Layered Model 

4.3.2 Loading and Elastic Stress-Strain 
Relations of a Layer 

4.3.3 Yield Condition and Flow Rule for a 
Layer 

4.3.4 Elastic-Plastic Stress Matrix for a 
Layer 

107 

107 

108 

108 

110 

110 

113 

113 

116 

118 

125 

4.4 Incremental Elastic-Plastic Solution Procedure 128 

4.4.1 Assembly of the System Tangent Stiffness 128 
Matrix 

4.4.2 The Iterative Solution Technique 131 

4.4.3 Unloading and Neutral Loading of a Layer 135 

4.4.4 Yield Surface Correction 136 

4.5 Numerical Results 140 

4.5.1 Simply Supported and Clamped Plate Strip 142 

4.5.2 Simply Supported Square Plate 144 

4.5.3 Clamped Square Plate 145 

4.5.4 Square Plate with Three Edges Simply 146 
Supported and One Edge Free 

4.5.5 Plate Supported by Rows of Equidistant 147 
Columns (Flat Slab) 

4.6 Convergence and Accuracy of Solutions 147 



4. 7 Summary 148 

5. ELASTIC-PLASTIC ANALYSIS OF STIFFENED PLATES 149 

5.1 Introduction 149 

5.2 A Finite Element Approach Using a Layered Model 149 

5.2.1 Description of the Layered Beam-Plate 149 
Model 

5.2.2 Elastic-Plastic Stress-Strain Relations 155 

5.2.3 Generation of Element Stiffness Matrices 157 

5.3 Incremental Elastic-Plastic Solution Procedure 158 

5.3.1 Assembly of the System Stiffness Matrix 158 

5.3.2 The Iterative Solution Technique 161 

5.4 Numerical Results 162 

5.4.1 Simply Supported Three-Beam Bridge Model 164 

5.4.2 Continuous Three-Beam Bridge Model 165 

5.5 Summary 

6. SUMMARY AND CONCLUSIONS 

6.1 Summary 

6.2 Conclusions 

6.3 Future Research 

7. APPENDICES 

7.1 Derivation of Stiffness Matrix of the Refined 
Plate Bending Element 

7.2 Consistent Force Vector for Uniformly 
Distributed Load on a Refined Plate Element 

7.3 Derivation of Stiffness Matrix of the ACM 
Plate Bending Element 

167 

169 

169 

172 

176 

177 

178 

186 

189 



0 

7.4 Derivation of In-Plane Stiffness Matrix 

7.5 Evaluation of St. Venant Torsion Constant KT 
for Arbitrarily Shaped Solid Cross Section 

8. NOMENCLATURE 

9. TABLES 

10. FIGURES 

11. REFERENCES 

12. VITA 

196 

200 

204 

210 

232 

311 

321 



ACKNOWLEDGMENTS 

The research reported herein was carried out during the 

author's graduate study for the Ph.D. degree in Civil Engineering 

at Lehigh University, in Bethlehem, Pennsylvania. The author 

wishes to express his gratitude to Professors C. N. Kostem and 

D. A. VanHorn, under whose supervision this work was conducted; 

and to Professors J. W. Fisher, T. Huang and D. Updike, members of 

his dissertation committee for their helpful guidance and assis­

tance. The work was sponsored in part by the National Science 

Foundation through Grant No. GK-23589. The Lehigh University Com­

puting Center provided its facilities for the extensive computer 

work. 

Special acknowledgement is due Mr. Suresh Desai for his 

continuing interest and encouragement to the author. Thanks are 

also due to Mrs. Ruth Grimes, who typed the final manuscript and 

to Mr. John Gera and Mrs. Sharon Balogh for the preparation of the 

drawings included in this work. 



ABSTRACT 

This report deals with the analysis of plates and stiff­

ened plates in the elastic and elastic-plastic range using the 

finite element stiffness approach. The analysis is based on the 

classical theory of thin plates exhibiting small deformations. 

A short description of the finite element techniques in 

use to date, and a review of some existing plate bending elements 

are presented. A refined rectangular plate bending element based 

on a higher order polynomial expression is then derived and a 

systematic procedure for the derivation of its stiffness matrix is 

outlined. The accuracy and convergence of solutions obtained with 

this new element are demonstrated on a few example structures 

showing that the new element compares favorably with presently 

known plate elements. 

Chapter 3 deals with the analysis of stiffened plate 

structures in the linear elastic range. The derivation of the 

component stiffness matrices is carried out first,and the assem­

blage of the system stiffness matrix is described. The outlined 

general approach is then applied extensively to highway girder 

bridges,and the versatility and accuracy of the method are 

demonstrated. 

In Chapter 4, a general procedure for the analysis of 

elastic-plastic plates is presented. A description of the mathe­

matical model, consisting of a plate element subdivided into a 



finite member of layers is given,and the associated incremental 

elastic-plastic solution technique is outlined. A few example 

solutions show the accuracy and versatility of the proposed tan­

gent stiffness approach. 

Finally, in Chapter 5, a general procedure for the 

elastic-plastic analysis of stiffened plate structures is pre­

sented. The layered plate model used in the elastic-plastic anal­

ysis of plates is supplemented by a similar layered beam element 

for this analysis,and the associated step-by-step iteration tech­

nique used to solve the linearizedgoverning equations is 

described. 

All presented types of analyses have been implemented 

with the essential aid of a high speed digital computer (CDC 6400) 

and examples of application prove their validity and versatility. 



1. INTRODUCTION 

1.1 Objective and Scope 

Plates of various shapes are commonly used as structural 

systems or structural components. Most frequently, plates form 

part of floor systems in buildings or bridges,and are often used 

in connection with beams and columns. Generally, there is ample 

room for a variation in geometry, thickness and loading, as illus-

trated in Fig. 1 and hence, the analysis of such complex structures 

often presents considerable difficulties. 

Stiffened plates of arbitrary shape are complex and 

highly redundant structures, the analysis of which is beyond the 

scope of currently used methods of analysis. Plates are often 

used in combination with beams and columns in floor systems of 

buildings and bridges,and in these cases,are predominantly loaded 

by forces acting perpendicular to the plate surface. In buildings, 

many different floor layouts are possible; consequently, there is 

virtually no restriction placed as far as geometry of the stiffened 

plate structure is concerned. The in-plane loading (if any) 

applied to such structures can often be neglected, thus simplifying 

the analysis considerably. This investigation is limited to the 
I 

problem of analyzing transversely loaded stiffened plates; i.e. 

no in-plane loading is considered. However, due to the fact that 

the beams are eccentrically attached to the plate, in-plane deforma-

tion must be considered. To date, the analysis of beam-slab type 
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structures still constitutes a challenge to the structural engineer 

because no fully satisfactory method of analysis is available. 

It is widely accepted that a structure should be properly 

analyzed for working loads,as well as at its failure stage. By 

means of an elastic analysis, one is able to determine the stresses 

and deformations, occurring under working loads, at selected points 

of a structure. If the determined stresses are kept below allow­

able stresses, then experience shows that a structure is not likely 

to fail. An accurate elastic analysis is also needed for considera­

tions of fatigue and control of cracking in reinforced and pre­

stressed concrete structures; i.e. stresses must be kept below 

certain levels in order to avoid fatigue or excessive cracking. 

Although the fatigue strength of reinforced or prestressed con­

crete structures is difficult to establish,and reliable criteria 

for crack control have not been established, an accurate elastic 

analysis is the prerequisite for establishing such guidelines. 

On the other hand, an elastic analysis cannot predict 

the response of a structure stressed beyond the elastic limit load, 

and up to its failure load. An analysis of the post-elastic range 

is needed to predict eventual damages,and to determine the deforma­

tions occurring.during the application of overloads. No damage 

is desired to occur under working loads,but at the same time it is 

required that a structure should be able to withstand a ·certain 

overload. The strength of a structure of the type considered in 

this investigation is needed to ascertain that failure should not 
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occur under working load, and hence, to design a structure with an 

adequate factor of safety. An attempt to analyze complex shaped 

plate structures in the post-elastic range, as well as to predict 

the failure load, is developed in Chapter 4. 

Most engineering materials, such as steel, aluminum, and 

properly designed reinforced concrete are ductile, and can with­

stand strains much greater than the strain associated with the 

elastic limit state. As the structure is loaded beyond this state, 

plastic straining occurs, causing a redistribution of stress in a 

redundant structure. The ductility in redundant structures per­

mits a redistribution of stresses beyond the elastic limit, allow­

ing a structure to carry considerable additional loads. Thus, it 

is felt today that a design should also consider the post-elastic 

behavior of a structure, as well as its ultimate strength. The 

post-elastic response of a structure is of interest because it en­

ables the designer to judge the effects of possible overloads. 

The knowledge of the load carrying capacity, or ultimate strength, 

of a structure is twofold: (l) it allows the determination of the 

factor of safety of a structure against failure, and (2) the 

stress resultants resisted by the structural components at ulti­

mate load are required to properly dimension each structural part. 

The goal of the reported study is the development of an 

approach which will allow the tracing of the entire load-deformation 

behavior of complex shaped stiffened plate structures, as well as 
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to find the ultimate load-carrying capacity of such structures. 

The application to the inelastic analysis of beam-slab type bridges 

will allow the study of the behavior of such bridges in the post-­

elastic range as well as at failure. It is obvious that due to 

the current trend of increasing vehicular weight limits, the be­

havior of bridges above the elastic limitstage must be known in 

order to judge the effects of overloading. Current permit regu­

lations•are not based on a rational structural analysis of the 

bridge superstructure under the load level in question. Also, 

there is no existing rational method to judge the effects of over­

loading of bridge superstructures. The continuous load-deformation 

behavior of a stiffened plate structure stressed beyond its elastic 

limit is needed to judge the effects of overloading. At this 

point it would be appropriate to note that the concept of Ultimate 

Strength Design, as outlined in the ACI Building Code (Ref. l), 

does not account for a redistribution of stresses due to redundancy 

of the structure. Recognizing that this redistribution actually 

plays an important role in highly redundant structures, it is 

felt that modern bridge design philosophy should reflect the in­

elastic behavior. 

Within the framework of this report, only the numerical 

technique by which the elastic-plastic response of complex shaped 

stiffened plates can be obtained, is described. The application 

of the developed technique to beam-slab type highway bridge super­

structures of arbitrary material behavior is the subject of future 

research. 
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1.2 Previous Work 

For each of the problems considered in this report, a 

review of the previous work done in the area considered is given 

in the chapter devoted to each problem. Due to the practical im­

portance of plate structures,engineers have long been faced withthe 

task of analyzing plates of various geometry and loading. Unfortu-

nately, the governing differential equations are solvable only 

for simple geometry and boundary conditions, and as a consequence, 

many types of approximate analyses have been proposed to date. 

Extensive surveys of the state-of-the-art of current plate analy­

sis are given by Timoshenko (Ref~ 3) and Girkman (Ref. 4) . 

Probably the most commonly used approximate method of 

analysis for solving plate problems of complex geometry is the 

method of finite differences. In this method, the governing dif­

ferential equation of equilibrium is satisfied only at selected 

points of the plate structure. The satisfaction of boundary c~n­

ditions at boundary points of the plate leads to additional equa­

tions which, together with the original set of equations, must be 

solved simultaneously. These additional equations, however, de­

pend on the type of boundary and make it difficult to develop 

general purpose programs. 

During the last two decades much progress has been made 

in the development of structural methods of analysis based on matrix 

algebra and a discretization of the structure into an assembly of 

discrete structural elements. In these methods, a displacement or 
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a stress distribution is assumed within the element, and a com­

plete solution is then obtained by combining these approximate 

displacement or stress distributions in a manner which satisfies 

the force-equilibrium and displacement-compatibility requirements 

at all interfaces of the elements. Methods based on such ap­

proaches have been proven to be suitable for the analysis of com­

plex structures. This led to the development of the finite ele­

ment methods (Ref. 6), which are essentially generalizations of 

standard structural procedures as described in Reference 5, for 

example. To date, these methods have been successfully applied to 

many complex plate problems. Within the framework of the reported 

study a refined finite element for plate bending is developed. 

This new plate bending element is presented in Chapter 2 of this 

report. 

To date, the elastic analysis of stiffened plate struc­

tures, as shown in Fig. 16, is performed in a more or less approxi­

mate manner. Though various types of methods are available, their 

application to complex shaped beam-plate type structures is doubt­

ful for other than simple geometry of the structure to be analyzed. 

Particular attention has been given in the past to the analysis of 

floor systems of highway girder br·idges. Consequently, most meth­

ods were originally developed for bridge structures. 

In summary, it can be stated that as yet, no fully ade­

quate analysis exists which is capable of determining stresses and 

deformations in complex shaped beam-slab type structures. Current 
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design methods are not completely rational, and are not based on a 

rigorous analysis, elastic or plastic (Ref. 2). Despite the fact 

that designs performed to date have resulted in structures which 

perform successfully, it cannot be said with assurance that the 

designs resulting from such procedures are the best possible, or 

that different parts of the same structure have consistent factors 

of safety against the failure load, until better analytical methods 

are available. A survey of available methods of analysis, some of 

which will be described, led to the conclusion that the finite 

element method, due to its great versatility, is best suited for 

the analysis of arbitrarily shaped stiffened plates, as shown in 

Fig. 16. This analysis is presented in Chapter 3. 

The analysis of the complete load-deformation behavior 

of complex shaped plates is mathematically difficult to accomplish. 

The inclusion of the non-linear material behavior in plate analysis 

results in partial differential equations which are amenable to 

analytic solution only for some very simple structures. As a con­

sequence, simplified methods designed to compute the ultimate 

strength of structures have been developed by a number of investi­

gators (Refs 55, 56, 57). These methods are based on the theorems 

of limit analysis, and allow the establishment of bounds on the 

collapse load. However, the prediction of the elastic-plastic 

behavior of complex shaped plates cannot be accomplished using 

these methods. Using a numerical approach, a general method for 

the analysis of elastic-plastic plates of complex shape is pre­

sented in Chapter 4. 
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Virtually no work has been done in the elastic-plastic 

analysis of stiffened plate structures. A general method which 

enables the analysis of such inelastic structures is presented in 

Chapter 5. 

.--·· 
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2. ANALYSIS OF ELASTIC PLATES 

2.1 Introduction 

The structural engineer is often faced with the analysis 

of complex shaped and loaded plates, as shown in Fig. 1. During 

the last decade,the versatility of the finite element approach has 

been well demonstrated and a number of plate bending elements have 

been developed. While most of these elements lead to accurate 

predictions for the displacement field, the internal moments com­

puted are, in general, far less accurate. 

In this chapter, the development of a rectangular re­

fined plate bending element is discussed. For the purpose of 

establishing the notation used in this text and the connection 

w1th conventional plate analyses, a review of the basic equations 

governing the behavior of plates is first pres.ented. A short de­

scription of the finite element techniques in use to date is then 

given, followed by a review of some existing plate bending ele­

ments. The refined element, which is based on a higher order poly­

nomial displacement field, is then described,and the derivation of 

the element stiffness matrices is outlined. Kinematically con­

sistent load vectors are de~ived,and the enforcement of boundary 

conditions is described. A highly efficient technique for the 

solution of the often large system of stiffness equations is next 

described. Finally, the accuracy obtained with the new element is 

demonstrated on a few example solutions,and a comparison is made 
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with some presently known plate elements. 

2.2 Small Deflection Theory of Thin Plates 

2.2.1 Assumptions and Basic Equations 

A transversely loaded plate structure should be treated 

as a three-dimensional problem of elasticity. Strain and stress 

components acting on an infinitesimal plate element of thickness h 

is shown in Fig. 2. The sign convention used in this study is 

shown in Fig_ 3. By definition, stresses and forces are considered 

positive when acting in the directions shown. Introducing the 

assumptions of the classical theory of thin plates, a plate pro­

blem can be simplified into a two-dimensional elasticity problem. 

These assumptions can be stated as follows: 

1. Plane sections normal to the middle surface before 

deformation remain plane and normal during deformation; 

also known as Kirchoff's assumption (Ref. 3). 

2. The transverse displacement (w) is small in comparison to 

the thickness of the plate; i.e. w<<h. 

3. Stresses normal to the plane of the plate are negligible. 

The first two assumptions imply that (1) shearing stresses in the 

transverse direction are neglected, and (2) the deflection (w) at 

any point of the plate is approximately equal to the deflection of 

the corresponding point located on the middle plane of the plate. 

The state of deformation can therefore be described in terms of 
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the transverse displacement (w) alone. Since the middle plane of 

the plate is assumed to be free of in-plane deformation, in-plane 

behavior is not considered in this chapter. Making use of the 

simplifying assumptions introduced above, the following relation-

ships between in-plane displacements and the transverse displace-

ment w exist: 

where: 

ow u = u - z ox 

OW v = v - z oy 

(2 .l a) 

(2 .l b) 

u,v = Displacement in x-direction, or y-direction respec-

tively, of a point lying in the middle plane of the 

plate. 

U,V = Displacement in x-direction, or y-direction respec-

tively, of a point lying at a distance z from the 

reference plane. 

Both displacements u and v are assumed to be negligible in the 

classical theory of thin plates. The strain-displacement relations 

can be found by differentiating Eqs. 2.1: 

a au ou 0 w 
€ =- = ox - z 

X ox a 
ox 

(2. 2 a) 

2 av ov 0 w 
€ = oy = oy - z --2 y oy 

(2. 2 b) 

au ou 
2 

yxy 
av ov 

2 
0 w =-+ ox = -+ ox - z 

oxoy oy oy (2. 2 c) 
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The stresses must satisfy the following two equations of equilibrium: 

ocr oT 
X ~ 0 --+ = ox oy (2. 3 a) 

oT ocr 
__E:L + ___:j_ = 0 ox oy (2. 3 b) 

Using the strain-displacement relations (Eqs. 2.2), and 

assuming isotropic material, Hooke's Law can be written in terms of 

derivatives of displacement w: 

2 2 
E z [0 w V 0 WJ cr - - -2- + 

X a 2 
l-V ox oy 

(2. 4 a) 

2 a 
cr E z [0 w \) 0 :] = - --2 + y 2 

l-v oy ox 
(2. 4 b) 

2 

T - 2Gz 0 w = oxoy xy (2. 4 c) 

where: E = Modulus of Elasticity 

G = Shear Modulus 

\) = Poisson's Ratio 

and G is related to E by 

E 
G =----2(1 + v) 

(2. 5) 

Stress resultants acting per unit width of the plate, as 

shown in Fig. 3, can be found by integrating appropriate stress 

components over the plate thickness: 
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M 
X 

M 
y 

M xy 

Qx 

Qy 

h/2 
= J ox z dz 

-h/2 

h/2 
= J 

-h/2 

h/2 
= -J 

-h/2 

h/2 
= J 

-h/2 

h/2 
= J 

-h/2 

(J 
y 

T 
xy 

T 

z dz 

z dz 

dz xz 

T dz yz 

(2.6 a) 

(2. 6 b) 

(2. 6 c) 

(2. 6 d) 

(2.6 e) 

These equations can be easily integrated and lead to the well-known 

moment curvature relations: 

M Dll Dl2 0 0'x X 

M = D21 D22 0 0' (2. 7) y y 

M 0 0 D33 0' xy xy 

where: Eh 3
/12 

;a 

Dll = D22 = (1-V ) 

Dl2 = D21 = v Dll 

D33 = (1 - v) Dll/2 
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Defining the two vectors: 

a 

M 
y 

T o w [ f!} = < - a 
ox 

M > 
xy 

a a 
0 w 2~> 
oya oxoy 

Eq. 2.7 can be written in compact form as 

( M} = [ D] ( f!} 

2.2.2 The Differential Equation of Equilibrium 

(2. 8 a) 

(2. 8 b) 

(2. 9) 

The fundamental equation of equilibrium is best derived 

by considering equilibrium of forces acting on an infinitesimal 

element of the continuum (Fig. 3). Summing up forces in z-direction 

yields: 

oQ oQ 
~ + ~ + q = 0 ox oy (2 .10) 

Similarly, summation of forces about x-axis and y-axis, leads to 

oM oM _ ____y+ ___E/_ 
Qy = 0 oy ox + (2 .11) 

oM oM 
~+ _E - Q = 0 ox oy X 

(2 .12) 

Differentiating Eq. 2.11 and Eq. 2.12 and substituting the terms 

into Eq. 2.10 leads to the fundamental plate equilibrium equation 

in terms of moments: 

-14-



(2 .13) 

Finally, substitution of Eq. 2.9 into Eq. 2.13 yields 

4 4 4 
0 w 

2 
0 w 0 w .<I 0 --4 + + --4 = a 2 D ox ox oy oy 

(2 .14 a) 

4 .<I or \!W = D (2.14 b) 
.. · 

' 

2.3 Analysis of Plates Using the Finite Element Method 

2.3.1 The Displacement Approach 

The finite element technique is a relatively new, but 

very powerful,approach for the solution of engineering problems. 

The dominant reason for the extensive use of the finite element 

technique in solving structural problems is its great versatility 

and complete generality. In fact, the same basic procedure can be 

applied to structures of arbitrary shape, loading and boundary con-

ditions. As a result, a single computer program can be used to 

solve a variety of problems. 

The finite element concept, of which a comprehensive pre­

sentation is givenin Reference 6, was de~eloped by extending known 

matrix structural theories to two and three-dimensional solids. 

Argyris (Ref. 7) introduced the two fundamental methods of matrix 

structural analysis, the force and the displacement method of 
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analyses, in which a systematic approach to automatic computation 

of displacements and forces was first attempted. The work by 

Turner et al. (Ref. 8), which may be interpreted as the first 

major step in the development of the finite element method, 

describes the direct stiffness approach. In this approach, in­

sight into the behavior of elements in representation of struc­

tures is achieved,and consideration is given directly to the con­

dition of equilibrium and compatibility. However, in the treat­

ment of refined elements the physical behavior is obscured due 

to the more complex behavior of such elements. 

The first step in the displacement approach is to dis­

cretize a structure into a suitable number of finite elements. 

The behavior of the actual structure is assumed to be approximated 

by the behavior of the discretized structure; i.e. by an assemblage 

of finite elements having simple elastic properties and being con­

nected so as to represent the actual continuum. For practical 

reasons, the geometry of the elements must be simple, but generally 

could be of any shape. The elements are assumed to be inter­

connected at their nodal points,and the displacements of these 

nodal points constitute the basic unknown parameters of a problem. 

Displacement functions,often called shape functions, are 

then chosen for each element to uniquely define the state of de­

formation in ·terms of nodal values, which are referred to a 

global coordinate system. Elemental displacement fields should be 

continuous (single-valued), and should satisfy deformation 

-16-



continuity within the element and along element interfaces. Conse-

quently, the entire displacement field of the discretized struc-

ture is continuous, piecewise differentiable, and in addition, is 

restrained to satisfy displacement boundary constraints. The dis-

placement field assumed for an element is called compatible if 

full continuity of deformation is achieved within the element, as 

well as along its boundaries. In this case, the chosen displace-

ment function uniquelydefines the state of strain within an element 

in terms of its nodal displacements. Hence, together with pos-

sible initial strains, these strains will define the state of stress 
I 

throughout the element,and on its boundaries. 

The loading acting upon the system is approximated by a 

set of equivalent concentrated nodal forces, again referred to 

a global coordinate system. These external forces should equili-

brate the internal boundary stresses, distributed loads and forces 

due to initial strains. This requirement leads to the relation-

ship between. generalized displacements and associated generalized 

forces. The matrix relating these two vectors is calledthe element 

stiffness matrix. Its elements are a function of the geometric 

and elastic properties of the element. 

At this stage, a finite element solution follows standard 

structural procedures as described in detail in a number of re-

ferences (e.g. Ref. 9). By appropriate superposition of the indi-

vidual element stiffness relations, the corresponding relationship 

for the entire structure can be established. In this process, the 
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requirements of compatibility and equilibrium must be satisfied. 

Any system of displacements listed for_ the entire structure auto­

matically satisfies all compatibility requirements. Establishing 

equilibrium conditions at all nodes leads to the force-displacement 

relationship of the entire structure. For this purpose, the ele­

ment stiffness matrices, connecting nodal displacements to nodal 

forces must be transformed to a common coordinate system or refer­

ence frame. The formulation of the overall structural stiffness 

matrix proceeds then by adding appropriate element stiffness con­

tributions framing into a common node. This procedure leads to a 

system of linear algebraic equations. 

Finally, all kinematic restraints have to be imposed,and 

the resulting system of equations must be solved simultaneously 

for the unknown nodal displacements. Clearly, the satisfaction of 

a minimum number of prescribed displacements to prevent rigid body 

displacement? is mandatory; otherwise the displacements could not 

be determined uniquely. The structure stiffness matrix is usually 

well-conditioned, sparsely populated, and narrowly banded if 

adequate nodal numbering of nodal points is provided. These pro­

perties permit an efficient,automatic assembly and solution of 

large systems of simultaneous equations. Once the solution of the 

unknown displacements has been obtained, the determination of in­

ternal stresses,or stress r~sultants,is straightforward. The 

selection of displacement functions and the evaluation of the 

element stiffness matrix are the most important steps in the finite 
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element displacement approach and will be discussed in subsequent 

sections. 

Early derivations of finite element force-displacement 

relationships made no reference to variational considerations. 

Only recent developments have shown that these methods also have a 

solid theoretical foundation. The basic principles of linear 

structural mechanics are the principle of minimum total potential 

energy and the principle of minimum complementary energy. These 

variational methods form the basis for the derivation of element 

stiffness equations. The principle of minimum total potential 

energy is stated as (Ref. 19): 

Of all compatible displacement fields satisfying given 

boundary conditions, those which satisfy also the equili­

brium conditions make the total potential energy TI assume 

a stationary value. 

6 TI = 6 (U + V) = 0 (2 .15) 

where: U = Strain energy of deformation. 

V =Potential of external forces. 

The stationary value of TI is always a minimum,and therefore,a 

structure under a system of external loads represents a stable 

system. It can be shown (Ref. 10) that if the system of displace­

ments is defined throughout the structure by the element displace­

ment functions, with nodal parameters acting as undetermined para­

meters, then the procedure of minimizing the potential energy of 
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the system will result in precisely the same formulation as des­

cribed above. This alternate approach of establishing stiffness 

equations shows that the finite element procedure is, in fact, 

identical with the Rayleigh-Ritz Approach. 

In the finite element method the assumed displacement 

functions are associated with individual elements only. The dis­

placements in the elements are uniquely defined in terms of the 

nodal p9int values,and the entire displacement field is assumed to 

consist of a_number of piecewise continuous displacement fields 

each extending over the region of an element. Clearly, the finite 

element method, as well as the Ritz method, are approximate methods 

of analysis. However, if conforming elements are used, it can be 

shown that if the mesh size is gradually decreased, the solution 

tends toward the true solution; i.e. convergence is assured for a 

valid minimum potential energy approach. One can also show for 

this case that the strain energy is a lower bound, and the discretized 

structure is stiffer than the actual one if external loads are applied 

only. 
2.3.2 Displacement Functions and Convergence Criteria 

One of the most important steps in the finite element 

displacement approach is the selection of displacement functions 

which discretize the displacement field o/ithin an element. These 

assumed shape functions limit the infinite degrees of freedom of 

the system by expressing the deformation within a plate element in 

terms of displacement parameters at the nodal points. The accuracy 

obtained depends on the extent to which the assumed deformation 
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pattern can approximate the true displacement pattern. Generally, 

finer meshes lead to a closer approximation,although convergence 

is not necessarily assured if the displacement functions are not 

properly chosen. 

So far, only limited attention has been given to the es-

tablishment of general rules for the selection of functional repre­

sentations of element behavior. Recent research (Ref. 11) led to 

requirements for the assumed displacement functions in order to 

arrive at a convergent finite element solution. 

As mentioned earlier, an approach based on a valid mini­

mum potential energy solution assures monotonic convergence with 

decreasing mesh size. Melosh (Ref. 12) and Fraeijs de Veubeke 

(Ref. 13) set out specific conditions under which a valid minimum 

potential energy approach is preserved in a finite element formu­

lation. One of the basic requirements for generating deformation 

consistent stiffness matrices is complete compatibility of dis­

placement within the element and along its boundaries. Elements 

derived from such displacement fields are called compatible. 

Melosh (Ref. 12) has shown that the selection of appro­

priate displacement fields can be accomplished by use of 

Langrangian or Hermitian interpolation techniques. The functions 

are chosen such that they become dependent only on the displace­

ments of the end points,and additional points along a side of the 

element in consideration. Bogner et al. (Ref.l4) used this ap­

proach to derive the stiffness matrix for a compatible rectangular 

plate element. 
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Another general method for the selection of functions 

directly in terms of degrees of freedom is the spline interpola­

tion concept. This approach was developed by Birkhoff (Ref. 15) 

as a general mathematical procedure and employed by Pian (Ref. 16). 

A third approach used successfully in the functional re­

presentation of a displacement field is the concept of isopara­

metric element formulation. The shape functions chosen to des­

cribe the element boundaries are identical to those used to pre­

scribe the variation of the displacement function. Ergatoudis 

(Ref. 17) has pioneered this approach, and Zienkiewicz (Ref. 18) 

has applied it to generate stiffness matrices for different two­

and three-dimensional elements. 

Often these interpolation concepts are difficult to 

apply; then a function is chosen, as outlined in Section 2.3.1, 

in terms of unknown nodal displacement parameters. These are 

normally chosen equal in number to the number of degrees of free­

dom for the element in consideration,and can be evaluated from 

the enforcement of compatibility conditions at the element nodes. 

The choice of this function proved to be a major source of diffi­

culty since an arbitrary choice may result in an unsatisfactory 

element displacement behavior,and as a consequence,may not lead 

to convergence. Thus, the question arises as to which require­

ments the assumed displacement function should satisfy in order 

that the associated finite element solution will converge toward 

the true solution as the mesh size is reduced. At present, the 
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\ view is held that the sufficient conditions for the derivation of 

deformation consistent stiffness matrices are as follows: 

1. Internal and interface compatibility must be satisfied. 

2. Displacement function must depend linearly on nodal 

parameters. 

3. Proper representation of all rigid body displacement 

states is required. 

4. All.uniform states of strain must be included. 

5. The displacement field must be spatially isotropic. 

Requirement (1), as already discussed, leads to a valid 

minimum potential energy approach, and this, in turn, bounds the 

strain energy of the discretized structure. As a result, mono­

tonic behavior is obtained if the mesh is subdivided into elements 

of the same type so that all previous displacement states are con­

tained in the new ones. This condition, as postulated by Melosh 

(Ref. 12), is in fact a sufficient criteria for monotonic conver­

gence. On the other hand, if all of the above given conditions 

are met, with the exception of requirement (1), then numerical 

evidence has shown that satisfactory convergence can still be 

achieved; though it cannot be proved anymore via the principle of 

minimum total potential energy. 

Requirement (2) leads to the desired linear system of 

equations since linearly elastic material is assumed. 
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Requirement (3) is needed to include the conditions of 

global equilibrium. Self-straining would occur when the nodal 

displacements were caused by rigid body displacements. Hence, 

the presence of all rigid body motion terms in the selected dis­

placement function is essential. 

Requirement (4) is necessary for the convergence to the 

actual strain field. In fact, the exclusion of constant strain 

states could result in convergence toward an incorrect result. 

As the mesh size is decreased, nearly constant strain conditions 

will prevail in the element. If the condition is not met, 1such 

strain states could not be attained as the mesh size is reduced. 

Hence, it must be possible to represent constant curvatures in the 

case of pure plate bending. Conditions (3) and (4) are often re­

ferred to as completeness criterion. Furthermore, rigid body dis­

placements are actually a particular case of the constant strain 

conditions, having zero values for strain. 

Requirement (5) insures that the resulting generalized 

force-displacement relations are independent of the position of 

the global coordinate system. Hence, the chosen displacement 

functions must be independent of the particular shape of the ele­

ment and the orientation of the element with respect to the coordi­

nate system to which the functions are referred. Thus, attention 

should be given to requirement (5) when truncated polynomials are 

used as displacement functions. 

Polynomial expressions have been used nearly exclusively 
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for the generation of different element stiffness matrices. First, 

this choice simplifies algebraic as well as automatic manipula­

tions. Furthermore, polynomials satisfy the constant strain cri­

teria and simplify the investigation of compatibility requirements. 

Complete polynomials also satisfy the invariance criterion. 

A lower bound to the strain energy and monotonic conver­

gence to the correct solution is obtained if conforming shape 

functions are used and the completeness criterion is satisfied. 

Oliveira (Ref. ll) proved that completeness and conformity are 

necessary but not sufficient criteria for convergence. According 

to Oliveira, completeness is the only requirement which the dis­

placement function must meet to arrive at a convergent finite 

element solution. However, completeness does not necessarily lead 

to monotonic convergence. 

Considerable difficulty is experienced, in some cases, 

to find fully compatible displacement functions. Non-conforming 

displacement functions will cause, in general, infinite strains at 

the element interfaces. Hence, only an approximation to the true 

strain energy is found since,in calculating the energy as 

in the usual finite element approach, no consideration is 

given to the contributions to energy at the lines of discontinuity. 

However, if for finer mesh sizes the extent of the discontinuity 

tends to vanish, then an incompatible formulation will lead 

to the correct result. Indeed, some finite element stiffness 

matrices derived from discontinuous displacement functions yield 

excellent results. 
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2.3.3 Alternate Approaches 

Most of the finite element approaches developed to date 

are based on the principle of minimum total potential energy, as 

described in Section 2.3.1. However, an alternate procedure is 

possible if the functional to be minimized is the complementary 

energy of a system. The basis for such an approach is the 

principle of minimum complementary energy, which can be stated as 

follows.(Ref. 19): 

Of all itatically admissible stress states, i.e. satisfy-

ing equations of equilibrium and all boundary conditions 

on stresses, those which also satisfy the compatibility 

* equations make the total complementary energy TI assume 

a stationary value. It can be shown again that this 

value is a minimum. 

6 n* = 6 (U* + V) = 0 (2 .16) 

where: u* = Complementary strain energy. 

V =Potential of applied loads. 

Therefore, it is possible to arrive at an alternate finite element 

formulation if, in place of a compatible displacement field, an 

admissible stress field is taken to define strains, and hence the 

complementary energy. In this context,a stress field is called 

conforming if it is in equilibrium within the element and balances 

all prescribed surface stresses. The stresses within the element 

are assumed in terms of stress functions which in turn are 
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expressed in terms of nodal parameters. The principle of minimum 

complementary energy is then applied to derive flexibility equa­

tions. Hence, the emphasis in this approach lies in the search 

for conforming stress fields. 

Pioneered by DeVeubeke (Ref. 20), this approach is in 

general much more difficult since the search for equilibrium stress 

fields is more demanding than that of compatible displacement 

fields. It can be shown that this approach will give an upper 

bound of the strain energy and thus overestimates the displacements. 

If both the compatible displacement approach and the approach 

based on the principle of minimum complementary energy are taken, 

valuable bounds to the true displacements are obtained. The prin­

ciple of minimum complementary energy has so far been applied to 

derive element stiffness matrices for simple elements in the elas­

tic range. An extension of this formulation to arrive at flexi­

bility equations for more complex elements is difficult since con­

forming stress fields are difficult to establish. An extension 

of this approach to elastic-plastic problems is not feasible since 

for a non-linear material behavior, the complementary energy does 

not provide for a reliable basis for the derivation of flexibility 

equations. 

Besides these two basic formulations, a number of alter­

nate avenues can be taken to establish stiffness or flexibility 

equations. A comprehensive study of such approaches is given in 

the survey by Pian and Tong (Ref. 21). For example, other functionals 
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could be selected, permitting the simultaneous variation of 

stresses and displacements together with assumptions made on both 

these quantities. Such approaches are called mixed formulations. 

In these methods, generally neither equilibrium nor compatibility 

is fully satisfied,and for this reason,convergence must be proven 

for each particular case. 

2.3.4 Existing Rectangular Plate Bending Elements 

During the last decade,much research effort has been· 

devoted to determine reliable element stiffness matrices for vari­

ous shapes of plate bending finite elements. Attention has been 

given to triangular, rectangular, and quadrilateral elements. 

Recent surveys of presently available triangular elements are 

given by Bell (Ref. 22) and Gallagher (Ref. 23). These surveys 

show that a variety of fine performing triangular elements are 

available. 

Comparative studies have shown that rectangular ele­

ments show greater accuracy than triangular elements for the same 

number of degrees of freedom. In view of the refined rectangular 

plate element developed in this report, a short review of some 

published rectangular and quadrilateral plate elements is given in 

this section. It should be stated that in the case of plate bend­

ing, continuity of displacement throughout the plate element im­

plies continuity of deflection and slopes, i.e. first derivatives 

of the lateral displacement w. Thus, both the deflection and the 
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slopes must be continuous within the element and across its bound­

aries in order to fully satisfy the conditions of displacement 

compatibility. 

A survey of rectangular finite elements for plate bend­

ing is given by Clough and Tocher (Ref. 24). Various displacement 

functions have been used to develop the stiffness matrix for a 

rectangular plate element. Within the framework of Kirchhoff 1 s 

plate b€nding theory, the deformations in a plate element are com­

pletely defined by the lateral deflection w. With this deflection 

and two rotations unknown at each nodal point, a rectangular ele-

ment, as shown in Fig. 4, possesses twelve degrees of freedom. 

One of the earliest functional representations for the 

deflection was suggested by Pappenfuss (Ref. 25): 

It can be verified that this function satisfies interelement conti-

nuity of w, and the rigid body displacement modes are included. 

However, due to the absence of the term representing constant twist, 

the constant strain condition is not satisfied, and hence, conver-

gence does not occur towards the correct solution. 

In another early paper, Melosh· (Ref. 26) derived a dif-

ferent plate bending stiffness matrix, on the basis of physical 

reasoning. 

The simplest expression which has been used in deriving 
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DeVeubeke (Ref. 27) derived a compatible finite element 

by subdividing an arbitrary quadrilateral into four triangles and 

assuming a complete cubic polynomial displacement field within 

each triangle. Besides the four corner nodes, four midside nodes, 

with one degree of freedom at each of those nodes,were defined. 

Clough and Felippa (Ref. 28) derived a compatible quadri­

lateral element having four corner nodes,only with three degrees 

of freedom each. It was built up from four triangles,and each of 

these triangles in turn consists of three subtriangles represented 

by a complete third order polynomial in w, the transverse 

displacement. 

Of all the elements discussed so far, the last three 

approaches show the best results. In most of the available litera­

ture, the convergence of an element is judged by plotting the 

accuracy of the solution against the number of subdivisions for a 

problem in consideration. A more appropriate comparison would be 

to plot the accuracy versus the total number of degrees of free­

dom involved. 

Little work has been done to date in the derivation of 

stiffness matrices based on the alternate approach of minimizing 

the total complementary energy. Efforts to accomplish formulations 

based on this functional or on ReissnerTs energy principle have 

been mainly concerned with the triangle. A number of mixed ap­

proaches however, have been advanced during recent times. In a 

paper by Pian (Ref. 29), a hybrid approach was developed in 
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the element stiffness matrix for a rectangular plate element, 

known as ACM element (Ref. 34), is the twelve term polynomial 

(2 .18) 

It is noted first that the chosen function does not represent a 

complete polynomial. Geometric isotropy is maintained, due to the 

choice of the two fourth order terms. It is observed that the 

rigid body mode is included and constant strain states are allowed 

for in this expression. A test reveals that transverse displace-

ments are interelement compatible, but the element lacks compati-

bility of normal slope. However, lack of satisfaction of inter-

element compatibility does not necessarily result in lack of con~ 

vergence, due to this reason this functional representation yields 

relatively good accuracy in displacement but at the swme time less 

accuracy in internal moments is obtained. 

As an example of achieving interelement compatibility by 

means of the Hermitian interpolation concept, Bogner et al. (Ref. 

14) developed a compatible rectangular plate element having four 

degrees of freedom at each nodal point. In addition to the usual 
2 

displacement components w, ow/ox and ow/oy, the twist o w/oxdy was 

introduced'as an unknown displacement component. NL~erical re-

sults indicate that in addition to exhibiting monotonic conver-

gence, a good approximation of the displacement behavior was 

achieved; however, no results for internal moments are reported. 
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which stresses were selectedwithin the element, and a displacement 

functionwas prescribedon the boundaries. A similar approach was 

undertaken by Severn and Taylor (Ref. 81) and generalized to the 

arbitrary quadrilateral by Allwood and Cernes (Ref. 30). 

In summary, a number of rectangular or quadrilateral 

finite elements for plate bending analysis are presently in use. 

Most elements show good convergence for displacements towards the 

true solution. However, the rate of convergence does differ sub­

stantially f~r different elements. Moreover, despite accep-

table accuracy for displacements, some elements show poor accuracy 

for internal moments. 

2.4 A Refined Rectangular Plate Bending Element 

2.4.1 Choice of Displacement Field 

Investigations on triangular elements,using higher order 

polynomial approximations for the assumed shape functions,showed 

that the use of such expressions leads to improved accuracy on dis­

placement and stresses. Similar investigations have not yet been 

made for rectangular elements. Hence, in this chapter the stiff­

ness matrix for a refined rectangular plate bending element is 

derived and comparisons are made with some presently available 

rectangular and quadrilateral elements. 

Refinements in a finite element approach can be achieved, 

for example, by a better approximation of the displacement field. 

In order to arrive at a valid variational formulation based on 
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minimum potential energy, certain continuities of the unknown func-

tion must be maintained. This allows the determination .of the 

functional to be minimized, which will be unique. Thus, as was 

noted earlier,the deflection wand two slopes must be continuous 

for a plate bending problem. One can prove that,in this case,the 

solution will converge monotonically towards the correct solution. 

On the other hand, formulations based on deflection functions not 

satisfying compatibility of normal slopes along interelement bound-

aries will not necessarily show monotonic convergence as the mesh 

size is decreased. It is the basic thought of the present investi-

gation that a refinement in element behavior can be achieved through 

the use of a higher order polynomial approximation of the displace-

ment field. 

Consider the rectangular finite element, shown in Fig. 4, 

along with the introduced local coordinate system with its origin 

located at the centroid of the element. The displacement campo-

nents are assumed positive as shown. The basic unknowns in a plate 

bending problem are the lateral deflection w, the two slopes e and 
X 

e , and the internal moments per unit length, defined in Eq. 2.6. y 

For the present approach, at each node~)of a finite element,the 

following generalized displacement components are introduced. 

(6.}T = < w 
1 

e 
X 

e 
y 
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where: w = w (x,y) = lateral deflection in z-direction 

e = slope about x-axis 
X 

e = slope about y-axis y 

'\ = curvature of plate surface in x-direction 

0y = curvature of plate surface in y-direction 

0xy = twist of plate surface 

Under the assumptions of the theory of thin plates, the slopes and 

curvatures can be expressed in terms of derivatives of the lateral 

deflection w, as follows: 

e = ow/oy 
X 

(2. 20 a) 

e = -ow/ox y (2.20 b) 

2 2 

0x = -o w/ox (2.20 c) 

2 2 
0 = -o w/oy y (2.20 d) 

2 

0xy = 0 w/oxoy (2.20e) 

Element displacements can now be given as the listing of nodal 

displacements: 
. T 

T T• T (oe) =<o.T 0 • ok 01 > 
l J 

(2. 21) 

Similarly, the element force vector is defined as: 

T 
F.T F.T F T F T (Fe) = < > 

l J k l . (2. 22) 
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The six degrees of freedom introduced at each nodal point lead to 

a 24-degree-of-freedom element, and permit the choice of a higher 

order polynomial for the approximation of the displacement field. 

Using this improved field, it should be possible to approximate the 

actual displacement field more closely, resulting in an improvement 

in the accuracy and convergence. The presence of curvature terms in 

the vector of unknown nodal parameters should also allow certain 

types of boundary conditions to be satisfied more properly than can 

be done in the usual displacement approach, having w and its slopes 

as unknowns. The continuity requirements imposed on the curvature 

terms should especially improve the moment field since moments at 

all mesh points can be made continuous in this approach. Finally, 

since the internal moments are obtained directly by summing the 

appropriate curvature terms, they need not be computed separately. 

The chosen polynomial can be conveniently represented by Pascal's 

triangle, as shown in Fig. 5. Twenty-eight free constants are 

associated with this polynomial, i.e. one constant for each term. 

A completely conforming solution could be constructed by introduc­

ing additional nodes at each of the midsides of the rectangle and 

requiring that the normal slope be continuous at these points. 

Possessing the same number of known conditions as there are un­

knowns in this case, the interpolation problem could be solved 

uniquely. However, this approach is not taken here, since it 

would result in different degrees of freedom for different nodal 

points, and hence, complicate the assembly of the system stiffness 
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matrix. In addition, it would increase the band width of the re-

sulting system of linear equations. It would however, result in a 

valid potential energy approach. 

' For the present approach, only twenty-four terms of the 

complete sixth-order polynomial are retained (the terms underlined 

in Pascal's triangle are omitted), since the deflection function 

for w can be defined in terms of these twenty-four parameters only. 

With geometric symmetry of the element, no preferential direction 

should exist. The terms with the highest even powers in x and y 

must be omitted in order to satisfy compatibility of w. Despite 

omitting these terms, geometric isotropy is retained. It will be 

seen later that the retention of inappropriate terms would result 

in a singular transformation matrix. Inspecting the chosen func-

tion, it is recognized that along any line of constant x or y co-

ordinate, the displacement w varies as a fifth-order function. The 

element boundaries, for example, are composed of such lines. A 

fifth-order polynomial is uniquely defined by six constants. The 

two end values of deflection, slopes, and curvatures at the end 

points will therefore uniquely define the displacement along these 

boundaries. As such values are common to adjacent elements, con-

tinuity of w will result along all interfaces. 

Furthermore, it can be seen that the gradient of w normal 

to any boundary varies as a fourth-order function. With only one 

slope and curvature term imposed at each of the two end points of a 

boundary line, this function is not uniquely specified, and hence, 
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discontinuity of the normal slope generally occurs. Clearly, the 

chosen displacement function is of the non-conforming type. How-

ever, it is evident that the completeness criterion is Batisfied, 

since all rigid body displacement modes, as well as all constant 

curvatures, are included in the chosen functional representation. 

For the sake of a simpler derivation, it is best to 

introduce at this point non-dimensionalized coordinates defined as: 

X s = -a and 

The displacement field can then be written as: 

Listing all polynomial terms in the row-vector 

Eq. 2.24 can be written as 
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al 

a2 

5 
w = w (x ,y) = < 1 ~ 11 s'Tl > (2. 26 a) 

~24] 
or simply as 

w = w (x,y) = < p> [a} (2.26 b) 

The constants a., with i = 1, 2, ..... 24 can be evaluated by 
l 

establishing compatibility of deformation in displacement w, its 

slopes and curvatures at each of the four nodal points. The 

determination of these twenty-four generalized coordinates solves 

this interpolation problem in two dimensions. 

First define a modified nodal displacement vector as: 

~ T 
a

2
0 b

2
0 (6.} =<.w b6 ae ab0 > 

l X y X y xy (2.27 a) 

or 
a a a 

- T bow ow 2 0 w -b2 0 w 0 w (8.} =<w -a- -a a ab oxoy > l oy ox a 
ox oy 

(2.27 b) 

and similarly the corresponding modified element displacement 

vector 

(2. 28) 

After the enforcement of compatibility of deformation, the twenty-

four equations in matrix form will be listed as: 
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(2. 29) 

where [C] is a square matrix of size 24 x 24, consisting of numbers 

only. This non-symmetric and fully populated transformation matrix 

can conveniently be inverted in a digital computer,and the uru<nown 

vector of generalized coordinates can be found from 

(2. 30) 

The inverse of matrix [ C] remains the same for all elements in­

volved in the analysis and must be evaluated only once. The value 

of the determinant of this matrix is a measure of how well this 

matrix is conditioned. No complications in the inversion process 

occur if the absolute value of the determinant is large. In 

fact, this was found to be so, underlining the importance of the 

choice of appropriate terms in a truncated polynomial expression. 

A bad choice could, in fact, lead to a singular matrix [ C] and 

would thus complicate the inversion. 

The unknowns in the final solution are listed in the 

originally defined nodal displacement vector; this vector being 

related to the modified nodal displacement vector by 

where the transformation matrix [T1J is a diagonal matrix composed 

of four diagonal submatrices of the form 
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1 0 0 0 0 0 

0 b 0 0 0 0 

0 0 a 0 0 0 
[Tl] = (2. 32) 2 

0 0 0 -a 0 0 

0 0 0 0 -b2 0 

0 0 0 0 0 ab 

The vector of generalized coordinates can therefore be found by the 

relationship 

[a} 
- -1 

[T J [ & e} .. ·· [ c J (2.33 a) = 1 

or [a} = [ cJ -1 [ & e} (2. 33 b) 

The transformation matrix [T1] being sparsely populated, the matrix 

product in Eq. 2.33 a can be evaluated in an efficient way. It is 

now possible to write the function describing the displacement 

within an element in terms of the nodal displacement components 

[ } [ CJ -1 [ t. e} w=w (x,y) =<P> a =<P> v (2. 34) 

2.4.2 Derivation of Element Stiffness Matrices 

In this section, the element stiffness matrix for the 

proposed refined element is generated. The derivation is valid 

for small strains and rotations; i.e. the linearized form of the 

strain-displacement equations is assumed to be valid. 

For the purpose of a plate analysis, it is simplest 

to define the curvatures as generalized strains. In order to 
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properly evaluate the internal work in the determination of the 

strain energy, a factor of two must be added to the twisting curva-

ture. This in turn allows the retention of the twisting moment M xy 

only in the analysis, since M is numerically identical. The curva­yx 

tures are related to the lateral displacement by Eq. 2.20. As 

introduced in Section 2.2.1, and defined in Eq. 2.8b, the vector 

of generalized strains can be written as: 

2 
0 w 

---2 

ox 

2 
0 w 

---2 

oy 

2 

2~> 
oxoy 

and the corresponding vector of generalized stresses (Eq. 2.8 a) as 

(M} T = < M 
X 

M 
y 

M > xy 

The vector of generalized strains must be related to the joint dis-

placements. This vector can be written in terms of generalized 

coordinates by simply evaluating all needed derivatives: 

(0'} = [Q] (a} (2. 35) 

Using Eg. 2.34, it follows immediately that 

(2. 36) 

One of the essential features in a finite element displacement 

approach is the definition of the displacement field for the pur-

pose of establishing this fundamental relationship. 
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Examining matrix [Q], it is of interest to note that the 

chosen displacement function permits a state of constant curvatures 

to exist, and hence, satisfies the criterion of constant strain, 

stated in Section 2.3.2. 

The constitutive law for a linearly elastic material, 

already introduced in Section 2.2.1, is generally written in the 

form 

( M} = [ D] ( 0'} (2. 3 7) 

where [D] is a symmetric elasticity matrix, relating generalized 

stresses (in this case, internal moments) to generalized strains 

(in this case, curvatures). For a general anisotropic material, 

matrix [D] is fully populated, and of the form 

[D] = (2.38 a) 

Six constants at most are needed, since matrix [D] is always 

symmetric, i.e. 

D •• = D •• 
''l] Jl 

for i -1 j 

~sotropic materials are characterized by'only two constants, 

E and v, 

where E =Modulus of elasticity of plate material 

v = Poisson's ratio 
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Thus, for an isotropic material, matrix [D] will reduce to 

1 \) 0 

[D] Eh
3 

\) 1 0 = 
12 (1 - v

2
) 1-v 

0 0 2 

(2.38 b) 

In this expression, h denotes the plate thickness. For an ortho-

tropic plate material, with principal axis of orthotropy coinciding 

with the x and y axis of the local coordinate system, four con-

stants are needed to define the behavior of the plate, i.e. 

[D] = 

D D . 0 
X 1 

0 

D 
y 

0 

0 

D xy 

(2. 38 c) 

As shown in greater detail in Appendix I, the applica-

tion of the principle of minimum total potential energy leads to 

the derivation of the element stiffness matrix: 

[Ke] = JJ [B]T [D] [B] dxdy 
A 

Substituting Eq. 2.36 into the above equation yields 

(2. 39) 

(2. 40) 

In the above formula, the integration is to be carried out over area 

A of the finite element. The introduction of non-dimensionalized 
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coordinates leads to a particularly simple integration. This in-

tegration could in fact be carried out automatically due to the 

simplicity of the terms to be integrated. The integration was 

performed algebraically, considering one term of the elasticity 

matrix [D] at a time. The matrices within the integration can 

easily be multiplied out and integrated without difficulty. This 

operation leads to the final expression for the stiffness matrix 

of the refined rectangular plate element. Assuming orthotropic 

material it can be written as: 

This derivation is described in more detail in Appendix I, where 

the component matrices [ K.] , i = 1, 2, 3, 4, are listed. 
l 

The final evaluation of the element stiffness matrix, 

which is of size 24 x 24, is performed in the digital computer. 

It should be noted that the component matrices [K.]1 i = 1, 2, 3, 4, 
l 

are sparsely populated, and if made use of in the actual computa-

tions, this property would reduce the time required for the genera-

tion of the element stiffness matrix. Furthermore, use can be 

made of the fact that all component matrices are symmetric. 

The resulting element stiffness matrix generated is a 

symmetric, square and singular matrix. Its singularity stems from 

the fact that rigid body displacements are included in the assumed 

displacement function, as given by Eq. 2.24. Enforcing known 
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boundary conditions, these rigid body modes will be eliminated 

after the formulation of the overall stiffness matrix. 

The system stiffness matrix can be assembled as des-

cribed in Section 2.3.1. The element stiffness matrix, as derived 

above, is referred to the local coordinate system. The first 

step in the assembly procedure would be to transfer this relation 

to a global or reference coordinate system. However, in the.pre-

sent investigation the local coordinate system is always parallel 

to the global coordinate system, therefore the stiffness relations 

established need not be transformed. The formation of the com-

plete stiffness matrix for the discretized plate structure is 

finally accomplished by the direct addition of appropriate ele-

ment stiffnesses at nodal points. 

2.4.3 Kinematically Consistent Force Vectors 

Applied loads are usually distributed on structural ele-

ments. Equivalent concentrated forces, at the location and in the 

direction of the global or reference coordinate system, are re-

quired for the analysis. In addition, concentrated forces may be 

applied at points other than nodal points of an element,and 

forces caused by initial strain conditions need to be considered. 

The latter may be caused by temperature, shrinkage,or lack of fit. 

Considering all of these contributions~ the basic stiffness equation 

for an element can be cast into the form 

(2. 42) 
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where: [R}e = Vector of external forces applied at the nodes 

[ F} e = Nodal forces required to balance distributed loads 
p 

[ F} e = Nodal forces required to balance concentrated c 

forces acting within an element 

[ F}: 
}_ 

= Nodal forces required to balance initial strains 

caused by temperature, lack of fit, etc. 

Th~ final system of simultaneous equations is obtained 

by establishing equilibrium at all nodal points. Each external 

force component must be equated to the sum of the component forces 

contributed by the elements meeting at the node in consideration. 

All forces can be collected and the final equilibrium equation can 

be written in the form: 

( F} = [ K] ( o} (2. 43) 

where: [oJ = Overall systems displacement vector 

( F} ::: Resultant systems force vector consistent with the 

overall displacement vector 

[K] ::: Overall structural stiffness matrix 

For all common loading conditions, the equivalent concentrated 

nodal forces can be determined from an energy approach which is 

consistent with the evaluation of the element stiffness matrix. 

For example, for distributed loads p (x,y), defined as acting on 
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a unit area of the. element, this derivation leads to the following 

equivalent nodal force vector 

JJ < P>T p (x,y) dxdy 
A 

(2. 44) 

This vector is listed in Appendix II along with a more detailed 

description of the derivation. 

2.~.4 Enforcement of Boundary Conditions 

Th~ system of linear simultaneous equations represented 

by Eq. 2. 43 can only be solved after sufficient boundary conditions 

are prescribed. The equation includes the rigid body displacements 

of the structure. Therefore, a minimum number of prescribed dis-

placements must be substituted in the equation. The number of 

kinematic restraints prescribed is usually far greater than the 

number required to prevent rigid body motions. These constraints 

can be imposed by deleting appropriate rows and columns of the 

system. stiffness matrix. This constitutes a relatively cumber-

some and time consuming procedure for an automatic computation, 

though it results in a reduction of the total number of equations. 

This investigationuses a more convenient approach, pro-

ceeding with a direct solution of the original number of equations 

to avoid rearranging of rows and columns. In this approach, the 

diagonal element of the system stiffness matrix, at the point 

concerned, is multiplied by a very large number. At the same time 

the term on the left-hand side of the equation, i.e. the element 
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of the global force vector at the point concerned, is replaced by 

the same large number multiplied by the prescribed displacement 

value. The effect of these manipulations is to replace the origi-

nal equation by one which states that the displacement in question 

is equal to the specified displacement. This procedure of enforc-

ing boundary conditions is easily implemented in a general computer 

program, and all programs described in this report operate success-

fully, using this approach. 
I 

The deformed shape of a plate structure must be found in 

such a way that all boundary conditions adhering to a problem under 

consideration are satisfied. In a finite element displacement ap-

proach, such restraints can be at the selected nodal points only, 

since only the deformation components at the nodes are entered as 

field quantities. Boundary conditions in plate bending problems 

usually include both the force (or static) and displacement (or 

kinematic) types. Only displacement type boundary conditions, i.e. 

restraints which can be expressed in terms of displacement components, 

can usually be satisfied in a pure finite element displacement ap-

proach. However due to the fact that in the present approach the 

three curvature terms are included in the final displacement vector, 

certain types of plate boundary conditions can be approximated more 

closely if the plate is made of isotropi6 or orthotropic material. 

Some common boundary conditions to be satisfied in a 

plate problem, along with the associated constraint equations, are 

listed in Fig. 6. The top half of the figure lists the boundary 
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conditions as introduced in conventional plate theory. As derived 

in Section 2.2.1, the internal moments are linear combinations of 

the curvatures of w. The introduction of the curvatures as nodal 

parameters also makes it possible to exactly satisfy some static 

boundary conditions. If the boundary conditions of a simply sup-

ported plate are considered (Fig. 6) the classical theory of thin 

plates requires the following boundary conditions to be satisfied, 

at x = a 

w = 0 (2. 44 a) 

a ow 
0 = oy = 

X 
(2. 44 b) 

a a 
M - D co w \} 0 w) 0 = --.a+ = X ox o/3 

(2.44 c) 

A conventionally formulated displacement approach will not satisfy 

Eq. 2.44 c,called the static boundary condition. However, from the 

geometry of the deformed plate surface,it is known that 

a 
0 w 

2 
oy 

= 0 (2.45 a) 

along the straight and simply supported edge at x = a. From a 

consideration of the static boundary condition (Eq. 2.44c) it can 

be concluded that the following equation will also hold 

= 0 (2 .45 b) 

Therefore, the proposed approach allows all boundary conditions 
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associated with a simply supported edge to be satisfied exactly. 

This conclusion is only valid if no externally applied moments are 

acting along the boundary under consideration. 

Similarly, the boundary conditions associated with a 

clamped edge can also be satisfied exactly, as this can be done in 

the conventional displacement approach where only displacement-

type boundary conditions are to be met. 

The boundary conditions for a free edge are due to 

Kirchhoff (Ref. 3), and are listed in the classical theory as 

follows: 
oM 

v = _E. 0 Qx - oy = X 
(2. 46 a) 

3 3 

0 w 
(2 - v) 

0 w 
0 --+ = 

ox
3 2 

oy 
(2.46 b) 

and M = 0 
X 

(2.47 a) 

o
2

w o
2

w 0 + \) = a 2 
ox oy 

or (2.47 b) 

The condition for zero vertical reaction at the free edge cannot be 

satisfied since in the present approach it is not possible to ex-

press this quantity in terms of nodal parameters. This is due to 

the fact that no third order derivatives are listed in the vector 

of unknown nodal displacement components. The requirement of zero 

normal moment could be satisfied exactly if,instead of the curvature 
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terms, their linear co1nbinations, i.e. internal moments, would be 

introduced in the displacement vector. However, since the case of 

a free edge is relatively rare, no effort was made in this inves-

tigation to arrive at a more refined approach for satisfying this 

particular boundary condition. 

2.4.5 Solution of the Stiffness Equations 

The displacement approach as described in Section 2.3.1, 

' and in more detail in Ref. 31, leads very often to a large system 

of linear simultaneous equations. In this set, the structure 

stiffness matrix connects the known vector of generalized forces 

to the unknown vector of generalized displacements. This matrix 

is always positive definite and symmetric for a linear elastic 

analysis. In addition, the stiffness matrix is usually well-

conditioned and sparsely populated, and with adequate arrangement 

of the equations narrowly banded. These properties permit a very 

efficient,automatic assembly and solution of large systems. 

The time required for the solution of the set of simul-

taneous equations is the single most important expense in solving 

large scale problems. Hence, the availability of an efficient 

solution technique is of upmost importance in solving elastic,and 

especially elastic-plastic,problems. 

There are two fundamental groups of methods for solving 

linear algebraic equations, the methods of iteration or relaxation, 

and methods based on elimination. The main advantages of iterative 
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solution techniques are the relatively easy coding of such methods 

and the small amount of computer storage required. Solutions can 

be obtained with reasonable computer time if the governing system 

of equations is well-conditioned. The latter requirement is not 

always met and considerable difficulties may be experienced in 

solving large ill-conditioned systems. Though these methods can 

be efficiently applied in the solution of linear elastic problems, 

their application in solving elastic-plastic problems is doubtful 

due to the fact that the initially elastic and diagonally dominant 

system can become ill-conditioned at latter stages following ex-

tensive plastic flow. At such a stage, the diagonal elements of 

the stiffness matrix become small compared to the off-diagonal 

elements. For this reason, iterative or relaxation methods can 

become inefficient in solving elastic-plastic problems. In addi-

tion, elastic-plastic procedures require the solution of the stiff-

ness equations in incremental form if the complete load-deflection 

behavior of a structure is sought. Each step,in turn,requires an 

iterative solution technique itself,and hence, the entire analysis 

would become too time-consuming. Furthermore, iterative methods 

do not allow multiple load vectors to be processed simultaneously. 

This is a serious drawback in the elastic analysis of structures 
. 

subjected to many different loading conditions. 

On the other hand, elimination methods do not require a 

well-conditioned system; only the number of equations to be solved 

and the bandwidth of the system are important. These methods do, 
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however, require larger amounts of computer storage. The Choleski 

decomposition method is among the most efficient and accurate eli-

mination methods. This method was chosen as basis for the solution 

of the resulting set of stiffness equations, for all the analyses 

presented in this report. The key to this method is the fact that 

any symmetric square matrix can be expressed as the product of an 

upper and a lower triangular square matrix. Hence, it is possible 

to decofllpose the symmetric and banded structure stiffness matrix [K] 

into the product of a triangular matrix [L] and its transpose [L]T, 

as shown in Fig. 7. This can be written as: 

[ K] = [ L] [ L] T (2. 48) 

in which the terms L .. = 0 for i < j, and L .. T = 0 for i> j. Hence, 
lJ lJ 

the first step in this approach is to decompose matrix [K] into 

these two component matrices. It is observed that both of these 

matrices are also of banded nature with a bandwidth which is equal 

to half the bandwidth of the system stiffness matrix. Considering 

the special coordinate system introduced, the elements of [L] can 

be obtained by simple recursive relations. It is further noted 

that in order to calculate column j of [LJ., only the elements in 

the shaded triangular area, as shown in Fig. 7, and the elements of 

column number j of the original matrix [l<] are required. The 

fundamental stiffness equation, Eq. 2.43,can now be written in the 

form: 

[ L] [ L] T ( 6 } = ( F} (2. 49) 
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Introducing an auxiliary vector, defined as: 

( Y} = [ L] T ( 6 } (2. 50) 

the stiffness equation can be written as 

[ L] (Y} = ( F} (2. 51) 

The solution of the original stiffness equation is accomplished in 

two ste~s: first vector (Y} is found by a forward sweep, and the 

unknown vector (6} is finally determined by backward substitution 

of (Y} into Eq. 2.50. 

The fact that only a small part of the overall matrix is 

used at any time during processing is of considerable importance in 

the development of finite element programs capable of handling 

structures involving many thousands of degrees of freedom. In 

order to save on core storage, the stiffness matrix is generated 

in blocks in the present approach,and the information is transferred 

to magnetic disc storage. The efficient use of the OVERLAY feature 

and of magnetic discs allows large scale problems to be treated 

using relatively little computer storage. A subroutine, capable 

of handling large banded systems of simultaneous equations was 

developed,based on the above described decomposition technique. 

The amount of information needed for processing at any time can be 

adjusted, and is called from discs accordingly. 

The analyzed examples show that the described direct 

elimination technique is very efficient and accurate. The fact 
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that multiple load vectors can be processed at the same time, 

allows complex structures to be analyzed for different loading 

conditions in a very efficient way. Provided the bandwidth is not 

excessive, this method also proved to be very powerful for the 

elastic-plastic analysis of plates, as described in a subsequent 

section. 

It should be noted in this context that for a large band­

width, the described method,which operates on all elements within 

the band, may require considerable computer time. Improved solu­

tion routines, processing non-zero elements or submatrices only, 

have been developed in recent years. Whetstone (Ref. 32) presented 

recently a method which virtually eliminates both trivial arith­

metic and wasted data storage space. Melosh (Ref. 33) describes a 

solution algorithm based on the wavefront concept and a modified 

Gauss algorithm. 

According to these authors, such approaches can treat 

larger problems than bandwidth programs, involve negligible pen­

alities,and at the same time,yield more accurate solutions than 

approaches using the Choleski algorith. However, such approaches 

clearly involve years of intensive research, and hence, were not 

possible to accomplish within the framework of this investigation. 

2.5 Examples of Solution 

2.5.1 Selected Examples 

The following examples have been selected to illustrate 
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the application of the derived refined finite element, and to dis­

cuss its rate of convergence and accuracy. To simplify the com­

parison with analytic solutions, isotropic material is assumed and 

only simple examples are chosen. It should be noted here that the 

general computer program developed is capable of handling plates 

of arbitrary geometry, as defined in Section 2.1, and orthotropic 

material can be treated. 

Four example problems, schematically represented in Fig.· 

8, have been __ selected in this investigation. For all problems, 

four different meshes, as shown in Fig. 9, were processed with the 

mentioned digital computer program, using the derived refined ele­

ment as the basic element. Making use of symmetry, only one quad­

rant of each problem was analyzed. All structures were subjected 

either to a uniformly distributed load,or a single concentrated 

load acting at the center of the plate. The equilibrium equations 

were solved using the very efficient solution technique described 

in Section 2.4.5. All runs were processed in the CDC 6400 com­

puter of the Lehigh University Computing Center. 

In a first example (Problem Pl) , a square isotropic plate 

with four fully fixed boundaries was discretized using the four 

meshes shown in Fig. 9. The boundary conditions, as described in 

Section 2.4.4, can be satisfied exactly lor this example. Poisson's 

ratio was assumed to be v = 0.30. 

Problem P2 represents the analysis of a simply supported 

square isotropic plate. Again all boundary conditions can be 
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satisfied exactl~and the same value for v was assumed as in 

Problem Pl. 

In a third example (Problem P3) , a panel of a plate sup-

ported by rows of equidistant columns (flat plate) was analyzed. 

In order to be able to compare with available solutions, a value 

of v = 0.20 was chosen for this example. All boundary conditions 

can be deduced from the geometry of the deflected surface and can 

be satisfied exactly . To simplify this problem, it was . 
assumed that the cross-sectional dimensions of the columns were 

small in comparison to the span of the plate panel, and could be 

neglected in so far as deflection and moments at the center of the 

plate are concerned. Timoshenko (Ref. 3) has discussed in length 

the implication of this assumption. However, the dimensions of the 

columns could be easily included in the analysis. 

The fourth example (Problem P4) is a square isotropic 

plate supported by columns at the corners only. As discussed in 

Section 2.4.4, the boundary conditions for free edges cannot be 

satisfied exactly by the presented finite element approach. This 

example was chosen to study the effect of this deficiency. No 

exact solution to this problem is available, though various experi-

mental and approximate solutions are known. 

2.5.2 Accuracy and Convergence of Solutions 

The plate geometry and the finite element idealization 

of the selected examples are shown in Fig. 8 and Fig. 9, 
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respectively. For the four problems, Tables 1, 2, and 3 list in 

sequence, the computed center deflection for both loading cases, 

along with some results found from existing plate elements and the 

exact values, where available (Ref. 3). Excellent accuracy and 

convergence is observed for both loading cases. The complete de-

flection profiles along a center-line of the plate together with 

exact values, are given in Table 4 for uniformly distributed loading 

and in Table 5 for the case of a single concentrated load. Exact 

values were found by evaluating the series solutions derived in 

Ref. 1 at all points of interest. Good agreement of displacements 

is apparent, as the convergence is fast and monotonic. 

Tables 6 through 9 list the computed internal moments M 
X 

and M along a center-line of the plate,together with exact values, 
y 

where available. It can be seen that even for relatively rough 

meshes,the computed values for internal moments show good accuracy. 

Finally, Table 10 shows the internal twisting moment along a dia-

gonal of the plate for the case of uniformly distributed load. 

From the results found, it is evident that excellent accuracy for 

displacements and internal moments is obtained with the refined 

plate element. 

In order to study the effect of the enforcement of bound-

ary conditions, as discussed in Section 2.4.4, a number of compari-

sons have been made. For the purpose of these comparisons the fol-

lowing types of boundary conditions can be defined: 
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Type I: 

Type II: 

Only displacement type boundary conditions asso­

ciated with w, ow/ox and ow/oy are enforced. 

In addition to the constraints of Type I, curvature 

terms derived from a knowledge of the geometry of 

the deflected surface are enforced. 

Type III: In addition to the constraints of Type II, curvature 

terms derived from static considerations are enforced. 

Tables 11 and 12 list, in part, the results of this investigation. 

In the conventional finite element displacement formulation, which 

is based on three degrees of freedom per node, i.e. on deflection w 

and its first derivatives, only boundary conditions of Type I can be 

satisfied. The present formulation also allows the enforcement of 

boundary conditions of the Types II and III. Comparing the computed 

values for the center deflection of problems Pl and P2 for the dif­

ferent types of boundary conditions enforced, it can be stated 

that if boundary conditions of Types II and III are enforced, then 

the structures tend to become stiffer. However, for finer meshes 

no difference can be recognized, thus leading to the conclusion 

that the imposition of additional curvature constraints does not 

improve the computed center deflection. As can be seen from Tables 

13 and 14, in which results from this investigation for internal 

moments are compiled, the imposition of additional curvature terms 

does, however, improve the moment field, especially in the vicinity 

of the boundaries. 
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2.5.3 Comparison with Existing Plate Elements 

Results found in the literature for the different ele­

ments discussed in Section 2.3.~, are compiled in Tables l, 2, and 

3. Internal moments are mostly reported in the form of graphs, 

thus lacking the numerical accuracy needed for an exact comparison. 

Hence, in order to be able to compare the results obtained with 

the refined plate element, missing internal moments were found for 

the ACM (Ref. 3~) element in particular, using an auxiliary finite 

element plate program. 

A direct comparison of the different finite elements 

used in the examples,in terms of mesh size,is not appropriate, 

since the computational effort is different for different elements 

and meshes. Most results available in the literature are listed 

separately for each mesh, and hence Tables l, 2, and 3 were set up 

for reference only. 

In a finite element approach involving fine meshes, the 

major part of the computer time required is used for the solution 

of the typically large system of simultaneous equations. Hence, 

a more reasonable way of comparing the results is to plot the per­

centage error in deflection or internal moment against the number 

of degrees of freedom; the solution time being directly propor­

tional to this number in the proposed decomposition technique. 

The total number of degrees of freedom is defined here as the 

number of nodal points involved in the analysis,times the number 

of degrees of freedom per nodal point. 
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In Figs. 10, 11, 12, and 13 the percentage error in cen­

tral deflection is plotted against the number of degrees of free­

dom of a problem for different finite elements for plate bending. 

Clearly, the new element shows improved results over most other 

elements at a given number of degrees of freedom. Similarly, in 

Figs. 14 and 15, the percentage error in internal moments is plot­

ted against the total number of degrees of freedom. 

As already pointed out in Section 2.3.4, existing plate 

elements are.deficient because they are not capable of predicting 

internal moments with sufficient accuracy, unless very fine mesh 

idealizations are used. It may be added that the evaluation of 

internal moments using some of these elements represents a signi­

ficant computational effort. As shown in the above-cited figures, 

the refined element is capable of determining reliable internal 

moment values even for relatively rough meshes, thus confirming 

one of the basic ideas for the derivation of this element. 

An even better index for comparison would be the time of 

the computational effort needed for the entire solution of larger 

sized problems. In fact, the computer time needed to generate the 

element stiffness matrices, to assemble the system stiffness ma­

trix, to generate force vectors, to solve the resulting large sys­

tem of simultaneous equations, and finally, to find all internal 

moments would be a better measure for the discussion of the rela­

tive merits of different proposed elements. 
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2.6 Summary 

A refined rectangular plate element for use in a finite 

element analysis of arbitrarily shaped plates is presented. Along 

with the three usual nodal displacements, three curvature terms 

are entered as u11knowns in the vector of generalized displacements. 

Results found for four exillnple solutions indicate that the refined 

element gives very good accuracy for displacements as well as for 

internal moments. The new approach, though of a non-conforming type, 
I 

leads to a better accuracy at any given number of degrees of free-

dom than obtained with most presently known rectangular or quadri-

lateral finite elements. 
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3. ELASTIC ANALYSIS OF STIFFENED PLATES 

3.1 Introduction 

In this chapter, an analysis of complex shaped stiffened 

plates, as shown in Fig. 16, using the finite element stiffness 

approach is presented. Some of the currently used approximate 

analysis techniques applicable to beam-slab type structures are 

discussed. This survey of available methods of analysis shows 

that there is as yet no fully adequate method of analysis capable 

of determining stresses and deformations in complex shaped beam­

slab type structures. 

It is shown thata stiffened plate structure can ade­

quately be discretized using plate and stiffener elements. Stiff­

ness matrices for bending and in-plane behavior are derived for 

the beam and plate elements. A new approach for the evaluation of 

the St. Venant torsional constant is presented,and the stiffness 

relations associated with torsion in the stiffener elements are 

derived. Also discussed are the assembly of the stiffness matrix 

and the solution of the final set of equilibri~ equations. 

The outlined approach is applied to the analysis of a 

beam-slab highway bridge which was field tested. An extensive 

study of the effects of the variables governing the lateral load 

distribution is made,demonstrating the applicability and versatil­

ity of the proposed approach. The inclusion of curb and parapet sec-

tions, as well as diaphragms, in the analysis is discussed. Finally, 
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' 
convergence and accuracy of the method are studied. 

3.2 Methods of Analysis for Stiffened Plate Structures 

A structural analysis is performed in order to determine 

stresses and deformations at selected points of a structure which 

is subjected to external forces, or constraint to deform, in a pre­

scribed pattern. In this section, a short survey of some available 

methods of analysis of plate-beam type structures is given. A com­

plete survey of the state of the art of current grillage design was 

made by Kerfoot and Ostapenko (Ref. 36). 

For a beam-slab type structure, an elastic analysis can 

be formulated by combining the. classical beam and plate theories. 

As is usually done in continuum mechanics, the equations of equil­

ibrium and compatibility, together with the stress-strain relations, 

could be used to develop a set of partial differential equations 

for deformations or stresses at every point of the structure. How­

ever, the exact solution of these equations is virtually impossible 

for complex shaped structures, because of the task of determining 

suitable solution functions which satisfy both the governing dif­

ferential equations and the specified boundary conditions. The 

assumptions introduced in the theory of plates and the conventional 

beam theory allow for a reduction in the number of independent vari­

ables and make certain boundary conditions more tractable. These 

assumptions of the conventional plate theory which are applicable 

to thin plates are listed in Section 2.2. 
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In classical beam theory it is assumed that all deforma­

tions can be described in terms of the displacements of the longi­

tudinal axis and the rotation of the beam cross-section. The lat­

ter assumption precludes a deformation of the cross-section, and 

hence,strains normal to the longitudinal axis are neglected. For­

mulating equilibrium of a beam element leads to a set of three 

differential equations. 

Conceptually at least,. plate and beam theories can be 

directly applied to the analysis of stiffened plate type struc­

tures. For this purpose, different physical models are used to 

represent the beam-slab type structure. These models are highly 

redundant. The compatibility and the load-deformation behavior 

of the elements of the models must be taken into account to develop 

the additional requirements beyond those obtained from static equi­

librium in order to determine the response of the assumed Jnodel. 

A force or deformation method of analysis is usually applied to 

solve for the unknown quantities. However, by inspecting the re­

sulting partial differential equations it can be recognized that 

these equations are not readily solvable for other than simple 

structures. 

Often the effective width concept is utilized to reduce 

the analysis of stiffened plates to the analysis of the stiffeners. 

This approach assumes that the stiffeners behave as beams, the 

flanges of which are made up of some portion of the slab. The 

portion of the plate assumed to act effectively as a flange of the 
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beam is called the effective width of that cross section, and is often 

assumed to be constant along the length of the beam. This concept 

is used in most methods of analysis in which the structure is 

treated as an open grid or as an orthotropic plate. The effective 

width concept can be used to advantage in an analysis performed to 

determine stresses in the beams of a beam-slab type structure, but 

it has little merit when plate stresses are of interest. Further­

more, the effective width is not constant along the length of the 

stiffeners and depends on the specified boundary conditions and 

the distribution of applied loads. 

A common method of analysis is to replace the beam-plate 

structure by an equivalent gridwork. The resulting structure is a 

framework of intersecting bars, and the stiffnesses are adjusted to 

approximate those of the slab and girders. The works of Lightfoot 

and Sawko (Ref. 37), Hendry and Jaeger (Ref. 38) are examples of 

this approach. Frequently, the torsional resistance of the stiff­

eners is neglected and the effective width is always assumed to be 

constant along the stiffeners. A force or deformation method of. 

analysis is usually applied to determine the unknown stresses or 

deformations in the resultant highly indeterminate structure. 

Clarkson (Ref. 39) has presented an example of the application of 

the force method to the analysis of grillages under transverse 

loads, neglecting the effects of torsion and shear. The same 

author (Ref. 39) also used the deformation method of analysis to 

analyze transversely loaded grillages, taking into account the 
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effects of shear and St. Venant torsion. In a similar approach, 

Lightfoot and Sawko (Ref. 37) analyzed transversely loaded gril­

lages, neglecting the shearing deformations. In addition, anum­

ber of approximate methods have been proposed, each necessitating 

.a number of additional assumptions and thus reducing the scope of 

applicability of such methods. Although these methods are appar­

ently adequate for determining the bending moments in the beams 

under transverse loading, their range of applicability is re­

stricted to simple geometry. Furthermore, these methods cannot 

be used directly to accurately predict the stresses in the plate 

of such a structure. 

Since the structural behavior of some grillages is simi­

lar to that of a plate, approaches have been proposed using ortho­

tropic plate theory in the analysis of grillages. Here, the stiff­

ness of the plate and beams are lumped into an orthotropic plate 

of equivalent stiffness. Strictly speaking, orthotropic plate 

theory could only be used if the beams are symmetric with respect 

to the plate and if transverse stiffeners are perpendicular to 

longitudinal stiffeners. In the case of a large deformation anal­

ysis, the behavior of the analogous orthotropic plate is governed 

by two coupled non-linear partial differential equations and again, 

these equations are difficult to solve. In a stress analysis of 

grillages subjected to transverse loads alone, the set of differen­

tial equations can be reduced further. Vitals, Clifton, and Au 

(Ref. 40) have applied this form of analysis to highway girder bridges 
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consisting of a concrete slab acting compositely with steel beams. 

Bares and Massonnet (Ref. 41) have published a book devoted to the 

analysis and design of grillages under transverse loads by means 

of the orthotropic plate theory. This approach cannot be used to 

adequately predict the state of stress in the plate and the govern­

ing differential equations are again difficult to solve for other 

than simply bounded structures. 

Another group of approaches are the discrete element 

methods. These methods replace the actual structure by a system 

of discrete elements which leads to a set of simultaneous algebraic 

equations. These equations are developed directly by replacing the 

differential equation by the corresponding finite difference equa­

tions. Hennikoff (Ref. 42) presented a number of gridwork models 

for the solution of plate bending and elasticity problems, along 

with guidelines for establishing the equivalence between the model 

and the continuum. Newmark (Ref. 43) has proposed a model made up 

of rigid bar·s and springs for plate bending. Recently, Lopez and 

Ang (Ref. 44) developed a lumped parameter model by means of which 

the effects of large deformation and inelastic behavior can be in­

cluded in the analysis of plates. In order to simplify the pro­

blem, the analysis herein has been restricted to sandwich plates. 

Although the formulation would become more difficult, this method 

could probably be used to analyze stiffened plates. 

To analyze complex shaped stiffened plate structures, the 

finite element method is found to be best suited. For reasons 
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explained in Chapter 1, the finite element displacement approach 

is preferable. Gustafson (Ref. 45) has employed the finite element 

approach in the analysis of skewed grillage structures subjected 

to transverse loads. The results of this analysis were found to 

compare well with the results of tests performed on such struc­

tures. Little work has been done to take into account second order 

effects and inelastic action of the material in the analysis of 

plates and virtually no work has been done as far as stiffened 

plate structures are concerned. 

3.3 A Finite Element Analysis of Stiffened Plates 

3.3.1 Application of the Method to 

the Plate and Stiffener System 

In this section, the application of the finite element 

displacement approach in the analysis of beam-slab type structures 

is described. The beam-slab type structure, shown in Fig. 16, can 

be bounded by arbitrarily shaped boundaries as long as they fit 

into a rectilinear mesh. The plate is stiffened by a set of beams 

running in longitudinal direction, which is assumed to be parallel 

to the global x-axis for all further discussions. In addition, a 

set of transverse stiffeners (called diaphragms) can be present 

although their inclusion in the analysis will be discussed in a 

later section. Neither the plate nor the stiffeners need to be of 

uniform thickness. 

The first step is to discretize the structure into a 
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suitable number of finite plate and stiffener elements. In order 

to arrive at a simple formulation for this analysis,it is necessary 

that the stiffeners are attached along the mesh lines of the plate 

elements. However, they need not be continuously attached along 

the entire plate. Two types of finite elements, plate and stiff-

ener elements, are needed to discretize the structure. In order 

to be able to study the convergence behavior of the method with 

respect to the criterion postulated by Melosh (Ref. 12) the broader 
' 

mesh must always be contained in the next finer mesh. As shown in 

Fig. 16, a rectangular element involves the four nodal points I, J, 

K and L, and the beam element, being a straight line element, in­

volves the two nodal points I and K. The mesh lines, or surfaces 

of separation, are again to be considered imaginary. The structure 

can be arbitrarily loaded by concentrated loads or uniformly dis­

tributed loads. 

Due to the fact that the stiffeners are eccentrically 

attached to the plate, coupling between bending and stretching 

exists in the middle plane of the plate, and hence, in-plane defor-

mations must be considered. The approach is described assuming 

small deformation theory and linearly elastic material. It should 

be noted thatelements of different shapes can easily be used in 

combination in a finite element displacement approach,if they pos-

sess the sw1e number of degrees of freedom at all common nodes. Here, 

all nodal points are best defined in a common plane. This plane 

will be called plane of reference for all further discussions, and 
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is assumed to coincide with the middle plane of the plate. The 

response of the beams must first be found with respect to this 

plane,and one of the objectives of this report is to illustrate 

how the eccentricity of the stiffeners can be taken into account. 

Five displacement components are introduced as unknowns 

at each nodal point in the present approach. These are the dis-

placement u in x-direction and the displacement v in y-direction. 

In addition, the deflection w and the two slopes e and e are 
X y 

considered. These five deformation components enable the descrip-

tion of the state of deformation in a plate and stiffener element. 

An analysis based on small defo1~ation theory is greatly simplified 

since the in-plane and the out-of-plane stiffness matrices of the 

involved finite elements can be derived separately. However, de-

formation compatibility between beam and plate elements must be 

enforced and overall equilibrium must be established at each nodal 

point. 

3~3.2 Derivation of Bending and 

In-Plane Plate Stiffness Matrices 

The classical theory of plates assumes that the state of 

deformation in the plate can be described entirely in terms of the 

deformations of the middle plane of the plate. Basically, the 

refined plate element, as described in Chapter 2, could be used 

in representing the plate behavior of the stiffened plate struc-

ture. However, due to the presence of the torsional resistance of 
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the beam elements, discontinuities in some curvature terms occur 

along the lines of intersection of the stiffeners with the plate. 

Since these terms were entered as unknowns in the nodal displace-

ment vector and made continuous at the nodal points, the refined 

element is best not used in the present approach. Basically, 

any known finite element could be used to represent the out-of-

plane plate behavior. 

For the present analysis, the ACM element, as originally 

proposed by Adini, Clough and Melosh (Ref. 34) and described in 

detail by Zienkiewicz (Ref. 6), is taken to represent the out-of-

plane plate behavior. An incomplete third-order polynomial, as 

indicated in Fig. 5, is assumed for the representation of the dis-

placement behavior within the element: 

w = w (x,y) (3 .1) 

Although thi~ element is of the non-conforming type, it yields 

reasonably accurate results. The vertical displacement w and the 

two slopes e and e are entered as unknowns in the nodal displace-
x y 

ment vector. Since this element will also be used for the elastic-

plastic analysis of plates and stiffened plates, which will be 

presented in later chapters, the stiffness matrix is presented in 

Appendix III. 

In order to determine the stiffness characteristics of 

the entire structure, which are required in the analysis, the 

stiffness properties of the plate elements for in-plane behavior 
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must also be established. As shown in Fig. 4, the displacement 

components governing the in-plane behavior are denoted by u and 

v, respectively. The selection of appropriate displacement func-

tions is again subject to the requirements listed in Section 2.3.2. 

If the stiffness for a rectangle in plane stress is sought, eight 

force-displacement equations are to be formulated. Clough (Ref. 

31) suggested the following functions: 

(3. 2) 

(3. 3) 

A prime is attached to the unknown generalized coordinates to 

underline that they are not the same set as originally used. From 

Pascal's triangle, as shown in Fig. 5, it is noted that all of the 

constant and linear terms are chosen, along with one of the quadratic 

terms. The chosen functions are not complete polynomials. But, 

' ' with the choice of the symmetric terms a 4xy and a 8xy,and because 

of the geometric symmetry of the element itself, no preferential 

direction exists. Inclusion of all pertinent constant strains is 

assured,as well as proper representation of the rigid body motion 

states. From the equations it can be co~cluded that all edges dis-

place as straight lines. Hence, the chosen displacement functions 

automatically guarantee continuity of displacement with adjacent 

elements. The assumed shape functions are of the conforming type 
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and since all the criteria listed in Section 2.3.2 are met, con­

vergence to the true solution should occur. Enforcing compati­

bility of deformation at all nodal points, the unknown vector of 

generalized coordinates can be determined. The evaluation of the 

stiffness matrix governing the in-plane behavior of the plate ele­

ment follows standard procedures. This derivation is performed in 

more detail in Appendix IV. 

3.3.3 Derivation of Bending and 

In-Plane Beam Stiffness Matrix 

The final stiffness relations for the stiffened plate 

structure express equilibrium at nodal points lying in the plane 

of reference. The response of the beams with respect to this plane 

of reference is needed. It is first assumed that a stiffener, as 

shown in Fig. 17, is attached to the plate along a boundary of 

the rectangular plate element. Next, it is assumed that external 

loads are applied only at plate elements or directly at the nodal 

points; Furthermore, it is assumed that the stiffener is symmetric 

with respect to its local z-axis,and weak in bending about this 

axis. In addition, shearing deformations are neglected. It should 

be noted that some of these restrictions could be lifted in a more 

refined analysis. 

Owing to the above assumptions, only four of the five 

displacement components introduced at each nodal point of the re­

ference surface are used to describe the behavior of the stiffener 
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element. The assumed displacement function for the in-plane be-

havior of the plate element predicts straight lines for the edges 

of the deformed plate elements. Consequently, no bending moments 

about the local z-axis are taken by the stiffener elements. Hence, 

the displacement component v in the direction of they-axis does not 

need to be considered in describing the behavior of the beam ele-

ments. Since the stiffener element is assumed to be integrally 

attached to the plate, compatibility of deformation must be en-

forced along the juncture line between beam and plate. The same 

displacement functions chosen for the in-plane and the out-of-plane 

behavior of the plate element must be taken for the stiffener ele-

ment in order to be able to satisfy this requirement: 

" " u = Q'l + a
2

x (3.4- a) 

" " IT 2 " 3 
w = Q'3 + a 4x + a5x + Q'6X (3.4- b) 

Introducing the nodal displacement vector for node I of the beam 

element associated with its bending and in-plane behavior: 

s}T 
(6iB=<u w e > 

y 
(3 .5) 

the element displacement vector needed for the generation of the 

stiffness matrix governing bending and in-plane behavior can be 

written as: 

T 
(6s}B = < u. w. e . ~ w eyk > 

l 1 Yl K k 
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Enforcing compatibility at the two nodal points I and K l't=ads to 

six algebraic equations which can be written as: 

where the vector of generalized coordinates is defined as: 

II 
ct 

2 

11 

ct6 > 

(3. 7) 

(3. 8) 

These six generalized coordinates are uniquely defined by the nodal 

displacements introduced at the ends of the stiffener element. 

Inversion of Eq. 3.7 leads to 

[all} = [CII]-1 
s 

[5s} 

which can be written explicitely as: 

11 

ctl 1 0 0 0 

11 

-1/L 1/L ct2 0 0 

II 
ct3 0 1 0 0 

= 
11 

ct4 0 0 -1 0 

11 2 

as 0 -3/L . 2/L 0 

II 3 2 

ct6 0 2/L -1/L 0 
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0 0 

0 0 

0 0 

0 0 

z 
'3/L 1/L 

-2/L 
3 

-1/L 
2 

(3. 9 a) 

u. 
l 

w. 
l 

e . 
Yl 

(3. 9 b) 



Using the displacement relations, which, for the case of 

a uniaxially stressed stiffener, reduce to 

· U (z) 
ow 

= u - z ox (3 .10) 

in which u is the displacement in x-direction of a point lying in 

the reference surface, and U is the displacement in x-direction of 

a point lying outside this plane, the strain-displacement relation 

can be written as: 
2 

€ 
X 

au ou a w 
= -0-X = OX - z OX2 (3 .11) 

Introducing Hooke's law, which for the present case reduces to its 

simplest form, leads to the stress-displacement relation: 

" 8 = E8 [ ~~ - z :> ] (3 .12) 

The joint fqrces shown in Fig. 17 associated with the joint dis-

placements must be defined at the location and in the direction of 

these deformation components. Forces defined at the centroid of 

the beam element could be found using an appropriate transforma-

tion matrix which would have to be derived from a consideration of 

equilibrium of forces applied to the stiffener element. Integrat~ 

ing the stresses with respect to the plane of reference, and using 

Eq. 3.12 leads to 
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where: 

2 

ssj N JJ dA E [au A _ 0 w = (J = s s s s ox s a 

As ox 

M JJ z dA E [au s 
o2

w 
Is] = (J = ox --3 

s s s s s ox A s 

E =Modulus of elasticity of stiffener 
s 

A = Cross-sectional area of stiffener 
s 

(3 .13 a) 

(3.13 b) 

S = First moment of the stiffener area with respect to 
s 

the plane of reference 

I = Moment of inertia of the stiffener area with respect 
s 

to the plane of reference 

Eqs. 3.13 a and 3.13 b, constituting the force-displacement rela-

tions for the eccentrically stiffened beam element, can be written 

in the form: 

N -~ A s 
au 

M:J 

s S. ox 
= E s 2 

s I 0 w 
2 s s ox ~ 

(3 .14 a) 

or simply as: 

(M ) = [D J (e ) 
s s s (3.14b) 

This equation relates the·internal stress resultants acting on a 

stiffener element,and defined at nodal points lying in the plane 

of reference,to the vector of generalized strains. The vector of 
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generalized strains can be found in terms of the vector of genera-

lized coordinates making use of the assumed displacement fields: 

ou 
ox 

= 
0 

0 

1 0 

0 0 

which can be simply written as: 

0 0 0 

0 -2 -6x 

11 

Q'l 

11 

Q'2 

11 

Q'3 

11 (3.15 a) 
Q'4 

11 

a5 

II 

Q'6 

(3.15 b) 

in which the matrix [Q J is found by differentiating Eqs. 3.4. 
s 

Making use of Eq. 3.9 a, the above expression can be written as: 

[c "J-1 s [ e } = [Q ] [ 8 } = [B ] 
s s s B s (3.15c) 

Hence, Eq. 3 .14- b can be written as 

[M} = [D ] [B ] [8s} 
s s s B (3 .16) 

Having established all basic relationships, the stiffness matrix 

relating beam bending moment, shear, and axial force to correspond-

ing displacement components can be derived using the virtual work 
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principle. In this approach a set of virtual nodal displacements 

is imposed on the beam element,and the external and internal works 

done by the various forces are equated. Application of this 

procedure leads to: 

Using Eqs. 3.15 c and 3.16 gives: 

I L 
J l 0 

[D J 
s 

dx (3 .17) 

[B J s 
dx l 

J 

Since this relationship must hold for any arbitrary set of virtual 

displacements, one can conclude that the stiffness relation is 

given by: 

[D J s [B J s 
(3 .18) 

The stiffness matrix is found to be: 

[D J 
s 

[B J 
s 

dx (3 .19) 

where the integration is to be taken over the length of the pris-

matic stiffener element. Performing this integration leads to: 
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N. A /L 0 S /L -A /L 
l s s s 

3 
-6I /L 

2 
z. 121 /L 0 

l s s 

M. 4I /L -S /L 
l s s 

=' s 

·1\ A /L 
s 

zk Symmetric 

0 

-121 /L s 
3 

2 
6I /L s 

0 

l2I /L
3 

s 

-S /L s 

-6I /L s 

2I /L s 

S /L s 

6I /L s 

4I /L s 

2 

2 

u. 
l 

w. 
l 

e 
yi 

~ 

wk 

e k 
- y .... 

( 3. 20) 

3.3.4 Inclusion of Torsional Stiffness of Beam Elements 

The torsional resistance of the beams is often of impor-

tance in the behavior of stiffened plates. In beam theory (Ref. 

46), it is shown that the total twisting moment applied to a beam 

is resisted by two different kinds of torsion, St. Venant or pure 

torsion,and warping torsion: 

T = T + T St.V. w (3. 21) 

The St. Venant torsional moment is resisted by shearing stresses, 

whereas the warping torsional moment is carried by axial stresses 

introduced due to flange bending. For rectangular or stocky solid 

beam cross sections, most of the applied'twisting moment is carried 

by St. Venant torsion, whereas thin-walled !-sections carry most 

of the applied torsional moment by warping action.. Both twisting 

moments are related to the angle of twist~ as follows: 
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where: 

T = St.V. 

T = - EI ~Ill 
w w 

~' = 0 ( owJ = Rate of change of angle of twist ox . oy 

G = Shear modulus 

KT =St. Venant torsional constant 

I = Warping constant 
w 

(3. 22) 

(3. 23) 

Warping is not considered in the presently proposed finite element 

approach for the analysis of stiffened plates. To account for warp-

ing, the higher order derivatives of the angle of twist should be 

included in the choice of the unknown displacement components in-

traduced at the nodal points. It can be seen that owing to the 

assumed displacement pattern for the vertical displacement w, the 

' rate of twist~ , i.e. the change of e along a line of constant 
X 

y-coordinate, varies as a cubic function. Since only two boundary 

conditions are available at the ends of the stiffener elements~ 

the last two terms in the cubic function are disregarded. A lin-

ear variation of the angle of twist is assumed: 

e 
X 

ow 
= oy + X (3. 24) 

Introducing the displacement vector associated with the torsional 

modes of the beam element: 
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(3. 25) 

one can write: 

Ill 

= [ c J s (3. 26) 

where the vector of generalized coordinates is defined as: 

(3. 27) 

Enforcing compatibility of deformation for the angle of twist at 

the ends of the stiffener element, the two generalized coordinates 

are uniquely determined. Solution of Eq. 3.26 leads to 

(3. 28 a) 

or written explicitly: 

[ ~~] = [ 

l 0 e . 
Xl 

(3. 28 b) 
-1/L 1/L 

Using the differential equation for St. Venant torsion, Eq. 3.22, 

which is derived, for example, in Ref. 47, the force-displacement 

relationship becomes: 

' (T } = [D ] (,0'} 
s s (3. 29) 

where (3. 30) 

-83-



' The vector of generalized strains (~ } can be found in terms of 

the vector of generalized coordinates by making use of the assumed 

displacement function Eq. 3.24: 

[~'} = [ 0 l J 
Ill 

= [Q) { Q' } (3. 31) 

Using Eq. 3.28 a, this relationship in turn can be written as: 

Ill J -l [C 
s 

(3. 32) 

Again applying the principle of virtual work, the stiffness matrix 

for a beam element subjected to torsion is found to be: 

L 

= J 
0 

[D J 
s 

[B J 
s 

dx (3. 33) 

The integration can be carried out in a straight forward manner 

leading to: 

T. l -l e 
xi l GKT 

= (3. 34) 
L 

Tk -l l e 
xk 

- ; 

' 

This stiffness relation, together with the previously derived Eq. 

3.20, describes the behavior of an eccentrically stiffened beam 

element with respect to the plane of reference. These 
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relationships, together with the previously derived stiffness re-

lations for the in-plane and out-of-plane behavior of the plate 

elements, are the basic components of the presented analysis of 

stiffened plate structures. 

3.3.5 Evaluation of the St. Venant Torsional Constant KT 

The torsional stiffness matrix derived in the previous 

section can be evaluated once the St. Venant torsional constant KT 

of the stiffener section is known. The estimation of KT may pre­

sent difficulties depending on the cross section of the stiffener. 

As shown in Ref. 48, for example, St. Venant torsion is governed 

by the partial differential equation: 

2 
o

2 
w 2 u , 

\l w -- 2 + = - 2G Qf (3. 35) 
oy oz 

2 

where: w = ~ (y ,z) = Stress function 

, 
Qf = Rate of twist 

This is Poisson 1 s equation, which is encountered frequently in 

mathematical physics. Its solution can be obtained by different 

techniques,and for simple shapes no problems arise. A solution to 

the elastic torsion problem can also be obtained experimentally by 

means of the membrane analogy suggested by Prandtl, which is des-

cribed in Ref. 49. As given in Ref. 50, a number of approximate 

formulae have been proposed for irregular shapes. Using membrane 
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analogy, the St. Venant torsional constant KT for a thin-walled 

open section, which is composed of n rectangularly shaped elements, 

can be evaluated as: 

where: 

n 
~ 

i=l 

b. = Length of element i 
1 

t. = Width of element i 
1 

b t. 3 
i 1 

(3. 36) 

However, this formula is accurate only if the elements are small. 

Solid cross-sections with reentrant corners are best broken down 

into parts,and the St. Venant torsional constant KT for such a 

section can be approximately evaluated as follows: 

where: 

n 
~ 

i=l 

A. = Area of element i 
1 

A~ 
1 

40I . P1 

I . = Polar moment of inertia of element i p1 

(3. 37) 

These formulae can be used to obtain an estimate on the torsional 

constant KT; however, in some cases, significant errors might be 

introduced when using these approximations, thus necessitating a 

more accurate analysis. A means of solving the governing partial 

differential equation is to use the finite-difference method since 

its application is relatively simple. 

An alternate way of solving this differential equation 

was found in the process of this investigation. The method is based 
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on the fact that the differential equation of torsion and that of 

the corresponding transversely loaded plate problem are formally 

identical,and thus,a solution can be accomplished by solving the 

corresponding plate problem using the finite element method. This 

technique is described in detail in Appendix V. Due to the versa-

tility of the finite element approach, the St. Venant torsional 

constant KT for complex shaped solid cross sections can be computed 

easily vsing the general plate program described in Chapter 2 . 

.... · 
3.3.6 Assembly of the System Stiffness Matrix 

and Solution of the Field Equations 

The assembly of the component stiffness matrices, as 

derived in the previous sections, to the system stiffness matrix 

is described in this section. The stiffness matrices of the indi-

vidual elements can be assembled to form a single stiffness matrix, 

called system stiffness matrix of the entire structure. This pro-

cedure is explained in detail in Section 2.3.1. 

For the present analysis, the in-plane displacements u 

in x-direction and v in y-direction, the deflection w,and the two 

slopes of the deflected surface are entered as unknowns at each 

nodal point. The vector of nodal displacements at node i is intro-

duced as follows: 

v w e e > 
X y 

(3. 38) 

In a first step, the torsional stiffness matrix of the stiffener 

element, as given by Eq. 3.34, is combined with the stiffness for 
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bending, shear and axial force, given by Eq. 3.20, to form one 

single stiffness relation for the stiffener element: 

( F } 
s 

= [K J 
s 

( 6 s} (3.39 a) 

Explicitely, Eq. 3.39 a can be written as: 

2 2 2 2 
N. A L 0 0 0 S L -A L 0 0 0 -s 1 u. 

l s s s s l 

v. 0 0 0 0 0 0 0 0 0 v. 
l l 

z. 121 0 -61 L 0 0 -121 0 -61 L w. 
l s s s s l 

2 2 
T. yL 0 0 0 0 -YL 0 e 

xi l 

2 2 2 
M. E 4-1 L -S L 0 61 L 0 21 L e yi l s s s s 

=....§. 
3 2 2 

~ L A L 0 0 0 S L ~ s s 

vk 0 o· 0 0 vk 

zk 121 0 61 L wk s s 
2 

Tk Symmetric YL 0 9
xk 

2 

~ 4-1 L eyk s 

(3.39 b) 

whe:re,in order to have a compatible listing of deformation campo.:.. 

nents forthe entire structure, the nodal force and nodal displace-

ment vectors are defined as: 

(6s}T =< u. v. w. e e ~ vk wk 8
xk 

e > 
l l l xi yi yk (3. 40) 

(F }T = < N. v. z. T. M. ~ vk zk Tk ~> s l l l l l 
(3. 41) 
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where y is defined as: 

y = (3. 42) 

In a similar way, the stiffness relations governing the in-plane 

and out-of-plane behavior of the plate elements, as derived in the 

Appendices III and IV, can be cast into one single relationship: 

[ F } = 
p 

[K J 
p 

where the el~ment displacement vector is defined as: 

(3. 43) 

(3. 44) 

and [F }, the element force vector, is defined consistent with the 
p 

element displacement vector. The stiffness matrix [K ] governing 
p 

the in-plane and out-of-plane behavior of a plate element is of 

size 20 x 20,and is best assembled in a digital computer. 

The stiffness coefficients for each adjoining element 

can simply be added for the different elements framing into a com-

mon node. In fact, this operation establishes equilibrium of 

forces at a node in the direction of each of the five introduced 

nodal displacement components. Each row of the assembled stiff-

ness matrix represents an equilibrium equation found by enforcing 

equilibrium of nodal forces and the generalized loads at a given 

node,for one of the five degrees of freedom. Once this system 

stiffness matrix is assembled, the final stiffness relations for 
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the entire stiffened plate structure can again be cast into one 

single matrix equation of the form: 

(F} = [K] (&} (3. 45) 

where: [ F} = Systems vector of generalized loads 

[K] = Overall or systems stiffness matrix 

(&} = Systems displacement vector 

From this point on, one can proceed as in the usual fi-
... ·· 

nite element displacement approach, described in Section 2.3.1. 

It should be noted that only displacement type boundary conditions 

can be satisfied exactly because only displacement components are 

entered as unknowns in the nodal displacement vector. Upon enforce-

ment of the known displacements as described in Section 2.4.3, the 

system of simultaneous equations, represented by Eq. 3.45, can be 

solved. Large systems of simultaneous equations require special 

solution techniques in order to minimize computer costs. The 

Choleski decomposition technique, as described in Section 2.4.5, 

was used,and proved to be very efficient. 

Once the unknown systems displacement vector is deter-

mined, all unknown field quantities can be found by substituting 

appropriate displacement con1ponents back.into the relations derived 

either in the appendices or the main text. In addition, at each 

. nodal point, the forces acting on beam elements and the stress re-

sultants associated with the in-plane and out-of-plane behavior of 
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the plate elements are determined. The fact that the forces act­

ing on beam and plate elements can be separated in the proposed 

method of analysis is of significant importance in the design of a 

stiffened plate structure. 

In order to implement the above described approach, a 

general computer program was developed for the analysis of arbi­

trarily shaped stiffened plates. Any shape, as long as it fits 

into a rectilinear mesh, can be treated and transverse stiffeners 

can be included.· Orthotropy of the plate can be considered and 

multiple load vectors can be processed simultaneously. 

3.4 Application of the Method to the Analysis of Highway Bridges 

3.4.1 Description of the Test Structure 

The need for a more rational analysis of beam-slap type 

bridges is great, especially in regard to a more reliable analysis 

of the stresses occurring in the bridge deck, the effect of dia­

phragms on lateral distribution of load and on slab stresses, and 

the effect of the orthotropic behavior of the bridge deck. 

It was decided to verify the proposed finite element ap­

proach with the aid of field test results of an !-beam girder 

bridge field tested in 1969 by a research team at Fritz Engi­

neering Laboratory, Lehigh University. Chen and VanHorn (Ref. 51) 

describe in detail the field testing of this existing beam-slab 

type highway bridge, which is constructed with five prestressed 

concrete !-beams supporting a cast-in-place concrete slab. A 
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description of the behavior of the slab of the same bridge struc­

ture is given in Ref. 52. The testing of this bridge was part of 

an overall investigation, initiated in 1968, to develop informa­

tion on several aspects of the structural behavior of I-beam 

bridges. Prior to this investigation, the problem of load distri­

bution in spread box beam bridges was studied extensively by the 

field testing of several bridges of the box-beam type (Ref. 35) 

and by means of a theoretical analysis (Ref. 53). From all of 

these investigations it was concluded that the present AASHO Stand­

ard Specifications for Highway Bridges (Ref. 54) do not give an 

accurate prediction for the lateral distribution of load in box­

beam and I-beam bridges. Furthermore, the specifications do not 

account for many variables which have significant effects on load 

distribution. 

The structure analyzed in this investigation is a simply 

supported,right I-beam bridge with a span length of 68 feet 6 inches 

center-to-center of bearings. The cross section of the test bridge, 

as shown in Fig. 18, consists of five identical prestressed I-beams, 

of AASHO Type III cross section, covered with a cast-in-place re­

inforced concrete deck. The deck provides a roadway width of 32 

feet and the specified minimum thickness of the slab is 7-1/2 

inches. However, measurements indicated that the actual slab 

thickness ranges from 6.1 to 7.3 inches at the section of maximum 

moment, which is located 3.55 feet off midspan. Diaphragms between 

the beams are located at the ends of the span above the end supports 
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and at midspan. The dimensions of the midspan diaphragm, as well 

as those of the beam cross section, are shown in Fig. 19. The 

test vehicle used for testing was a tractor and semi-trailer unit, 

approximating the AASHO HS 20-44 design loading (Ref. 54) . A 

photo of the test vehicle, along with the wheel spacings and the 

actual axle loading, is shown in Fig. 20. Four loading lanes were 

located on the roadway, as shown in Fig. 21, such that the center-

line of the truck would coincide with the center-line of the gird-

ers or with a line located midway between girders. 

3.4.2 Study of Variables Governing Load Distribution 

. Although the actual cross section of the bridge could be 

approximated more closely in the present analysis, it was, for the 

sake of a simpler input, approximated as shown in Fig. 21. The slab 

thickness was assumed to be 7.5 inches throughout the width of the 

deck. First, the curb and parapet sections, as well as the midspan 

diaphragm, were neglected. Their inclusion will be discussed in sub-

sequent sections. The entire bridge was considered to be made of an 

isotropic material. Poisson's ratio was taken as 0.15, and a modulus 

of elasticity of E =5000 ksi was assumed. A ratio of torsional-to-

bending stiffness of the beam elements Y*= GKT/E I = 0. 035 was taken, s s 

as found from an analysis as discussed in Section 3. 3. 5. The actual 

truck loading was simulated by appropriate concentrated forces instead 

of the distributed wheel loads. The structure was analyzed for a 

truck centered, in turn, in each of the lanes as shown in Fig. 21. 
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The general finite element program yields the entire displacement 

field at-all specified nodal points,as well as all internal stress 

resultants acting on the beam and plate elements. The forces asso­

ciated with in-plane and out-of-plane behavior are printed sepa­

rately for all plate elements. Due to space limitations, only the 

results associated with the lateral distribution of load will be 

presented. All following results are for a discretization of the 

structure shown in Fig. 22. A mesh with N subdivisions in the 

transverse direction and M subdivisions in the longitudinal direc­

tion is referred to as Mesh N * M in the remainder. During the 

actual testing of this structure, a section near midspan, shown as 

Section M in Fig. 22, was gaged. This section corresponds to the 

section of maximum moment for the structure idealized as a simple 

beam,and subjected to the given group of loads. 

The results obtained from tests, as reported in detail 

in Ref. 51, were derived based upon an experimentally measured 

strain distribution in the beams. This distribution of strain is 

due to the combined action of all stress resultants acting on a 

beam element. It is not possible to separate these forces in an 

experimental investigation. For the sake of simplicity, it was 

assumed that only beam bending occurs. The proposed finite ele­

ment analysis determines all stress resultants acting on the beam 

and plate elements separately. In order to compare the results 

obtained from the analysis with the test results, equivalent beam 

bending moments causing the same distribution of strain as would 
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result under the combined action of axial force and beam bending 

moment must be obtained from the analysis. This procedure is based 

on the concept of equating the first moments of area of the com­

pressive and tensile areas of each composite beam (Ref. 51). Fi­

nally, distribution coefficients (or moment percentages)were com­

puted. These are defined as the moment carried by'a particular 

beam divided by the sum of mon1ents carried by all beams. 

Fig. 23 shows distribution coefficients obtained from 

the analysis and the field test results for a truck moving in lane 

l. Similarly, Figs. 24 and 25 show distribution coefficients for a 

truck moving in lanes 3 and 4, respectively. Influence lines for 

beam bending moments could be constructed as shown in Figs. 26 and 

27. Such plots could be used to advantage by the designer to 

determine the maximum bending moment occurring at the section of 

maximum moment under the action of multiple trucks crossing the 

bridge simultaneously. It should be noted that theoretical values 

are obtained for a bridge without diaphragms at midspan, whereas 

the actual field test results include their effect. The inclusion 

of the diaphragms brings theoretical results closer to field re­

sults. In addition, analytical results are obtained for a bridge 

with a theoretical slab thickness of 7.5 inches,and subject to the 

assumptions listed at the beginning of this section. 

3.4.2.1 Effect of Span Length 

Fig. 28 shows the effect of the span length on the lateral 
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distribution of load for the I-beam bridge investigated. Figs. 29 

and 30 show influence lines for the outermost and center beam 

bending moment, respectively, pointing out the influence of the 

span length on the beam bending moment. A study of these figures 

reveals a significant influence of the span length on the lateral 

distribution of load. Plotting the distribution coefficient for 

the center beam bending moment against the span length, as done in 

Fig. 31, reveals clearly this dependency. An almost linear rela­

tionship is obtained if the moment percentages of the center beam 

are plotted against the reciprocal of the span length, as done in 

Fig. 32. Hence, it can be concluded that the load distribution is 

likely to be inversely proportional to the span length, a factor 

not accounted for in the present AASHO Standard Specifications for 

highway bridges. A similar conclusion was reached in the investi­

gation on bridges of the box-beam type (Ref. 53). 

3 .. 4. 2. 2 Effect of Deck Thickness 

The effect of the thickness of the slab is shown in Fig. 

33. It is seen from this graph that the thickness of the deck 

significantly affects the lateral load distribution for an I-beam 

bridge. This is in contrast to results found from the analysis of 

a box-beam bridge (Ref. 53), where it was concluded that the load 

distribution is not very sensitive to a variation in slab thick­

ness. The present investigation shows that a thicker slab distri­

butes the load more uniformly to the girders. Again, this effect 

is not accounted for in the present specifications. 
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3.4.2.3 Effect of Beam Spacing 

Another important factor influencing the lateral distri-

bution of load is the spacing of the girders, as shown in Fig. 34. 

As can be seen from this figure, a closer spacing distributes the 

load more evenly. This effect is partly accounted for in the pre-

sent AASHO Standard Specifications for Highway Bridges (Ref. 54) 

in which the load distribution factors are given in the form of 

spacing,divided by a constant number. Actually, the optimum spac-

ing should be determined for a given roadway width of the bridge. 

Such an investigation could be easily made using the present finite 

element program. 

3.4.2.4 Effect of Beam Size 

The effect of the size of the beam cross section on 

lateral distribution of load is illustrated in Fig. 35. Four 

standard precast beams of a size suggested by AASHO (Ref. 54) have 

been included in this investigation. This effect is significant 

andsmallerbeams are seen to distribute the load more evenly to 

the girders. 

3.4.2.5 Effect of Torsional Stiffness of Beams 

The effect of the torsional resistance of the beams on 
I 

the lateral distribution of load is shown in Fig. 36. The moment 

percentages are plotted in this figure for torsionally weak beams 

with GKT/E I = 0 as well as for a ratio of 0.120. As expected, 
s s 

it is recognized that this ratio has some effect on the 
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lateral distribution of loads,and it underlines the need for an 

accurate analysis of KT' as shown in Section 3.3.5 as well as for 

a consideration of the torsional resistance of the beams .in future 

specifications. 

3.4.2.6 Effect of Eccentricity of Beams 

This eccentricity is defined here as distance from the 

centroid of the beam element to the plane of reference, as indi­

cated in Fig 37. For a theoretical slab thickness of 7.5 inches, 

this distance becomes 27.98 inches using AASHO Type III beams. 

The figure depicts the structural behavior of an I-beam bridge for 

a variation of this distance of± 0.5 inches, caused, for example, 

by a misfit during the construction of the bridge. It is seen 

that the load distribution is not significantly affected by such a 

deviation. 

3.4.2.7 Effect of Poissonts Ratio 

Poissonts ratio varies widely, depending upon the age of 

concrete, type of aggregate,and other factors. To observe the 

effect of this ra~io, a high and low limiting values of v = 0.25 

and v = 0.05 were chosen for this comparison,and the effect of 

these two values of v on the lateral distribution of load is shown 

in Fig. 38. It can be concluded that the distribution of load is 

nearly unaffected by this ratio. However, the slab bending moments 

and the in-plane forces are considerably dependent on v. 
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3.4.2.8. Effect of Moduli of Elasticity of Beams and Slab 

An accurate determination of the moduli of elasticity of 

the beam and slab material used in an actual bridge is not possible. 

Hence, some degree of engineering judgment must be used in the as­

sumption of appropriate values for these material properties. For 

the lateral distribution of load, only the ratio of the moduli of 

elasticity of the beam and slab materials is of importance, and 

hence, the effect of this ratio was studied in this investigation. 

Usually, the. modulus of elasticity of the precast prestressed con­

crete beams is higher than that of the cast-in-place reinforced 

concrete slab. The response of the structure was analyzed for 

different ratios of moduli of elasticity and the result of this 

investigation is plotted in Fig. 39. It is seen from this figure 

that the effect of this paratmeter on the lateral distribution of 

load is not very significant. However, the shifting of load to 

the center beam for larger values of the modulus of elasticity of 

the beam should be noted. 

3.4.2.9 Effect of Orthotropy of Bridge Deck 

Orthotropy is caused by unequal amounts of reinforcing 

steel for the transverse and longitudinal reinforcement of the 

bridge slab, or by cracking of the slab,, for example. The effect 

that such cracking might have on the lateral distribution of load 

is of interest. For the sake of simplicity, it was assumed in 

this investigation that the entire slab width was cracked uni­

formly, parallel to the girders, along the total length of the 
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bridge. The associated decrease in stiffness is accounted for in 

the ratio D /D , of transverse to longitudinal stiffness of the 
y X 

slab. Figure 40 illustrates that a cracked slab causing a loss in 

transverse stiffness shifts slightly more load to the center girder,. 

and at the same time,decreases the load in both exterior girders. 

Further results of this investigation are compiled in Table 15. 

It should be noted that the crack pattern described above leads to 

an orthotropic behavior of the slab as described by Timoshenko . 
(Ref. 3). The stress matrix for this particular case becomes: 

0 

[D] = 0 

0 0 

where the terms in the matrix should be evaluated according to 

Huber (Ref.· 3) as follows: 

D22 = 

Dl2 = 

D33 = 

E I 

E 

c ex 
2 

l-\1 

I c cy 

l-\1 
2 

D2l = v { nll D2i 

l-\1 
( Dll D22 2 
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in which: E = Modulus of elasticity of concrete deck 
c 

I = Transformed moment of inertia, taking reinforcement c 

into account 

v = Poisson's ratio 

A generally anisotropic material behavior would result if the 

cracks were not to open parallel to the global x-axis. However, 

such cracking could also be investigated by first finding the 

stiffness of a cracked panel with respect to a local coordinate 

system with x-axis in the direction of the cracks, and then 

transforming this stiffness to the global coordinate system. 

3.4.2.10 Effect of Type of Loading 

The effect of different types of loading encountered in 

bridge design on the lateral distribution of load is shown in Fig. 

41. Two loading cases must be considered according to the AASHO 

specifications: (1) uniformly distributed lane load, and (2) the 

truck load. The analysis of the structure yields almost identical 

distribution percentages for these two loading cases. However, a 

significantly different distribution of load is obtained for a 

single concentrated load. 

3.4.2.11 Two-Span Continuous Bridge 

This ex~1ple is chosen to demonstrate the versatility of 

the proposed finite element approach and the effect of different 

boundary conditions on the lateral distribution of loads. In 
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Fig. 42, a comparison of load distribution for a single span and a 

two-span continuous bridge is made. Two trucks are located in 

such a way on the bridge as to obtain symmetry of loading with re-

spect to the center support. It is interesting to observe that 

the load distribution at the center support and at Section M, the 

section of maxi1num moment for the corresponding single span bridge, 

is not very different. However, the pronounced difference in load 

distribution between a single span and a two-span continuous bridge 
I 

should be observed in the design of such bridges. 

3.4.3 Inclusion of Diaphragms 

One of the features of the method is the inclusion of 

stiffeners running in transverse direction, often called diaphragms. 

The general computer program developed for this investigation is 

capable of including any pattern of transv~rse stiffeners,as long 

as they are attached along plate element interfaces. As mentioned 

above, the test structure investigated so far has one midspan dia-

phragm only, the cross section of which is shown in Fig. 19. The 

results of the analysis performed for a structure including this 

diaphragm are shown in Figs. 23, 24 and 25. It is seen that for 

I-beam bridges the effect of such a midspan diaphragm on the lat-

eral distribution of load is significant,and hence,due considera-
• 

tion should be given in the design. 

3.4.4 Inclusion of Curb and Parapet 

The results presented so far are for an idealized bridge 
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cross section, as shown in Fig. 21, neglecting curb and parapet. 

Basically, curbs and parapets are not intended as load-carrying mem­

bers in a bridge. However, field tests (Ref. 35) showed a partial ef­

fectiveness of the curb and parapetsection acting compositely with 

the exterior beam. In a field test, the effect of the diaphragm can 

not be separated from the behavior of the exterior beam. The results 

of the analysis on the effectiveness of curb and parapet are shown 

in Figs. 23, 24, and 25. For this analysis, curb and parapet were 

approximately accounted for by considering the curb and parapet to­

gether with the exterior beam as one unit and treating this unit as a 

modified exterior beam. A more refined analysis could be performed 

by takingthe curb and parapet as separate beam elements and proceed­

ing as discussed in Section 3.3.6. From Figs. 23 through 27 it can 

be concluded that the effect of curbs and parapets on the lateral 

distribution of load in the I-beam type superstructure may not be 

very significant, thus the designer is on the conservative side, at 

least for the interior beams, if he chooses to disregard their effects. 

3.5 Convergence and Accuracy of Solutions 

The above study of variables governing the lateral dis­

tribution of load in I-beam bridges makes it clear that the devel­

oped finite element analysis is well suited for the analysis of 

beam-slab type bridge structures. For this analysis, a minimum of 

simplifying assumptions in the idealization of the structure are 

required. A comparison of the values for displacements and stress 
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resultants predicted by the finite element method with those of 

the field tests proves the validity of the developed approach. 

Although only results associated with the lateral distribution of 

load are shown in this report, it should be pointed out that the 

method allows for the determination of the entire stress and dis­

placement field at all predefined nodal points. A study of the be­

havior of the slab of the Bartonsville Bridge (Ref. 52), revealed 

that there is no satisfactory method of slab analysis presently 

available. In fact, currently used methods of slab analysis do 

not account for many variables involved in the structural behavior 

of the slab, and none is thoroughly verified by test results. On 

the other hand, since the present analysis allows for a separation 

of forces acting on beam and plate elements, it would be ideally 

suited for a more extensive study of the behavior of the slab. 

The response of a slab panel acted upon by a distributed wheel 

load could be determined accurately by reanalyzing this panel as a 

plate, enforcing the boundary conditions as found form an analysis 

of the entire structure. 

The accuracy to be expected from the developed finite 

element approach depends on the discretization of the structure. 

In a finite element displacement approach making use of fully 

compatible elements, the displacement field converges toward the 

true displacement field if the mesh size is reduced. However, no 

bounds can be given for the associated stress field. For the pre­

sent formulation, a non-conforming displacement function was chosen 
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for the representation of the out-of-plane behavior of the plate. 

A compatible formulation was chosen for the representation of the 

in-plane behavior of the plate and the behavior of the beam ele­

ments. The convergence of the combined model cannot be proven via 

the principle of minimum total potential energy. A numerical 

evaluation of the structural response of the I-beam bridge was in­

vestigated for different mesh sizes in order to study the conver­

gence behavior of the proposed approach. All dimensions and mate­

rial properties were chosen as listed in Section 3.4.l,and the 

effects of diaphragm, curb and parapet were not considered. The 

structure was again loaded by a truck load,and three different 

mesh sizes were processed. Some results of these investigations 

are shown in Tables 16 through 19 for the section of maximum mo­

ment and the truck occupying lanes 1 through 4. The tables 

also contain the deflection values measured during the actual field 

testing of this bridge. In comparing the theoretical results with 

·the experimental values, it should be kept in mind that the theore­

tical and the actual bridge have different dimensions. A compari­

son of different mesh sizes indicates convergence for a decreas­

ing mesh size. Furthermore, the validity of the solutions is sup­

ported by the actual field test results listed in the same tables. 

3.6 Summary 

A method of analysis based on the finite element dis­

placement approach capable of analyzing complex shaped stiffened 
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plates has been presented. Stiffeners in longitudinal as well as 

in transverse direction can be taken into account,and the stiff­

ness of the slab can be arbitrarily varied to account for thick­

ness changes in the slab. The orthotropic nature of the plate can 

be accounted for,as well as a varying cross section of the beams. 

A minimum of simplifying assumptions associated with the discreti­

zation of a structure is required in the analysis. 

On the basis of the application of this method to the 

analysis of an I-beam bridge, described in detail, a few conclu­

sions can be drawn: (1) The model approximates the true physical 

behavior of a structure more closely than methods which use either 

the effective width concept to find an equivalent grid structure, 

or orthotropic plate theory, which is not able to predict the slab 

stresses accurately. (2) The presented approach allows a separa­

tion of forces acting on beam and plate elements, thus giving the 

designer more detailed information about the behavior of a struc­

ture. (3) The study of variables governing the lateral distribu­

tion of load demonstrates the versatility of the proposed approach. 
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4. ANALYSIS OF ELASTIC-PLASTIC PLATES 

4.1 Introduction 

It is generally accepted that a structure is capable of 

redistributing high local stresses and, if properly dimensioned, 

is able to withstand loads significantly higher than the elastic 

limit load. 

A general method of analysis based on the finite element 

displacement·concept and capable of predicting the entire load­

deformation behavior of complex shaped transversely loaded plates 

is presented. A description of the layered model used in the pre­

sent analysis is given which significantly simplifies the mathema­

tical description of the elastic-plastic behavior of a plate ele­

ment. Elastic and plastic stress-strain relations are derived, 

and yield conditions and a flow rule are discussed. 

The applied incremental elastic-plastic solution proce­

dure is based on the tangent stiffness concept. The assembly of 

the system tangent stiffness matrix and the iterative solution 

technique are described. Loading and unloading of a layer are 

discussed, as well as the yield surface correction used in the 

analysis. 

Finally, a number of example solutions are presented de­

monstrating the power and versatility of the proposed approach. 

Convergence and accuracy of the presented approach are shown. 
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4.2 Existing Methods of Analysis 

4.2.1 Upper and Lower Bound Approaches 

The theory of plastic analysis has developed from two 

directions: (l) the classical approach known as limit analysis 

and, (2) the yield line theory. Tresca, Von Mises, Prager and 

Hodge (Ref. 56) have pioneered the classical point of view, 

whereas Bach (Ref. 58) and Johansen (Ref. 59) developed the yield 

line theory. These.methods allow the structural analyst to estab­

lish bounds on the collapse load. However, none can be applied to 

study the entire load-deflection behavior of complex shaped plate 

structures. Many investigators have dealt with the plastic analy­

sis of structures composed of beam, plate or shell components. 

Most of the investigations have been concerned with the determina­

tion of the collapse load using the two fundamental theorems of 

limit analysis. These theorems were proved for elastic perfectly­

plastic mate~ial by Drucker, Prager and Greenberg (Ref. 60). 

Most of the approximate solutions for the collapse load 

are based on the upper bound approach. The limit load is computed 

on the basis of an assumed plastic velocity field,and the rate of 

internal plastic work is equated to the rate of external work. 

Upper bound solutions for a variety of plate problems are known 

and compiled in Refs. 61 and 62. Since the assumed collapse mech­

anism is chosen on a trial basis in such a way as to seek a mini­

mum for the upper bound values obtained, this method is tedious. 

In addition, without the availability of at least one lower bound 
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solution, a designer cannot predict the accuracy of the best upper 

bound value. The application ofthis approach to structures combined 

of beams and plates is cumbersome since the true collapse pattern 

is difficult to establish. Furthermore, in this approach the ma­

terial is assumed to be elastic-perfectly plastic,and the strain 

hardening effect is neglected. The yield line theory is based on 

the work of Bach (Ref. 58) and Johansen (Ref. 59). This theory is 

extensively used in the design of reinforced concrete slabs. 

Sawzuk and Jaeger (Ref. 62) summarize this theory and give a com­

prehensive bibliography of literature in this area. This method 

is subject to the same restrictions as discussed above. 

Lower bound solutions are based on the lower bound theo­

rems of limit analysis. In this approach the load is computed on 

the basis of an assumed equilibrium state of stress distribution 

which nowhere violates the yield condition. Very little work has 

been done in finding lower bound solutions needed to test the ac­

curacy of upper bounds. Hodge (Ref. 56) gives a suwmary of the 

limit analysis theory pertaining to rectangular and circular 

plates. Shull and Hu (Ref. 63) utilized Tresca's yield criterion 

to arrive at lower bounds for uniformly loaded, simply supported 

rectangular plates. No exact solution is yet available for this 

relatively simple plate problem. Koopman and Lance (Ref. 64) in­

troduced the concept of linear programming to arrive at lower 

bounds of the collapse load of plates made of perfectly-plastic 

material. A similar approach was pioneered by Wolfensberger 
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(Ref. 65) for reinforced concrete plates by linearizing the yield 

condition and using finite difference approximations. 

In summary, although limit analysis techniques provide 

valuable information concerning the collapse mechanism and the 

collapse load, they cannot be used to predict the response of com­

plex shaped plates in the post-elastic range. 

4.2.2 Finite Difference Methods 

Approximate solutions using the finite difference ap­

proach were obtained by Bhaumik and Hanley (Ref. 66) for the case 

of uniformly loaded rectangular plates. However, for this inves­

tigation it was assumed that at any mesh point of the plate the 

entire thickness is either fully elastic or.fully plastic. This 

assumption facilitates the solution of a plate bending problem; 

however, for some structural materials the approximation of the 

moment-curvature relationship by two straight lines is unrealistic. 

In addition,. finite difference approaches are not well-suited for 

automatic computation,and are greatly complicated if in-plane be­

havior is to be considered. 

4.2.3 Discrete and Finite Element Methods 

Among the methods that have been used successfully in 

the determination of approximate solutions to continuum problems 

are approaches in which the continuum is represented by a lumped 

parameter model. A model capable of treating flexural problems 

in plates was developed by Ang and Lopez (Ref. 44). This discrete 
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flexural model, in which the stiffness of the actual plate is 

lumped into a system of bars and springs, has been applied to 

small and large deformation plate problems. The field equations 

are derived in incremental form, leading to a linearization of the 

problem in the case of the small deflection analysis, and are 

shown to be the finite difference equivalent of the corresponding 

equations of the continuous plate. The inelastic analysis is 

greatly simplified in this approach by assuming that the plate 

can be represented by a sandwich plate consisting of two layers 

of an elastic perfectly-plastic material, and of a shear core be­

tween these two layers. Due to the tedious way of satisfying the 

boundary conditions, this method is not ideally suited for the 

development of a fully automated approach. 

To date, finite element methods for the inelastic analy 

sis of structures have been primarily developed for the analysis 

and design of aircraft structures. A review of the current state 

of the art of finite element analysis applied to inelastic problems 

is given by Armen, et al. (Ref. 67). It appears that most of the 

work has been done for plane stress or plane strain problems asso­

ciated with either the Von Mises or the Tresca yield condition • 

. Little work has been done in the inelastic analysis of plates and 

shells. To date, two different approaches have emerged. In the first 

approach, the accumulated plastic strains are treated as initial 

strains, and applied as forces to the structure. A solution is 

then obtained by using an appropriate convergent iterative 
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technique. This approach is referred to as the initial strain or 

initial stiffness approach,and was the earliest approach to plas­

ticity analysis in the context of the finite element methods. The 

alternative approach requires the modification of the system 

stiffness matrix for each step, taking into account plastification 

when and wherever occurring,and resolving the final system of 

equilibrium eq~ations at each step of an iteration. This approach 

is referred to as the tangent stiffness approach. Pope (Ref. 68) 

describes the application of the tangent stiffness approach for 

the analysis of plane elastic-plastic problems. In another recent 

paper, Anand, et al. (Ref. 69) describe a finite element stiffness 

approach to elastic-plastic plane stress problems based on 

Tresca's yield criterion. 

Armen and Pifko (Ref. 70) used the initial stiffness ap­

proach in the analysis of beams, plates and shells. These authors 

point out the difficulties encountered in depicting the progressive 

yielding through the thickness of plates and shells subjected to 

bending,and base their analysis on an assumed variation in plastic 

strain from the surfaces of the element to an elastic-plastic 

boundary within the element. Popov, et al. (Ref. 71) divide the 

thickness of the plate into layers in_ their solution of elastic­

plastic circular plate problems. Whang (Ref. 72) describes both 

the initial and the tangent stiffness approach in the solution of 

orthotropic plane stress, plate and shell problems,and presents 

elastic-plastic solutions for plates,using the initial stiffness 
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approach. Surveys and summaries of recent progress in the appli- ~. 

cation of finite element techniques applied to materially and geo­

metrically nonlinear problems have been given by Armen, et al. 

(Ref. 70) and Oden (Ref. 73) . 

4.3 A Finite Element Stiffness Approach Using a Layered Model 

4.3.1 Description of the Layered Model 

In this section a finite element displacement approach 

is described which allows the establishment of the entire load­

formation behavior of arbitrarily shaped and loaded plates. Since 

the process and the extend of plastification are difficult to de­

scribe, a solutionis accomplished by dividing each finite plate ele­

ment into a number of layers in order to study its elastic-plastic 

behavior. The procedure is based on linear geometry; hence, it is 

applicable to problems where the structure experiences significant 

plasticity before the deformations become excessive. First, the 

in-plane deformations are neglected, but the model will allow 

in-plane behavior to be included, as will be shown in Chapter 5. 

The method is based on the tangent stiffness concept. 

The load is applied in incremental form, and the method requires a 

modification of the element stiffness matrices at each incremental 

load step. The incremental approach allows the study of the entire 

load-deformation behavior of a plate structure. The method is out­

lined here for isotropic elastic linearly strain hardening mater­

ial. However, it can easily be extended to arbitrary stress-strain 
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relationships, or orthotropic material,if the associated consti-

tutive relations are known. 

The process and the extent of plastification is diffi-

cult to describe in an arbitrarily shaped and supported plate. At 

loads higher than the elastic limit·load, plastification begins 

and spreads in the plane of the plate,as well as through its 

thickness. In the present approach, a finite plate element is 

subdivi?ed into a number of layers, as shown in Fig. 43. It is 

assumed here. that the elastic-plastic behavior of a finite plate 

element can adequately be described by this layered model. Since 

the thickness of the plate can be subdivided into any desired num-

ber of layers, the approach should in the limit be able to repre-

sent the behavior of the actual plate. Each layer is assumed to 
~ --------- --·--

be in a state of plane stress,and the state of stress at the cen-
--------~----

troid of a layer is taken as representative for the entire layer. 

The effect of this assumption can be studied by observing the con-

vergence of solutions for different mesh sizes. Any even number 

of layers can be chosen in the present approach. Increasing the 

number of layers reduces the error introduced in the approximation 

of the real problem. Any layer is considered to be either elastic 

or elastic-plastic according to a criterion to be specified. In the 

case of transversely loaded plates, negl~cting in-plane behavior, 

the strain distribution is symmetric with respect to the neutral 

axis of the plate,and only the layers lying on one-half of the 

finite plate element need be considered. It should be emphasized 
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that with this model the method is not restricted to a parti-

cular stress-strain relation. However, for demonstration purposes, 

the problems solved in this chapter are confined to materials ex-

hibiting isotropic elastic perfectly-plastic behavior. 

It is assumed that Kirchhoff's assumptions are satisfied 

by the model. In addition, compatibility of strain between any 

two layers is assumed. For the present investigation, all layers 

are assumed to be of the same thickness; however, differently thick 

layers could easily be incorporated. It is again assumed that the 

transverse shear stresses need not be considered. The four 

nodal points of a finite plate element are defined again at the 

middle plane of the plate,and internal stress resultants are de-

fined at the centroid of a plate element. As seen from Fig. 43, 

the strains at any distance zk from the middle plane of the plate 

to the centroid of layer k are given by: 

k 1 0 0 J1 E: 
X X 

E:k = zk 0 y l 0 J1y (4 .l a) 

k 
0 0 1. J1xy Yxy 

..... ..... 

or (ek) = [Hk] ( J1) (4.1 b) 

Having found the displacement field by the finite element displace-

ment approach, which will be described in more detail in Section 

4.4, the curvatures which are defined at the centroid of a finite 
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plate element, and the strains and stresses for each layer can be 

determined. The stress resultants per unit width of plate, defined 

at the centroid of a plate element,are then found by swnming up 

the contributions of each of the layers: 

-!, 
k 

M = L: (J zk ~ (4. 2 a) 
X k=l X 

-!, 
(Jk M = L: zk tk (4.2 b) y k=l y 

.... -· 

-!, 
Tk M = L: zk tk (4. 2 c) xy k=l xy 

where -!, is the number of layers and ~ the thickness of layer k, 

as shown in Fig. 43. Eqs. 4.1 and 4.2 can immediately be cast 

into an incremental form,and are used in this form in the proposed 

incremental approach. It should be mentioned that the number of 

degrees of freedom in the described approach will not be increased 

by increasing the number of layers,and is dependent only on the 

mesh size used and the number of degrees of freedom involved per 

nodal point of the selected finite plate element. 

4.3.2 Loading and Elastic Stress-Strain Relations of a Layer 

Each layer is assumed to be in a state of plane stress. 

The stresses acting in a layer are shown in Fig. 44. Each layer 

is loaded according to a loading program which can vary widely 
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for practical examples. The loading.path, indicated by an arrow in 

Fig. 44, is described by successive values of the elements of the 

stress vector [a},which is defined as: 

[a}T = < a a T > (4. 3) 
X y xy 

Since the proposed approach is formulated in incremental form,and 

makes use of plastic stress-strain relations derived from the flow 

theory,which are themselves incremental, no restrictions must be 

placed on the loading path. Unloading may or may not occur, and 

can be accounted for as will be described in Section 4.4.3. An 

approach based on the deformation theory would not be valid for 

other than monotonically increasing stresses,and would not allow 

unloading to occur. 

In any elastic-plastic layer the total strains are com-

posed of an elastic, recoverable part of strains and a plastic, 

irretrievable part of strains. Therefore, in incremental form one 

can write: 

where the individual strain rate vectors are defined as: 

. 
= < € 

X 

[ ;;e} T = < ee 
X 

[~p}T = < €P 
X 

. 
€ 

y 

·e 
€ 

y 

€P 
y 
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(4. 5 b) 

(4. 5 c) 



Elastic strain increments are related to the stress increments by 

Hooke's law, which in incremental form can be written as: 

(4.6) 

where [D] is the stress matrix as defined earlier,and for an iso-

tropic material,is given by: 

1 \) 0 

[D] E 
=--2 \) 1 0 (4. 7) 

1-V 

0 0 1-V 
2 

4.3.3 Yield Condition and Flow Rule for a Layer 

No universal laws governing the plastic behavior of rna-

terials have yet been developed. Thus,a choice must be made,among 

the several existing plasticity theories, of one that success-

fully combines mathematical simplicity with good representation of 

the experimentally observed material behavior. A review of cur-

rently available plasticity theories is given in Ref. 74. One of 

the advantages of the finite element approach is that this method 

is capable of treating complex stress-strain relationships,includ-

ing strain hardening of the material. The method is able to treat 

most engineering materials as long as the fundamental laws govern-

ing the plastic behavior of a material are known. The present ap-

proach is based on isotropic elastic-linearly strain hardening rna-

terial. In addition, isotropic strain hardening is assumed, hence 
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simplifying the problem considerably. This theory assumes that 

during plastic flow the yield surface expands uniformly about the 

origin of the stress space. Since it is not the purpose of this 

investigation to develop new concepts in plasticity, no discus-

sion pertaining to the validity of the basic equations is given. 

As postulated by Ziegler (Ref. 75), the plastic behavior of a 

material can be described by specifying the following relationships: 

1. An initial yield condition defining the elastic limit of 

a material. 

2. A flow rule relating the plastic strain increments to the 

stresses and stress increments. 

3. A hardening rule, used to establish conditions for subse-

quent yielding f~om a plastic state of stress. 

It can be shown that the points where initial yielding occurs form 

a space surface which is closed, convex and of the form 

(J ' y 
(4. 8) 

where cr .. is the stress tensor describing the state of stress at 
lJ 

the centroid of a layer. As shown in Fig. 44, all stress points 

lying inside the initial yield surface and producing no permanent 

strains in the virgin material are characterized by 

* f (cr .. ) < 0 
lJ (4. 9) 
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and constitute the initial elastic range. A number of yield 

criteria are currently being used in the elastic-plastic analysis 

of structures. The most common ones are shown in Fig. 45 and are 

discussed for the case of plane stress. 

Tresca's yield condition is depicted in Fig. 45 a and can 

be represented by 

max (I cr
1

1 I cr I 
2 

(4.10) 

-where cr
1 

and.cr
2 

are the principal stresses in the layer and cr is 

the current yield stress in simple tension. 

Von Mises' yield condition, as shown in Fig. 45 b, is 

often used since it describes the initial yield surface as a 

smooth surface in the stress space,and is representable in simple 

mathematical form. This yield condition is given by 

where: 

and 

J - 1 (J2 
2 3 

l -2 - - {) 
3 = 0 (4.11) 

J
2 

= Second invariant of the stress deviator tensor 

S .. = Stress deviator tensor defined as 
1] 

s .. =cr .. 
1] 1J 

(4 .12) 

in which crkk is the sum of the principal normal stress components. 

Johansen's yield condition is a special case of the maxi-

mum stress theory introduced by Rankine. This yield condition is 
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depicted in Fig. 45 c and is the basis of Johansen's approach to 

the yield line theory. 

Although the presently discribed approach could be 

easily extended to any one of the shown yield conditions,and to 

other yield conditions as well, V~n Mises yield condition is 

chosen for all investigations described in this report. In 

Cartesian coordinates, this condition is given by: 

2 . 2 3T 2 .a +.u -a a + 
X y X y Xy 

-2 
(J = 0 (4.13) 

For an isotropic strain hardening material, the subse-

quent yield surface can be represented by: 

f (a . . , m) = 0 
lJ 

(4 .14) 

where m is a measure of the degree of strain hardening of the rna-

terial. It is assumed that the concept of effective stress can be 

used to describe the beginning of yielding in a strain hardening 

material which is subjected to a biaxial state of stress. The basis 

of this concept is the equivalent stress versus total strain curve 

(as shown in Fig. 46), which is assumed to be identical with the 

stress-strain relationship found from a simple tension test. The 

use of this approach allows the establishment of the conditions for 

subsequent yielding from a plastic state of stress and is given by: 

a = m a. 
0 
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-where cr is the initial effective stress and cr is the current 
0 

effective or equivalent stress and is taken directly from the 

stress-strain relationship found in a simple tension test. Eq. 

4.14 can then be written as follows for the case of a Von Mises' 

material: 

f ccr •• ' m) 
l] 

(4.16) 

This equation represents the loading function, indicating further 

plastic straining if the equation is satisfied identically (f = 0), 

and elastic behavior if f < 0. Eq. 4.16 indicates that the effec-

tive stress is related to the stress components as follows: 

-

cr cr 
X y 

2 1/2 
+ 3T ) xy 

(4.17) 

Furthermore, cr is dependent on the amount of plastic deformation 

that has taken place, as shown in Fig. 46. In incremental form 

this relationship is of the form: 

cr = E 
p 

.:.p 
E: (4 .18) 

where E is the slope of the equivalent stress versus equivalent 
p 

plastic strain curve. An expression for the effective plastic 

strain rate can be derived as a function of the increments of the 

plastic strain components; thus: 

2 . p . p 1/2 
= ( 3 E: ij E: ij ) 
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The effective plastic strain eP is found as the integral of Eq. 

4.19,taken along the loading path so that all of the increments of 

plastic strain are included. 

The yield condition and the loading function serve to 

establish criteria for yielding from elastic or plastic states of 

stress, respectively. The remaining problem is to establish rela-

tions for predicting the increments in the plastic strain campo-

nents knowing what the increments in stress and the total stresses 

are. In order to arrive at plastic strain increments, it is as-

sumed for the purpose of this work that the Prandtl-Reuss flow 

rule (Ref. 74), which is often used in connection with the Von Mises 

yield condition, is applicable. This constitutive relation, often 

termed flow rule, is based on Drucker's postulate for strain hard-

ening material (Ref. 76), and can be written as: 

. p 
€ • • 
lJ 

A of 
= ocr .. 

lJ 

A of 
= as .. = 

lJ 
A S •• 

lJ 
(4. 20) 

where A is a positive scalar quantity, which can be found from a 

knowledge of the mechanical behavior of the material. Eq. 4.20 

states that the increments of plastic strain depend on the current 

values of the deviatoric stress components and not on the stress 

increments to reach this state. Furthermore, it can be shown that 

the plastic strain increment vector is normal to the yield surface, 

as indicated in Fig. 44. To determine the unknown multiplier A, 

use is made of the Von Mises' yield condition given by Eq. 4.16,and 

of the consistency equation: 
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. 
f = S .. S .. 

lJ lJ 

2 • 
- a a = 0 
3 (4. 21} 

which expresses that the stress increment vector can only be tan-

gential to the yield surface. As shown in Ref. 74, for example, A 

is given by 

3 
A = 2 

.!.p 
e: 

a 
(4. 22) 

Combining Eq. 4.20 and Eq. 4.22 and using the strain hardening 

law, given by Eq. 4.18, leads to: 

s .. . 
·P 3 l] a 
e: •• = 
lJ 2 a Ep 

(4. 23 a) 

or written explicitely in terms of stress components in the 

Cartesian stress space: 

·p a a /2 e:. -X X y . -
{ €P} €P a a /2 = = -- a -y cr EP y X 

(4.23b) 

• p 
OT Yxy xy 

Eq. L~.23 establishes the relationships for predicting the incre-

ments in the plastic strain components in terms of the current 

state of stress, the anticipated increments in effective stress, 

and E , the slope of the effective stress versus effective plas­
p 

tic strain curve as shown in Fig. 46 
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4.3.4 Elastic-Plastic Stress Matrix for a Layer 

For the purpose of deriving the element stiffness rna-

trices used in the finite element displacement approach, which due 

to the nonlinear nature of the problem, is to be formulated in in-

cremental form, the relationship is sought between the increments 

in stress and the increments in total strain. A step-by-step 

method is suited to follow the process of plastification in a 

structure for which the entire load-deformation history is desired. 

Having presented the fundamental constitutive relations in the pre-

vious section, the elastic-plastic stress matrix needed to gener-

ate the element stiffness matrices must now be derived. In order 

to be able to treat the limiting case of perfect plasticity,as 

well as the case of work hardening material,with the same general 

procedure, the following formulation, as described by Felippa 

(Ref. 77), is adapted. Starting with Eq. 4.17, one finds by impli-

cit differentation: 

2CYCY = 2CY CY 
X X 

- CY CY + 2CY CY y X y y 
- CY CY + 6T T 

x y xy xy (4. 24) 

The rate of effective stress, which is a scalar quantity, is de-

rived from this expression,ahd can be written as follows: 

where the vector of stress rates is defined as: 

CY 
X 

CY 
y 
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'. 

and [A] is a matrix connecting the rate of effective stress to the 

rates of total stress, given by: 

[A] = (a 
y 

a /2)/0 
X 

(4. 27) 

Using Hooke's law, given by Eq. 4. 6, and making use of the fact 

that elastic and plastic strain components can be separated, the 

vector of stress rates can be written as: 

[a-} = [ D] I [ ~} - [ ~ PJ ll . L , 
(4.28a) 

which,wheii. using the constitutive equation 4.23 b, leads to: 

. J . ·p 1 
(a} = [ D] L ( e} - [A] e J (4. 28 b) 

Therefore, the rate of effective stress, as given by Eq. 4.25, can 

be written as: 

• J T ( a· } __ [A] T J { · } · p l (j = [ A [ D ( e - [ A] € f (4. 29) 

Making use of Eq. 4.18, the rate of incremental effective plastic 

strain can be found from the above expression as follows: 

iP = [A] T [ D] ( ~} 
E + [A]T [D] [A] 
·p 

(4. 30) 

Substituting Eq. 4.30 for ~p in Eq. 4.29 leads to the desired 
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relationship between the increments of stress and the rates of 

(6-J = l[D] 
total strain: 

[ D] [A] [A] T [ D] 1 ( ~ J 
E + [A]T [D] [A] 

p -

which can be written simply as: 

[o-J = en J (eJ 
e 

The matrix [D ], defined as: 
e 

[D J = e J [D] -
[ D] [A] [A] T [ D] ] 

T Ep + [A] [D] [A] 

(4. 31 a) 

(4.3lb) 

(4. 32) 

provides for the new relationship between the increments of stress 

and the increments of total strain. Matrix [D ] is called the e 

elastic-plastic stress matrix,and is applicable to any layer which 

is stressed into the plastic range. Using this approach, the de-

generate case of perfect plasticity (E = 0) can be handled with 
p 

ease. This is in contrast to the initial stiffness approach, 

which breaks down for this special but frequently occurring case. 

Furthermore, it should be observed that matrix [D J is now fully 
e 

populated,and must be evaluated for each layer separately. Its 

elements take on new values for each cycle of iteration. The 

above derived elastic-plastic stress matrix is the key to the de-

rivation of the element stiffness matrices used in the proposed 

incremental finite element tangent stiffness approach. 
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4.4 Incremental Elastic-Plastic Solution Procedure 

4.4.1 Assembly of the System Tangent Stiffness Matrix 

The essential elements needed in the formulation of the 

proposed elastic-plastic finite element solution have been derived 

in Section 4.3. In view of a future extension of this approach 

to include non-linearity due to geometry, an incremental type 

formulation is desired in which solutions are obtained by solving 

a sequence of linear problems associated with an incremental ap-

plication of-the loading. A step-by-step procedure in connection 

with a small incremental loading is needed for this elastic-

plastic analysis, since the relationship between stresses and 

strains and hence the systems stiffness matrix is nonlinear. 

In this step-by-step analysis, the effect of the non-

linear material behavior of a structure subjected to the ·load 

vector [F} is approximated by the sum of a series of linear 

structures, each subjected to the load increment [F} and assuming 

that the deformations during each load increment are essentially 

linear. In the tangent stiffness approach, taken here as the 

basis for this inelastic analysis, the systems stiffness matrix 

[K] of the entire structure at any stage of loading is a function 

of the existing values of stresses in the structure, and thus 

needs to be modified for each load increment. For each step, this 

effective, or often called instantaneous stiffness matrix [K ], 
e 

must be assembled for the entire structure taking into account 

plastification in the plate structure. To simplify this task, 

-128-



each finite plate element is further subdivided into a number of 

layers, as discussed in Section 4.3. The stiffness contribution 

of each layer is then computed separately since the stiffness of 

any layer depends on the current state of stress; i.e. on the ex-

tent of plastification in a layer. The incremental displacement 

vector (5} resulting from the applied load increment (F} is then 

obtained by solving the basic stiffness relationship, which can be 

written in incremental form as: 

(F} = [K J (5} 
e 

(4. 33) 

in which [K ] is the tangent stiffness matrix for the entire 
e 

structure, the coefficients of which are recomputed for each load 

increment by using appropriate incremental stress-strain relations. 

As given in Appendix III, the stiffness matrix for a 

homogeneous anisotropic rectangular plate element, as originally 

described by Adini, Clough and Melosh (Ref. 34), was rederived 

in suitable form for the purpose of the present analysis. Three 

degrees of freedom per nodal point were introduced for this ele-

ment; namely the lateral deflection w and the two slopes of the 

deflected plate surface 9 and 9 . Taking any layer K of the 
X y 

layered plate model for the inelastic analysis of plates, as shown 

in Fig. 43, the stiffness contribution for this layer can immedi-

ately be derived from the expression for the stiffness matrix 

given in Appendix III: 
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Dll[Kl] + Dl2[K2] + 

D33[K6] J [C-l] (4. 34) 

in which [K.], where i = 1, · ·· 6 are component stiffness matrices 
1 

and [C] is a transformation matrix as given in Appendix III. 

The process of assembling the systems stiffness matrix 

follows exactly the procedure outlined in Section 2.3, except that 

instead of treating a finite plate element at a time, a layer at a 

time must be considered. Depending on whether a layer is found to 

be elastic or plastic, appropriate stress-strain relationships, 

here formulated in incremental form as given by Eq. 4.6 or Eq. 

4.31, must be used. The coefficients D .. of the stress matrix for 
l.J 

an elastic layer are always constant and given by Eq. 4.7, whereas 

the coefficients D .. for a plastic layer take on different values 
l.J 

for subsequent states of platification and must be evaluated for 

each cycle of iteration. These coefficients depend on the current 

state of stress cr .. in a layer as well as on its effective stress a 
l.J 

given by Eq. 4.17, and the strain hardening parameter E . p 

Explicitly, these coefficients can be evaluated using 

Eq. 4.32 since at the start of an iteration cycle the current 

state of stress in a layer and all other needed quantities are 

known. The procedure for evaluating the stiffness of a plastic 

layer is as follows: 

1. Evaluate the coefficients of matrix [A]. 
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2. Evaluate the coefficients of matrix [D J. 
e 

3. Find the stiffness contribution of the layer in considera-

tion by evaluating Eq. 4.34 and add it to the already 

accumulated stiffness. 

The total stiffness of a finite plate element must be as-

sembled by considering each layer separately and summing up all 

stiffness contributions. In the case of transversely loaded plates 

neglecting in-plane deformation, a pair of layers lying symmetric 

with respect to the middle plane of the plate can be treated at a 

time. Performing this process for all layers and considering all 

plate elements leads to the instantaneous or tangent systems stiff-

ness matrix for the entire structure. As this is true for all pre-

sently knm11n approaches capable of handling inelastic problems, 

the availability of a high-speed digital computer is essential for 

a successful implementation of this approach. 

4.4.2 The Iterative Solution Technique 

The iterative solution technique used for the solution 

of inelastic plate problems is summarized graphically by the flow-

chart shown in Fig. 47. A unit load is applied first to the ini-

tially assumed stress-free structure and the associated elastic 

stress distribution is obtained. The applied loads are then 

scaled up so as to cause initial yielding in the most stres~ed 

layer. This is done by comparing for each layer the effective 

stress representing the elastic limit of the material in 
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consideration. Since in the elastic range, and assuming first 

order theory, stresses and deformations are directly proportional 

to the applied load, the values of these field quantities can be 

equally found by scaling up the appropriate values found for the 

applied unit load. 

The structure ceases to behave linearly elastic for 

loads higher than the elastic limit load. Thus, an incremental 

procedure must be used to find its response in the non-linear 

range. Since the final state of stress is not known in advance 

for each applied load increment added to the accumulated load, an 

iterative solution is needed to find the new equilibrium configura-

tion corresponding to the applied load increment. Starting out 

with known values of all involved field quantities at the elastic 

limit load level, an increment of load (F} is applied to the 

structure first. To arrive at the new equilibrium configuration 

corresponding to this load increment an iterative procedure is 

started, described here for the i-th cycle of iteration. 

For this i-th cycle of the current iteration, the 

following quantities are known specifically for each layer: First, 

(a}i-l, the accumulated stresses as computed at the end of the 

- i-1 
(i-l}th cycle are known and hence, a , the total effective stress 

can be found. 
• - i-1 

In addition, the maximum effective stress a re-max 

corded during the entire loading history is stored. The itera-

tion proceeds as described by the following steps: 

1. Assume all layers to be in the same state of stress as 
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found in the previous cycle; or, if the iteration is 

started, as found in the last cycle of the previous load 

increment. 

2. For any plastic layer, compute the coefficients of matrix 

3. 

[A]. This step is omitted if a layer is found to be 

elastic. 

Compute the coefficients of matrix [D ] for any plastic 
e 

layer. For elastic layers use matrix [D], the elements 

of which always remain constant. 

4. Compute the stiffness contribution of this layer as out-

lined in Section 4.4.1. 

5. Add the stiffness contributions of all layers appropriately 

and establish in this fashion the systems tangent stiff­

ness matrix [K] for the entire structure. 
e 

6. Solve the system of incremental equilibrium equations 

{F} ; [K J {B} for the unknown incremental nodal displace­
e 

ment vector {B}i. 

7. Compute the rates of curvature (~}i at the centroid of 

each plate element using the curvature-displacement rela-

tions as given in Appendix III.• 

8. 
. i 

Compute the total strain rates {e:} at the centroid of 

each layer using the strain-curvature relations . 

. } i 9. Find the stress rates {o at the centroid of each layer 
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using the.incremental stress-strain relations given by 

Eq. 4.31 b for a plastic layer, or by Eq. 4.6 for a 

layer found to be elastic, respectively. 

10. Find the total stresses (cr}i at the centroid of each 

layer by adding the stress increments to the previously 

accumulated stresses; i.e. (cr}i = (cr} 
. i 

+ (cr} . 

11. Check whether layers which were originally elastic are 

still elastic. Also check the computed effective stress 

-i .·' -i-1 
cr against the assumed effective stress cr for all 

plastic layers. If cri is within a specified tolerance of 

cri-l, then the iteration is terminated and the next load 

increment is applied to the structure. -i If cr is not 

-i-1 within a tolerance of cr , then the newly computed 

values for stresses (cr}i and effective stress cri are used 

as new initial guesses for cycle (i + l). Steps 1 

through 11 are then repeated until either cr is found 

within a certain tolerance or a specified number of 

cycles is exhausted. Accumulated values for all needed 

field quantities can then be computed and printed out if 

desired. 

The analysis proceeds exactly in the same way for the 

next load increment. Basically, arbitrary values for (r} could be 

assigned; however, the present investigation was restricted to the 

case of proportional loading. It should be mentioned here that 
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the effect of different values of [F} on the convergence and accu­

racy of the involved field quantities can be studied easily by 

specifying different values for the incremental load and observing 

the convergence behavior. The effect of the chosen tolerance for 

the effective stress in a layer can be studied similarly as will 

be discussed in the presentation of the numerical examples. 

4.4.3 Unloading and Neutral Loading of a Layer 

By definition, a layer is termed elastic if its effec­

tive stress a computed at the centroid of the layer is less than 

the current yield stress of the material. A plastic layer is 

characterized by the fact that its effective stress is equal to the 

current effective stress of the material. For such a layer the 

total strain is composed of an elastic and a plastic part. In the 

preceeding section it was assumed that those layers which were 

assumed plastic are being stressed further into the plastic range 

as the appli_ed loads increase. This assumption must be checked in 

the analysis by computing the effective stress corresponding to 

the total stresses in each layer and comparing it to its previous 

value. If the computed value for the effective stress in the i-th 

cycle is found to be greater than the stored value, found in 

cycle (i-1) , then the layer in consideration is being further 

loaded plastically. 

On the other hand, if the newly computed value for the 

effective stress is less than the previously found value, elastic 
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unloading has taken place. When this occurs, the elastic stress-

strain relations must be used and the analysis proceeds as out-

lined above. It should be mentioned that unloading can occur even 

though the externally applied loads are monotonically increasing. 

During unloading the stress path moves inside the current yield 

surface. Mathematically speaking, unloading from a plastic state 

which is characterized by Eq. 4.16, occurs if 

. ~··'. 

. . 
f = s .. s .. 

lJ lJ (4.35) 

As this is usually done, it is assumed that elastic straining does 

not change the yield surface and subsequent loading follows the 

unloading path as indicated in Fig. 46. 

Neutral loading is defined as loading from one plastic 

state to another plastic s.tate in such a way as to cause no plastic 

straining. In this case the stress path is moving tangential to 

the yield surface and in the analysis the elastic or elastic-

plastic stress-strain relations can be used. 

4.4.4 Yield Surface Correction 

In the iterative procedure as described in Section 4.4.2 

it is advantageous to find improved values for the state of stress 

in a layer before entering the next cycle of a given iteration. 

Convergence is then obtained faster resulting in considerable sav-

ings in computer time. Depending on the type of material used, 

different approaches can be taken to improve the initial guesses 
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for stresses and for the effective stress. Although the outlined 

tangent stiffness approach is valid for the more general case of 

elastic-linearly strain harderiing material, the problems treated 

in this chapter and chosen for the purpose of demonstrating the 

application of this method are confined to materials exhibiting 

elastic perfectly-plastic material behavior. 

The method of arriving at new improved guesses for 

stresses in a layer, outlined in this section, is limited to rna-
' 

terials exhibiting elastic perfectly-plastic material behavior. 

A similar approach could be taken for the more general case of 

linearly-strain hardening material. As mentioned earlier, the in-

cremental stress vector as shown in Fig. 48 is restricted to lie 

in the tangential plane to the current yield surface which, in the 

case of a perfectly-plastic material, is always identical with the 

initial yield surface. However, for any finite increment of load 

the stress rate vector will be of finite length and hence cannot 

remain on the yield surface. The state of stress must therefore 

be corrected in order to conform with the assumptions associated 

with perfectly-plastic material. This can be done by adding a 

correction vector to the incremental stress vector as shown in 

Fig. 48. This yield surface correction is best done in the devia­

toric stress space and the following quantities are to be defined 

for this derivation: 
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( s t} = (s ' -S '. S' ) -- Th t d d . . e uncorrec e ev1ator1c stress vector x' y' xy 

( s} = (S S S ) = The corrected deviatoric stress vector 
x' y' xy 

(CB} = The correction vector defined by 

(s} = (s'} + (cB} (4-. 36) 

t 

J 2 .= The second invariant of the deviatoric stresses computed 

from uncorrected stresses 

J
2 

= The second invariant of the deviatoric stresses computed 

from corrected stresses 

These two quantities can be evaluated if the respective stresses 

are known; they are related by 

J ' J s:' 2 2 = 2 + ';) (4-. 37) 

where ~ 2 is defined as the error in J;. The correction vector is 

defined to be normal to the yield surface in the deviatoric stress 

space and is of unknown length c. It follows from the requirement 

of normality: 

( CB} 
gradJ

2 = c 
I gradJ

2
1 

V'J2 = c _ __.;;;;._ 
IVJ2 1 

(4-. 38) 

• 

For perfectly-plastic Von Mises' material, J
2 

is given by: 

J 
1 s s = .!o-2 = k __ 2 

2 = 2 ij ij 3 0 
(4-. 39) 
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where k is the yield stress in pure shear. Proceeding now with 

the evaluation of the length of the gradient vector to the yield 

surface, one finds: 

(4. 40) 

Substituting Eq. 4.38 and Eq. 4.40 into Eq. 4.36, and observing 

that 'VJ2 = (S} leads to 

( s t} = [1 - __ c __ J (s} 
w (4. 41) 

.. ---·· 

Since J2 and J; are quadratic functions of the deviatoric stresses 

it follows directly: 

(4. 42) 

Substituting Eq. 4.37 and Eq. 4.39 into Eq. 4.42 yields: 

(4.43) 

Linearizing the expression for the square root in Eq. 4.43, leads 

finally to: 

( s t} 

Introducing now: 

2 
= (1+~) (s} 

2k 
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the corrected deviatoric stress vector is found to be 

( s} ( s'} 
= 1 + 0 

and hence, the corrected stresses are given by: 

CJ •• 
1] 

' CJ • • = 1] 
1 + 6 

(4-. 4-6) 

(4-. 4-7) 

The stresses computed in each plastic layer are to be corrected 

according to Eq. 4-.4-7 before entering into the next cycle of the 

iteration. Finally, the evaluation of o, given by Eq. 4-.4-5, leads 

to: 
-2 

0 =l[£...._-1] 
2 CJ2 

0 

(4-. 4-8) 

4-.5 Numerical Results 

The following examples have been selected to illustrate 

the applicat~on of the proposed finite element tangent stiffness 

approach for solving inelastic plate problems. A general computer 

program has been written for the implementation of this approach. 

This program allows the tracing of the entire load-deformation be-

havior of arbitrarily shaped and loaded plates. The approach was 

outlined in the previous sections of this chapter for the case of 

isotropic elastic, linearly-strain hardening material. An exten-

sian to include orthotropic material behavior can be easily made 

if the associated constitutive relations are known. 
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The validity of the proposed method is demonstrated on a 

few example solutions giving an indication of the reliability of 

the approach. To simplify comparisons with analytic solutions, the 

material was restricted to behave elastic perfectly-plastic 

(E = 0) and Von Mises 1 yield criterion in connection with the 
p 

Prandtl-Reuss' flow rule were used in the solution of all example 

problems. However, other types of yield conditions could easily 

be inco~porated as well in the present approach. 

For the purpose of this investigation all example struc-

tures are thought to be made of structural steel with the follow-

ing numerical values for the material behavior assumed in the 

analysis: 

E = 30,000 ksi 

cr = 36 ksi 
0 

E = 0 p 

\) = 0.30 

The results are presented in non-dimensional form in terms of 

p = p/py = Actual load divided by py, where 

Py = The load level at which yielding is initiated 

6 = The deflection of a point representative for the behavior y 

of the structure at first yielding 

• M = Moment capacity per unit width of plate p 

All other assumptions made concerning discretization and the geo-

metry of the example structures chosen are listed in the 
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accompanying figures presented for each problem. The general coJn­

puter program developed to implement the proposed approach yields 

the incremental and accumulated values of all involved field quan­

tities; thus it allows the study of the complete elastic-plastic 

behavior of complex shaped plates. 

~.5.1 Simply Supported and Clamped Plate Strip 

The proposed method of analysis was first applied to a 

few simple problems for which the exact solution can be found from 

the theorems of limit analysis. Fig. ~9 shows the load-deflection 

behavior of a simply supported and uniformly loaded plate strip of 

unit width. Sixteen elements were used in the idealization of a 

half-span of the plate strip. Results are plotted for different 

numbers of layers: k = 6, 8 and 10. It is recognized that an in­

crease in nt~bers of layers used for the discretization of the 

plate elements leads to a better approximation of the collapse 

load. In addition, closer results would be obtained for a finer 

discretization of the plate strip. For the same example, the pro­

pagation of the elastic-plastic boundary for k = 10 (k = number 

of layers) is depicted in Fig. 50. The elastic-plastic boundary 

is in general a space surface and difficult to determine analyti­

cally. The error introduced in the present approach will be re­

duced if a finer mesh is used and the number of layers is increased 

at the locations of greater rate of change of curvature in the 

plate strip. It is worth noting here, that for the continuous 
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plate strip, collapse would occur as soon as the center section is 

fully plastic. In the finite element analysis, however, collapse 

does not occur until the two innermost layers closest to the 

center-line of the plate strip yield. In the numerical analysis, 

this state is indicated by a sudden, rapid increase in deflection. 

Mathematically speaking, the system stiffness matrix has become 

singular. 

Similarly, the load-deflection behavior of a clamped 

plate strip of unit width is shown in Fig. 51. As predicted by 

simple plastic beam theory, this structure can withstand substan-

tial additional loads after first yielding has taken place. The 

analysis was again performed for different numbers of layers; i.e. 

fork = 6, 8 and 10 and the respective response is plotted in the 

same figure. Closer results would again be obtained if a finer 

mesh size were used. The propagation of the elastic-plastic bound-

ary and the extent of plastification is shown in Fig. 52. The 

structure becomes unstable as soon as the two innermost layers 

closest to the center-line of the plate strip exhibit plastic be-

havior. Fig. 53 is drawn to demonstrate the redistribution of 

plate moments M and M along the length of the clamped plate 
X y 

strip. The variation of all other stress and deformation campo-

nents could be studied in a similar way. It should be noted that 

the theorems of limit analysis can be used to compute the exact 

.collapse load for these two introductory examples. However, the 

calculation of the exact collapse load is possible in but a few 

simple cases. 
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4.5.2 Simply Supported Square Plate 

The behavior of plates of.various shapes subject to var­

ious boundary conditions and loading is of special interest to the 

designer and is considered a difficult problem if the elastic­

plastic response of such structures is sought. The response of a 

few typical plate structures stressedinto the inelastic range will 

be presented next in order to demonstrate the versatility of the 

proposed finite element approach. The load-deflection behavior of 

the center point of a simply supported and uniformly loaded square 

plate is illustrated in Fig. 54, along with the best upper and 

lower bound found in the literature. Sixteen rectangular plate 

elements were used for the discretization of one quadrant of the 

plate and six layers were chosen for each finite plate element. 

It is recognized from this figure that, despite the relatively 

rough mesh chosen, an already satisfactory solution is obtained. 

The propagation of yielded regions for different load levels is 

shown in Fig. 55. Plastification begins at the corners of the 

square plate and slowly spreads toward the center of the plate. 

The progression of yielding is in agreement with the solution 

given by Ang and Lopez (Ref. 44), which is based on a discrete 

element approach, as discussed in Section 4.2. However, the load­

deflection curve found in the present approach is considerably 

different from the curve obtained by the cited authors due to 

their assumption of a two layer sandwich-type plate model used in 

their work. 
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As this is usually done, the collapse load of this 

structure is defined as the value of the load at which the pattern 

of fully plastic elements is such that the structure becomes a 

mechanism. It is seen from Fig. 54 that substantial deformations 

must take place before this stage is reached and a small deflection 

analysis is in fact not capable of predicting the correct collapse 

load for certain types of structures. Nevertheless, a value of 

0.982 (24M /L~, where Lis the span of the square plate, is esti­. p 

mated for th~ present example and this value can now be compared 

with available solutions. This comparison is made in Table 20, 

where the estimated limit load is compared with available upper 

and lower bound, finite difference and finite element solutions. 

An improved solution would be obtained for a finer mesh. 

4.5.3 Clamped Square Plate 

The elastic-plastic behavior of a uniformly loaded 

square plate is shown in Fig. 56 along with the best known upper 

and lower bound solution found in the literature. It is seen that 

the assumed discretization of sixteen elements per quarter of the 

plate leads to a slightly higher collapse load than predicted by 

the best known upper-bound solution. This is due to the fact that 
• 

the chosen rough discretization cannot properly account for the 

high stress gradients occurring in the vicinity of the clamped 

edges. Performing the analysis with the next finer mesh, which 
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contains thirty-six elements per quadrant of the plate, leads to 

.an improved result as seen from this figure. Fig. 57 depicts the 

sequence of yielding and the extent of plastification for the same 

problem. A comparison of this sequence of yielding, which agrees 

again with the one given by Lopez and Ang (Ref. 44), with the pro­

pagation of yielded regions of the simply supported plate reveals 

some interesting differences. Fig. 58 shows the redistribution 

of deflections as a result of the plastic flow. In Table 21, a 

com~arison i~ made between the estimated limit load for this pro­

blem and the values found from different other approaches. 

4.5.4 Square Plate with Three Edges 

Simply Supported and One Edge Free 

The load-deflection behavior of a uniformly loaded 

square plate with three simply supported edges and one free edge 

is shown in Fig. 59. Due to symmetry in loading and geometry only 

one-half of the plate needs to be analyzed. The curve shown in 

Fig. 59 applies to the mid-point P of the free edge. No lower 

bound solution is known for this problem and it cannot be said 

with assurance how close the given upper bound solution found by 

Hodge (Ref. 78) is to the true solution. Fig. 60 depicts the pro­

pagation of yielded regions for increasing load and Fig. 61 demon­

strates how the plate moments are redistributed as a result of 

plastic flow. 
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4.5.5 Plate Supported by Rows of 

Equidistant Columns (Flat Slab) 

The load-deflection behavior of the center of a uniformly 

loaded square plate supported by rows of equidistant columns is 

illustrated in Fig. 62, along with a lower bound solution found by 

Wolfensberger (Ref. 65) and an upper bound solution given in (Ref. 

6~. Attention should be focused to the large additional strength 

that can be carried by this structure beyond first yielding. The 

sequence of yielding for this structure is shown in Fig. 63. 

4.6 Convergence and Accuracy of Solutions 

The presented examples show the validity of the proposed 

numerical technique from which approximate solutions to complex 

elastic-plastic plate problems can be obtained. No formal proof 

of the correctness of the solution method was attempted in this 

investigation and hence the reliability of the numerical solutions 

can only be shown on the basis of known solutions found by the 

theorems of limit analysis or by other types of analysis. This 

comparison was made whenever possible and the solutions found by 

the present approach are strongly supported by solutions derived 

from the theorems of limit analysis. All problems chosen in this 

investigation were analyzed using a relatively rough discretiza­

tion. Improved results would be obtained if the mesh size is re­

duced or the number of layers is increased. This is demonstrated 

in Figs. 49, 50 and 54. A tolerance of 5% was usually specified 
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for the effective stress leading to two or three cycles per itera-

tion for each applied load increment. A smaller value for this 

tolerance increases the number of cycles needed for convergence; 

thus, increasing the computer time considerably. 

4.7 Summary 

A finite element analysis capable of predicting the 

elastic-plastic behavior of complex shaped plates has been pre-

sented in this chapter. The approach is formulated in incremental 

form and is based on linear geometry. Hence, it is applicable to 

problems where the structure experiences significant plasticity 

before the deformations become excessive. A layered model is used 

to aid in the description of the elastic-plastic behavior of each 

finite plate element since the process of plastification is mathe-

matically difficult to describe. The approach is based on the 

tangent stiffness concept and an iterative solution technique is 

needed to find the new equilibrium configuration corresponding to 

each applied load increment. For each cycle of iteration, the 

effective or instantaneous stiffness matrix of the entire struc-

ture is recomputed and the governing linear system of equilibrium 

equations is solved repeatedly. A few example solutions prove the 

validity of the proposed numerical technique which is applicable 
• 

to plates of arbitrary geometry and loading and can be extended to 

more complex material behavior. 
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5. ELASTIC-PLASTIC ANALYSIS OF STIFFENED PLATES 

5.1 Introduction 

The behavior of eccentrically stiffened plate structures 

in the inelastic range is required to assess the effects of over­

loading and to compute the ultimate load-carrying capacity of such 

structures as a whole as well as that of its components. The most 

commonly used methods of elastic analysis for stiffened plate 

structures were discussedin Chapter 3, along with their possible 

extension to include the inelastic behavior of such structures. 

From an extensive literature survey it was concluded that the 

classical methods of elastic analysis are not suitable to study 

the inelastic response of beam-slab type structures and the appli­

cation of the finite element method was again found to be the best 

suited. The reliability of the finite element tangent stiffness 

approach in solving elastic-plastic plate problems was demonstrated 

in Chapter 4. This approach will be extended to stiffened plates 

in this chapter making use of a layered beam model which is at­

tached to the layered plate model described in the previous chapter. 

In-plane behavior must be considered and an incremental analysis 

is again required to solve this mathematically difficult problem. 

5.2 A Finite Element Approach Using a Layered Model 

5.2.1 Description of the Layered Beam-Plate Model 

The finite element tangent stiffness approach described 
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in Chapter 4 for the elastic-plastic analysis of plates is ex­

tended in this chapter to eccentrically stiffened plates of arbi­

trary shape and loading. This problem being complex and not ame­

nable to analytic solution, a numerical solution is worked out 

based on a layered system of beam and plate elements. A layered 

beam model is attached to layered plate elements in order to be 

able to describe the process of yielding in the actual beam-plate 

structure. It is assumed that the structure experiences signifi­

cant plastic~ty before the deformations become excessive permit­

ting the formulation of the outlined approach to be based on the 

first order theory. In-plane deformations and forces must be con­

sidered in the present analysis because both quantities are of 

prime interest in a stiffened plate structure. In view of a future 

inclusion of nonlinearities due to geometry, the tangent stiffness 

approach was preferred to the initial stiffness approach. As in 

the case of the analysis of inelastic plates, the load is applied 

incrementally, the stiffness matrix of the system must be derived 

and solved repeatedly for each load increment. The approach allows 

the tracing of the entire load-deformation relationship for any 

point of interest in the structure and the study of the process of 

plastification of complex shaped stiffened plates. The method is 

developed for an isotropic elastic linearly-strain hardening ma­

terial; however, it can be easily extended to cope with arbitrary 

material behavior. 

Plate elements are subdivided into a number of layers, 

-150-



as described in Chapter 4, in order to be able to follow the pro-

cess of plastification in the plate. Each layer is assumed to be 

in a state of plane stress and the state of stress at the centroid 

of a layer is taken as representative for the entire layer. Any 

layer is considered either elastic or elastic-plastic depending on 

the magnitude of effective stress present in this layer at a given 

load level. In the present analysis, the increments of total 

strain are computed as the sum of strain increments resulting from 

in-plane and_out_;of-plane behavior. In-plane strains in any layer 

k are computed at the centroid of this layer using the basic rela-

tionships derived in Appendix IV: 

(5 .1) 

where [B] is the matrix connecting strains to nodal displacements as 

derived in Appendix IV and [6.}e is the nodal displacement vector 
l. 

made up of the consistent listing of in-plane displacement compo-

nents. The strains in any layer k associated with out-of-plane 

deformations of the plate are given by Eq. 4.1 b: 

(5. 2) 

. 
The curvature terms listed in [~} are again defined at the centroid 

of a plate element and are computed as shown in Appendix III. Hav-

ing found the displacement field by the proposed analysis based on 

a trial stiffness matrix associated with the previous load 
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increment, the in-plane displacement components and the curvatures 

at the centroid of a plate element can be computed. The total 

strain increments can be evaluated by ·adding the strain increments 

resulting from in-plane and out-of-plane action: 

(5. 3) 

Depending on the current magnitude of the effective stress in a 

layer, the stress increments are evaluated using basic relation­

ships: Eq. 4. 6 being valid for an elastic layer, and Eq. 4. 31 b, 

if the layer is found to be plastic. It is seen that for the pur­

pose of computing stress increments in an elastic-plastic layer, 

Eq. 4.31 b is still valid, if the current total stresses result­

ing from in-plane and out-of-plane action are substituted. 

Yielding starts often at the bottom fiber of a stiffener 

element in an eccentrically stiffened plate and successively 

spreads across the entire beam cross section. In order to study 

the process of plastification in a beam, a stiffener element is 

subdivided into a number of layers as shown in Fig. 64. An ap­

proach based on the plastic hinge concept would grossly over­

simplify the actual behavior. The interaction of all involved 

stress resultants acting on a beam element stressed into the plas­

tic range is difficult to describe mathematically if one ceases to 

accept the yield hinge concept. In the most general case, two 

shear forces and the bending moment about the y-axis interact with 

the axial force and the twisting moment in a beam. In order to 
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avoid obscuring the overall analysis with this interaction problem, 

it is assumed for the present approach that the beams are slender. 

It is also assumed that the shear force as well as the twisting 

moment do not significantly affect yielding in a layer and can be 

neglected in the yield condition. It is further assumed that GKT, 

the torsion constant of the stiffener remains unchanged. The 

effect of these assumptions could be studied in a more refined 

analysis. It is assumed in the present analysis that the elastic­

plastic behavior of the beams can adequately be described by the 

proposed layered finite beam model. Due to the above stated as­

sumptions a beam layer is seen to be in a state of uniaxial stress 

for consideration of yielding and hence the yield condition reduces 

to its simplest form. The state of stress at the centroid of a 

layer is taken as representative for the entire beam layer. 

Stresses in beam layers are computed based on a linear distribu­

tion of strain extending to the bottom fiber of the stiffener. 

Basically, an arbitrary stress-strain relationship could be speci­

fied for each stiffener layer. The problems solved in this chap­

ter are confined to isotropic elastic perfectly-plastic behavior 

of the material. It is expected that this approach can be extended· 

to beams made of reinforced concrete by appropriate consideration 

of the material behavior of each layer made of concrete or rein­

forcing steel. 

In the present analysis, any layer must be specified by 

its width, thickness and its distance to the plane of reference, 
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which is defined to coincide with the middle plane of the plate. 

As defined in Chapter 3, a beam element is bounded by two nodal 

points I and K, lying in the middle plane of the plate as shown in 

Fig. 64. Due to the incremental nature of the analysis proposed, 

the axial strain increments in any beam layer K due to bending mo-

ment and axial force can be evaluated separately using basic rela-

tionships. The total strain can then be obtained by adding the 

two parts. The axial strain component in any layer K is given by: 

(5. 4) 

Using this expression, the strain can be computed at the centroid 

of any layer K if the displacement components, as defined in 

Chapter 3, are known. Having determined the strain increment, the 

associated stress increment is found from the stress-strain rela-

tionship specified for the beam layer in consideration. The stress 

resultants acting on a beam element are defined at the plane of 

reference and are found by adding up the contribution of each layer: 

. t ·k 
M = L: (J ~ tk bk s k=l X 

(5. 5) 

t 
·k 

N = 2: (J ~ bk s 
k=l 

X 
(5. 6) 

where t is the number of beam layers, tk is the thickness and bk 

is the width of beam layer K. 
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5.2.2 Elastic-Plastic Stress-Strain Relations 

The elastic-plastic response of beam and plate layers 

must be known in order to be able to formulate the proposed analy­

sis. Plate layers are treated exactly as discussed in Chapter 4, 

which deals with the inelastic analysis of transversely loaded 

plates. In the presently discussed incremental elastic-plastic 

analysis of unsymmetrically stiffened plates, the stresses resisted 

by a layer due to in-plane and out-of-plane action must be con­

sidered. These stress increments are computed from incremental 

total strains which are found from appropriate strain-displacement 

relations. The same equations as derived in Sections 4.3.2 and 

4.3.3, governing the elastic-plastic behavior of a layer, are 

applicable if the total stresses resulting from in-plane and out­

of-plane action are substituted into these equations. No restric­

tions must be placed on the loading path, since the plastic stress­

strain relations derived from the flow theory are themselves incre­

mental. In the present analysis, Von Mises' yield condition in 

connection with Prandtl-Reuss' flow rule is adapted and the deri­

vation of the stress-strain relations given in Section 4.3.3 for 

an elastic linearly-strain hardening material shall apply. If the 

computed effective stress in a plate layer is less than the speci­

fied value, the layer is termed elastic and Eq. 4.6 is applicable. 

For an elastic-plastic layer in which the total strains are com­

posed of elastic and plastic parts, the incremental stress-strain 

relations given by Eq. 4.32, are used. Neutral loading and 
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unloading are treated as discussed in Chapter 4. From these 

stress-strain relations the in~~ements of stresses for given in-

crements of total strain resulting from in-plane and out-of-plane 

behavior of the stiffened plate are determined. The elastic-

plastic stress matrix found in this manner is required to generate 

the element stiffness matrices associated with in-plane and out-of-

plane behavior of the finite plate element. 

Due to the assumption made that the twisting moment as 

well as the shear forces are small and need not be considered in 

the yield condition, each beam layer is stressed uniaxially. 

Furthermore, it is assumed that the beams are made of elastic 

linearly-strain hardening material of the type shown in Fig. 46. 

If the total stress is less than the current yield stress, a beam 

layer K is considered elastic and the increment of stress is found 

from the increment of strain by: 

= en J ( e Jk 
s s 

(5. 7) 

where [D ] is a matrix consisting of one element of value E , the 
s s 

modulus of elasticity of the beam material .. If the current total 

stress is equal to the current yield stress, the layer is consid-

ered to be elastic-plastic and the incremento£ stress is given by: 

(5. 8) 

where [D ] is identical with the strain-hardening modulus E se ps 
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5.2.3 Generation of Element Stiffness Matrices 

The instantaneous element stiffness matrices are estab-

lished in a similar manner as described in Chapter 3, which pre-

sents an elastic finite element analysis of eccentrically stiff-

ened plate structures. The elastic-plastic analysis of eccentri-

cally stiffened plates requires again a step-by-step iterative 

procedure. The fact that first order theory is assumed to be ade-

quate and hence, the structure is assumed to behave linearly elas-

tic for each increment of load allows computing of the in-plru1e 

and out-of-plane stiffness matrices separately and to construct 

the system stiffness matrix from the component stiffness matrices. 

The in-plane stiffness matrix for any plate element is 

found by summing up the in-plane stiffness contributions of each 

layer of the plate element. Separate consideration is to be given 

to each layer because the state of stress and hence, the effective 

stress is different in each layer. The in-plane stiffness matrix 

for a plate element is derived in Appendix IV. The same matrix 

can be used in the incremental elastic-plas·tic analysis, if the 

plate thickness h is replaced by the thickness of the layer in 

consideration. The elements D .. of the stress matrix [D] depend 
l] 

on the state of stress in a layer and must be computed as outlined 

in Section 5.2.2. 

The assumptions made for the derivation of the stiffness 

matrix governing the out-of-plane behavior of a plate element were 

discussed in Section 3.3.2. This matrix is derived in Appendix III. 
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In the present elastic-plastic analysis each layer must be treated 

separately, since the state of stress is different in each layer 

and the distance of the centroid of the layer to the plane of re-

ference must be accounted for. For any plate layer, the srune 

stress matrix [D] as generated for the in-plane stiffness matrix 

is applicable in evaluating the stiffness matrix governing the 

out-of-plane behavior of the plate element. As shown in Section 

4.4.1, the contribution of each layer is found by applying Eq. 

4.34. The stiffness contributions of all layers are then added. 

In a similar fashion, the stiffness matrix for the stiff-

ener element is formed by considering a stiffener layer at a time. 

This stiffness matrix is derived in Section 3.3.6 and can be ap-

plied in the elastic-plastic analysis if the cross-sectional pro-

perties of the stiffener layer in consideration are substituted. 

For a stiffener layer found to be elastic, the stress matrix [Ds] 

in Eq. 5.7 reduces toE , the modulus of elasticity of the beam s 

layer. In an elastic-plastic layer, the strain-hardening modulus 

E is used instead of E • ps s 

5.3 The Incremental Elastic-Plastic Solution Procedure 

5.3.1 Assembly of the System Stiffness Matrix 

The incremental finite element displacement approach 

derived in Chapter 4 for the solution of elastic-plastic plate 

problems is extended in this chapter to elastic-plastic eccen-

trically stiffened plate structures. A step-by-step incremental 
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procedure which follows closely the procedure discussed in Chapter 

4 forms the basis of this inelastic analysis. The tangent stiff­

ness matrix [K ] of the structure must be reassembled at any stage 
e 

of loading. This key matrix is a function of the geometry and of 

the existing state of stress in each plate and beam layer and must 

be modified for each load increment to account for plastification 
. 

in the structure. The incremental displacement vector (6) result-

ing from the applied load increment (F) is obtained by solving the 

stiffness relationship: 
. 

(F) = [K] (6) 
e 

(5 .9) 

in which [K ] is the tangent stiffness matrix of the entire struc­
e 

ture which is discretized by an assemblage of beam and plate ele-

ments. The displacement vector of the structure is a listing of 

displacement components consistent with the force vector components. 

Five displacement components are introduced at each nodal point as 

in the case of the elastic analysis of stiffened plates, presented in 

Chapter 3. The process of assembling the overall tangent stiff-

ness matrix is done in the computer. The out-of~plane and in-

plane stiffness matrices are computed for the plate elements fram-

ing into a nodal point by appropriate addition of the component 

stiffness matrices listed in the appendices. For this purpose, 

the contributions of all plate layers involved are added. Finally, 

the stiffness of the stiffener elements framing into the nodal 

point in consideration are computed and added to the already 
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-accumulated stiffness. A stiffener layer or plate layer at a time 

must be considered since the state of stress is different in each 

layer and its stiffness is a function of this state of stress. De-

pending on the magnitude of effective stress in a plate layer 

which is computed from total stresses resulting from in-plane and 

out-of-plane action, it is determined first whether the layer is 

elastic or elastic-plastic. The appropriate stress matrix must be 

used in computing the stiffness matrices. Stiffener layers are 

treated alike and their contribution is added to the present stiff-

ness. No fundamental difficulties are encountered whether one 

deals with elastic linearly-strain hardening or with a more general 

material behavior of the beams. 

It is seen that the process of assembling the system 

tangent stiffness matrix follows closely the procedure outlined in 

Chapter 4. The essential difference lies in the fact that in the 

present analysis the in-plane behavior must be considered and the 

effect of the beam elements must properly be accounted for. 

Appropriate stress-strain relationships must be used depending on 

the state of stress found in a layer. These relationships were 

derived in Chapter 4 and are equally valid in the present analysis 

if the total stresses due to in-plane and out-of-plane action are 

considered. The evaluation of the coefficients of the stress 

matrix proceeds as discussed in Section 4.2.1. 

-160-



5.3.2 The Iterative Solution Technique 

The iterative solution technique used in the analysis of 

elastic-plastic eccentrically stiffened plates is schematically 

illustrated in Fig. 65. The approach taken in the present analysis· 

follows closely the procedure outlined in Chapter 4 used in the 

analysis of inelastic plates except that the in-plane behavior of 

the plate and the behavior of beam elements must be included. A 

unit load is applied first to the structure. Based on an assumed 

elastic behavior of every plate and beam layer, the overall stiff-

ness matrix is assembled and the displacement vector corresponding 

to the applied unit load is found by solving the governing system 

of simultaneous equations. The applied loads are then scaled to 

cause initial yielding in the most highly stressed layer. Depend-

ing on the dimensions of the beam and plate components yielding 

will initiate in either a beam or a plate layer. All other field 

quantities are scaled similarly. 

After the initiation of first yielding the behavior of 

the structure is non-linear and the incremental iterative techni-

que is started. Steps 1 through 11, as discussed in Section 4.4.2 

for the i-th cycle of iteration constitute again the iterative pro-

cedure taken in the present analysis. The structure is assumed to 

behave linearly elastic for any given cycle within the iteration 
! 

designed to find the response of the structure for the load incre-

ment applied. Hence, strain and stress increments resulting from 

in-plane and out-of-plane deformation of the beam and plate 
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elements can be evaluated separately.' The strain increments caused 

by the in-plane and the out-of-ptane behavior of the plate elements 

are computed using the strain-displacement relations listed in 

Appendices III and IV. 

The strain increments in beam layers, caused by axial and 

bending deformation, are evaluated using.Eq. 5.4. Depending on the 

total accumulated stress in a stiffener layer or the total accumu~ 

lated effective stress in a plate layer, the layer is assumed elas­

tic or elastic-plastic. Appropriate stress-strain relations must 

be used to find the increment of stress corresponding to the strain 

increment evaluated. All plate and stiffener layers must be con­

sidered when it is checked in cycle i whether the assumed effective 

stress is within a specified tolerance of the computed value for 

the effective stress. Improved guesses on total stresses and on 

effective stresses in elastic-plastic layers are obtained by the 

procedure outlined in Section 4.4.4. The tolerance specified for 

the effective stress should not be kept too small since a small 

value can significantly increase the overall computation time. A 

value of 5 to 10% was used in the present analysis. If desired, 

different values could be assigned to beam and plate layers. Un­

loading and neutral loading are treated as outlined in Section 

4.4.3. 

5.4 Numerical Results 

Two example structures have been chosen to demonstrate 
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the application of the describe~ incremental finite element ap­

proach, which is capable of analyzing complex shaped eccentrically 

stiffened plate structures in the elastic-plastic range. A general 

computer program has been written to implement this procedure al­

lowing to trace the entire load-deflection behavior of a trans­

versely loaded stiffened plate structure, to describe the sequence 

of plastification and the redistribution of stresses in all beam 

and plate layers. Elastic perfectly-plastic material behavior is 

assumed for both the plate and the stiffener material. 

The two examples chosen to verify the presented approach 

have purposely been kept simple in order to be able to check the 

results by some other method. Von Mises yield condition in con­

nection with the Prandtl-Reuss' flow rule are assumed to be valid. 

For the purpose of this investigation, all example structures are 

thought to be made of structural steel. The following material 

properties were assumed in the analysis: 

Parameter Plate Layers Beam Layers 

E 30,000 ksi 30,000 ksi 

cr 36 ksi 36 ksi 
0 

E 0 0 p 

~ 0.30 

The results are presented in a non-dimensionalized form. 

Other assumptions associated with the discretization and the 
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geometry of the example structures are shown in the figures, which 

present some results of this investigation. The computer program 

provides a complete listing of all important field quantities at 

any chosen stage of loading and hence, permits a detailed study of 

the elastic-plastic response of complex shaped eccentrically stiff­

ened plate structures. 

5.4.1 Simply Supported Three-Beam Bridge Model 

The bridge model investigated to illustrate the applica­

tion of the proposed finite element stiffness approach capable of 

finding the elastic-plastic response of eccentrically stiffened 

plates, is shown in Fig. 66. The uniformly loaded structure is 

discretized by sixteen plate elements and twelve beam elements. 

Each plate element is further subdivided into six plate layers, 

and similarly each beam element into five beam layers. Fig. 67 

shows the load-deflection behavior at the center beam at midspan 

of this structure. As illustrated in this figure, simple plastic 

theory underestimates the ultimate load by approximately 10%. 

This can be attributed to the fact that the plate is stressed hi­

axially. The propagation of yielded regions across the cross 

section at midspan is shown in Fig. 68. As expected, the lower 

most layer of the center beam plastifies first, and yielding is 

restricted to beams up to a load of 1.70 times the yield load. 

The load-carrying capacity of the structure is reached shortly 

after yielding in the top most plate layer is initiated. Fig. 69 
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demonstrates clearly the dependency of the lateral distribution of 

load on the state of plastification in the structure. At the mid­

span section, the load is shared equally by all beams when the 

failure stage is approached. On the other hand, the lateral dis­

tribution of load does not change any more at the quarter point 

section for loads greater than 1.50 times the yield load. Fig. 70 

depicts the bending moment carried by the center beam in function 

of the non-dimensionalized center deflection. Similarly, the vari­

ation of the .axial force in the center beam is shown in Fig. 71. 

Though yielding in beams occurs at the quarter point section as 

this would not be expected from a consideration of simple plastic 

theory, the moment and axial force values corresponding to a fully 

plastic cross section are nowhere reached. Fig. 72 depicts de­

flection profiles for the cross section located at midspan and at 

quarter point for different load levels~ These figures demonstrate 

that the deflections remain small up to a load of 1.40 times the 

yield load. It can also be observed that the deflection curve 

changes its shape from a concave to a convex form during the load 

history. 

5.4.2 Continuous Three~Beam Bridge Model 

A continuous uniformly loaded bridge model of the dimen­

sions shown in Fig. 64 was investigated next. The structure was 

discretized exactly in the same way as the simply supported model 

described in Section 5.4.1. The load-deflection behavior at the 

-165-



center beam at midspan is depicted in Fig. 73. The figure shows 

clearly the large additional strength available after initiation 

of yielding which occured at the support, again in the lower most 

layer of the center beam. Indicated in Fig. 73 is also the 

collapse load of the structure found by simple plastic theory. 

It can also be observed that the center deflection associated with 

the collapse load is only approximately one-sixtieth of the span 

length; thus the first order theory seems to be adequate for the 

present analysis. The propagation of yielding through the cross 

sections located at midspan and at the quarter point is illustrated 

in Fig. 74. Yielding is restricted to the support cross section up 

to a load of 1.45 times the yield load. The outermost plate 

layers at this cross-section plastify at a load of 2.20 times the 

yield load. At the midspan cross section, the layers close to the 

center start yielding at 2.42 times the yield load. Such plots 

are instructive and help in the understanding of the elastic­

plastic behavior of stiffened plate structures. The lateral dis­

tribution of load for different stages of plastification is de­

picted in Fig. 75. It is interesting to observe·that the lateral 

distribution of load does not change significantly at both the 

support and the midspan cross-section up to a load of p = 1.50. 

As expected, the load is shared equally by all beams when the 

state of collapse is approached. Fig. 76 shows the variation of 

the center beam bending moment at the support and at the midspan 

cross section as a function of the non-dimensionalized deflection 
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at midspan. Similarly, the variation of the axial force in the 

center beam is shown in Fig. 77. The deflected shape of the mid-

span and the quarter span cross section is shown in Fig. 78 for 

different load levels. It can be observed that the deflections re-

-main small up to a load p = 2.00. No change in shape of the trans-

verse deflection profile is recognizable at the midspan section in 

this example as in the case of the simply supported three-beam 

bridge model. 

5.5 Summary· 

A finite element analysis capable of determining the 

elastic-plastic response of complex shaped eccentrically stiffened 

plate structures is presented in this chapter. The approach is 

formulated in incremental form and is based on linear geometry and 

the tangent stiffness concept. A layered beam-plate model is 

adopted to aid in the desciption of the elastic-plastic behavior 
~ 

of the structure. The iterative solution technique outlined in 

Chapter 4 for the elastic-plastic analysis of plates is extended 

to account for the in-plane behavior of the plate elements and the 

behavior of the stiffener elements. Two example structures were 

analyzed to demonstrate the validity of the proposed approach. 

The response of two three-beam bridge models could be closely pre-

dieted using the outlined approach. The computer program developed 

to implement the presented analysis yields the state of stress and 

deformation in every beam and plate layer used in the discretization 
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of the structure. The analysis shows clearly that the lateral 

distribution of load at any sect"ion depends on the amount of plas­

tification the structure has undergone. It was found that simple 

plastic theory considerably underestimates the load-carrying ~apac­

ity of the continuous three-beam bridge model and hence, a more 

refined analysis is clearly advisable. 

, ... · 

-168-

-, 



6. SUMMARY AND CONCLUSIONS 

6.1 Surrunary 

This dissertation presents four different types of fi-

nite element analyses of transversely loaded plates and eccen-

trically stiffened plates: 

1. A finite element analysis of elastic plates based on a 

new, refined plate bending element. 

2. A finite element analysis of elastic, eccentrically 

stiffened plates subjected to transverse loading. 

3. A finite element analysis of elastic-plastic transversely 

loaded plates. 

4. A finite element analysis of elastic-plastic eccentri-

cally stiffened plates subjected to transverse loading. 

The formulations of these methods, which are all based on linear 

geometry, are described in detail in Chapters 2, 3, 4 and 5. For 

each type of analysis, a general computer program has been devel-

oped and was applied in the analysis of several sample structures. 

In Chapter 2, a refined plate bending element for use in 

a finite element displacement analysis of arbitrarily shaped elas-

tic plates is described. Along with the three basic nodal dis-

placement parameters: w, e and e ' three curvature terms are en-x y 

tered as unknowns in the vector of generalized displacements at 

each nodal point. A higher-order polynomial expression is assumed 
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for the displacement field within an element and based on this ex­

pression, the stiffness matrix of the refined element is derived 

in a systematic way. The method adopted in solving the system of 

simultaneous equations makes efficient use of the handedness of 

the overall stiffness matrix. The accuracy and convergence of 

solutions obtained with this new element is demonstrated on a few 

example problems analyzed in this chapter. 

In Chapter 3, a method of analysis based on the finite 

element displacement approach, and capable of analyzing complex 

shaped eccentrically stiffened plates is presented. The discreti­

zation of such a structure into an assemblage of plate and beam 

elements is first discussed. The stiffness matrices associated 

with the in-plane and out-of-plane behavior of a plate element and 

with the behavior of a beam element are derived and the assembly 

of the overall stiffness matrix is described. Longitudinal as well 

as transverse stiffeners can be taken into account in this analysis. 

A variation of the thickness of the slab and its orthotropic nature 

can be accounted for as well as 'a variable beam cross section. The 

power of the proposed method lies in its versatility and in the 

fact that forces occurring in beam and plate elements can be sepa­

rated. The approach is applied to the analysis of I-beam bridges 

in this dissertation and is verified with the aid of field test 

results. An extensive study of most of the parameters governing 

the behavior of I-beam bridges is included in this chapter. In 

addition, a new approach capable of determing the St. Venant torsion 
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constant KT of arbitrarily shaped solid cross-sections is presented 

in this chapter. This method is based on the fact that the dif­

ferential equations governing the torsional behavior of a solid 

cross section and that of the corresponding transversely loaded 

plate problem of the same shape are formally identical. A solu­

tion can therefore be accomplished by solving the analogous plate 

problem using the finite element method. 

In Chapter 4, a general finite element displacement anal­

ysis capable of determining the complete elastic-plastic behavior 

ofcomplexshaped plates is presented. The approach is formulated 

in incremental form and is based on the tangent stiffness concept. 

A layered plate model is adopted to aid in the description of the 

elastic-plastic behavior of the plate since the process of plasti­

fication in a plate element is mathematically difficult to des­

cribe. The analysis is developed for an elastic linearly-strain 

hardening material and can easily be extended to more general ma­

terial behavior. A few example solutions demonstrate the validity 

of the described numerical technique which is applicable to plates 

of arbitrary loading and geometry. The computer·program written 

to implement the approach computes and lists the entire stress and 

displacement field in the structure at any desired stage of load­

ing. Therefore, it allows to study the complete elastic-plastic 

behavior of complex shaped transversely loaded plates. 

In Chapter 5, a method of analysis of eccentrically 

stiffened plates in the elastic-plastic range is described. An 
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incremental finite element displacement approach is used to find 

the elastic-plastic response of such structures. Layered beam 

elements are attached to the described layered plate elements in 

order to be able to describe the process of plastification. In-

plane behavior of the plate as well as the behavior of the stiff-

eners are considered. The developed approach allows studying of 
' 

the entire load-deformation behavior of complex shaped eccentri-

i 
cally stiffened plate structures and permits the design of such 

i 
l' structures more rationally. 

f 6.2 Conclusions 

I The methods of analysis presented in this dissertation 

are of a general nature and can be applied to a variety of plate 

structures. Each of the methods discussed has been implemented 

with the aid of a general finite element program. 

a. The following conclusions can be drawn based on the fi-

nite element analysis of elastic plates using the refined 

plate element: 

1. The refined plate bending element yields better ac-

curacy for displacements and internal moments than 

most of the presently known rectangular plate bend-

ing elements for any given number of degrees of 

freedom. The actual displacement field is approxi-

mated more closely by the chosen higher-order 

polynomial. 
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\ 2. Internal moments need not be computed separately 

since the associate curvature terms are introduced 

as unknown parameters in the displacement vector. 

3. For the examples studied, it was found that the en­

forcement of known curvature terms at boundary points 

does npt, in general, improve the displacement field; 

it does; however, improve internal moments in the 

vicinity of the boundary points where the curvature 

terms were enforced. 

b. Based on the elastic analysis of eccentrically stiffened 

plates, presented in Chapter 3 and applied in this disser­

tation to I-beam bridges, the following conclusions can 

be drawn: 

1. The developed approach provides a powerful tool for 

the analysis of complex shaped longitudinally and 

transversely stiffened plate structures. 

2. The introduced model consisting of beam and plate 

elements approximates the actual behavior of the 

structure more closely than the methods used today 

for the analysis of I-beam bridges. It allows the 

separation of the forces acting in the beam and 

plate elements and the computation of more reliable 

plate stresses. 
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3. Due to the versatility of the method a number of im-

portant variables·governing the lateral distribution 

of load can be studied. Diaphragms and the ortho-

tropic nature of the bridge deck can be included in 

the analysis. 

4. The most significant variables governing the lateral 
• 

distribution of load in an I-beam bridge are seen to 

be the span length of the bridge, the deck thickness, 

the spacing of the beams and the type of beam used. 

The type of loading applied to the bridge is also 

important as well as the support conditions of the 

bridge. 

5. The following variables found to have less effect on 

the lateral distribution of load are: curb and para-

pet of the cross-section, torsional stiffness of 

beams, Poisson's ratio and the modular ratio between 

beam and slab material. 

c. Based on the numerical examples processed to demonstrate 

the proposed numerical technique for the elastic-plastic 

analysis of arbitrarily shaped plates, presented in 

Chapter 4, the following conclusions can be drawn: 

1. The analyzed examples prove the validity of the de-

scribed incremental approach from which approximate 

solutions to complex elastic-plastic plate problems 

can be obtained. 
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2. The chosen layered plate model together with the 

iterative technique adopted allowsthe adequate de-

scription of the elastic-plastic behavior of trans-

versely loaded plates. The approach allows the study 

of the entire load-deformation behavior, the process 

of plastification and the redistribution of stresses 

in complex shaped plates. 

d. The following conclusions can be drawn from the incre-

mental finite element approach developed to determine the 

elastic-plastic response of eccentrically stiffened plates: 

1. The adopted layered beam-plate model used to aid in 

the description of the elastic-plastic behavior of 

eccentrically stiffened plates adequately predicts 

their elastic-plastic behavior. 

2. The approach allows the description of the entire 

load-deformation behavior, the process of plastifi-

cation and the redistribution of stresses in complex 

shaped eccentrically stiffened plates. 

' 
3. Based on the two examples processed in this investi-

gation, it is evident that the lateral distribution 

of load is a function of the extent of plastification 

in the structure and all beams are stressed equally 

when the ultimate load is approached. The approach 

allows the study of the behavior of bridges under any 

given overload. 
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6.3 Future Research 

Based on the work done in this dissertation, the follow­

ing suggestions can be made for future work: 

1. Extensive use should be made of the developed general fi­

nite element program to study the lateral distribution of 

load in !-beam bridges in order to arrive at a more ra­

tional design. 

2. The __ approach presented for the elastic-plastic analysis 

of stiffened plate structures should be extended to ac­

count for non-linearities due to geometry. 

3. The proposed layered approach should be applied to study 

the inelastic behavior of reinforced concrete plates and 

stiffened plates. 
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APPENDIX I 

7.1 Derivation of Stiffness Matrix of the Refined 

Plate Bending Element 

This appendix presents the stiffness matrix for the re-

fined plate bending element, discussed in Chapter 2, under the 

assumption of hon1ogeneous orthotropic material behavior. The as-
I 

sumed displacement field represented by Eq. 2.24 was discussed in 

Section 2.4.1. The unknown displacement components at node i are 

listed in the nodal displacement vector as: 

(5.}T=<w e 
l X 

J1 > 
xy (Al.l) 

Element displacements are given as the listing of nodal displace-

ments: 

(Al. 2) 

The consistent element force vector is given by: 

(Al. 3) 

The vector of generalized coordinates was derived as: 

(Al. 4) 

The connection matrix [C] consists of numbers only and is listed 
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in this appendix, whereas the matrix [T1] is given in Section 

·2.4.2. The stress matrix relates generalized stresses to genera-

lized strains: 

[M} = [D] [ .0'} (Al. 5) 

in which: 

D Dl 0 
X 

[D] = Dl D 0 y (Al. 6) 

0 0 D xy 

[M} T = < M M M > 
X y xy (Al. 7) 

2 
?/w 

2 

and [J1}T = < 0 w 2~> ---2 ---2 oxoy ox oy 
(Al. 8) 

Generalized strains can be expressed in terms of nodal displace-

ments as shown in Section 2.4.1 

(Al. 9) 

The magnitude of nodal forces, given by Eq. Al.3, can be found by 

applying the principle of virtual work, which leads to: 

T 
[6e} [Fe} = JJ [J1}T (M} dA (Al.lO) 

A 

where the integration is to be taken over the area A of the rec-

tangular plate element~ When Eq. Al.S and Eq. Al.9 are substituted 
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into Eq. Al.lO, and account is taken of the fact that the last 

equation must be valid for any arbitrary virtual displacement 

vector; i.e. also for the actual displacement pattern, the follow-

ing equation results: 

(Al.ll) 

This is the element force-deformation relationship, and hence, the . 
stiffness matrix is given by: 

[Ke] = JJ [B]T [D] [B] dxdy 
24x2L~ A 

(Al.12) 

The introduction of non-dimensionalized coordinates, as explained 

in Section 2.4.2, leads to a particularly simple integration and 

is best done by considering one term of the stress matrix [D] at a 

time. The result can be given in the form: 

[Ke]24x24 = [C-1] T [ D)K1] + Dl[K2] + D/K3] + Dx/K4] J [C-1] 

(Al.13) 

Carrying out the necessary operations yields the component matrices 

as listed below. The final stiffness matrix is assembled in the 

digital computer. 
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I 
1-' 
00 
1-' 
I 

Matrix [C] 
1 -1 1 1 -1 1 -1 1 -1 1 1 -1 1 -1 1 '-1 1 -1 

0 0 1 0 .. -1 2 0. 1 -2 3 0 

0 -1 0 2 -1 0 -3 2 -1 0 4 

0 0 0 -2 0 0 6 -2 0 0 -12 

0 0 0 0 0 -2 0 0 2 -6 0 

0 0 0 0 1 0 0 -2 2 0 0 

1 -1 -1 1 1 1 -1 -1 -1 -1 1 

0 0 1 0 -1 -2 0 1 2 3 0 

0 -1 0 2 1 0 -3 -2 -1 0 4 

0 0 0 -2 0 0 6 2 u 0 -12 

0 0 0 0 0 -2 0 0 2 6 0 

0 0 0 0 1 0 0 -2 -2 0 0 

1 1 1 1 1 1 1 1 1 1 1 

0 0 1 0 1 2 0 1 2 3 0 

0 -1 0 -2 -1 0 -3 -2 -1 0 -4 

0 0 0 -2 0 0 -6 -2 0 0 -12 

0 0 0 0 0 -2 0 0 -2 -6 0 

0 0 0 0 1 0 0 . 2 2 0 0 

1 1 -1 1 -1 1 1 -1 1 -1 1 

0 0 1 0 1 -2 0 1 -2 3 0 

0 -1 0 -2 1 0 -3 2 -1 0 -4 

0 0 0 -2 0 0 -6 2 0 0 -12 

0 0 0 0 0 -2 0 0 -2 6 0 

0 0 0 0 1 0 0 2 -2 0 0 

-1 

-3 

6 

0 

3 

1 

-1 

3 

-6 

0 

3 

1 

1 

-3 

-6 

0 

3 

-1 

2 

2 

-2 

-2 

-4 

1 

-2 

2 

-2 

-2 

4 

1 

2 

-2 

-2 

-2 

4 

1 

1 -2 

3 -2 

6 -2 

0 -2 

3 -4 

-3 

-1 

4 0 

0 -5 

1 

4 

0 0 . 20 -12 

6 -12 0 0 

3 0 0 -4. 

1 ·1 -1 -1 

-3 -4 0 1 

1 0 

0 0 

-6 -12 

-5 

20 

0 

-4 

12 

0 

3 0 0 -4 

1 1 1 1 

3 4 0 1 

-1 0 -5 -4 

0 0 -20 -12 

-6 -12 0 0 

3 

-1 

0 

1 

0 4 

1 -1 

-2 

-3 

6 

2 

6 

-1 

2 

-3 

6 

2 

-6 
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APPENDIX II 

7.2 Consistent Force Vector for Uniformly Distributed Load 

On a Refined Plate Element 

In this section, the kinematically consistent force 

vector for uniformly distributed loads p(x,y), defined as acting 

on a unit area of the refined plate element, is derived. The 

equivalent concentrated forces in the directions of the element 

displacements, as defined in Section 2.4.3, are represented by the 

vector (r};. These concentrated nodal forces must be made stati­

cally equivalent to the distributed loads p(x,y) acting on an 

element. 

The simplest procedure to achieve this equivalence is 

to impose an arbitrary virtual nodal displacement and to equate 

the external and internal work done by the distributed loads and 

the equivalent concentrated nodal forces. Let such a displacement 

be [ o e} at the nodes. Using Eq. 2. 26 b, and denoting virtual by a 

tilde, the displacement within an element is given by: 

w = < P> (C¥J (A2 .1) 

or making use of Eq. 2.33 b, by: 

(A2. 2) 

Equating the internal work to the external one leads to 
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or: 

- JJ p(x,y) ~(x,y) dxdy 
A 

"'e T [ 1 T J ,T l = [o } - [c-] { <p> p(x,y) dxdy ~ 

From this equation it follows that: 

- [c-l]T JJ T = <p > p(x,y) dxdy 
A 

(A2. 3) 

(A2. 4) 

It should be noted that any distribution of load p(x,y) can be 

treated using this approach. The integration is performed expli-

citely for a uniformly distributed load 

q = p(x,y) = constant (A2. 5) 

The result is listed below. The final load vector is 

generated in the digital computer. In a similar way, the force 

vector for any other distribution of load or for a concentrated 

load acting within the element could be derived. In the same way, 

force vectors corresponding to distributed edge loads can be 

derived. 
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Force vector for uniformly distributed load: 

· T +1+1 
( r} e = - [ c-1] q a b J J 

p 
-1-1 

1 

s 
TJ 

s2 

sTJ 

TJ2 

s3 

s 2TJ 

sTJ2 

TJ3 

s4 

s 3TJ 

s 2TJ 2 

sTJ3 

TJ4 

s5 

s 4TJ 

s 3TJ 2 

s 2TJ3 

sTJ4 

TJ5 

S 5TJ 

s 3TJ3 

sTJ5 
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APPENDIX III 

7.3 Derivation of Stiffness Matrix of the 

ACM Plate Bending Element 

As discussed in Section 3.3.2, the polynomial expression 

representing the displacement field within an element is given by 

Eq. 3.1. The displacement components introduced at node i of the 

finite plate element are: 

(o.JT=<w e e > 
l X y 

(A3 .1) 

Element displacements are given as the listing of the following 

nodal displacements: 

(oe)T =< 6~ o: 6T 6T > l J k t (A3. 2) 

Similarly, element forces are given by: 

(Fe) T =< FT F: FT FT > 
l J k t (A3. 3) 

The derivation of the stiffness matrix proceeds exactly as des-

cribed for the refined plate element, shown in Appendix I. First, 

the vector of generalized coordinates is expressed as: 

(A3. 4) 
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• 

in which [T
1
J is a (12 x 12) transformation matrix relating the 

modified element displacement vector to the actual displacement 

vector, defined by Eq. A3.2. Matrix [C] is a connection matrix 

consisting of numbers only; both matrices are listed in this appen-

dix. The relationship between generalized stresses and generalized 

strains is given by: 

(M) = [D] (,0') 

where 

[D] = 

and 

with D. • = D . . for i -1 j 
lJ Jl 

(M]T = < M M M > 
x y xy 

2 
0 w 

--2-

ox 

-::.aw -::.2 
__ u_ 2~ > 

oya oxoy 

(A3. 5) 

(A3. 6) 

(A3. 8) 

(A3. 9) 

All terms of the stress matrix [D] must be considered in this deri-

vation, since for the elastic-plastic analysis, the stiffness 

matrix will be used in its complete form. Generalized strains can 

be expressed in terms of element displacements by: 

(A3 .10) 
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Minimization of the total potential energy leads to the stiffness 

relation governing the out-of-plane behavior of the plate element: 

(Fe} = [ JJ [B]T [D] [B] dxdy J (oe} 
A 

Hence, the stiffness matrix is given by: 

[Ke] = JJ [B]T [D] [B] dxdy 
l2xl2 A 

(A3 .ll) 

(A3 .12) 

where the integration is to be taken over the area of the plate 

element. Carrying out the necessary operations, the result can 

again be given in a form suitable for the elastic-plastic analysis: 

(A3 .13) 

The component matrices are listed subsequently and the final assem-

bly of the stiffness matrix is again performed with the aid of 

the digital computer. 
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l 0 0 

0 b 0 

0 0 a 

l 0 0 

0 b 0 

0 0 a 

[ Tl] = 
l 0 0 

0 b 0 

0 0 a 

l 0 0 

0 b 0 

0 0 a 

l -l l l -l l -l l -l l -l -l 

0 0 l 0 -l 2 0 l -2 3 -l -3 

0 -l 0 2 -l 0 -3 2 -l 0 -3 -l 

l -l -l l l l -l -l -l -l l l 

0 0 l 0 -l -2 0 l 2 3 -l -3 

eel 0 -l 0 2 l 0 -3 -2 -l 0 3 l = 
l l l l l l l •l l l l l 

0 0 l 0 l 2 0 1 2 3 l 3 

0 -l 0 -2 -l 0 -3 -2 -l 0 -3 -l 

l l -l l -l l l -l l -l -l -l 

0 0 l 0 l -2 0 l -2 3 l 3 

0 -l 0 -2 l 0 -3 2 -l 0 3 l 

. -192-



0 

0 0 

0 0 0 

0 0 0 15 Symmetric 

0 0 0 0 0 

[Kl] 
l6b 0 0 0 0 0 o· =--

1Sa3 
0 0 0 0 0 0 45 

0 0 0 0 0 0 0 5 

0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 15 

0 0 0 0 0 0 0 0 0 0 0 0 

.-

0 

0 0 

0 0 0 

0 0 0 0 Symmetric 

0 0 0 0 0 

[K2] 
16 0 0 0 15 0 0 

= lSab 
0 0 0 0 0 0 0 

0 0 0 0 0 0 • 0 0 

0 0 0 0 0 0 15 0 0 

0 0 0 0 0 0 u 15 0 0 

0 0 0 0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 0 0 15 o· 
····-
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l APPENDIX IV 

7.4 Derivation of In-Plane Stiffness Matrix 

The displacement field representing in-plane behavior of 

the plate element was discussed in Section 3.3.2 and is given by 

Eq. 3.2 and Eq. 3.3. The nodal displacement vector is defined as: 

[ 6.} T = < u. v. > 
l l l 

and the corresponding element displacement vector as: 

v. 
l 

u 
j 

I 

v. 
J 

(A4 .1) 

(A4. 2) 

The vector of generalized coordinates is found by enforcing compa-

tibility of displacements at the four nodal points: 

(A4. 3) 

The connection matrix [C] can be inverted with ease in the present 

case. The vectors of strains and stresses are defined as: 

e ou/ox 
X 

[e) = e = ov/oy y (A4. 4) 

yxy = ou/oy + ov/Ox 

and [o)T = < 0" 0" T > 
X y xy 

(A4. 5) 
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The relationship between stresses and strains is given by 

(cr} = [D] (e} (A4. 6) 

where for an isotropic material: 

.... 

1 \) 0 

[D] E 
\) 1 0 (A4. 7) =--a 

1-V 1-V 
0 0 

2 

and for an anisotropic material, the stress matrix is of the form: 

[D] = (A4. 8) 

with D. . ·- D . . for i I= j 
lJ Jl 

Strains can be expressed in terms of element displacements as: 

(A4. 9) 

The force-deformation relationship governing the in-plane behavior 

of the plate element is derived from a minimization of the total 

potential energy: 

(A4.10) 
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\ Hence, the stiffness matrix is given by: 

[Ke] =tsJ [B]T [Dl [B] dxdy 
8x8 A 

(A4.11) 

The integration can be performed with ease, and the final result, 

given for the case of anisotropic material, and hence, suitable for 

the elastic-plastic analysis, is listed below. 
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APPENDIX V 

7.S Evaluation of St. Venant Torsion Constant KT for an 

Arbitrarily Shaped Solid Cross Section 

Closed form solutions for the St. Venant torsion problem 

exist only for a few geometrically simple cross sections. An appro-

ximate ~olution based on the finite element concep~ is presented in 

this appendix. As shown in Ref. 3, the fundamental partial differ-

ential equation governing the behavior of a transversely loaded 

plate, given by Eq. 2.14, can be split into the two partial differ-

ential equations of the ~econd order: 

M + M a 2 

M X y [ 0 w 0 w J ::: ::: - 2 + a 1 + \) 

ox oy 
(AS .1) 

2 2 
2 -[oM+oMJ and q ::: -\7 M - 2 2 (AS .2) 

ox oy 

when the plate rigidity is taken as unity. On the other hand, the 

stress function ¥(x,y) introduced often to solve the problem of 

St. Venant torsion of a solid cross section, must satisfy the fol-

lowing differential equation: 

2 2 

ll + U ::: - 2Gff' 
2 2 (AS. 3) 

ox oy 
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where: w(x,y) =Stress function introduced 

' ~ = Rate of twist 

G = Shear modulus 

The determination of the stress distribution over the cross section 

of a twisted bar consists in finding the function w(x,y) which 

satisfies Eq. AS.3 and the given boundary conditions. Shear 

stresses are expressed as: 

and the twisting moment is 

T = St.V. 

'f xz 

'f 
yz 

=£1 
oy 

o¢ = --ox 

given as: 

2 JJ ¥dxdy 
A 

= KTG~ 

where: KT = St. Venant torsion constant 

' 

(AS. 4) 

(AS. S) 

(AS. 6) 

The integration is to be taken over the area of the cross section. 

Recognizing that Eq. AS.2 is formally identical with Eq. AS.3, it 

can be concluded that the problems of solving the first equation 

forM or the second equation for¥ are analogous. Hence, instead 

of solving the torsion problem for a given cross section, one can 

solve the corresponding plate bending problem. Accordingly, a 

plate which is of the same shape as the cross section to be analyzed 

for torsion, is analyzed for a uniformly distributed transverse load 
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) of unit intensity. Any conventional finite element program capable 

of analyzing plate bending problems can be used to find the moment 

field. The moment sum M defined by Eq. AS.l can then be computed 

at each mesh point. 

Pursuing this analogy, the St. Venant torsion moment is 

found to be: 

T · St.V. = 2 JJ Mdxdy 
A 

from which the St. Venant torsion constant is derived as: 

KT = 4 J J M dxdy = 4V 
A 

/ 

(AS. 7) 

(AS. 8) 

where V is the volume under the surface created by plotting the 

moment sum values M at each mesh point. Having found the moment 

field, the integral in Eq. AS.8 can be evaluated using any conven-

tional numerical integration procedure. 

The shearing stresses in the twisted cross section cor-

respond to the shear forces in the analogous plate bending problem. 

2 2 
aM 

'Txz = ay =-.£_[aw+aw] =Q 
ay ax2 ay2 y 

'T 
yz 

aM 
= - ax 

2 2 

=~[aw+aw]= 
ax 2 2 

ax ay 
-Q 

X 

and can be evaluated once the displacement field is known. 
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A solid square cross section of unit width was analyzed 

to verify the proposed method for determining the St. Venant torsion 

constant KT. According to this analogy, a square plate with four 

simple supports is to be analyzed for a uniformly distributed trans-

verse load of unit intensity. The described refined plate element 

discussed in Chapter 2 was used to find the displacement field and 

the associated moment field. Simpson's rule was used for the numer-

ical integration. Two meshes were processed and the following re-

sults were obtained: 

4 
Mesh KT (in. ) Error in (%) 

---
4 X 4 0.1382 -1.74% 

8 X 8 0.1398 -0.57% 

Exact Value 0.1406 Ref. 48 

Due to the great versatility of the finite element method, this 

procedure can be applied to any arbitrary shape. Cross sections 

built-up of regions having varying material properties can be 

treated. This approach was taken in the evaluation of KT for the 

AASHO Type III beam used in the investigation on lateral distribu-

tion of load, discussed in Chapter 3. 
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8. NOMENCLATURE 

a.) Scalars 

A = cross-sectional area of stiffener 
s 

a = half length of plate element 

a. 
l 

= coefficients of polynomial expansion 

b = half width of plate element 

b. 
l 

= coefficients of polynomial expansion 

c = length of correction vector 

D = plate stiffness 

Dx, Dy, Dxy' D1 = coefficients of stress matrix for orthotropic 

material 

D •• 
lJ 

E 

E 
p 

f 

G 

h 

= coefficients of stress matrix for anisotropic 

material 

= modulus of elasticity of plate 

= strain-hardening modulus 

= modulus of elasticity of stiffener 

= function describing subsequent yielding 

= function describing initial yielding 

~ shear modulus 

= plate thickness 
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I w 

J2 

KT 

k 

L 

.e, 

M ' X 

M 
s 

m 

N 
s 

p 

q 

s s 

s .. 
1] 

T 

M ' y 

T St.V. 

M 

= moment of inertia of the stiffener area with 

respect to plane of reference 

= warping constant 

= second invariant of stress deviator tensor 

= St. Venant torsional constant 

= yield stress in simple shear 

= length of stiffener element; or span length 

= number of beam layers 

xy = plate bending moments per unit width 

= bending moment in stiffener with respect to 

plane of reference 

= strain hardening parameter 

= axial force in stiffener 

= distributed load per unit area of finite element 

= plate shearing forces per unit width 

= distributed load per unit area of plate 

= first moment of the stiffener area with respect 

to plane of reference 

= components of stress deviator tensor 

= total twisting moment in stiffener. 

= St. Venant torsional moment 
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T w 

t 

u 

u* 

u 

v 

v 

w 

z 

a. 
l 

e , e 
X y 

e .. 
lJ 

a , a 
X y 

= warping torsional moment 

= thickness of plate layer 

= in-plane displacement in x-direction of a point 

lying outside the middle plane of the plate 

= complementary strain energy 

- in-plane displacement in x-direction of a point 

lying in the middle plane of the plate 

= in-plane displacement in y-direction of a point 

lying outside the middle plane of the plate 

= in-plane displacement in y-direction of a point 

lying in the middle plane of the plate 

= lateral deflection in z-direction 

= shear force in stiffener in z-direction 

= coefficients of polynomial expansion 

= non-dimensionalized parameter 

= shearing strain 

= variation of functional 

= strain in x-direction and y-direction, respectively 

= components of strain tensor 

= non-dimensionalized coordinate 

= slope about x-axis and y-axis, respectively 
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\ 

\) 

TT 

rr* 

(J •• 
lJ 

(J ' (J 
X y 

(J 

s 

-(J 

(J 
0 

\72 

= positive scalar 

= Poissonts Ratio 

= non-dimensionalized coordinate 

= total potential energy functional 

= total complementary energy functional 

= components of stress tensor 

= normal stresses in x-direction and y-direction, 

respectively 

= axial stress in stiffener 

= current effective stress 

= initial effective stress 

= shearing stress 

= curvatures of plate surface 

= rate of change of angle of twist 

= stress function 

= Laplace operator 

b.) Vectors and Matrices 

[A] = matrix relating the rate of effective stress to 

the stress rate vector 
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[B) = matrix relating element displacements to 

generalized strains 

[ cJ = matrix relating element displacements to 

generalized coordinates 

c cJ = matrix relating modified element displacements 

to generalized coordinates 

[D) = stress matrix relating generalized strains to 

generalized stresses 

= elastic-plastic stress matrix 

= overall force vector of system 

= vector of generalized element forces 

{F.} 
l 

= vector of generalized nodal forces 

[K] = overall structural stiffness matrix 

= element stiffness matrix 

[K J e = instantaneous overall stiffness matrix 

[K.] 
l 

= component stiffness matrix 

[ L] = lower triangular matrix 

{M} = vector of plate bending moments 

{M } 
s = vector of generalized forces acting on stiffener 

element 

< P> = row vector listing polynomial terms 
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[Q] =_matrix relating generalized coordinates to 

generalized strains 

= vector of external forces 

= transformation matrix relating element displace-

ments to modified element displacements 

[Y} = auxiliary vector used in Choleski decomposition 

[a} = vector of generalized coordinates 

[6) = overall displacement vector of system 

= vector of generalized element displacements 

[ 6.} 
l 

= vector of generalized nodal displacements 

[e) = vector of total strains 

= vector of elastic strains 

= vector of plastic strains 

[e } 
s = vector of generalized strains for beam element 

[.eJ'} = vector of curvatures of plate surface 

[ (J} = vector of stresses referred to a cartesian 

coordinate system 
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9. TABLES 

L 

-210-



I 
N. 
f-J 
f-J 
I 

Source 

New Element 

ACM (Ref. 6) 

Exact Value 

Source 

New Element 

ACM (Ref. 6) 

Exact Value 

TABLE 1: CLAMPED SQUARE PLATE - PROBLEM Pl 

a.) Center Deflection Under Uniformly Distributed Unit Load 

Mesh 2 x 2 Mesh 4 x 4 Mesh 8 x 8 Mesh 16 x 16 Multi-
plier 

0.001594 0.001325 0.001284 0.001266 4 

gb_ 

0.001480 0.001403 0.001304 0.001275 D 

0.00126 

b.) Center Deflection Under Single Concentrated Load 

Mesh 2 X 2. Mesh 4 x 4 Mesh 8 x 8 Mesh 16 x 16 Multi-
plier 

0.005912 0.005634 0.005611 0.005607 z 
PL 

0.005919 0.006134 0.005803 0.005672 D 

0.00560 
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N 
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Source 

New Element 

ACM (Ref. 6) 

Exact Value 

Source 

New Element 

ACM (Ref. 6) 

Exact Value 

TABLE 2: SIMPLY SUPPORTED SQUARE PLATE - PROBLEM P2 

a.) Center Deflection Under Uniformly Distributed Unit Load 

Mesh 2 x 2 Mesh 4 x 4 Mesh 8 x 8 Mesh 16 x 16 Multi-
plier 

0.004187 0.004076 0.004064 0.004063 
gL4 

0.003446 0.003939 0.004033 0.004056 D 

0.004062 

b.) Center Deflection Under Single Concentrated Load 

Mesh 2 x 2 Mesh 4 x 4 Mesh 8 x 8 Mesh 16 x 16 Multi-
plier 

0.011265 0.011497 0.011572 0.011593 a 
PL 

0.013784 0.012327 0.011829 0.011671 D 

0.01160 



I 
1\.) . 

1-' 
t.AJ 
I 

TABLE 3: CENTER DEFLECTION - PROBLEMS P3 AND P4 

Problem P3: Center Deflection Under Uniformly Distributed Unit Load 

Source Mesh 2 x 2 Mesh L~ X 4 Mesh 8 x 8 Mesh 16 x 16 

New Element 0.005208 0.005671 0.005769 0.005793 

ACM (Ref. 6) 0.005208 0.005779 0.005843 0.005821 

Exact Value 0.00581 

Problem P4: Center Deflection Under Uniformly Distributed Unit Load 

Source Mesh 2 x 2 Mesh 4 x 4 Mesh 8 x 8 Mesh 16 x 16 

New Element 0.025770 0.025544 0.025512 0.025507 

ACM (Ref. 6) 0.021790 0.024296 0.025178 0.025422 

Ref. 82 0.0265 

Multi-
plier 

4 
g1_ 

D 

Multi-
plier 

4 
g1_ 

D 
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1-' 
-1= 
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r-l 
P-1 

E 
Q) 

r-l 
..0 
0 
~ 

P-1 

N 
P-1 

E 
Q) 

r-1 
..0 
0 
~ 

P-1 

('I'") 

P-1 

E 
Q) 

r-l 
..0 
0 

-~ 
P-1 

.::t 
P-1 

E 
Q) 

r-l 
..0 
0 
~ 

P-1 

Mesh 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Ref. 82 

TABLE 4· DEFLECTION PROFILES - 3 5 

~ 
X 

2 4 
UNIFORMLY LOADED PLATE v 

~ 
4 ~ 

.Multiplier g~ '//// // 

y 

Point 1 Point 2 Point 3 Point 4 Point 5 

0.001325 0.000805 0. 

0.001284 0.001145 0.000769 0.000283 0. 

0.001266 0.001131 0.000759 0.000279 0. 

0.001260 0. 

0.004076 0.002948 0. 

0.004064 0.003778 0.002939 0.001624 0. 

0.004063 0.003776 0.002938 0.001623 0. 

0.004062 0.003776 0.002938 0.001623 0. 

0.005671 0.004967 0.004228 

0.005769 0.005564 0.005058 0.004539 0.004319 

0.005793 0.005587 0.005081 0.004562 0.004343 

0.00581 

0.025544 0.023053 0.017791 

0.025512 0.024853 0.023018 0.020428 0.017754 

0.025507 0.024848 0.023013 0.020424 0.017750 

0.0265 0.0170 
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E 
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r-1 
...0 
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E 
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E 
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r-1 
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0 
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P-1 

Mesh 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

TABLE 5: DEFLECTION PROFILES -

SINGLE CONCENTRATED LOAD 

Point 1 

0.005634 

0.005611 

0.005607 

0.00560 

0.011497 

0.011572 

0.011593 

0.01160 

0.011341 

0.011538 

0.011585 

0.039055 

0.039117 

0.039159 

2 

Multiplier p~ 

Point 2 

0.004417 

0.004404 

0.010066 

0.010068 

0.010066 

0.010259 

0.010286 

0.037131 

0.037128 

3 5 
X 

y 

Point 3 Point 4 Point 5 

0.002573 0. 

0.002484 0.000781 0. 

0.002470 0.000771 0 • 

0. 

0.007144 o. 
0.007141 0.003670 0. 

0.007139 0.003669 0 . 

0.007139 0.003668 0. 

0.008044 0.005671 

0.008153 0.006427 0.005769 

0.008176 0.006451 0.005793 

0.032957 0.022964 

0.032934 0.027859 0.022920 

0.032925 0.027850 0.022911 
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TABLE 6: PLATE MOMENTS M 

Mesh 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Ref. 82 

X 

UNIFORMLY LOADED PLATE 

2 
Multiplier qL 

Point 1 Point 2 

0.0215 

0.0230 0.0194 

0.0229 0.0202 

0.0231 

0.0454 

0.0475 0.0454 

0.0478 0.0457 

0.0479 0.0458 

0.0254 

0.0317 0.0250 

0.0328 0.0261 

0.0331 

0 .1069 

0.1101 0.1025 

0.1112 0.1037 

0.109 

y 

Point 3 Point 4 Point 5 

0.0109 -0.0574 

0.0104 -0.0102 -0.0515 

0. 0108 -0.0102 -0.0515 

-0.0513 

0.0383 0. 

0.0385 0.0248 o. 
0.0388 0:0248 0. 

0.0390 0.0250 0. 

0.0053 -0.0236 

0.0079 -0.0109 -0.0194 

0.0089 -0.0101 -0.0185 

-0.0185 

0.0760 0. 

0.0803 0.0440 0. 

0.0814 0.0458 0. 

0. 
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TABLE 7: PLATE MOMENTS M 
X 

SINGLE CONCENTRATED LOAD 

Multiplier P 

Mesh Point 1 Point 2 

4 X 4 

8 X 8 0.0548 

16 X 16 0.0680 

Exact Value 

4 X 4 

8 X 8 0.1093 

16 X 16 0.1226 

Exq,ct Value o .123L 

4 X 4 

8 X 8 0.0516 

16 X 16 0.0663 

Exact Value 

4 X 4 

8 X 8 0.1822 

16 X 16 0.1974 

Exact Value 

3 5 
X 

y 

Point 3 Point 4 Point 5 

-0.0092 -0.1376 

-0.0025 -0.0522 -0.1299 

-0.0010 -0.0525 -0.1265 

-0.1257 

0.0460 0. 

0.0568 0.0242 o. 
0.0586 0.0242 0. 

0.0585 0.0251 0. 

-0.0274 -0.0784 

-0.0117 -0.0562 -0.0721 

-0.0085 -0.0538 -0.0702 

0.0926 0. 

0.1094 0.0468 0. 

0.1126 0.0500 0. 

0. 
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TABLE 8: 

Mesh 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Ref. 82 

PLATE MOMENTS M -y . 

UNIFORMLY LOADED PLATE 

2 
Multiplier qL 

Point 1 Point 2 

0.0215 

0.0230 0.0202 

0.0229 0.0203 

0.0231 

0.0454 

0.0475 0.0444 

0.0478 0.0447 

0.0479 0.0448 

0.0254 

0.0317 0.0341 

0.0328 0.0349 

0.0331 

0.1069 

0.1101 0.1126 

0.1112 0.1137 

0.109 

y 

Point 3 Point 4 Point 5 

0.0098 -0.0214 

0.0121 -0.0015 -0.0176 

0.0125 -0.0001 -0.0158 

-0.0154 

0.0350 0. 

0.0348 0.0205 o. 
0.0355 0.0203 0. 

0.0356 0.0204 0. 

0.0411 0.0548 

0.0406 0.0488 0.0527 

0.0410 0.0483 0.0517 

0.0512 

0.1119 0.1706 

0.1208 0.1307 0.1617 

0.1214 0.1341 0.1570 

0.140 



I 
1\J 
1-' 
\.0 
I 

r-l 
P-1 

E 
(l) 

r-l 
..a 
0 
~ 

P-1 

N 
P-1 

E 
(l) 

r-l 
..a 
0 
~ 

P-1 

cY1 
P-1 

E 
(l) 

r-l 
..a 
0 
~ 

P-1 

.::t 
P-1 

E 
(l) 

r-l 
...0 
0 
~ 

P-1 

TABLE 9: PLATE MOMENTS M -
y 

SINGLE CONCENTRATED LOAD 

Multiplier P 

Mesh Point 1 Point 2 

4 X 4 

8 X 8 0.1232 

16 X 16 0.1253 

Exact Value 

4 X 4 

8 X 8 0.1764 

16 X 16 0.1784 

Exact Value 0.1776 

4 X 4 

8 X 8 0.1433 

16 X 16 0.1447 

Exact Value 

4 X 4 

8 X 8 0.2645 

16 X 16 0.3316 

Exact Value 

Point 3 

0.0489 

0.0488 

0.0478 

0.1040 

0.0999 

0.0990 

0.0982 

0.0942 

0.0930 

0.0917 

0.2033 

0.2122 

0.2292 

y 

My 
-5 

Point 4 

-0.0021 

-0.0016 

0.0489 

0.0456 

0.0456 

0.0755 

0.0740 

0.1941 

0.1992 

X 

Point 5 

-0.0532 

-0.0429 

-0.0379 

-0.0377 

0. 

0. 

0. 

0. 

0.0784 

0.0721 

0.0702 

0.2272 .. 
0.2142 

0.1962 
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TABLE 10: PLATE MOMENTS M 

Mesh 

4-x 4. 

8 x 8 

16 X 16 . 

Exact Value· 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

4 X 4 

8 X 8 

16 X 16 

Exact Value 

xy 

UNIFORMLY LOADED PLATE 

Point 1 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0. 

0 •. 

0. 

0. 

0. 

0. 

0. 

0. 

2 
. Multiplier qL 

Point 2 

0.0036 

0.0027 

0.0037 

0.00~8 

0.0037 

0.0056 

0.0055 

0.0074 

0.0075 

Mxy . -

Point 3 Point 4 Point 5 

0.0105 0. 

0.0082 0.0097 0. 

0.0075 0.0076 0. 

0. 

0.0133 0.0319 

0.0134 0.0252 0.0288 

0.0134 0.0252 0.0324 

0.0134 0.0252 0.0324 

0.0196 0. 

0.0176 0.0300 0. 

0.0174 0.0280 0. 

0. 

0.0291 

0.0290 0.0642 

0.0289 0.0642 
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TABLE 11: EFFECT OF BOUNDARY CONDITIONS ON CENTER DEFLECTION - PROBLEM Pl 

a.) Center Deflection Under Uniformly Distributed Load 

Bondary Mesh 2 x 2 Mesh 4 x 4 Mesh 8 x 8 Mesh 16 x 16 Multi-
Conditions plier 

Type I 0.001594 0.001325 0.001284 0.001266 4 

~ 
Type II 0.001571 0.001322 0.001284 0.001266 D 

Exact Value 0.001260 

b.) Center Deflection Under Concentrated Load 

Boundary Mesh 2 x 2 Mesh 4 x 4 Mesh 8 x 8 Mesh 16 x 16 Multi-
Conditions plier 

Type I 0.005912 0.005634 0.005611 0.005607 2 
PL 

D 
Type II 0.005895 0.005627 0.005611 0.005607 

Exact Value 0.00560 
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TABLE 12: EFFECT OF BOUNDARY CONDITIONS ON CENTER DEFLECTION - PROBLEM P2 

a.) Center Deflection Under Uniformly Distributed Load 

Boundary Mesh 2 x 2 Mesh 4 x 4 Mesh 8 x 8 Mesh 16.x 16 Multi-
Conditions plier 

Type I 0.004187 0.004076 0.004064 0.004063 
4 

Type II 0.004066 0.004063 0.004062 0.004062 .sib_ 
D 

Type III 0.004065 0.004063 0.004062 0.004062 

Exact Value 0.004062 

b.) Center Deflection Under Concentrated Load 

Boundary Mesh 2 x 2 Mesh 4 x 4 Mesh 8 x 8 Mesh 16 x 16 Multi-
Conditions plier 

Type I 0.011265 0.011497 0.011572 0.011593 
a 

Type II 0.011184 0.011478 0.011570 0.011593 PL 
D 

Type III 0.011180 0.011478 0.011570 0.011593 

Exact Value 0.01160 
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TABLE 13: EFFECT OF BOUNDARY CONDITIONS 

ON PLATE MOMENTS M - PROBLEM Pl 
X 

a.) Uniformly Distributed Load: Mesh 16 x 16 

Boundary Point l Point 2 Point 3 Conditions 

Type I 0.0229 0.0201 0.0108 

Type II 0.0229 0.0201 0. 0108 

Exact Value 0.0231 

b.) Single Concentrated Load: Mesh 16 x 16 

Boundary Point l Point 2 Point 3 Conditions 

Type I 0.0684 -0.0008 

Type II 0.0684 -0.0008 

Exact Value 

3 

y 

Point 4 Point 5 Multi-
plier 

-0.0102 -0.0509 
qLa 

-0.0102 -0.0515 

-0.0513 

Point 4 Point 5 Multi-
plier 

-0.0525 -0.1247 
p 

-0.0525 -0.1265 

-0.1257 
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TABLE 14: EFFECT OF BOUNDARY CONDITIONS 

ON PLATE MOMENTS M - PROBLEM P2 
X 

a.) Uniformly Distributed Load: Mesh 16 x 16 

Boundary 
Point 1 Point 2 Point 3 Conditions 

Type I 0.0478 0.0457 0.0388 

Type II .0.0478 0.0457 0.0387 

Type III 0.0478 0.0457 0.0388 

Exact Value 0.0479 0.0458 0.0390 

b.) Single Concentrated Load: Mesh 16 x 16 

Boundary 
Point 1 Point 2 Point 3 Conditions 

Type I 0.1230 0.0588 

Type II 0.1230 0.0588 
' 

Type III 0.1226 0.0586 

Exact Value 0.1231 0.0585 

Point 4 

0.0248 

0.0248 

0.0248 

0.0250 

Point 4 

0.0244 

0.0245 

0.0242 

0.0251 

3 5 
~....._~~....-- y 

2 

X 

41 
I 
I 
I 

_j 

Point 5 

-0.0010 

-0.0002 

0. 

0. 

Point 5 

-0.0025 

-0.0004 

0. 

0. 

Multi-
plier 

qLa 

Multi-
plier 

p 
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TABLE 15: EFFECT OF ORTHOTROPY OF BRIDGE DECK ON 

DEFLECTION AND STRESS RESULTANTS IN BEAMS 

Mesh 10 x 8 - Truck in Lane 4 

Bartonsville Bridge - Cross-Section M 

Bending Moment Axial-Force 
Deflection at Midspan 

Section M Section M 

Beam A Beam B Beam C Beam A Beam B Beam C Beam A Beam B Beam C 

-

0.03056 0.09168 0.13260 332.039 2679.252 4466.444 2.041 64.172 107.902 

0.02933 0.09191 0.13491 292.709 2680.437 4537.636 1.067 64.156 109.758 

0.02800 0.09210 0.13749 251.609 2678.925 4616.972 0.066 64.062 111.819 

in. K. in. K. 
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Mesh 

10 X 4 

10 X 8 

10 X 16 

Test 

Units 

TABLE 16: EFFECT OF MESH SIZE ON DEFLECTION 

AND STRESS RESULTANTS IN BEAMS 

Truck in Lane 4 

Bartonsville Bridge - Cross-Section M 

Bending Moment Axial-Force 
Deflection at Midspan 

Section M Section M 

Beam A Beam B Beam C Beam A Beam B Beam C Beam A Beam B Beam C 

0.02920 0.09053 0.13221 310.519 2728.905 4459.719 1.574 65.179 107.968 

0.03056 0.09168 0.13260 332.039 2679.252 4466.444 2.041 64.172 107.902 

0.03089 0.09193 0.13268 337.776 2668.198 4472.175 2.187 63.923 107.944 

0.035 0.086 0.129 

in. K. in. K. 



I 
1\J 
1\J 
-....j" 

I 

Mesh 

10 X 4 

10 X 8 

10 X 16 

Test 

Units 

TABLE 17: EFFECT OF MESH SIZE ON DEFLECTION 

AND STRESS RESULTANTS IN BEAMS 

Truck in Lane 3 

Bartonsville Bridge- Cross-Section·M 

Bending Moment Axial-Force 
Deflection at Midspan 

Section M Section M 

Beam A Beam B Beam C Beam A Beam B Beam C Beam A Beam B Beam C 

0.05784 0.12160 0.11975 1236.754 3965.505 3955.342 23.877 94.797 95.166 

0.06036 0.12253 0.12041 1235.371 3961.652 3950.800 23.880 94.362 94.798 

0.06107 0.12278 0.12054 1233.704 3959.843 3948.402 23.853 94.250 94.704 

0.066 0.112 0.116 

in. K. in. K. 
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Mesh 

10 X 4 

10 X 8 

10 X 16 

Test 

Units 

TABLE 18: EFFECT OF MESH SIZE ON DEFLECTION 

AND STRESS RESULTANTS IN BEAMS 

Truck in Lane 2 

Bartonsville Bridge - Cross-Section M 

Bending Moment 
Deflection at Midspan 

Section.M 

Beam A Beam B Beam C Beam A Beam B Beam C Beam A 

0.10492 0.13670 0.08981" 2902.377 4492.236 2696.199 65.286 

0.10832 0.13778 0.09097 2871.726 4506.656 2648.289 64.680 

0.10934 0.13814 0.09122 2864.479 4515.217 2637.752 64.471 

0.110 0.123 0.089 

in. K. in. 

Axial-Force 

Section M 

Beam B Beam C 

107.433 64.308 

107.335 63.297 

107.373 63.054 

K. 
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Mesh 

10 X 4 

10 X 8 

10 X 16 

Test 

Units 

TABLE 19: EFFECT OF MESH SIZE ON DEFLECTION 

AND STRESS RESULTANTS IN BEAMS 

Truck in Lane 1 

Bartonsville Bridge - Cross-Section M 

Deflection of Midspan 
Bending Moment Axial Force 

Section M Section M 

Beam A Beam B Beam C Beam A Beam B Beam C Beam A Beam B Beam C 

0.16964 0.12713 0.05654 5339.568 4000.892 1386.085 125.198 93.948 30.090 

0.17356 0.12915 0.05796 5311.649 4018.698 1362.395 124.362 93.806 29.625 

0.17481 0.12978 0.05828 5299.971 4023.451 1354.966 124.002 93.786 29.502 

0.156 0.113 0.065 

in. K. in. K. 
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TABLE 20: AVAILABLE SOLUTIONS FOR LIMIT LOAD -

SIMPLY SUPPORTED SQUARE PLATE 

Yield Criterion 
Author Ref. 

Johansen Tresca Von Mises 

Wolfensberger 65 0.945 

Ranaweera and Leckie 79 0.920 0.995 

Shull and Hu 63 0.826 

Koopman and Lance 64 0.964 

Hodge and Belytscho 78 1.036 

Prager 80 1.000 

Ranaweera and Leckie 79 0.961 1.044 

Shull and Hu 63 1.000 

Koopman and Lance 64 1.000 

Hodge 56 1.106 

Prager 80 1.000 

Lopez and Ang l~4 1.031 

Bhaumik and Hanley 66 1.041 0.922 1.000 

Armen et al 67 1.137 

Present Analysis 
Mesh: 8 X 8 0.982 
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