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ABSTRACT

This dissertation attempts to summarize the present state of
knowledge relating to the plastic design of structures fabricated from
high strength low alloy steels having yield stress levels up to 50 ksi.

The areas in need of additional research are outlined.

Thevstress—strain relationship is discussed and the effect
of changes iﬁ this relationship on the progress of moment redistribu-
tion is shown. It is concluded that for materials possessing a signi-
ficant étrain hardening modulus moment redistribution will be succesé-

ful in a statically indeterminate structure.

The effect of rotary straightening on the material properties
is illustrated. It is concluded that more research is necessary before

this influence can be fully evaluated.

The various situations under which flange or web local buck-
ling can occur are outlined. Previous web buckling solutions are dis-
cussed and a test program to investigate web buckling under bending

and axial load is presented.

The present state of knowledge relating to the plastic design
of beams and beam columns is summarized. Where practicable design

rules are presented and their limitations outlined.

The behavior of hybrid subassemblages consisting of low.car-
bon beams rigidly connected to low alloy columns is discussed. For

both the braced and unbraced subassemblages, the behavior can be
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predicted by theories previously tested on low-carbon steel subassem-
blages. For the unbraced subassemﬂlage, a method is presented for in-
cluding the strengthening influence of strain hardening in the predic-
tion of the response. It is concluded that the prediction.of the be-
havior of hybrid subassemblages or subassemblages of low alloy steel

members presents no unusual difficulties.

It is concluded that plastic design of low alloy steel struc-
tures is feasible and presents no unusual complications., The problems
which remain to be solved are those for which no complete solution

exists for the low carbon steels.
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1. INTRODUCTION

‘1.1 SCOPE

The purpose of this investigation is to investigate the be-
havior of low alloy steel members and to obtain sufficient information
to extend plastic design procedures to include these steels., The major

portion of the previous research on plastic design has been restricted

almost entirely to low carbon structural steelsgl)Much of this work

can be applied with very little change to low alloy steels provided
that the properties of the two types of steels are similar. On the
other hand, there are problems encountered in plastic design which
have been solved in an empirical or semi-empirical manner for the low
carbon steels. Before these solutions can be applied to low alloy
steels, they must be re-examined, and éonfirming test results provided

where necessary.

This dissertation will examine the material charaéteristics
of low carboﬁ and low alloy steels, determine which of these charac-
teristics significantly affect moment redistribution and how changes
in specific characteristics will influence member and frame behavior.
The dissertation will summarize the present state of knowledge relat-
ing to the plastic design of high strength steel members and frames .-
and finally will attempt to delineate the regions in which more re-

search is necessary.
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1.2 ASSUMPTIONS IN THE ANALYSIS

In order to base the selection of structural members on a plas-
tic analysis, this analysis must not only give a reasonable indication
of the maximum strength of the structure, but in addition, the maximum

(2,3)

strength must be indicative of the limit of usefulness of the structure.

The use of the maximum plastic strength as a design criterion
implies that independent checks have been made to ensure that factors
such as brittle fracture, fatigue, working load deflection, deflection

instability and alternating plasticity will not be critical.

It will be assumed that all loads are gradually applied so
that dynamic effects may be neglected. It has been usual in plastic de-
sign to assume that the loads are applied proportionally§3) However,
in some cases it is more realistic to load the structure (either theore-
tically or experimentally) iﬁ a manner that is not proportional. When

this is done, allowance is made to account for the strain history of the

material.

Additional assumptions usual in simple plastic\theory are
missing from those listed above. These are: (1) the axial load in the
column does not reduce the moment capacity of the member; (2) equili-
brium may be'fdrmulated on the undeformed structure; (3) local or
lateral instability do not reduce the strength of the member before
the maximum load has been attained. These conditions will be considered

in the sections that follow,
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1.3 THE ANALYSIS OF PLANE FRAMES

In attempting to assess the load deformation behavior of plane
frames several concepts are relevant. Figure 1.1, which contains a
plot of load versus deflection for the simple frame shown in the inset

()

illustrates these concepts. ‘The frame is subjected to proportional
loading and the effect of the axial force in the beam is neglected. For
low values of W, before the stress reaches the yield point, the load
deformation relationship may bé obtained by conventional elastic analy-
sis procedures (first ofder elastic curve). If the reduction in stiff-
ness due to axial load is considered and equilibrium formulated on the
deformed structure, a modified elastic curve is obtained.(s) This type
of analysis is usually called second-order because it accounts for the
above factors, which are normally considered to be of secondary impor-
tance. Under conditions of high axial load on relatively slender
structures these '"secondary'" factors have a dominant.influence-on the
structural behavior. The second order elastic curve is asymptotic to
the value of W which represents the elastic buckling load of the

(6,7)

frame.

If the material were perfectly elastic, the true load-deforma-
tion relationship would be that given by the second order elastic
curve., However, as the structure deforms, the applied strains are
superimposed on the residual strains and at a load, Wy, the strains
in some portions of the frame reach the yield strain. As the struc-
ture continues to deform, the yielded zone penetrates into the cross

section of the member thus forming a plastic hinge.
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An analysis can be performed which accounts for this gradual

progression of yielding.(s’g)

Such an analysis is tedious, and it has
only been performed for very simple structures. The load deflection

curve resulting from this "exact analysis'" is shown in Fig. 1.1 as the
g y g

dashed curve.

For these simple structures a very close approximation to
the true behavior has been obtained by assuming the plastic hinges to

(10)

be concentrated at the peak moment points, This analysis is
termed elastic-plastic. Because equilibrium is formulated on the de-
formed structure, it.is mofe.completely termed a second order elastic-
plastic analysis. The load-deformation curve is shown in Fig. 1l.1. |
The - load at which each plastic hinge forms is marked with a solid
circle. When sufficient hinges have formed so that the structure
deforms aé a mechanism, the response merges into that resulting from

a rigid plastic analysis. This rigid plastic analysis assumes that

no movement takes place until after the formation of é mechanism, The

equilibrium equations which describe the response of the structure are

identical once a mechanism has formed in both cases,

In the analyses described above, the effect of strain harden-
ing has been neglected. Experiments have shown that this effect in-

(11)

creases the strength of a simple frame. This is shown in Fig, 1.1

as the curve above that representing the rigid plastic response.

1.4 HIGH STRENGTH STEEL

From a strength consideration the most economical material is
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(12)

that which has the lowest ratio of unit price to design stress.
Recent figures show that the low alloy steels have indeed a lower
(13)

price-to-strength ratio. These figures equate weight to economy,

which may not always be true.

The above reasoning>must be tempered by consideration of the
stability and deflection influenées. These are basically functions
of the stiffness of the member. In a given design situation the use
-of higher strength steel will lead to a lighter and more slender mem-
ber. This increase in material strength is not accompanied by an in-
crease in the Modulus of Elasticity.(l4) Thus the smaller, more slen-
der member, must of necessity, be less stiff than its lower strength
counterpart. This in turn means that in cases where stability con-
siderations are significant the higher strength member may be penalized
to such a degree that its apparent lower cost, based on the price-
strength ratio, becomes higher than that of the equivalent low strength
member, A similar situation exists where deflections must be held

below certain specified limits,

Thus, as a general rule, high strength steels will be econom-
ical where strength rather than stiffness considerations are of major

consequence.

In structures designed according to elastic design procedures,
higher strength steels have found application in the highly stressed
portions of the bridge trusses, as columns in building frames where
deflection is not a problem and as bending members Where-lateral in-

stability is prevented by suitable bracing.
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At the present time the most suitable application of low alloy
steel members in plastically designed structures appears to be as beam
columns in braced frames, where a .stocky member is used and drift is
prevented by suitable bracing. 1In slender structures where bracing
must be provided as a part of the structural system, high strength

members may lose their appeal.

1.5 SUMMARY

As an initial step the process of moment redistribution will
be reviewed and the requirements that this process imposes on the
material stress-strain curve will be outlined. The significant fea-
tures of various stress-strain relationships will be examined and recom-
mendations made.in Chapter 2 for those materials that would be suitable

for plastic design procedures.

Chapter.3 will discuss the behavior of fhe plate elements of
the cross section., The various strain conditions to which these plates
may be subjected are reviewed and solutions which have been advanced
are discussed. The results of tests conducted to study the plate buck-
ling problem are présented._ Finally, test programs are proposed to
investigate the problem of web buckling. These tests will relate the

web buckling strength directly to the rotation capacity of the member.

Chapter 4 reviews the present state of knowledge relating to
the plastic design of members. The behavior of beams under uniform

moment and moment gradient is discussed as well as that of beam columns.
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In all cases the limitations of the solutions are outlined and areas

are pointed out in which additional research is required.

- In Chapter 5 the behavior of hybrid subassemblages is dis-
cussed. These subassemblages consist of low alloy steel columns
rigidl&gconnected to low carbon steel beams and designed to simulate
both braced and unbraced frames. The methods of analysis are dis-
cussed and a process for including the infiuence of strain hardening

in the response of unbraced frames is presented.

In this dissertation the significance of the shape of the
stress-strain relationship in plastic design is presented for the first
time. The relative. importance of failure by fracture versus failure
due to local and lateral instability is investigated. The influence
of the rotarizing process on the effective material properties is
illustrated. The method of relating the geometry of the flange plate
to the rotation capacity requirement is original; as is the testing
program which is designed to investigate the influence of web slender-
ness on rotation capacity of beam columns. The inclusion of the strain
hardening influence on the structural response is approached from a
different viewpoint. However, the importance of the work lies not
only in the number of solutions.to detailed problems but in the collec-
tion and evaluation of a large-amouﬁt of information into a form suit-
able for design use. Where this is not possible, the additional inves-

tigations necessary are clearly indicated.
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2. HIGH STRENGTH STEEL - THE MATERIAL

The purpose of the following .chapter is to show how the
stress-strain relationship of the material influences the ability of
the structure to redistribute_bending moments in the inelasti¢ range.
The -influence of the strain-hardening portion of the relationship is
examined in particular detail and its effect documented by‘experimén-
tal evidence. 1In the latter portion of the chapter the influence of
the straightening process on the measured values of the material
properties is. discussed and the metallurgical factors which influence

the stress-strain relationship are delineated.

2,1 THE MOMENT REDISTRIBUTION PROCESS

The backbone of the limit design procedure is the process

(3)

of moment redistribution. By this process an .indeterminate struc-
ture continues to accept increasing load even after the full plastic

moment has been reached at one or more sections.

Consider the simplé example shown in Fig. 2.1(a). The beam

is a propped cantilever of length, L, loaded with a central concen-

trated load, P. The beam has a moment of inertia, I, and a plastic
modulus, Z., The material from which the beam is constructed has a
modulus of elasticity, E, a yield point, dy, and the stress-strain

(¢ - €) relationship of the material is assumed to.be-that shown
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in Fig. 2.2,

For simplicity it will be assumed that the beam cross section

‘has a shape factor of unity -- that is, the cross section is composed

of two infinitely thin flanges separated by the depth of the beam, d.
Under this assumption all elements of the cross section are subjected
to the same bending strain, thus all elements are assumed to yield
when the strain reaches the yield strain, ey (ey = cy/E). Thus the
moment-curvature (M-@) relationship.is that shown in Fig. 2.3. 1In
this figure, MP, is the full plastic moment (Mp-é cyZ) and ¢P.is the
curvature corresponding to Mp,.assuming the material to be ideally

elastic (§ = M /EI).
(pp)

The implications of these assumptions are-illustrated with
reference - to Fig. 2.1. For low values of the load P the bending mo-

ment distribution is elastic and is shown in Fig. 2.1(b). As the

-load is increased the support moment reaches the full plastic value

of Mp' In accordance with the moment-curvature relationship of Fig.
2.3, under further load increase the.curvature at the support can
now increase indefinitely while the moment remains constant at Mp.

It is this action which has given rise to the term plastic hinge.

The structure to be analyzed for an additional load incre-
ment is the simple beam-shown-in.Fig.l2.1(c). The load can be in-
creased until the central moment reaches Mp‘ The change in the
bending moment diagram .is shown in Fig. 2.1(d) and the total bend-
ing moment diagram in Fig. 2.1(e). The mechanism is shown in Fig,

2.1(f).
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The load-deformation curve for the structure is shown in.Fig.
2.4, The load is given non-dimensionally as P/Pp, where Pp is the
load predicted by simple plastic theory (Pp = 6MP/L) and the center-

line deflection, v, has been nondimensionalized as

1 1
> .
/ey (L/d)

y
d

The introduction of real hinges at plastic hinge locations

simply substitutes discrete reductions in stiffness for the gradual

deterioration that occurs during the yielding of an actual structure,

This approach provides an excellent indication of the overall behavior
of the structure as well as resulting in a convenient means of analy-
(15,16)

sis at maximum load. However, it cannot provide information

on the local behavior in the regions near plastic hinges.

The situation in .the hinge areas can be studied by means of
an -analysis which considers the detailed curvature .distribution along
the length of the member and which enforces geoﬁetrical compatiﬁility
at the load point and the fixed support. Such an analysis has been

performed for the structure shown in Fig. 2.1(a). In order to perform:

.the analysis the curvature which corresponds to a given moment must

be finite. The bilinear stress-strain curve shown in Fig. 2.5 was

used as the basis of the analysis. 1In this figure ES represents

t

the strain-hardening modulus, Assuming that the cross section has a

shape factor of unity, the moment-curvature relationship is shown in

Fig. 2.6.
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For the elastic-plastic material, ESt is zero. This would
render any analysis based on compatibility conditions impossible
since the curvature corresponding go Mpvis indefinite. To illustrate
the behavior which would result if the material were elastic-plastic
a compatibility analysis was performed using two low values of Est;
15 ksi and 0.3 ksi. For a given load on the structure a bending mo-
ment distribution ‘is assumed which satisfies the equilibrium .condi-
tions., The corresponding curvature distribution is computed and ad-

justed to satisfy the compatibility conditions. The process is illus-

trated in more detail in a succeeding section.

The load causing the moment at the»suppoft to reach Mp is
0.89Pp. At loads above this value the strains at the fixedvsupport
increase rapidly. For example, if ESt = 1.5 the maximum strain at
the support .is 35 times the yield strain at 0.92Pp and . 120 times the

is used (0.3) the

yield strain at Pp. If the lower -value of ESt

strains at the same loads are 90 and 480 times the yield strain.

The presence of large strains in the material may be harmful
in two ways. For materials having low fracture strains, the large
applied strains would cause rupture. For structural steels the frac-
ture strain is approximately 200 ey’ and fracture has never been ob-

(1,3,16,17)

served. However, Hrennikoff =  has made much of this

possibility and has even .suggested that steels possessing low values

of E not be used for plastically designed structures because of the

st
(18)

danger of fracture before complete moment redistribution.

The most important consequence is the danger of premature
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local buckling. The:large applied strains coupled with a low strain-
hardening modulus could precipitate early local buckling. This will be

discussed further in later sections,

2,2 THE INFLUENCE OF STRAIN-HARDENING

The situation discussed in the previous section is:.to. some extent
artificial, Many indeterminate structures have been tested under con-
trolled conditions, and have reached and even exceeded the loads pre-

dicted by simple plastic theory,(16’l7’19)

The answer lies in the fact that the low carbon steels have a
stress-strain diagram which is not elastic-perfectly plastic (Fig. 2.2).

The initial portion of the stress-strain diagram for A36 steel is shown

-idealized in Fig. 3.7. The important feature to be noted is that the

strains do not increase indefinitely when the material is stressed to

the yield point. At this stress there is a strain jump from the yield

strain, ey’ to the strain at the initiation of strain-hardening, €.t

To strain the material beyond €t the stress must necessarily be in-

creased,

Again assuming a shape factor of unity and the absence of resi-
dual stress, the M-( relationship corresponding to the stress-strain
curve of Fig., 2,7 is shown in Fig. 2.8. Using this relationship it is

profitable to re-examine the behavior of the beam shown in Fig. 2.1(a).
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The beam is the propped cantilever which is redrawn as Fig.
2.9(a) for convenience., For small values of P the behavior is elas-
tic and the curvatures along the length of_the beam -are shown in Fig.
2.9(b). If the load is now increased on the beam the elastic portions
offer the resistance characterized by the initial slope-of the M-{
diagram, The area adjacent to the support section however is at ¢P,
thus before-it can offer any additional resistance the curvature at
this:location must jump to the curvature at the initiation of strain-

hardening, ¢st = EEE ¢p’ and then increase along the strain-hardening

-y
path. The resistance of this section is much less than that of the

elastic sections, The curvature distribution along the length of the

member at this stage.is shown in Fig. 2.9(c).

As the load is increased the yielded zone spreads along the

‘length of the member. When the curvature at the load point reaches

¢p the plastic moment value has been reached at two locations. Since

the moment at the support.is greater than Mp’ the load exceeds Pp.

If the load is increased, the curvature distribution takes the
form shown in Fig. 2.9(d). Two yielded zones are now present and will

spread along the member.

The load-deformation relationship for this structure, assuming
the matérial properties of Fig. 2.7, . is shown in Fig. 2.10. This-relé-
tionship is obtained by formulating the equilibrium and compatibility
conditions.for the structure and linking them with the idealized M-§
relationship, The method is discussed in Ref. 10. The significant

factors shown by this figure are (1) that the simple plastic theory
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underestimates by a small amount the load at which deflections tend to
increase rapidly and (2) when the moments at all hinge-locatidns are
equal to or greater -than Mp the:load will increase with continued defor-
mation, above Pp. In contrast to the elastic-plastic material, the
strains are relatively low due to the presence of strain-hardening. At
the fixed support the-maximum strain is 12,0 e? at 0,92 PP, 12.8 ey at

P and 14.2 ¢ at 1,02 P_,
P y P

2.3 EXPERIMENTAL VERIFICATION

The .conclusions reached in the previous sections were based on

somewhat crude assumptions concerning the distribution of stress over

‘the cross section, It is of interest to find out if these conclusions

can be supported by experimental evidence, Of the many tests reported
on indeterminate structures loaded into the-inelastic range, the perti-
nent data, which will enable the redistribution process to be traced,

have been reported in relatively few cases.(l6)

2
Yang et al reported the results of five continuous beam testsS 0)

The results of Yang's Beam Test No. 4 are used for the purpose of dis-
cussion., All tests in the series behaved in a similar manner. Test
No.. 4 was performed on an 8WF40 section of material having a stress-
strain curve similar to that shown in Fig, 2.7 and loaded as shown in
Fig. 2.11(a). The-loads P on .the central span .and the end loads, R,
were.ad justed at each stage of loading so that the slope over the in-

terior reaction was equal to zero. The deflected shape of the member
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is shown in Fig. 2.11(b).

The moment distribution along the length of the beam was com-

puted at each stage of loading, Deflections, rotations and . loads ‘were

-also measured .and recorded., The plots.of load versus bending moments

at mid-span and over the fixed reaction are shown as Fig. 2,12, The

dashed . lines represent the-elastic-plastic solution which does not

include the influence of strain-hardening. The experimental curves,
representéd by the full lines, agree reasonably well with this theory

up to a load equal to about 0,80 Pp. It can be seen from the figure

‘that beyond this load the end and center moments are not equal but

that the strain-hardening properties.of the steel have forced the .mo-

ment at the support to rise with increasing deformation. It is this

.increase in moment (and thus.in curvature over some finite length)

which enables the center moment to increase at a higher rate than that
predicted by an elastic-plastic analysis, PP is. attained when the cen-
tral moment .is still less than Mp but the end moment has increased
above Mp‘ After both moments have  exceeded Mp’ the load increases

further due to strain-hardening in the two yielded areas,

The load versus mid-span -deflection for the beam is shown as

.the solid line in Fig, 2.13. For comparison the curve predicted by

the elastic-plastic theory is shown dashed on the same graph.

The comparison of the two load-deflection curves illustrates

.that for a beam which has significant strain-hardening properties the

:load calculated by simple plastic theory can be -reached and exceeded,

and furthermore.that the overall load-deformation relationship for
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such a member may be predicted adequately by an elastic-plastic analysis.

The significant point is that this is consistently true in spite -of the

fact that the local behavior in the hinge regions cannot be predicted

by the elastic-plastic theory.

Yang's tests were performed on beams of A7 steel. . An extensive

series of tests on continuous beams has been performed which includes

)

beams of low alloy steel.(lg_ Sixteen tests were performed in all,

eight on beams of A52 steel and éight on beams of A37 steel, These

‘steels are the Belgian equivalent of ASTM-A441 and A36 steels, The

‘test arrangement is.shown in Fig. 2.14, 1In this figure @L is the length

of the.adjacent span...Four beams were tested at each value of & for @
equal to 0.5, 1.0, 2.6 and 3,0; two beams were of A37 steel and two of
A52, The length of the.central span was 33.5 inches, The tests were
performed on a modified WF section. ‘

The - load-deflection behavior of all test beams follows the

same pattern, The behavior of Test Nos, 5 and 6 and 13 and. 14 have

.been chosen for discussion purposes. The pertinent quantities . are

given .in Table 2,1,

Figure 2.17 shows a non-dimensionalized load-deflection curve
for the four beams .under discussion. 1In this figure P is the-load at
mid-span on the beam .and v is the deflection at the load point. The

solid curve is.an averaged curve for the four test results, The solid

circles are those representing the test points for the two A52 beams

while-the open circles represent the A37 test points, The elastic-

plastic prediction is shown as.the dashed.line. Although the test
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results do exhibit some scatter, the beams of both materials reach and

exceed the:load predicted by simple plastic theory.  The load-deflection

behavior ‘is closely predicted by the elastic-plastic analysis, From
these tests and other related information it appears that those steels

:which possess adequate strain-hardening characteristics will success-

1
fully redistribute moments in an indeterminate structure.( 2

The load versus bending moment relationships for these four

tests are shown in Fig. 2,16, At Pp, the support moment is greater

‘than the full plastic value while the moment at the load point is.less.

However, both moments -exceed Mp-after a small increment of deformation,

and continue .to.increase with additional deformation.,

In summary the tests performed by Yang and Massonnet have
shown that,.for the low carbon and low alloy steels.tested, if an ade-
quate strain-hardening modulus is present in.the material, the load
(19,20)

predicted by simple plastic theory can be reached and exceeded,

The overall behavior of the structure can be satisfactorily predicted

by the elastic-plastic theory even though the behavior of the sections

in .the .yielded areas can only be predicted by a theory that accounts

for the distribution of curvature over the structure,

It has been shown above that if a material does not possess:a

-relatively large strain-hardening modulus the inelastic rotations re-

quired to reach Pplwill introduce-large ‘strains in the material. The

influence of these»large strains must -be -documented experimentally,

It is difficult to find a material that possesses a very low

strain-hardening modulus, Hrennikoff has performed tests on an
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aluminum alloy which possessed a low modulus combined with a low frac-

(21)

ture strain, The purpose of these tests was to attempt to show

that ‘a material possessing a sufficiently low strain-hardening modulus

will fail by fracture of the tension flange before complete moment re-

-distribution can occur. It will be shown instead that these tests

represent a completely artificial situation and that the true mode

‘of failure would be by local buckling of the .compression flange.

Tests ‘were performed.on continuous beams of aluminum alloy

6061-T6, A typical stress-strain curve for this material plotted

from values used in Ref. 21 is shown in Fig. 2.17. The solid dots in

this . figure represent values given -in Ref. 21.

The tests were designed so -that critical sections of the test
beams would have .to undergo relatively large rotations .in order to:

redistribute moments and form a mechanism, The arrangement for one

‘series of tests is shown in Fig. 2.,18(a). In this series of tests

.the - left end of the specimen was deflected upward, due .to the.action

-of the load P, a distance of 1,82 inches before the support was.allowed

to exert any reaction, .At this stage.the deflected shape is shown by

the dashed.lines in Fig. 2.18(b). For further increments of load the

member .behaves as a continuous beam .and the resulting shape - is given

by the full line in Fig. 2.18(b). This situation is.intended to
'represent a .continuous beam subjected. to a concentrated load on -one

‘span and having the.center support settle.

Figure 2.19 contains a plot of load, P, versus the bending mo-

ments ;under the load and at .the interior support. In this: figure .the
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solid lines joining the open circles represent the experimental behavior,

while the elastic-plasticprediction is shown: by the.dashed lines.

The behavior :of the member as .a simply supported beam was al-

most completely elastic., .When the exterior support began.to exert a

‘reaction.the moment under the load was 188 in. kips. This moment in-

creased rapidly and under further loading reached and exceeded M

(236 in., kips). While this was occurring.the moment,atAthe-reaétion

.also increased., However, before this :moment could reach Mb, failure
-occurred by fracture of the tension flange under the load. At this

_point the moment under the load had reached 253 .in. kips or 1.07 Mp.

The support moment had only increased to 226 in. kips.or 0.96 M..

The load at failure was above that predicted by simple plastic :theory,

1,04 P_,
P

Hrennikoff performed a second series of tests for which the

.arrangement .is. that shown .in Fig. 2.20, The progress . of the bending

.moments at sections B, C, and D (see Fig.. 2.,20).is shown in Fig. 2.21.
2

The bending moments at sections B and C .are.almost equal at every
stage of loading. These~momehts increased linearly to approximately
Mp (298 .in.kips) then at a decreasing rate.to the point of failure,

The moment -at D .also increased., When hinges had formed at B .and C

‘the -moment at D then increased at a faster rate. However, . fracture

-occurred in the tension flange .at C before complete redistribution

could occur. At fracture, the moments:at B.and C were .above M_ (218

-and 312 in..kips) while -the moment .at D was significantly below M.p

(178 in. kips). The load at fracture was 33.25 kips,.or 1.10 Ep.
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This increase is.due to the increase in moment at points B and C over

the - value of Mp. The -redistribution of moments :was .incomplete .and

failure -occurred by sudden fracture rather than by the more ductile

-mode .associated with out-of-plane phenomena.

In both series of tests lateral buckling was prevented by
suitable bracing spacing. In addition,. local buckling was.inhibited

by collar arrangements placed on the member after local deformatibns

‘were -observed. Thus the collars :were used to oppose .the incipient
flange -motion. Although the test members did fail by fracture, there

~1s every reason to believe that under less.artificial conditions.local

(22)

buckling would have been the failure mode.

In summary, the tests performed on low carbon .or low alloy steel

members, which possess .adequate -strain-hardening properties were satis-

(19,20)

factory. from a plastic design-sténdpoint. Those tests performed

.on members of a material which possesses.a relatively small strain-

hardening capacity were not successful.(ZI) There is no doubt as to

-the -reason for this:lack of success, however, and this will be discussed
.in the next section, It may be concluded that materials which possess

‘little strain-hardening capacity are not suited for plastic design,

particularly when applied to wide-flange members,

2.4 INFLUENCE 'OF MATERIAL CHARACTERISTICS ON INELASTIC BEHAVIOR

In the previous sections evidence has been presented to show



more -restricted object in mi.nd.(15

.297.19 ' -23

that: (1) if a material possesses strain-hardening characteristics

typical of the low carbon or low-alloy steel groups, moment redistri-

bution will take place in a statically indeterminate structure .and

the load predicted by simple plastic theory will be reached and ex-

ceeded; (2) if a material does not possess adequate strain-hardening

.capability, successful redistribution of moments will not be possible,

The following section will investigate the influence of the

-stress-strain characteristics.on the moment redistribution process,

The problem can be stated as -follows: 1In.a structure having one hinge

-formed,. it is desired to increase the moment .at adjacent hinge loca-

tions:while-at the same time holding the strains at the original hinge

‘location to reasonable values and, in addition, ensuring that the

-yielded .length at any hinge -location does not reach the length re-

quired to precipitate local buckling.

An -analysis of a similar type was performed by Horne with a

)

Horne .analyzed two different

‘types :of structures, the material of one having.a stress-strain dia-

gram -similar in shape -to that of the low carbon steels while that of
the ‘second had an .abbreviated plastic plateau and a very. large strain-
hardening :modulus, The object of this investigation was :to see how
the load predicted by simple plastic theory compared with the load
predicted by a.ﬁore exact .analysis. Although the methods of investi-
gation were similar, Horne-did not study the effect of the shape -of

the :stress-strain .curves on the response of the structure,

The propped cantilever of Section 2,1 will again be used as
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-an -example,  The behavior .of this member has been investigated in a
previous section by assuming that the material follows the behavior

‘characteristic of low carbon steels,

The beam will now .be .analyzed assuming the member to have a
shape factor of unity and that the material follows the various stress-

strain relationships shown in Fig. 2.22(a) to (f). The results will

be presented as much as possible in a non-dimensionalized form so that

the only numerical data necessary are the strain-hardening modulus,

Est’ and the strain-hardening strain, €ope

The .values -of ES and €e for the curves of Fig., 2.22 were

t

‘selected to show.the influence of these factors, The values chosen
.bracket those which have been.observed for the structural steels, The

‘results :will be presented in the following manner:

(a) The results for.eSt =;ey; Est = E/45 and E/450 :are
-compared, '
(b) The results for € =-12ey; E, = E/45 and E/450 .are
.compared,
. (¢) The results for E .= E/45; €p = ey, 12€y and 20e:y

are .compared.

In this manner ‘the -influence of the strain-hardening modulus

‘may be observed both on a bilinear material and on .a material having
-a definite strain jump at the yield stress, The influence of the

‘length of the plastic plateau may then .be observed for a material

having -a fairly typical strain-hardening modulus. Throughout the

studies in this section the strain-hardening modulus is assumed to
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remain constant up to the  fracture strain, This is .done -in the in-

terest of simplicity; however, the implications of this assumption

i
-will be discussed in more detail later.

The magnitudes :of the inelastic strains are shown graphically
in Figs. 2.23, 2.,24-and 2,25, These figures plot the load, P, non-

dimensionalized as P/Py, versus :the maximum strain adjacent to the

-fixed support, nondimensionalized as € /e .

ax' "y

Considering the relationship between the maximum strain and
the stress-strain characteristics, Figs, 2.23 and 2,24 -show:that at

a given load, the material with the'smaller'ESt

strains, Figure 2.23 presents»the-results.for.eSt = ey and Fig., 2.24

.for.es = 12_ey. The difference is not too great at loads below P

t

but increases rapidly with further load increase. Figure 2,25 shows

-that the difference in maximum strains for materials having different
.values -of €t but the same Est’ is .almost equal to the-length of the
plastic plateau, In summary, that material having the highest -value.

of E__ and the:lowest €t produce the-lowest strains .at Pp-and for

st

‘loads .above this value,  Table 2,2 shows the values of the maximum

and ES considered

t

strains .at P = Pp,for the various values .of est

in this chapter,

Figure 2,26 shows graphically the moment redistribution pro-
cess, More:detailed plots are shown .in Figs. 2,27, 2.28 and 2,29,

In these .figures the support and load point moments, nondimensional-

-ized as M/Mp,,are plotted against P/Pp, In these figures and those

.that follow, the response predicted by elastic-plastic theory is

is subjected to greater
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shown by the dashed lines. 1In all cases the moments reach -and exceed

their Mb‘values.asAthe-load is increased, For the bilinear material

shown in Fig. 2,27 a decrease .in the value of ESt leads to:.a decrease
in the support moment at the simple plastic theory. load. This is
simply explained as:.a small increase in the support bending moment

will cause .a larger increase in the area of the curvature diagram at

.the -support, for the more flexible material, This in turn will rotate

‘the member to a greater extent than for the stiff material, . thus re-

sulting .in .a greater ‘increase ‘in the load point moment,

The -influence ‘is the same in the material containing . a strain

jump .as .shown in Fig. 2.28, However,. in this case, the variation of

ESt is ‘masked by the influence .of the strain .jump itself which -also

.contributes significantly to the -area of the curvature diagram, This

-latter 'influence -is shown clearly in Fig, 2.29, The bilinear material

has the-iargest support moment at P:=~Pp; the plateau lengths ‘in the

£ lexible materials(estv=-12 ey, 20 ey) enable these materials to deform

-and redistribute moments :to a. much greater extent (for the same load

increase) than ‘is possible for the stiffer materials, .There .appears

.to be no significant difference -in the rate.at which the moments in-

crease with increase -in ‘load above Pﬁ.

Figures :2,30 ‘to 2.32 plot the deflection -at the load point, v,

, . . v 1
nondimensionalized as =
d Je

' (L}d)z Aagainst P/Ep. For the materials
y

~considered the deflections below PP*Were»essentially equal, Once .this

:load had been ‘exceeded the flexible materials :exhibited considerably

increased deflections. The contribution of the .change in E . is illus-

trated in Fig., 2.30 for the bilinear material and in Fig. 2,31 for the
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material havi,ng;eS .='12,'ey°

t

The influence ‘of the strain jump .can be clearly seen in Fig,

2,32, .The increase in deflection at any[lbad_above-the'simple plas-

tic theory. load is .almost directly proportional to the plateau length,

The inset of Fig. 2.32 shows, to an enlarged scale, the -de-
flections of two of the materials up to Pp' The responses plotted in

the -inset represent the stiffest ‘and the most flexible materials con-

‘sidered. The responses for the other -materials are bounded by these

‘two., The material properties do not influence the deflection in this

range to any great extent but again those materials having smaller

values of Est.and larger values of est-deflect'more. The ‘strain .jump

masks :the-influence -of any decrease ‘in Est’ Thus -for materials having

@ significant plateau ‘length, the deflections below the simple plastic

theory load will not be-influenced;by'any decrease ‘in Est

Figures 2,33, 2,34 -and 2,35 plot the nondimensionalized load,

P/Pp, versus :the -inelastic rotation at ‘the support section, QH,,non-

-dimensionalized.as-OH/¢PL. The moment :and curvature ‘distributions
in this region are shown in Fig. 2,36(a) and (b). The inelastic
‘rotation plotted in Figs, 2,33, 2.34 -and 2,35 is the rotation (from
‘the horizontal) of the-tangent to the‘deflected shape .at a distance
_TL.from~the-face~of,the-support; minus :that rotation which occurred
.over this :same-length while the beam remained completely elastic, The

‘final curvature -distribution is that bounded by the -full lines .in Fig,

2.36(b) while .the curvature distribution -at the -limit of elastic be-

havior is shown by the -dashed line in the same -figure,
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The -total rotation is.given by

TL _E Ms
Ororar = "Wt T3 E_ P ﬁ; - 2.1

Since the moment gradient is known at the -elastic limit, the -elastic

‘rotation of this:length is given by

. -g)
OELASTIC'_'¢pTL <J.- 6'T 2.2)
Thus .the inelastic rotation is
.0 € M .
;E—r=,T St _ 44 —E_[ 3., +-ll.T (2.3)
6 L € 2E M 6
p y st p

The'plots in Fig. 2.33 show that for the bilinear material the
‘rotation requiredkto=reach PP is greater for the more flexible material,
For loads .above Pprthe»decreased value of Est,requires-that.much great-
-er ‘inelastic rotations be -endured by the more flexible material. The
same tendency is shown in Fig. 2.34 -for the~materia1s_haviqg;est=v123y.
However :in-this .case -the differences in Est are masked by the strain

-jump,,up~to»Pp.

Figure 2,35 shows the influence of the inelastic plateau length.
Once :again the more flexible materials require.a greater ‘inelastic ro-

tation to reach a .given load .level,

The ‘point ‘that should be -emphasized from 'this :data .is the close

-agreement obtained between the rotation required to reach Pp~as:obtained
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from the exact analysis and that obtained from an elastic-plastic analy-
sis. For the materials considered the required hinge rotations are
listed in Table 2.2. As expected, those materials having larger values
of €t and smaller values of ESt exhibit the smallest differences be-

tween the values obtained by the exact and the elastic-plastic analyses,

As compared with‘the values obtained from an elastic-plastic
analysis, the exact values are conservative, that is, the approximate
analysis requires the member to deliver a rotation greater than actu-
ally required. Computations have been presented which equate the
required rotations (from an elastic-plastic analysis) to those which
can be delivered (considering the strain-hardening properties of the
).(23)

material On this basis limits have been placed on the struc-

tural geometry which will be satisfactory for plastically designed
structures. These limitations will be conservative but not unduly

SO.

Lay and Smith have shown that for other structural configura-
tions the elastic-plastic analysis will underestimate the required
. (24) . i C e
rotations, The amount of this underestimation is small, however,
and in general the elastic-plastic analysis satisfactorily predicts

the rotation requirement,

The preceeding discussion has been concerned with the satis-
factory performance of the structure, considering only its in-plane
behavior. For practical structures the mode of failure has been shown

(25,26)

to be either lateral or local instability. Lay has developed

criteria for predicting the rotation capacity of beams under moment
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gradient by equating the length of the member which is fully yielded,

TL in Fig..2.36, to that length required to forma localabuckle.(zs)

Local buckling may reduce the member strength before -the ‘load
predicted ‘by the simple plastic theory is:.attained, if the yielded
length ‘at the support :is.:large; or at loads above -that predicted by
simple plastic theory. 1In -this latter .case local buckling could occur

either ‘at the support or under the load. Since the -attainment of the

‘load predicted by simple plastic theory is.the prime objective, only

the situation at the support will be discussed. The progression -of
the .yielded area under the -load point would be similar. 1In Figs.

2,37, 2,38 and 2.39 the yielded length, TL nondimensionalized as

TL/L, is plotted against .the parameter P/Pp.

Figures :2.37 and 2,38 show .the influence of ES In both

t.
cases the\more~flexible.material has ‘the shorter-yielded.length-at
Pp. Figure 2,39 shows the influence ‘of the -plateau length, again the

yielded  length at “the support is:shorter -for the more flexible ma-

‘terial, After the structure has exceeded Ep-the-increase-in the -length
-0of the yielded portion is :affected by the-increase -in -moment. in the
.yielded area as well as the more subtle changes in moment gradient over

the various portions :of the structure. This in .turn is influenced by

the material characteristics. The main conclusion to be gained from

these relationships 'is that the more flexible materials require smaller

‘yielded lengths ‘to redistribute bending moments .and reach Pp.

If the discussion is restricted to beams subjected to moment gra-

'dient, some general conclusions may be drawn from the discussion above:
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(a) For the stiff bilinear material (est =;ey, Est.= E/45):

ey

2)
3)
@)
(5)

The maximum strains :were smallest throughout
the - loading history,

The maximum moment was .greatest at Pp.
The'defiections:were-minimum.

The‘fequired inelastic rotation was:a minimum,
The yielded length at the support required to

reach Pp-wasAamaxim.umo

(b) Using this material as:.a base, the influence -of a de-

-crease-in-ESt is to:

¢Y)

)

(3)

4)

()

(¢) From the same base (eS

Increase the maximum strains .at any given load.
Decrease ‘the maximum moment .required to .attain Pp.
Increase -the ‘deflections by a small amount below
Ppﬁand,by a very significant amount -above this ‘load,
The inelastic hinge rotation required to reach P

is increased,

The yielded length at the support required to

.reach Pp is decreased.

= :sy, E

st = E/45)the influence of

t

an increase .in .the plateau-length is to:

¢Y)
2
(3)

Increase ‘the maximum strains at .any given 'load,
Decrease the maximum moment required to -reach Pp.

Increase the deflections by a relatively small

.amount up to Pp and by larger amounts for loads

beyond this .stage.
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(4) Increase the hinge rotation required to=reacth?.’
(5) Decrease -the yielded length at the support re-

quired to reach Pp.

From the point of view.of plastic design of real stxuctures the
.mode -of failure is that of local buckling followed by lateral buckling.
The present solutions assume that local flange buckling will not occur
‘before the development of a critical yielded 1ength.(27) The cépacity

to resist local buckling depends on the value of Es and also on the

t

maximum moment (stress) acting over the area considered,

The ‘stress-strain curve of both the low carbon and low alloy-

steels :seem ideally suited for this role in plastié design. These

‘steel groups have plateau lengths .of from lO.e_y to 16 ¢_ and ESt values

~Which:range.from-600 to 900 ksi for the .virgin material.(zs’zg)

Comparing the structural steels with the stiff bilinear mater-

ial (eSt =.ey,'Est = E/45) as a base, the former would provide:a de-

.creased .support moment and a shorter yielded length at the load pre-
‘dicted by simple plastic theory. These, combined with a relatively
‘high value of Est would provide .a large resistance to local buckling

-and consequently the restrictions on plate geometry which are designed

to inhibit the formation of a local buckle could be relatively liberal.

The fact.thgt'a-significant plateau does exist will increase
slightly the deflections ‘of .the structure at the simple plastic theory
load and likewise the maximum strain. Neither of .these factors are
considered to be significant when weighed against the more obvious ad-

vantages of these material characteristics,
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An assumption implicit in the foregoing analysis was that the
fracture strain of the material was many times its yield strain. The
structural steels have a ratio of.frac£ure strain to yield strain
which is in the order of 200. It is obvious that for any material

there will be an inelastic rotation which will lead to the attainment

"of the fracture strain, This situation will be most critical in those

materials having a low fracture strain coupled with a high value of
€ and a low E . However, in the case of a low E value, it ap-
st st st

pears that the local buckling situation becomes critical far in ad-

vance of the attainment of the fracture strain. The background for

this point of view is given as Appendix A,

It is obvious from the graphs plotted in this section that for
a material which has a plastic plateau, a change in the length of this
plateau makes very little difference in the results. The plots of

Figs. 2.25, 2.29, 2.32, 2.35 and 2.39 show only small differences be-

t

~ tween the results for € = 12 ey and those for the material having

€t = 20 ey.

It is also obvious that the deformation capacity of a member
as - used in . the plastic theory is not a function of the plateap
length or material ductility. Rather a truly ductile materiéi in the
plastic design sense must have a significant strain-hardening modulus
over the initial portion of the strain-hardening range. For braced
structural steel members the deformation capacity is dependent on the

local buckling characteristics only.

Since the local buckling characteristics of the section do not
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depend on the length of the plastic plateau but rather on the strain-
h#rdening modulus, a material having a significant strain-hardening
modulus may be expected to be satisfactory for plastic design purposes,
The shape of the initial portion of the stress-strain curve is not of
great importance in practical situations, This is significant as in

the following section it will be shown that recent changes in straight-
eﬁing'procedures used in the production of rolled shapes may drastically

influence. the shape of the stress-strain curve.

In summary, this section has shown the following.

1. An elastic-plastic analysis satisfactorily predicts the be-
havior of an inelastic member with respect to strgngth, deformation and
rotation requirements. The propped cantilever used as an example can
be more generally thought of as an inelastic member having known boun-

dary conditions at the point of maximum moment.

2. The significant material property with respect to in-plane

moment redistribution .and local buckling capacity is, E the strain-

st?

hardening modulus, It is fortunate that the structural steels con-

sidered have relatively high values of ESt

3.  The length of the inelastic plateau is not significant.
For materials possessing pléteau-lengths of 12 ey to 20 ¢ any differ-

ence in- length results in no appreciable changejin behavior., Both bi-

‘linear materials and those possessing large strain jumps at the yield

stress (up to 20 ey) are satisfactory for plastic design.

4. The low carbon and low alloy steels have stress-strain
characteristics that make them ideal for use in plastically designed

structures,.
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2,5 THE INFLUENCE OF COLD BENDING ON THE MATERIAL CHARACTERISTICS

The purpose of this section is to show how the effective
material properties of a member may be changed as a consequence of
the method used to straighten the member. This is particularly im-
portant with the increased use of the rotary straightening process,
which subjects the member to several severe reversals of curvature
throughout its entire - -length, It will be shown that the deleterious
effects of this process, eépecially with regard to the -effective
properties of the material in.the strain-hardening range, can -explain
the‘reéults of recent tests on structures fabricated from members

which had been rotarized.(BO)

To discuss production effects on the properties of structural
. . . ' . (31)

steel members the starting point will be taken as the rolling process,
This process forms the structural shape from the ingot and is performed
above the recrystallization temperature of the steel. The shape is air
cooled before any further processing is carried out. Of necessity, the
thinner parts of the section will have a higher rate of cooling. The
effect of this high cooling rate is to produce a fine grained structure
with its resulting higher strength. This has been observed in structural
practice as the relatively thin webs consistently show higher yield
' ' . . . (32)
strengths than do the thicker flange specimens 'in tensile tests.
This difference in cooling rates coupled with the plastic strains in-
duced is responsible for residual strains which are locked into the sec-
tion as a result of the cooling process., The distribution of these
strains over the cross section has been carefully documented and that

measured for a 14WF78 section of A441 steel is shown in Fig, 2.40.(29)
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These residual strains are normally well below the yield strain
of the material and do not significantly affect the behavior of the
material as characterized by the results of a tension test performed

on a specimen cut from the cross section,

However, after the rolling process has been completed and the
material has been allowed to cool it must be cold-bent before use to
remove the deformations caused by disturbances during the cooling

process. In order to remove any initial deformation, the member must

be deformed plastically and given a permanent set in a sense opposite

to that of the initial deformation. In the past the conventional
straightening method has béen to place the member in a gag and plas-
tically deform the initially curved part in a direction opposite to

(33)

the initial curvature. Such a situation is illustrated in Fig.

2.41(a) with the member being bent about its weak .axis.

The bending moment distribution for the gagging operation .is

shown in Fig. 2.41(b) wherevMO is the bending moment directly under the

‘load. The corresponding curvature distribution is shown in Fig..2.41(c).

In this figure ¢o is the curvature corresponding to Mo. The moment-
curvature history for the section directly under the load is shown in
Fig. 2.41(d). 1In the gagging process the section is deformed plas-
tically to a curvature Qo and then unloaded elastically as shown. The
integrated effect of the residual curQatures produced in the process

is enough to approximately overcome.any initial out-of-straightness.

If the material at this section were again subjected to a load causing

a moment in the same sense as the gagging moment, the material would
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act elastically up to an applied moment Mo’ then deform further as

shown by the dashed. lines . in Fig. 2.41(d).

Although these -effects have been observed previously, due to

-the ‘local nature of the gagging process, it has been common practice

to néglect any influence of cold bending on the behavior of members$33’34)'

However, in cases where the straightening process is continuous, the

‘resulting residual strains must be accounted for to obtain a rational

(35)

prediction of the member behavior,

In recent years the use of the rotary straightening process
has become increasingly popular. This process is.limited at present
to relatively small wide-flange sections (One approximate '"rule of

thumb'" is that the weak axis section modulus must be less than 17.0).

The rotary straightener consists of a series .of ‘heavy rolls
placed as shown in Fig. 2.42 and used to bend the section about the
weak axis, 1In this figure the rolls are numbered fof convenience,

The rolls are-arranged so that they bear directly on the flange-to-web
junctions of the member and subject it to two complete cycles of curva-
ture reversal; rolls No, 4 .to 7 being the active, or load producing
rollers., The member is fed continuously into the roller arrangement,
guided by rollers Nol. 1, 2 and 3. Roller Nq. 4 is placed in a Lowered
position relative .to the first three. The difference in elevation may
vary from a fraction of an inch to several inches depending on .the size
of the member, but is enough to produce a significant permanent set.
Roller No. 5 then picks up.the end of the member and reverses the di-

rection of the applied curvature. The permanent set produced by this



E e N T BN G IR S GE B &R A IR A N B B B e

279.19 -38

roller is approximately one-half of that produced by roller No. 4.
Rollers 6 and 7 repeat the process with correspondingly reduced magni-
tudes of the -applied curvature, and the remainder of the rollers act
primarily as guides. The entire process is one-of trial and error.
The first . lengths of a given cross section are rotarized with trial
settings of the rollers. If the member is straightened in a satis-
factory manner the remainder of the-lengths are processed in the éame
way; 1f not, new settings are tried and the process repgated. ﬁuring
the process any initiél curvatures virtually disappear and the final

product is almost uniformly straight.

The loading situation .at the -time roller No, 4 .is active -on
the member is shown (approximately) in Fig, 2.43(a). The correspond-
ing ‘bending moment distribu&ion is shown in Fig. 2.43(b) and the
curvature -distribution .in Fig. 2.43(c). The.completé-length of the
beam is subjected to the applied curvature ¢0 as it .is guided over
roller No. 2 and. is then -unloaded elastically after passing roller No.4,

A smaller curvature, applied in the reverse -sense, is then :induced by

the action of roller No. 5 and so on., In order to compute - the influence

-of this process on the member, the material behavior under reversed

vloading must first be evaluated,

The material behavior of structural steel under these condi-
tions is not well known, particularly when the strains are -those en-
countered in the strain-hardening range. The most extensive inves-
tigation .into the behavior of low alloy steels subjected to reversed
loading did not consider the behavior of specimens deformed beyond

36)

the plastic plateau.( Several authors have ‘postulated the behavior
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of a general non-linear material under a single reversal of‘load‘bdt

none -of these consider the effect of repeated reversals of load§14’31’37)

In order to provide a simple model, yet one which contains the
significant features, the behavior postulated by Chajes et a1(38> and
used in a modified form by Lay will_be-adopted.(39) This behavior is

illustrated in Fig, 2.44 and accounts .for the .unique stress-strain

characteristics of the structural steels as well as the Bauschinger

‘effect, Since-the object herein is to gaiﬁ some ‘insight into the in-

fluence of the reversed strains on the material properties, the linear
strain-hardening rapge.used_by Lay has been replaced with a parabolic
curve -fitted to the-initial modulus ESt at the initiaﬁion of strain-
hardening and to the .ultimate stress and strain. The expression for

the stress, ¢, at a given strain, €, is then:

(e -.est)2 (e - est)3
oc=0_+E (¢ -¢ ) -2E ————- +E -
y st st St(161:1t 'est) st (eult- est)
€ - € 2
+ 3 (cru1t - 0) _( _St )
y Cult” Sst
3
(e - €
-2 (o -0) —_— (2.12)
ult y €ult-'est

In Eq. 2.12 €1t is the strain -at the .ultimate stress. The reduced

strain-hardening modulus, E

ot at the strain, ¢, is then.given by:
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(2.13)

Using Eq. 2.12 combined with the model postulated by F;g.
2.44, it is possible to trace the behavior of the material through
the strain reversals involved in the rotarizing process. In order
to do this a sequence -of applied curvatures has been selected as shown
in Fig. 2.45(a). The initial curvature, Ql, is 20 ¢y’ where-¢y_is the
curvature corresponding to the-attainment of the yield strain in the
. flange tips., This is not completely arbitrary as it results in .an
.approximate .value for the deflection under the roller:of 1 inch, which
~--has been suggested as reasonable. Thé‘curvature-is then.feversed
twice;,@z,being equal to 10 ¢y and ¢3 equal to 5 ¢y. The final apblied_
curvature ¢4-is taken as. 1,7 ¢y from a trial and error process which
will be described below. This value is required to ensure -that fhe
-final configuration results in no residual curvature onvthe-final.re-
lease of moment. The above procedure has been taken as a reasonable
-approximation.to the ‘actual process. Only the flange plate is con-

sidered in the analysis, the web is relatively unaffected,

To determine the influence of this process on the material an

approximate -analysis was used. The flange plate was divided into ten
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elements as shown in Fig. 2.45(b) and the strains induced by the applied
curvatures computed at the centroid of each element. For the first
applied curvature, ¢1, the strains in each -element are shown in Fig.

2.,45(c) along with the .corresponding stresses in Fig. 2.45(d). The

stresses were calculated on the basis of a flange width of 6 inches

:and thickness of 0.44 inches and for material having the characteris-

tics of A441 steel.

By integrating the stresses over the cross section, the applied
moment required to produce-a curvature of 20 ¢y can be computed, This
process is repeated for the reversals of curvature -specified in Fig.

2,45(a) and for the final elastic unloading. This. final unloading

- should produce ‘a zero net curvature for zero applied moment . The

-final applied curvature, ¢4, was adjusted to achieve this end.

The -strain history for element No. 1 (Fig. 2.45(b)) .is shown
in Fig. 2.46(a) and (b). Figure 2.46(a) shows the strains induced for

positive curvatures (¢1 and ¢3) and Fig, 2.46(b) shows those induced

by the applied curvatures ¢2 and ¢4. The . final set of dashed .lines in

both figures mark the path which the material would follow on addition-

al loading either in tension (Fig. 2.46(a)) or compression (Fig. 2.46(b)).
For the process used in this example -the behavior for either type of
loading would be similar. For other sequences of curvature reversal

this might not be the case.

On -the -final unloading .cycle, the residual curvature .is approxi-
mately zero. However, the strain distribution .across the plate is that

which is required to maintain compatibility. .For the example considered



297.19 42

this distribution is shown .in Fig. 2.47(b). 1In this:figure the resi-

dual strains, €. have been nondimensionalized as,er/ey and tensile

-strains are considered positive.

The residual strain distribution assumed to be present due to
the ‘rolling process is shown in Fig. 2.47(a)., This must -be super-
imposed on the strains due to rotarizing ‘to obtain the final residual

strain distribution for a rotarized section., This has been done and

+

the -final distribution plotted as Fig. 2.47(c).

This final distribution is typical only for the rotarizing
sequence -assumed in the example. Any significant variation in this
process could change the final strain distribution, perhaps drasti-
cally, Innaddition3 the coarse mesh used for the numerical integra-

tion process and the neglect of the web action could introduce errors.

‘Nevertheless, the shape of the final strain distribution is fairly

characteristic of, results on rotarized sections in recent investiga-

. 29,3 . . . ' )
tions.(_ ,30,40) One -such -distribution, taken from measurements on

an 8WF31l section of A44] steel is: shown for illustration:in Fig.2.47(d)§29)

Figure 2.47(e) shows the residual strain distribution on.the~flange:of
the -14WF78 section taken from Fig. 2.40, This section was not rotarized.

A consideration of the ‘residual strains which result from the

‘rotarizing process is necessary to document the process. Of much

-greater importance .is the effect on the stiffness.of the material in:

the strain-hardening range. Figure 2.45(e) shows the effective strain-
hardening modulus, Est’ plotted as a fraction of the -initial modulus

for the section used as an example. These are the values which would
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result .from the curvature reversals for the process shown.in Fig.
2.45(3).. It is obvious that the section . is less stiff due -to the
process, but much mdre~work remains ‘to be done to determine -fully
the -influence -of the rotarizing process on the behavior of plasﬁi-

cally designed members,

Further confirmation of the reasoning used in the section

.above is provided by the results of tension tests performed on speci-

mens cut from rotarized members. In addition. to the assumptions made

‘in formulating the rotarizing process and the errors induced:by the

coarse mesh used in the numerical intégration, any comparison with

‘tension test results introduces additional difficulties. These dif-

ficulties are -associated with the location of the specimen on the

-cross section.

For example if the flange width is small, the tension coupon

may be -cut from the material centered on the web., In this case the in-

fluence of rotarizing may be small. The other -extreme would be the

case of a very wide flange with the coupon cut from the material near

‘the ‘edge., In this case the maximum influence of rotarizing should be:

‘observed,

For reasons set out below, .the ‘tests used . in this comparison

are those performed .on specimens cut from 12B16.5 members, The results

of these tests are reported in Ref, 30. The flange width of this sec-
tion is:4 inches and the specimens were milled from coupons located in
the flange between the tip of the flange and the centerline -of the web.

If the rotarizing sequence described above is typical, then the material
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near the flange -tip has undergone a process similar to that traced for
‘element No. 1 in Fig. 2.45(a) while the material near the web remained

almost completely elastic.

To simulate this case a model is postulated as shown.in the .in-
set ‘to Fig. 2.48 in which half of the specimen 'is noted .as prestrained

and .is .assumed to have been subjected to the rotarizing sequence. The

other -half is noted .as the virgin material.

As the model is loaded in tension, the behavior will be -elastic
until the applied stress reaches :the yield stress of the virgin mater-
ial, Gy. This occurs at point A in Fig, 2.48. At this point the virgin

material will accept further strain with no increase in stress, however,

.the prestrained material will behave in an elastic manner up to the in-

creased yield stress, acy. Thus the model deforms from A to B in Fig.
2.48 with ‘an effective modulus of E/2. At point B the increased yield
stress of the prestrained material is reached., To achieve any further
deformation the~prestrained material must be subjected to an increased
stress, Due ‘to the reduction.in stiffness, as evidenced by Fig. 2.45(e),
this ‘increased stress will be small. At point C :the strain-hardening

strain of the virgin material is reached and further deformation now re-

-quires :a distinct increase-in stress, The effective modulus is .approxi-

mately 0.75 ES

°

t

This is a very crude -approximation to -the actual behavior. It

-is surprising therefore tonote how well tests on actual tensile speci-

mens :agree ‘with the behavior postulated for the model.
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The tension tests reported in Ref. 30 will be compared with

the behavior of the model, Reference 30 presents results for two column

sections as well as tﬁe 12 inch beam section, The results of the tests
on the coiumnkéections will not be discussed. These sections were
rolled from the same heat and exhibited a strain-hardening modulus in
the flange which was higher than usually observed for rotarized sections,

In addition, the strain-hardening modulus was measured for only three

-flange specimens and no two were taken .at the same cross section, or at

cross sections where -the ‘web modulus was also measured. Thus, a com-

parison would not be significant,

For the 12B16.5 section, which was rolled from a different heat,
the strain-hardening modulus was measured for eight flange specimens
and four ‘web épecimens. The origiﬁal load-strain curves taken for
specimens K4-X, Y, and Z are reproduced in Fig. 2.49. At this cross
section all three tensile specimens were loaded into the strain-harden-
ing range -and the .measurements necessary to determine the strain-

hardening characteristics were taken.

Specimen Y was cut from the web of the section and exhibits
the sharp upper yield point and significant strain-hardening modulus
usually associated with the structural steels. The modulus computed

for this specimen was 680 ksi. On the other hand specimens X and Z

.exhibit a rather rounded knee -and a reduced strain-hardening modulus.

The areas of interest are emphasized by the arrows in Fig. 2.49., Al-
though the rounded knee of the -load-strain diagram can be .caused by
influences other than cold bending it is gratifying to note the close

agreement -between the behavior predicted by the model used for Fig.
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(32)

2.48 and the flange specimens of Fig. 2.49.

For ‘the other cross sections used in the investigation of Ref,
30, the results were similar. 1In each case where comparison .was possi-

ble the strain-hardening modulus for the web specimen was :approximately

‘30 percent greater than the -average for the -flange specimens,

In summary, for sections which have been straightened by rotar-

-izing, the -effective material characteristics (assuming the  flanges:to

exert ‘the -dominant ‘influence) are those -of a bilinear material having

an effective value of Est'which is reduced from that normally expected

in the virgin material, Tentatively it appears that the decrease will

be ‘roughly 30 percent -but ‘a more detailed investigation must be per-

formed before definite conclusions can be drawn., The effect of this

process .is to reduce -the lateral and local buckling capacity of the

(27)

2,6 METALLURGICAL FACTORS IN STRAIN-HARDENING

It appears from the previous sections that a knowledge of the

strain-hardening modulus, E__,is fundamental in studies of members

st

‘loaded into the inelastic range. This knowledge is important both for

‘the prediction of the moment redistribution capacity of the material

and the resistance to instability of the partly yielded member.

.It is therefore surprising to find that very little progress
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has :been -made ‘in the determination of ESt in the past decade, even

)

though specifications which make use of Est;have_been proposed.(41

Although metallurgists have investigated the strain-hardening
properties by measuring the strain-hardening exponent on the true

‘stress-strain curve, structural practice has attempted to measure the

‘initial tangent modulus of the strain-hardening portion of the engin-

eering stress-strain.curve.(42’43)

It is questionable whether the ‘initial modulus .is the proper
-quantity to .use in the determination of the local buckling capacity,
Obviously parts of the yielded plate~willAbe‘strainediinto:the strain-
hardening .range ‘while -other parts .are -on the -verge of entering this

’

range, However, it is this initial value which has been used-in the

‘local buckling theory and which has been correlated with test results

27,2
(27,28) In addition, the neglect of the elastic un-

‘loading in ‘the portions of the plate undergoing strain reversal off-

‘sets to some -extent the non-conservative -assumption that the initial

modulus is relevant during ‘the buckling process,

In the method used in Fritz Laboratory for the determination

of the strain-hardening modulus, the load on the tensile specimen is

(43)

These strains :are .greater than

st? but it is presently recom-

mended that they be within 0.002 inches per 'inch -of the strain-harden-

‘ing strain.

Seven ‘tests :were performed on specimens of A44l steel.(zg) All

specimens were .cut from the 'same cross section. The values measured
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for the ‘strain-hardening modulus ranged from 605 ksi to 815 ksi with

a mean -value of 730 ksi., Assuming ‘that the load on the specimen was

‘measured at the strain-hardening strain, and again after a strain in-

crement of 0,002; then assuming that the stress-strain curve .is repre-

-sented -by the -parabolic relationship used in the previous section, the

‘initial strain-hardening modulus would be 740 ksi.

The scatter in the values of Est-quoted.would lead to the be-

lief that the strain-hardening modulus is not a characteristic of the

‘material but rather a property which depends -to a very great extent on

(30,42)

composition and imputities, It has been shown in the previous
section that much of the confusion surrounding the measurement of this

property can be -explained on the basis of the large cold bending strains

induced by the rotarizing process. If the .variables induced by pre-

straining are eliminated it remains :to determine -what range -of scatter
can be -reasonably expected from a group of measurements of the strain-

hardening modulus,

The .behavior of structural steel subjected to uniaxial stress

:is well known and a brief description is included only to serve-as a

basis for discussion of the variables :involved. 1In ‘the elastic range

‘the -applied stress moves the atoms from their ‘equilibrium positions

and thus .develops attractive forces .between the ‘atoms; when the stress

(31)

The relationship between the applied stress and the resulting movement

-is relatively unaltered by the presence of small amounts of alloying

.elements,
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On the other hand inelastic behavior is .governed by the -action
of line defects 'in the material called dislocations. These .disloca-
tions :are -the mechanisms by which layers of atoms :are able -to slip

past one-another by breaking their atomic -bonds one row :at a time,
)

.instead of requiring that ‘the bonds between the entire -adjacent .layers

of atoms .be broken. In structural steel this slip or yielding process

is discontinuous; that is, once yielding is initiated at a certain

point 'in the material relatively large 'strains occur under a constant
stress, In most materials .slip is accompanied by an increase in stress

which is referred to as strain-hardening.

The reason for this peculiar behavior of structural steel is
that the interstitial impurities present in the material migrate
naturally to positions adjacent to the dislocatioens and act as slip

(44)

Thus in order to move ‘the dislocations a relatively

‘high stress is required which is reduced as the dislocation is moved

.away from its ‘line of foreign atoms. This ‘accounts for the presence

of the upper ‘and lower yield points. Once the dislocations have

been moved in some-localized areas, these areas act as stress raisers

:and additional slip proceeds at a reduced stress much in the -manner of

crack propagation in brittle materials.

However, as ‘these locations are moved through the material by

‘the ‘applied stress :they come .up :against obstructions which prevent

further movement under the same applied stress, These obstructions
may be in the form of impurities, grain boundaries :or simply be caused

by the ‘interaction of two or more dislocations. Once a dislocation has
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been anchored by these obstructions -further yielding must occur at

other locations until the specimen -is completely yielded.(3l)

It .is :this point that marks .the -initiation of strain-hardening

t’

which marks the  fully yielded condition, the stress .must be increased

above -that which causes :‘the propagation of yielding over the specimen.

This stress .increase is necessary as now the dislocations .have been

anchored by one means :or another and further movement means that ‘the

‘stress -must be sufficient to bypass that obstacle, The analysis of

this situation has 'so :far not been attempted but the factors which

d,(31)

The presence of a fine grained structure means that more grain
boundaries are present per unit volume. Alloying elements also com-

plicate the picture 'since -they may either increase or decrease -the

‘rate of strain-hardening.

It should ‘be noted that the -above factors which influence ‘the
rate of strain-hardening are the same -factors which influence the

yield stress. In other words in a low -alloy steel the alloying ele-

ments -may almost double the yield point without appreciably affecting
‘the ductility of the steel. These same alloying elements which help

‘to .anchor the -dislocations :in their original positions :also may serve

.(3D)

When structural steel is hot rolled and then cooled, the rate

of cooling depends ‘to :a great extent on the thickness of the material,

‘Very thin material will have -a high rate of cooling and thick material
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will have ‘a correspondingly low rate, As the rate of cooling is in-

creased the resulting grain structure becomes finer and the material

as ‘a consequence harder ‘and stronger. This has -been observed consis-

tently in structural practice as ‘tests :on the webs and flanges of

structural shapes-have resulted in higher strength values :for the 'some-

‘what thinner web material.

In summary, the same .factors that influence the yield stress

.of a material also influence -its rate.of strain-hardening. For 'a given

‘material the strain-hardening modulus would seem ‘logically to be a

function of the plate thickness. Since tests carried out to measure

E . on non-prestrained material are few, effort should be concentrated

st

on obtaining enough data for a statistical analysis, using .a consistent

‘method .and an attempt made to correlate Est’to the yield stress and

plate thickness., In the meantime, the -values recommended by Galambos

.are conservative to some degree and have been checked with test results

(41)
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3. PLATE ELEMENTS IN PLASTICALLY DESIGNED MEMBERS

In the previous chapter the influence of the material charac-
téristics on the process of moment redistribution was discussed, It
was shown in Appendix A that for the majority of practical cases the
capacity of the member is limited by local buckling of the compres-

sion flange.

In this chapter the problems associated with local buckling
of flange and web plates are treated. To illustrate the significance
of plate buckling, as related to the behavior of the member, a des-
cription is given of the behavior of a concentrically loaded stub
column. With this as background, previous work on local buckling is
reviewed, Material conditions existing in the member at the point
of local buckling are developed and the corresponding solutions eval-
uvated. A test program, designed to obtain information on the rota-
tion capacity avaiiable for members having a wide range of web‘slen-
derness ratios, is outlined, Finally, a new method of approaching

the local buckling problem is presented.

3.1 STUB COLUMN BEHAVIOR

The significance of plate buckling will be illustrated by
the description of the behavior of a stub column. The stub column
test is chosen because nominally, at least, all fibers of the cross

section are subjected to a uniformly applied compressive strain which
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-

is increased monotonically.

The test to be described was performed on a 14WF78 section of
ASTM-A441 steel, which had its flanges cut down so that the b/t ratio

was equal to 12.0. The pertinent dimensions of the specimen are given

. in Fig. 3.1 which shows a plot of the load-deformation relationship

obtained during the test. In this figure the applied load, P, has
been nondimensionalized as P/Py, where Py is the yield load (Py = G&A)
and the overall contraction of the column, 6, has been nondimension-
alized as S /égﬂ where 5}7is the ideal elastic confraction corres-

onding to P = P L/AE).
P g y(éy y/)

The progress of the test can be traced with reference -to Fig.

.3.1. The specimen is elastic up to Load No. 7 (the numbers on the

plot of Fig, 3,1 and subsequent figures represent the stages during

the progress of the test at which readings were taken).

The progression of the yield bands is shown in the photographs

of Fig, 3.2(a) for Load No. 8 and Fig. 3.2(b) for Load No. 9. .In these

photographs some of the yield bands have emanated from small drilled
holes which are used to measure the relative deflecpion of the flange
tips, while other bands start at points of high residual stress. As
the specimen is deformed, the yielded areas progress until the stub
column is completely yielded, At this point (Load No. 13 in Fig. 3.1)
further deformation can proceed only at an increased load, due to the

(45)

presence of strain hardening, The condition of the specimen is

shown in .the photographs of Fig. 3.3(a) at Load No. 12 and in Fig,

.3.3(b) at Load No. 15. 1In this latter photograph the local deformation

ye
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of the flange plates can be seen, Although portions of the web appear
to be elastic, these areas have unloaded due to the local deformations

of the web plate. The concave faces of the web are fully yielded.

As the specimen is deformed beyond the load at which local
deformations of the flanges are observed (Load No. 14 in Fig. 3.1),
these local deformations are magnified and the load must be reduced
to maintain equilibrium. This is illustrated by the path of the load-
deformation curve between Load No. 14 and Load No. 20 in Fig. 3.1.
After the flanges{have accepted significant local deformations, the
section becomes somewhat weakened and the lateral deformations of the
specimen become more pronounced. The cause of unloading appears to

be ‘large local plate deformations acting together with the resulting

-lateral movements induced in the specimen.

The condition of the specimen at the end of the test is shown
in Figs. 3.4(a), (b), and (c). Figures 3.4(a) and (b) show the large
local plate deformations of the flanges while Fig. 3.4(c) shows the

lateral deformation of the specimen. 1In the first two photographs the

‘loading and unloading areas in the web are clearly visible,

The ‘lateral movements of the specimen, u, measured at mid-

height and non-dimensionalized as u/b are plotted in Fig. 3.5. Due

.to the initial imperfections in the column, lateral movements occur

with the first application of load. However, it has been shown that

these movements do not significantly effect the -overall structural
behavior until they exceed b/120 which would correspond approximately

to the deformation path beyond Load No. 13.(26)
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The -flange movements were.also measured during the test and:are
plotted in Fig. 3.6. Tﬁese are the relative movements of the two plates
and do not-includé any component of the overall movement of the .cross
section. Small movements were observed with the first application of
load, however, these plate_movements-were of much smaller order than
the-léteral deflections of the cross section and were negligible .up
‘to Load No., 12. The maximum flange movements were -observed at level
A.A. on the cross section as shown in Fig. 3.6. This section was
.approximately 12 inches .from the top of the specimen. The flange
deformations, AFLG, which occurred at this section are plotted versus
the average applied strains in Fig..3.7. 1In this figure the applied
strain has been nondimensionalized as e/ey, As the -average -strain
increases ‘there .is a larger ‘increment in flange deformation -for each

change .in applied strain.

The plate -deflection measurements were taken iny on the
.flange plates; the movement of the web plate was observed visually,
In:this test the movements of the plate elements were 'such that com-
patibility was maintained at the flange to web junction. This can
.be ‘seen in the phofographs of Figs. 3.4(a) and (b) and the deformed

shape of the cross section conforms to that shown .in Fig. 3.8.

It is evident that the actual strain-is not applied_unifofmly
over the -cross section but its distribution is influenced by the ini-
tial imperfections of the‘spécimen as a whole -and by the initial im-
perfections of the individual plate elements. The measured compres-
-sive-strains.at significant Load Nos. are shown in Figs. 3.9(a) to

(d). At Load No. 10 the strain distribution is relatively uniform
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although there seems to be a slight gradient from west to east across
the section. The same tendency exists at Load No. 12. At Load No. 14
the .individual plates show evidence -of bending out of the loading
plane and this trend is continued in the sketch corresponding to Load
No. 16. The loading -and unloading faces of the individual plates
correspond to those which can be seen in the photographs of Figs.

3.4(a) and (b).

In summary, the initial imperfections of the specimen produce
out-of-plane motions of the member and its -individual elements which
are in evidence from the initiation of loading. So-called local
buckling is simply a magnification of these plate movements caused
at first by the reduction in stiffness of the specimen as yielding
progresses over the length; then, in the later stages, by the in-
crease .in the applied load due to strain-hardening. .Unloading of

the specimen occurs after the local plate deformations have become

‘relatively large and are .accompanied by lateral deformation of the

member as -a whole.

In the concentrically loaded stub column the strain.distribu-
tion along the height of the specimen is approximately uniform, so
that yielding will progress in .a somewhat random fashion. In contrast,
for other common structural situations, the yielded portions may be
confined to particular areas of the member'and this must be accounted

(25)

for in any analysis of local buckling. In the test discussed
above the flange and web plates appear to undergo out-of-plane move-

ments at the same strain. Where, for some reason, the stiffnesses

of the web and flanges differ greatly, there is a possibility that
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significant local movements will occur in one plate -only, without the

participation of the other plate elements,.

3.2 REVIEW OF PREVIQUS WORK

A great amount of research has been done on the plate buckling

problem.(46) Many of these .investigations deal with the buckling of
elastic plates or plates having .an elastic-plastic or roundhouse o - ¢
relationship. Because -of the peculiar stress-strain characteristics .

of the structural steels, the buckling of elements which have been de-

formed into the strain-hardening range presents .an essentially differ-

‘ent problem, This section will review primarily those -investigations

which have considered plates strained in such a manner that they are

fully yielded, or strain-hardened, before buckling occurs.

The original work on the problem of plate buckling in the

(47) This work .assumed

that the entire plate was fully yielded as a result of a compressive

-strain applied parallel to the longitudinal axis of the plate. Due to

the yielding process, the plate is considered to be orthogonally
anisotropic, that is, in two directions (in this case ‘parallel to and
perpendicular to the direction of the .applied stress) the material

properties are different. The differential equation expressing the

-equilibrium of the bent plate may be written and solved for the -applied

stress .at which bifurcation of the equilibrium position occurs. Alter-

(48)

natively, the problem may be solved by an energy approach. The
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external work done by the applied stress during-buckling must equal
the internal work done by the plate. This results in. the following

integral equation:

t

12 o 3\ 2 3%y
—TX- v dx dy = D

2 2
+ 4G ()———W dx dy (3.1)
St \dx dy

In Eq. 3.1, Dx’ Dy, D and GSt are the stiffnesses of the ma-

Xy
terial in the strain-hardening range. The thickness of the plate is
t and ox-is the stress applied parallel to the longitudinal axis of
the -plate (the x direction). The deflection of the plate ‘is denoted
as w, and the-appropriate derivatives used in Eq. 3.1 are taken in

the x direction or across the width of the plate (the y.direction).

The integrations are performed over the area of the plate,

Equation 3,1 may be solved by assuming'a deflected shape which
is reasonable for the plate .considered. 1If the dimensions of the
plate :and the material properties are known the -stress at which the
‘plate ‘will buckle .can be obtained. Alternatively, if the applied
stress :is specified, Eq. 3.1 may be solved for the limiting geometri-
cal proportions required for the plate to buckle at the specified stress.

This latter approach was used by Haaijer to obtain limits on the flange
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and web geometry so that the plate would buckle at the yield stress$47)

‘the material stiffness used were those deemed appropriate for the

‘strain-hardening range.

In order to use this type of solution some relationship must

‘be ‘established between the width of the plate, b, and the length of

the local buckle. Haaijer obtained such a relationship by requiring

that the length of the local buckle be that which would produce buck-

‘ling ‘at a minimum stress., Since this stress is actually the yield

stress, an indirect relationship is obtained between the b/t ratio
of the plate -and its material properties. The use of this length

implies :that the applied strain .is developed uniformly along the plate

-so that the plate will buckle as soon .as the stress reaches the yield

value -and the material condition is that implied by the choice of the

-material properties,

In order to select material properties which would result in

reasonable -solutions, Haaijer correlated the theoretical values with

tests performed on wide .flange shapes.(zs) For plates supported. along

one -edge only, .as .in the case for the flange, the dominant property

-is the torsional rigidity in the strain-hardening range. .For web

plates, however, the direct stiffnesses in each direction as well as
the torsional rigidity and the cross-stiffnesses play important roles.
Haaijer related these constants to the half wave length of the:local
buckle -and from observations .on tested specimens was able to select

(49)

reasonable -values of the stiffness properties.

The tests performed by Haaijer were .used primarily to provide
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values for the material constants but, in addition, the restraint due

a8

to the adjacent plate elements had to be evaluate It is not sur-

prising, therefore, that Haaijer's solutions are sometimes regarded as

semi-empirical.(so)

The web buckling solution for combined axial load
and bending must be looked on with particular caution, as for this
case a solution for a plate subjected to a uniform strain was adjusted
in a rather arbitrary manner and applied to a plate subjected to a

(49)

strain gradient.

For sections having small warping rigidities theAphenomena of

(5)

torsional buckling and local buckling are coincident. Fisher et al
used the torsional Buckling solution, neglecting the warping stiffness
of the plate, to limit the slenderness ratio of the flange plate to

(51)

be used in haunched corner connections. In this investigation
the material constants used were those developed by Haaijer and the

restraint due to the web was neglected.

Lay carried out studies using the torsional buckling model

shown in Fig. 3.10. The basic equation for this case is given by:(s)
2 2
obt=%GK+(5‘ﬂ E1+k(—]—“—> (3.2)
st t st'w ntr
b L
.In Eq. 3.2, Kt is the St, Venant torsional stiffness, %st,
3,3

and IW is the warping stiffness given as i3 ET%Z by thick plate theorygs)

The restraint due to the web action .is.denoted by k, the rotational
spring constant, Lay assumed the section to deform as shown in Fig.3.1ll

and obtained the spring constant as:

GSt w3
k = '§?E_T—EE7 : (3.3)
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The value of GSt in these expressions is not Haaijer's experi-
mentally determined value but rather that derived by Lay from a consid-
. . . . . A 27)
eration of the discontinuous yielding process of structural steel.
This theoretical basis makes it possible to extend Lay's work to other

materials which yield in the same manner as the low carbon steels,

The only term which remains to be determined is that which con-
tains the length of the local buckle, n w/L. It is usual in plate
problems of this nature to choose the integer value of n which gives

the lowest value of P (5) However a good estimate of n.may be obtained

by differentiating the expression for P (Eq. 3.2) with respect to L and

(49)

setting the result equal to zero. This results in:

= Y = (3.4)

Lay made two additional contributions. He first investigated
the influence of the web restraint and concluded that in most cases
it was negligible. Secondly he accounted for the structural behavior
of the member in applying the local buckling soiutions. Thus the beam
subjected to uniform moment was found to local buckle as a rgsult of
priof lateral buckling while for the beam subjected to moment gradient,

local buckling was the cause of lateral buckling.(25’26)

The work discussed above based the 1ocai buckling strength of
the piate on the value obtained from an initial motion type of solution
based on the tangent modulus. It has béen shown for columns that gen-
erally the tangent modulus does provide a reasonable estimate of the

(52)

strength of the member. However, in some.cases it has been found
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that the ultimate strength of sﬁch a member is quite removed from the
téngent modulus 1oad.(53) In addition, a knowledge of the strength
alone may not be sufficient. Especially for the case of members sub-
jected to a moment gradient, the complete load-deformation path of the

plate would be most useful.

Kato has provided a step in this.direction by analyzing a plate

h-(54’55)

using a modified yield-line approac Kato first assumed the

location of yield lines in the buckled plate. The deformed flange

plate and the corresponding mechanism are :shown in Fig.. 3.12. The

virtual work expressions are then used to equate the external work

-done by the yield stress acting through the longitudinal deformations

to the internal work done by the bending moments and shear forces in

the plate. To express the work .done by the bending moments, Kato first

. used the reduced value of the plastic moment, Mpc’ to account for the

axial force.in the plate. The expression for the reduced plastic mo-

ment is:

M c . P 2
—L—M =1 - (P—> (3.5)
P y

Since the applied strain parallel to the longitudinal axis of the
I

(
plate-is cy, the value of Mpc on those yield lines perpendicular to

“this direction is.zero. Thus the internal work done along the.yield

1inés shown as BB' and DD' in Fig.. 3.12 .is also zero. Under this

assumption the yield line method loses one of its most important.ad-
vantages -- the strength of the plate as a function of a chosen geo-
metrical parameter never has a minimum fbr finite values of this geo-

metrical parameter. Thus, the correct yield line pattern cannot be
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obtained by any rational analysis.‘ Althpugh Kato's results are reason-
able for the dimensions chosen, a small variation in these dimensions
could produce entirely different results. Because of the assumptions
made, the strength of the plate.is not related to the strain-hardening
properties of the_maferial. There is also no attempt in this study to
relate the local buckling strength to the loading and restraint condi-

tions on the plate .in question,

Although this particular study does not lead directly to a com-
plete knowledge of the load-deformation relationship for a plate, it
appears to be the logical point .at which an investigation should be
initiated to determine this relationship thus enabling the behavior of

the plate to be followed well into the post buckling range.

.In summary, the work by Léy and Haaijer has provided solutions
which produce safe, although in some cases overly conservative, re-
 strictions on flange plate geometry for, sections used as beams.(27’28’47)
The local buckling of web plates subject to a uniform compressive strain
has also been investigated.(49> The critical portion of the work that
remains is to evaluate the-local buckling strength of plate-elements in
-sections subjected to a étrain gradient., At the present time (1966)
there does not appear to be any rational method of accounting for the

post buckling capacity of the plate elements deformed into the strain-

hardening range.

3.3 FLANGE BUCKLING - WEB UNDER STRAIN GRADIENT

Both Lay and Haaijer treated local flange buckling as the buck-
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ling of a plate restrained by a spring representing the influence of the
web. Haaijer determined the stiffness of this spring experimentally,
while Lay obtained an analytical expression for the spring .constant by

(27,47) This expres-

assuming the web to act as a propped cantilever.
sion is given.as Eq. 3.3; 1in the derivation Lay considered the web

plate to be in the fully yielded condition.

It has been shown that, due to the discontinuous naturé of the
yielding process, the material must either be elastic or in the strain-
hardening range, even though the measured strain over a finite .gage
length is between the yield strain and that at the onset of strain-

hardening.(45)

In the case of a section .subjected to a strain gradient (in a

beam or beam-column) the non-uniform strain distribution across the

web plate could introduce considerable difficulty in the buckling pro-
blem, as an evaluation of the material properties in a partially yielded

plate :does not appear to be-practical.(56)

However, it is of interest
to consider the material condition in the web plate subjected to a

strain gradient as the maximum strain in the plate approaches the

strain-hardening strain.

The section is shown in Fig, 3.13. It has been shown that in

-order to initiate yielding . in the plate the stress at some point must

(45)

reach icy where i is slightly greater than -1.0. Lay assumed i = 1.05
but for the purposes of this discussion any reasonable value will suf-

fice. The formation of a yield plane is a.dynamic process; it requires

a smaller stress to advance than it does to initiate the yield plane,
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Thus, -once the yield plane is initiated it extends to the level at which

g < cy. If the average strain at the top of the plate is > iey, at dis-

crete points along the top edge of the plate yield lines will form and
progress dynamically to the region where the local strain is < ey. This
is shown as stage No. 1 in Fig. 3.13. As the average strain at the top
edge of the plate is increased, more and more yield planes will be ini-
tiated at the top of the plate and will progress through the plate .to a
depth greater than that to which the earlier yield lines had progressed.
During this second stage of loading, those yield planes which were pre-
viously formed will also extend, until finally at stage No. 2 all the
yield planes present in the plate extend to the depth where ¢ < ey. If

t’
then the plate should be fully yielded from the top to a depth where

e < ey. In other words the plate yields in layers, and on -a local

basis plane sections before bending do not remain plane during the plas-

tic yielding process.

It follows, that in the case discussed, the relevant material
properties in .the fully yielded portion of the plate will be those which
characterize the strain-hardening portion of the stress-strain curve,

while the remainder of the plate remains elastic.

From the above discussion the web restraint may be evaluated
for the various loading conditions which may be encountered. in.the
case of the beam the expression for the‘web spring constant given by
Lay may be modified slightly to account for the actual condition of the

material.(27)



-l G an e

:297.19 -66

The web of a beam has a.stiff elastic .é¢ore which iS'SE:EEZEX

€
: t
in length. The tension portion of the web is acted upon by YS

large membrane forces which tend to hold it in an undeflected position.
It ‘has been observed that when local buckling does occur only the com-
pressed .part of the web participates in the buckle. A typical photo-
graph showing this action is given as Fig. 3.14. .Sinceithe_elastiq
core -is stiff relative to the yielded portion of the flange, it is
reasonable to assume that the yielded portion of the web acts as a
propped cantilever as . shown in Fig. 3.15. The plate is assumed to be
fixed at the junction of the elastic and fully yielded areas. The

spring constant .expressing the restraint offered by the web is now:

3
2G-st"gst v

k =

= (3.6)
3(d (est-ey) - 2t ey)

The influence of this .change on the strength of the flange
plate is not great and may be neglected, but the use of this reason-
ing for other cases enables the influence of the loading condition on

the web restraint to be-evaluated in a rational manner.

.It is obvious that to modify Eq. 3.6 for a section subjected
to axial . load and bending moment, it is necessary only to locate the

position of the neutral axis when the flange is on the verge of local

buckling.

It has been shown that for column sections subjected to rela-
tively high axial loads (above P/Py = 0.30) the neutral axis is in the
flange ‘when the cross section is subjected to Mpc' This is confirmed

by the results of eccontric stub column tests.(56)
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The restraint provided by the fully yielded web is not signi-

(27)

ficant in evaluating the local buckling capacity of the flange. How-
ever, it does influence the optimum length at which a local buckle will

form under a uniformly applied strain. This factor will be discussed

in a later section.

3.4 WEB BUCKLING

The problem of web buckling of members in plastically designed
structures has not received a great deal of attention. This is partly
because of the difficulties involved in the problem and partly because
of its relative lack of importance for low rigid frame :structures. The
existing work on this problem as applied to plastic design is due al-

most entirely to Haaijer.(28’47’49)

Elastic solutions for web buckling under a uniformly applied

(3) For a member used in a
plastically designed structure, the case of uniform strain will be rela-
tively rare., The member-willlbe satisfactory if it attains the yield
load, Py‘ (Py = Acy)(49) In this situation the .cross section may be

subjected to small inelastic strains due to the compressive residual

stresses present.(57)

The buckling of the web plate under these condi-
tions has been studied analytically and the maximum web slenderness,

d/w, which will allow the web plate to reach its yield stress has been

determined. Ostapenko has given this value as



1297.19 ' -68

8040

/e 9,

d
o= 3.7)

)

where_cry is measured in pounds per square inch.(46

Equation 3.7 is a compromise, as it represents an expression
intermediate between that for the elastic buckling of a simply sup-
ported plate and a plate fixed at the unloaded edges. Since the flanges
will be proportioned to eliminate elastic local buckling, the web plate
will be forced to buckle with the unloaded edges essentially fixed a-

gainst rotation. Thus Eq. 3.7 should be conservative.

The original proposal for web geometry was based on the elastic
solution for a.simplyvsupported.plate but modified to account for the
results of the stub column tests performed on wide-flange shapes.(zs)
Figure 3,16 shows a plot of the critical strgss,»bcr, nondimensionalized
.as Gcr/cy,‘versus the d/w of the web. The solid lines in this figure
.correspond to the elastic solution terminated at ccr/gy = l.O.(46) The
yield stress used was 38 ksi. This corresponds approximately to the
measured yield stress for three of Haaijer's tests - D2, D4, and D6.(28)
The limiting value given by Eq. 3.7 is 41.2, These three test points
are plotted on Fig. 3.16. A closer examination of the test results
shows that in both Test D2 and D6, flange and web movements occurred
simultaneously, thus the only case in which web buckling can be said
to have definitely occurred before large flange movements is in Test
D4.(28) The three test results .are plofted again in Fig. 3.17. In

this figure the d/w ratios are plotted versus the -strains at which

large plate movements were observed. It can be seen that the critical
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web buckling strain-fof Test D4 was above the yield strain. In addi-
tion, the detailed results for this test show that although the web
did buckle prematurely, causing a drop in load, on further deformation
the load again increased and exceeded the yield load. The cause of

final unloading was the local flange buckling.

However, the present recommendations limit the d/w ratio to
43 (for A36 steel).(ss) This result is based primarily on considera-
tion of Haaijers Test D6. It can be seen from Figs.-3.16 and 3.17
that failﬁre was due to elastic buckling., It appears, however, that
the mode of failure was combined buckling of the web and flange thus

the test is not a valid one on which to base specifications.

To clear up the situation a series of tests is planned for
concentrically loaded stub columns. The object of these tests will
be to determine, for various b/t ratios, the maximum d/ﬁvratios which
can be used and still have the stub column reach its yield load. The

tests will be performed on members of A36 and A441 material.

The problem of web buckling for a section subjected to bend-
ing and axial load is less clear. Following the reasoning presented
in the previous section, if the flaﬁge is required to reach the strain-
hardening strain, the web material (to the boundary of the elastic
core .- see Fig. 3.15) should be fully yielded. However, if the mater-
ial properties corresponding to the fully yielded material are used

the limitations on web geometry are unduly conservative.

Haaijer concluded that the modulus of elasticity in the direc-

tion perpendicular to the applied strain, Ey,,should be close to the
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(28)

to the elastic value, E, instead of the value proposed by lay, GSt

Haaijer then - justified this increase in strength on the basis of an
.assumed biaxial stress condition in the plate due to the imperfections
present in the section. Thevvalue-of.Ey predicted on the basis of dis-
continuous yielding by Lay is close to that.obtained_usiﬁg the incre-

mental theory of plasticity by Handelman and Prager.(27’59)

Coupled with the difficulties in choosing material constants
for this case are -those involved in analyzing the restraint conditions
and the necessity of .accounting for the non-uniform stréin distribution.
Haaijer obtained reasonable limits on web geometry by using a solution
for the uniformly compressed plate -and then choosing the maximum strain

to which the compression.flange-should-be-subjected.(49)

In view of the somewhat arbitrary adjustments involved in the
solutions which pertain .to the web plate subjected to a strain gradient,
.a .series of tests has been planned to determine the limiting web geo-
metry which will allow the compression flange to be fully yielded over
its optimum length before local buckling occurs. These tests will be

outlined in the next section

3.5 PROPOSED TEST PROGRAM

The test program proposed in this section has a rather broad
aim, that is: to observe the influence of changes in web geometry on

‘the rotation capacity of beam-columns. More specifically; for a given
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loading condition on a '"just compect" section, the d/w of the web will
be determined so that the compression flange will be fully yielded over
its optimum length before local buckling occurs, This would represent
the -optimum behavior that could be expected from a member in a plasti-

cally designed structure,

The proposed test arrangement is shown in Fig. 3.18. The member
under test is placed in a horizontal position and bolted to an upright
frame, which is in turn bolted to the structural floor. An axial load
is applied to the member by means of two tension jacks (one -is showu>
in Fig. 3.18, the second is hidden behind the member under test) placed
to eliminate ‘lateral bending 6f the specimen, The jacks are connected
in series with dynamometers and deliver load to the member through a
plate bearing on the -end of the Specimeq. The jack reactions are
picked up by a second plate which delivers them to the upright column

of the supporting frame through a set of rollers as shown in Fig. 3.18.

Bending moment is applied to the member by means of a tension
jack placed in the vertical position. The jack is erected in series
with a dynamometer and acts on the member through lugs welded to the

top flange.

The testing arrangement is designed to:

(1) Subject the member to axial locad and bending moment in
a situation which is common in both braced and unbraced

(60,61)

multi-story frames.

(2) Observe local buckling in a member which is subjected to

axial load in addition to a moment gradient. In this
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situation the strain gradient across the web plate can
be varied, but more important, the influence of the re-
stricted zone of yielding can be studied. The test
situation shown in Fig. 3.18 simulates the real member
to a much greater degree than does the eccentric stub

column test.

(3) Eventually, to obtain information which will lead to a
rational determination of the plate stiffness coefficients

used by Haaijer.(zs)

The test specimen should have a length to depth ratio of at
least 5 to allow a sufficient length for the formation of a local buckle
to occur and provide room for instrumentétion. In this range the smaller
beam sections (which will be used to provide slender webs) would have a
strong axis slenderness ratio of 10-15. Since the column simulates to
some extent one half of the column in an unbraced frame under. double
curvature conditions, the series of tests will provide additiénal im-
portant information on the behavior of beam-columns having practical

slenderness ratios.

In a local buckling sense the most important information sought
is that relating to the behavior of the web., This becomes important
primarily in beam sections used in the lower stories of braced frames

to carry the axial forces from the diagonal bracing.

The first test series will be performed on "just compact" sec-
tions under varying axial load ratios. The tests planned are shown in

Table 3.1, The d/w ratios shown are tentative only. and may be adjusted
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if necessary. . . The d/w ratios for Tests WB-2 to WB-4 will
be adjusted. from a consideration of the results of Test WB-1, etc. In
each case the object will be to determine the maximum possible ratio

of d/w that will allow satisfactory behavior. In flexural action the

web is relatively less important than the flanges. Since the post-

buckling Strength of the web will be observed it is hoped that some
liberalization of the present specifications will be possible. 1In
spite of large web slenderness ratios, in at least some situations un-

loading will be triggered by the local buckling of the flange.

In this type of test the axial load is applied first to the
specimen and held constant during the test. The moment is then applied,
using increments first of load, then’of deflection. The vertical de-
flections of the member are measured .at several points élong its length
together with the rotation at the '"fixed-end". Thus the intérnal
forces in the specimen can be determined. The iocal flange deforma-
tions are measured with a dial gage placed in pre-pﬁnched holes drilled
on the inside of the flanges; The local web dgformations are measured
with dial gages which bear against the web platé. A most important
part of the test is the observation of the flange yield pattern in the

plastic hinge area.

A pilot test, WB-1, has begn performed and the results are
plotted in Figs, 3.19 and 3.20. The specimen was a modified 5WF18.5
section of Ad4lsteel which was modified so that b/t = 13.5 and d/w = 60.7.
Figure 3.19 plots the transverse load, H, versus the transverse deflec-
tion, A. The dashed lines represent the theoretically predicted be-

havior of the member, assuming that web and flange local buckling do
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not influence the response. The initial portion of the prediction
curve is based on the elastic behavior of the member. The shear defor-

mations and the secondary moments are accounted for.

The lower descending dashed line represents. the behavior after
a plastic hinge has formed at the face of the connection. To maintain
equilibrium, the force, H, must be decreased as the defofmation is in-
creased, To account for the increased strength of the area adjacent to
the connection, the upper descending dashed line represents the response
of the member assuming that the plastic hinge has formed a distance, d,
from the face of the connection. This_correction will be discussed in
Chapter 5. The actual member behavior should be bounded by these two

curves.

The experimentally observed behavior follows the upper curve
up to Load No. 14, even though web buckling occurred at Load No. 10
(as shown by the arrow). The response did not fall off until after

local flange buckling had occurred, between Load Nos. 13 and 14,

The present solutions assume that local flange buckling will

(27)

not occur until the yielded length, TL, reaches 2.4p.

For test WB-1, local flange buckling occurred at a yielded
length of approximately 1.9b. The progreséion of yielding is_shown in
Fig. 3.20 which shows a plot of the load, H, versus the yielded length,
TL. Since the section used did not meet the compact definition for the
actual material properties used (b/t = 13.5 versus a compact b/t = 12.8)
it appears that the behavior obtaiﬁed was close to the optimum, Addi-

tional tests will be performed to further investigate the problem. A
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report containing the detailed results is in preparation.

It is hoped that this series of tests will determine safe and
economical solutions to the plate buckling problem as applied to mem-
bers in plastically designed structures. The test arrangement.is
simple, yet subjects the member to a loading condition which is typi-
cal in plastically designed frames. 1In addition the tests will pro-
vide badly needed information on the behavior of beam-columns under

high axial loads.

3.6 FLANGE BUCKLING - SHORT YIELDED LENGTHS

In the previous initial motion solutions, the member is
assumed to buckle locally only after a sufficient area of the com-
pression flange has fully yielded to enable the flange to buckle at

(27,47)

a minimum stress. The flange slenderness ratio (b/t) which

satisfies this condition is termed 'compact" and only compact sec-

.tions are deemed suitable for plastically designed structures. It

is assumed in this section that web buckling will not occur.
The belief that the above situation must hold for members in
plastically designed structures stems from two conditions:

(a) Conveniende; the use of an optimum fully yielded length
leads to a considerable simplification of the plate buck-

ling equations and the corfésponding specifications,

(b) The tests on which Haaijer and Lay based this theory were
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all performed on simply supported beams of compact or
near compact proportions or on stub columns. Thus local
buckling did occur when the optimum length was fully

yielded.

However, different structures require different amounts of in-
elastic rotation in order to attain the simple plastic thgory load. . (It
is assumed throughout this dissertation that attainment of this load
represents satisfactﬁry performance of the structure.) If the required
rotation is known and is less than that corresﬁonding to the optimum
yielded length, a significant liberalization of the plate slenderness

limitations can be achieved,

It has been shown that the fully yielded length may be related

to the rotation capacity and hence to the required plate-slendernessgzz)

.Consider the member segment of length, L, shown in Fig. 3.21(;)._
It is subjected to a bending moment distribution which varies from M0
to E)MO. The moment ratio, §)’ is positive as shown and is chosen so
that 1.0 2 ? %- 1.0, IfM excgeds Mp, the length of the segment
that is fully yielded is TL. Assuming a shape factor of unity for the

cross section, the curvature distribution is as shown in Fig. 3.21(b)$27)

As in Chapter 2, the inelastic rotation, OH’ will be taken as
the rotation occurring over the yielded length, TL, after the maximum
moment , MO, attains a value of Mp. From Fig. 3.21(b), the total rota-

tion can be taken as the area under the curvature diagram for the length
TL.( 2
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E

y ﬂ
TL o)
= =Z = 2. )
+OToTAL Poe™ + E_ 0, = (Mp d) (3.8)

The rotation occurring over this same length up to the attain-
ment of Mp can also be taken from Fig. 3.21(b) as that area bounded by

the dashed lines:

%
gELASTIC = P(DPTL + 7L 5 (1 -F) (3.9)

From the geometry of the bending moment diagram of Fig. 3.21(a)

M I% -9
ﬁﬂ - 1.0 = ' (3.10)
P L
1- = - S))

By substituting Eq. 3.10 in Eq..3.8 and subtracting the elastic

rotation from the ‘total rotation, the inelastic hinge rotation is:

7L
f—-ﬂ--F)

0 €
H _ 1L st 1 E
g L { € > +'?) T E
y s

P t

1 -%Ea.-F)

(3.11)

Equation 3,11 permits the calculation of the inelastic rotation

corresponding to a given yielded length. If the inelastic change in

curvature -is approximated by the cross-hatched area.shown in Fig. 3.21(c),

the inelastic rotation can be approximated by:

(4] €
H _ 1L st
o A (3.12)



297.19 -78

This approach is very similar to that used by Horne in another

context.(4) The significance of the épproximation will be discussed in

detail in Chapter 5; it is . sufficient to say that the approximation is

entirely satisfactory for the structural steels.

The critical stress, Ouy> at which torsional buckling of a
yielded flange plate will occur is given by Lay.(27) In the following
expression the restraint offered by the web has been modified as in a

previous section.

2 3.3
_12 Y e 3 o) g, o be
cr .3 /3 ' st 16 144
b7t
3 2
2 G €. . W

+ st st (ni> (3.13)

3(d (estfey) -2tey)

In the usual structural situation, the yielded portion of the
plate'is restrained by a stiff elastic portion on oné side and by a
load or reaction point on the other. Thus the plate is forced to take
the shape shown in Fig..3.22, The half wave length of the local buckle,

4/n, is related to the yielded length, TL, by:

ATl (3.14)

From Fig. 3.21(a) the maximum moment on the member,.Mo, is

given by:
M

M = P : ' (3.15)
°© 1. {é (1 -P)

- Under the assumptions of this section the maximum stress, 95 is

then:
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g
o = J (3.16)

1-%]:&-9)

If, conservatively, b is replaced by /12 Ty and the maximum

stress is assumed to act over the entire yielded length, the b/t ratio

at which buckling will occur is given by:

2 1-I&q -P) 2 E 7 1
b\ _ L  2nL st — 2
(E’) - o iaGSt + (TL ) 16 (L/ry)

y
sZo 2E (my (n\ N ¢ 3.17)
3 Tst A t T 2mL 3.
W » y .

This is essentially the same relationship used by Lay and

Haaijer, however, in these previous studies the value of the yielded

'length, TL, was obtained by applying the rules of differential calculus

to Eq. 3.13, and solving for the buckled length, £, at which o, be-

comes a minimum.

In this section the value of the yielded length, TL, will be
taken from Eq. 3.12, which will .ensure that a sufficient length has
yielded so that an inelastic hinge rotation QH has taken place. If
this hinge rotation is taken as the value~required for the structure
to form-a collapse mechanism, then the b/t value which results from Eq.
3.17 will be such that the section will local buckle at the load produc-

ing collapse.

As an example,. consider the fixed-end beam shown in the insert

(41)

of Fig. 3.23(a). The curve in Fig. 3.23(a) plots the load-deforma-

tion relationship for the beam based on elastic-plastic theory. The
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sequence of hinge formation is A, B and C. The required hinge rota-

tions are given in Fig. 3.23(b). Points A and B must rotate through

OH~='¢pL/6 after hinge formation.
It will Be assumed that the member is a 14WF30 section and the
length is 30 ft, The material is A36 (o = 36 ksi, ¢ _ = lle_, E =
y st y st

E/33). The moment ratio, S), may be. taken as -1.0. From Eq..3.12 TL/L .
0.0152. The 14WF30 section has a b/t value -of 17.6 which would normally

not be acceptable in a plastically designed structure.

If the member and material properties are substituted into Eq.
3.17, the critical b/t value-is 19.3. Since the member provides a b/t
of 17.6, it will provide sufficient rotation capacity before the onset

of local buckling for the complete mechanism to form.

The -above procedure may be considered too involved for a design
procedure. However, with the .use of high strength steels in multi-story
frames the range of useable column sizes is .drastically diminished and

it may be found necessary to adopt such procedures.

.The analysis of multi-story frames in the inelastic range is
complex and it is only recently that a computer program has been avail-
able for such a task.(62) As yet, the computations have been perférmed
only for unbraced frames of A36 material. However, one such frame will

(63)

serve ‘as ‘an example.

The frame is shown in Fig. 3.24(a) with the member sizes.as
determined by a plastic design method. The hinges which had formed in

the ‘structure-at the ultimate load are shown in Fig. 3.24(b). The
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hinge  locations are shown by solid circles. The program used to analyze

‘the frame determined the condition of the frame at load increments of

0.1 times the -design ultimate load. The numbers adjacent to each hinge
location represent the proportion of design ultimate load at which the
hinge first appeared. The frame reached its actual ultimate load at
an applied (computer) load Between 1.0 and 1.1 times the design ulti-

mate  load., Probably close to the former.

The two column hinges are of prime- significance. .These  formed
at the design ultimate load. Thus, in theory, they require.no rotation
capacity and provided the b/t of the sections used was less than that

required to eliminate-elastic buckling (b/t < 32), the section would

be adequate,

To be conservative, it will be assumed that the hinges formed
at 0.9 times the design ultimate load. The required hinge rotations
to reach ﬁhe»design ultimate load mdy then be computed from the bending
moment diagram and the frame-deformations. For hinge B7 the required

rotation was 0.14'¢PL.and for hinge D5 the rotation was 0.22 QPL.

The hinge rotations are 'substituted into Eq. 3.12 and the
yvielded lengths which result along with the properties of the member
are substituted into Eq. 3.17. The critical values of b/t which re-
sult are-27.7 and 28.6 for the two hinges. Obviously, the extent of
yielding in the member will be small below the ultimate load. This
is to be expected of columns in multi-stor§ frames designed by presently

proposed methods but should not be regarded as-inevitable.(60’6l)
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The conclusions resulting from the work of this section are

firstly: that because of the manner of the progression of yielding in

the structural steels, sections which are non-compact may still be ex-
pected to deliver a certain rotation capacity before local buckling of
the section occurs. .In many cases it appears that the -delivered rota-

tion capacity of a section will be sufficient to enable -the -structure

‘to reach its ultimate load. Secondly, it may be practicable to use

non-compact sections as columns in multi-story frames., . This problem

-is most important where the use of low alloy columns would be. justified

to carry high axial loads. It is gratifying to note that with very little

-additional work on the part of the-designer, the methods of analysis used

.for-multi-story'frames:could be used to estimate -the rotation capacity

requirement,
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4. MEMBERS IN PLASTICALLY DESIGNED STRUCTURES

The primary purpose -of this investigation is to formulate -de-
sign rules which will permit the use of.low<alloyvstee1 members, with

yield stress levels up to 50 ksi in plastically designed structures.

.‘Where this is not yet possible, the areas requiring additional re-

search must be clearly defined.

In formulating design rules the member must be .considered as

‘a part of a plastically designed structure and its interaction with

other parts -of thé-structure-consideréd. .One member in a structure

may unload while, in order to maintain a compatible deformation pattern,
ad jacent members may accept additional load. Thus the unloading por-
tion of a particular member may be pertinent to the determination of

‘the maximum strength of the structure,

The initial sections of this .chapter will consider the be-
havior of beams .under uniform moment and moment gradient. For these
members design rules are -proposed which have -adequate -analytical and

experimental background and which -are, to :some extent, conservative,

Later -sections are-devoted to the . behavior of beam .columns. . The -de-

-sign of these members is presently accomplished.by the use of curves

which have been fitted to the results of computations of the ultimate

strength of'beam-columns;(58’64) The ‘procedure used for the computa-

tion of the ultimate strength is numerical, however, it has been shown

that the results which have been obtained ‘for A36 steel may be modified

(65)

to predict ‘the ultimate strength of A441 columns. This extrapola-
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tion procedure is examined and found to give -adequate and conservative

results,

.The ‘remainder of this :.chapter consists of brief discussions on
the design of axially loaded columns and connections and a short out-
line -of the -problems :of ‘shear and web crippling. In these areas major

research efforts are -in progress or are proposed.

4,1 BEAMS UNDER UNIFORM MOMENT

Beams subjected to loading conditions which produce a uniform

~moment over a portion of ‘the length have been considered at great length

in the-literature;(66) This perhaps undue emphasis is primarily be-

cause of the feeling that the beam subjected to a uniform moment repre-

‘sents one of the worst..: lateral buckling situations., In addition, this

problem is deceptively simple in the elastic range. Lay and Galambos

have recently examined the -inelastic behavior of such elements and

‘have formulated expressions for computing the rotation capacity of the

(26)

It ‘is wuseful to review the .behavior of beams subjected to uni-
form moment so that conclusions can be .generated concerning the rota-
tions ‘which these members should be required to sustain. The nondimen-
sionélized momeqt-rotation.(M/Mp_vs O/Qp) cur?e:for Test HT-29 is shown

4.1;(29) The beam behaves elastically up ‘to Load No. 6; at

in Fig.
this stage the ‘applied strains add to the residual .strains to produce

yielding -and resulting non-linearity in the M-0 curve. The load on
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-length is .greater than 0.88.
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the member continues to increase-and the full plastic moment is.attained
(and slightly exceeded) at Load No. 8. As additional rotation is ap-

plied to the member it continues to carry the full plastic moment up to

. Load No. 1l4. Beyond this stage the load drops off.

Due to the initial lateral deformations present in the member,

the compression flange of the beam deflects laterally while the in-plane

-deformation is :applied. These lateral movements are small up to Load

No. 8 and are then magnified by the decrease in stiffness of the com-
pression flange -as the yielding process takes place. .The strains
caused by the - lateral bending of the flange -add to those  induced by
the in-plane -deformations in the -area surrounding the mid-span concave
portion of the flange. This is shown in Fig. 4.2, Once the flange in

this region has become fully yielded ‘local buckling will occur and -the

.béam.will'unload. This unloading is assumed to mark the end of the

useful life of the member_segmedt;(26)

Based on the behavior described above -an expression relating
the ‘rotation capacity to the unbraced length of the member has been

formulated;

L .
r

_y - - —) (4.1)
€.)
y

1+0.7 A
Est(est-

In Eq. 4.1 K is the-effective length factor for lateral buck-
ling., K is taken as 0,54 for adjacent spans which remain essentially
elastic and 0.80 for fully yielded adjacent spans. An adjacent span

is considered fully yielded if the moment -gradient acrOSSrthe'SPah

(26)
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The other term in Eq. 4.1 that requires explanation is the rota-

tion capacity, R, which is defined as
K ’ R: — 1 . (4‘2)

In Eq. 4.2, 0 is the rotation at the initiation of unloading and Op is
the rotation at Mp if the beam behaved elastically., The terms -are

illustrated in Fig. 4.3.

The optimum rotation capacity would be obtained if the -average
£ For a compact section this would

cause -local flange buckling due -only to the in-plane strains. Because

of the ‘lateral bending strains in the member, local buckling will occur

-beforeAthe~averageAapplied.strains-reach‘est and it has been shown that

the optimum rotation capacity is given by:

(e - €,)
ROpT = 0.8 ——S—L (4.3)
) y

Substituting this value for R in Eq. 4.1 we obtain for the

.critical bracing spacing

= = (4.4)

y K /e, J/TFO0.56 E 1\

Est

H‘li_—'
|

It is presently recommended that this spacing be used for all

(41)

cases where -the moment ratio on the span is greater than 0.7. The

inelastic end rotation through which the full plastic moment could be

-sustained would be-equal to 4.¢pL<for a material having € = 11 ey.

t
s . ' -, (29)
(This is typical for A36 and A441 steels,)



three 'span structures and required three hinges to form a mechanism,

highly improbable situation did occur the inelastic rotation, O

quired to complete -the mechanism would be in the order of 0.5 ¢pL.
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The value of the required rotation capacity for simple struc-

(67,68,69)

tures has been studied by Driscoll and Kerfoot. These re-

quirements are based on an elastic-plastic analysis and are interest-

ing from several points of view, The continuous beams studied were
(67,68)
Because -of symmetry, two of the three hinges formed simultaneously.

For practical span and load ratios ‘the first hinge did not form in a
region of uniform moment . In fact, this could only occur for a ratio

of side span load to center'span‘load below 0.2 for concentrated loads,

or 0.3 for a -uniformly distributed load.(67’69)

Considering the rela-
tive values of dead and live loads ‘it would be unlikely to have the

ratio fall in this :range of values. .It should be noted that if this

re-

(69)

H,

‘'This value is based on the uniform moment span being restrained by

two slender, lightly loaded adjacent spans. In general the rotation
requirement decreases as the restraint offered to the span under uni-

form moment -increases.. Thus the 'situation studied represents the most

critical case. Any change .in the structural arrangement could only

serve to increase the restraint on the uniform moment portion or to

change -the moment ratio on the span.

It follows then from the -above -discussion that

(1) There are no practical cases in which a hinge forming
.in a region. of uniform moment is required to deliver

rotation capacity.
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(2) Even for "non-practical” cases the rotation requirement
is in the order of one-eighth that which is provided for

by the proposed bracing spacing requirements.(41)

(2) 1Item 2 above is based on results obtained for the uniform
moment region of a three span continuous beam. Driscoll
‘has investigated single story frames as well and even in
this case the maximum required hinge angle is 1.03 ¢PL.
This -value .covers cases of moment gradient as well as

uniform moment,

Thus it appears that it would be satisfactory to permit bracing
spacing which would allow the beam under moment gradient to reach its
full plastic moment value without delivering any appreciable rotation

capacity,

However, before this step .can be taken, its full implications

must be investigated. The more stringent provisions for beams under

uniform moment ‘are -intended to guard against the possibility of yield-

ing along the entire length due to a moment gradient that is less than
but approaches ‘1.0, Currently, it is recommended that the uniform mo-
ment rules apply to those members having a moment gradient 2,0.7.(41)

It is possible that a span having a moment gradient between 0.7 and

‘1.0 might be required to deliver a rotation greater than the 0.5 ¢pL

which is regarded as ‘the limit for beams subjected to uniform moment.

.Four tests have been performed under high moment ratios
(9> 0.7). (27,70)

Table 4.1. It is obvious from the results of Table 4.1 that the beams

The pertinent data for these tests are listed in
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as tested (with elastic adjacent spans) had more than adequate rota-
tion capacity. For their respective materials, the beams were of near

compact proportions.

The results of a series of tests performed on A44l beams sub-
jected ‘to uniform moment are shown in Fig. 4.4, It is presently rec-
ommended that such beams be -limited to L/ry = 28 yet even at L/r_y = 40
a rotation capacity of 2.9 is obtained. This would correspond to a

hinge ‘angle of 1.5.¢PL,-which is greater than that required.

Equation 4.1 could be modified to yield the bracing spacing

required to sustain a more reasonable amount of rotation capacity..If

~a rotation capacity of 3.0 was required, unbraced lengths of 59r_y and

43ry would result for A36 and A44l members. These values :are not con-

-firmed by the ‘results of tests which show that the bracing spacing

must be approximately 45ry and 40ry for the two steels to obtain this

rotation capacity.(29’7l)

This discrepancy between experimental re-
sults and theory for the slender members has been previously notedS26).

If Eq. 4.1 is adjusted to account for this discrepancy the bracing

-spacing .can be obtained by:

= - (4.5)

The bracing spacings Which'would result from the use 0of Eq.
4.5 are ‘listed in Table 4.2 for various cases. This table-also lists
‘the -values of experimentally determined rotation capacities for all

cases where results were -available,
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- Even with the ‘liberalization of the bracing spacing require-

ment, the delivered rotation capacities :are -in excess of those theore-

(67,68,69)

4.2 BEAMS UNDER MOMENT GRADIENT

In contrast to the -vast amount of research performed on beams

-under uniform moment there has been surprisingly little work done on

beams -under moment gradient. The useful results primarily consist of

one -set of experiments on A7 beams and three -tests on A441 steel mem-

bers.(29’70)
The behavior of the beam under moment -gradient differs :from
that of the beam subjected to uniform moment;(zs) A typical M-0 curve

‘taken from a test on a simply supported A441 steel member is shown in

Fig. 4.5.(29) The response of the member is at first elastic, and
when yielding starts ‘the yielded zone is restricted to-a relatively
small area -under the load point. As the member continues to deform
the yielded zone -spreads along the -length of the beam. At the -same
time, the moment rises above Mp due to the presence -of strain-harden-
ing. The process described above continues until the yielded zone
reaches a length sufficient to cause -local buckling. This is shown
as Load No. 19 in Fig. 4.5. The .cross section now is no . longer sym-
metrical and larger lateral movements of the compression flange.can

occur, The applied load drops off gradually.
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For ‘the beam under moment gradient the behavior described

-above is the best that can be expected., For exceptionally long mem-

bers, lateral buckling could occur without prior local buckling. The

-specifications :for bracing spacing in the .case of a beam under moment

41)

gradient are formulated to guard against .such a possibility.

The optimum situation, as :in the .case of the beam under uni-

.form moment, would be to space -the bracing so that local buckling

would occur at ‘the same rotation as would ‘lateral buckling of the un-

braced span. This :approach has been used to formulate the -equation

(72)

for bracing . spacing which follows.,

= = | (4.6)

Equation. 4,6 results ‘in a critical bracing spacing of 65r
for A36 members and_SSry for A441 members. It should be noted: that
neither moment gradient nor effective length appear in Eq. 4.6. .The
neglect of these factors is conservative. 1In order to guard against
'the-possibility of the member yielding along its entire length and
behaving as a beam under uniform moment, the use of Eq. 4.6 is re-

, (41
stricted to those beams having a moment ratio less-than-017.( )

For beams -under moment gradient, the bracing spacings given

by Eq. 4.6 require. that the member deliver the optimum rotation

capacity. No attempt has been made to match the required rotations

-with those delivered,

Any liberalization of the bracing spacing requirements must
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wait until:
(1) Additional computations are -available to determine -the
hinge rotations required for beams under various moment

gradients.

. (2) Tests are performed on slender beams under various mo-
ment gradients and restraint conditions to define experi-
mentally the rotation at which local and lateral buckling

occur simultaneously.
3) The~respohse of the member once unloading begins can be

predicted analytically.

Until the above points have been resolved, the bracing spacing

required by Eq. 4.6 will ensure that local buckling will terminate the

‘rotation capacity. This is the best that can be expected and thus

Eq. 4.6 is recommended for use,

4,3 IN-PLANE BEHAVIOR OF BEAM-COLUMNS

The determination of the in-plane response of beam-columns

has been a prime objective of researchers in the field of plastic de-

sign during the past twenty years.(sz) The moment-curvature-thrust

M-0-P) relationships :for wide-flange sections are difficult to ex-
press in closed form, particularly if the influence of residual stress
is included;(33) By the use of numerical integration it is presently

(64)

possible to predict the ultimate -load of a beam-column. The pro-

cedure uses available M-@-P relationships which account for the residual
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(73)

stress distribution and the gradual yielding of the cross section.

The design procedure for beam-columns assumes that the member

is subjected to either equal end moments, equal and opposite end mo-

(58)

ments, or one end moment only. Curves have been fitted to the re-

sults of the ultimate 'strength computations described above for these

‘three cases, [For a given axial load and slenderness ratio the ultimate

a, 64

A more general graphical procedure -is also available for deter-

(74)

mining the complete response of the member. Charts based on these

(75)

concepts are available for design use, The design charts are based
on the assumption of an elastic-perfectly plastic material having

characteristics typical of A36 steel. .The strain-hardening range .is

.ignored, the yield stress taken.as 36 ksi and the value of the maxi-

mum compressive residual stress, which occurs at the flange -tips, set

at 0.3 ¢ .
y

The design charts are entered for given values of P/Py and
L/rx. The response of the member, as characterized by its complete

end-moment versus end-rotation (M-0) relationship, may be read off the

-appropriate chart. It has been shown that to use the charts for mater-

ials having a yield stress level, cy, other than 36 ksi, the design

charts must -be entered with the actual value of-P/Py on the member but

with an equivalent ‘length (L/rx)eq , given by:(65)
L L o
=) = =3 %-7)
x [ eq. X
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For the -equivalent length as computed by Eq. .4.7 the end moments, in

terms of M/MPC, which correspond to various end rotations of the equi-

valent'column,»Oeq, may be picked off the .charts, The end-moments

may be used directly, however, the rotations of the actual column are

given by:

(4.8)

Beam-columns of A441 steel have been tested and the response

(76) The curve

‘labelled theory in Fig. 4.6 is that obtained‘from the -extrapolation pro-

cedure -for A36 members. It can be -seen that the correlation between

theory and experiment is satisfactory. The -larger differences in the

-unloading portion of the curves .is due primarily to the neglect of un-

loading in the theoretical prediction. This will be discussed in a

‘later section.

The -extrapolation procedure -results in an exact solution (with-
in the limits of the assumptions) provided that the maximum residual
stress -values, cré/cy,vare the same for both materials., It appears,
however, that the residual stress level is independent of the yield

stress for the :structural steels;(zg) On this basis :the response

predicted.by the extrapolation procedure -for higher strength steels

18 «conservative.,

Figure 4.7 shows the response of an A441 beam-column, The

:solid curve ‘represents :the -response predicted. by a direct numerical

(8)

integration procedure, This procedure is able to account for the
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reduced level of residual stress in the -column, -0.17 oy. The column

.is subjected to an axial load of 016-Py.and equal end moments which de-

form the member in a -symmetrical, .single curvature mode. The yield

stress of the material is 50 ksi and the length is 40rx,

The dashed line .in Fig. 4.7 represents the response predicted

‘by theaextrapolation procedure. This procedure -also utilizes the
-properties - listed above but assumes the residual stress level to be

-0r3“0y,‘as would be the case for A36 steel. The -larger residual

stress level implies a larger curvature -at any given end moment value.

The integrated effect of the increase in curvature is to .produce a

‘larger end rotation for . -the given moment, once yielding is initiated

in the member., This causes the extrapolated curve to spread relative

‘to ‘the -true 'response, .in the inelastic range.

These greater deformations are -in turn acted.upon by the

-axial load on the member to produce -additional moments., This in-

fluence 'serves to reduce the maximum applied end moment which the mem-
ber can support. The difference between the maximum moment predicted
by direct integration and that predicted by the extrapolation proce-

dure is approximately 8%. .The extrapolation procedure results 'in a

-conservative estimate of the maximum end moment ‘that can be supported

.by the member and a fairly good approximation to the response curve.,

It seems’reasonable-to'apply>this:procedure»for yield stress levels up

to 50 ksi rather than producing separate -sets of charts.,

‘It should be noted that the procedures for computing the re-

sponse of the member neglect the influence of the unloading of portions
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of the member due to the -unloading of the applied moment, It has been
shown that the neglect of this influence -is conservative but not unduly
_so.(65) Howéver,.if'for a member, P/Py =>1 - Gré/oy’ parts of the
cross section will yield .under the initial application of the -axial .
load and will then unload as the bending moment is applied. This has
been-accounted for by modifying the M-@$-P relationship. Tﬂe design

charts:forvP/Py.> 0.7 have included this effect;(75)

It should bé-emphasized~that'the.response of the beam-column
under- high axial loads (P/Py >1 e_crc/cy) may be .completely different
‘from that under the moderate -axial loads which have been considered
typical;(l6) For the higher axial loads :and the ‘lower slenderness
ratios which are -naturally associated with them, the influence of
strain-hardening should play an important part in the response. In
addition, the role of unloading, both in the M-@-P relationship and
in the beam-column action must be accounted for to.obtain a rational
prediction of the behavior. It is in this range -of low slenderness
and high -axial load -ratios that previous .investigators have stopped;
believing that to go -further would be -impractical. As .a final point
it should be emphasized that test results on these members are virtually

(16)

non-existant,

Although the ‘influences discussed above are significant, the
neglect of these effects is conservative in all cases. .Thus it is
recommended that the procedures used for beam-columns -under moderate

‘axial loads also be wused for those .under the higher axial loads.
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4,4 LIMITATIONS ON THE IN-PLANE BEHAVIOR OF BEAM-COLUMNS

In the previous section the in-plane behavior of beam-columns
was discussed. .- Since design rules are -formulated on the premise that
this behavior will indeed occur, special precautions must be taken to

preclude premature -local or lateral-torsional buckling.

In a plastically designedvstructure, the beam-column must not
only attain the maximum moment predicted on an in-plane basis, but on
further deformation must continue to follow the in-plane response.
For an optimum coﬁdition, the member would deform along the -in-plane

path until a sufficient length had yielded for a local buckle to. form.

.Solutions have been developed which will predict the -end mo-

ment at which lateral torsional buckling will.occur.(77’78)

This
critical end moment is sensitive to variations .in the cross-sectional
properties and as yet the :solutions are not in a form suitable for

design use.(79)

However, it would be -logical in a plastically designed struc-
ture .to brace the beam-column to deliver its optimum rotation capacity.

If this procedure were -followed the -attainment of the maximum end-

moment would be automatically ensured, The solution to this problem

(that of the determination of the rotation capacity of beam-columns)
is possible but due to the tedious nature of the computations involved,

no solutions have been attempted.

It is presently proposed that the rules used for spacing the

bracing of beams be applied to beam-columns. .This results in an
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acéeptable«design rule -although it will be conservative since the extent
of yielding in a beam-column will be -less than that in a properly braced
beam. Since there.is a possibility that the beam-column will yield
under the application of :axial load, it is recommended that the -rules

for a beam under uniform moment be applied if

Je
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even though the beam-column may be subjected to a moment gradient.

The influence of lateral torsional buckling on the response of
a beam-column is shown in Fig. 4,8;(76) The member is wvery similar to
that shown in Fig. 4.6. The only difference between the two is that
the member shown‘in Fig. 4.8 is unbraced. The experimental response
follows that predicted by an in-plane theory up to the critical end
moment., At this point large lateral-torsional deformations were ob-

served and the applied end moment drops off rapidly. The member is

obviously not suitable for a plastically designed structure,

Provided that the .column is properly braced, it is expected
that the in-plane response will be maintained up to the point of local
buckling, For a beam, local buckling is assumed to occur as soon as
‘the strain over a sufficient area of the member has attained the -strain-

hardening strain;(25’26)

This approach will also be wvalid for beam-
columns. An attempt has been made to compute the termination point of

‘the in-plane response by searching for the end rotation at which a strain
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equal to that at the onset of strain-hardening will be attained over
the optimum local buckling length.(so) Since the response of the beam-
column is based on an elastic-perfectly plastic material the method can
give, at best, only a rough approximation to the local strain condition
in the areas which are prone to local buckling. Experiments on beam-

(76)

columns have not confirmed the predicted results. As an example
on A441 column having P/Py =-0,6 and L/rX = 40 will be considered. The
member ‘is a 6WF25 section and was tested recently as part of a sub-

assemblage. The results will be discussed in detail in the following

chapter,

The experimental M-@ curve is given in Fig. 4.9. 1In this
figure the dashed lines represent the theoretical prediction based on
an elastic-plastic stress-strain diagram., The actual stress-strain
curve for the column cross section would include the influence of
strain;hardening. The moment-curvature-thrust relationship, allowing
for the residual stress distribution, and corresponding to the actual
stress-strain diagram has been computed. This has been obtained by
subdividing the cross section into elements and numerically integrat-
ing the forces acting on those elements to give the thrust and moment
corresponding to a given curvature. The inclusion of the influence

of strain-hardening was accomplished by fitting the parabolic curve

used in Chapter 2, to that portion of the ¢ - e curve.

The consideration of strain-hardening does not influence the

in-plane behavior of the .column in the early stages of loading. The

curve of end moment versus end rotation (M-0) is shown in Fig. &4.9.

The strains in the material do not enter the strain-hardening range
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until the end rotation has reached a value of approximately 0.024 ra-
dians. For rotations greater than this, strain-hardening increases
the strength of the member above that predicted.by using the elastic-

plastic ‘assumption.

‘The .use of an M-@-P relationship which includes the influence
of strain-hardening enablés a rational prediction of the onset of flange
buckling to be made. According to the response predicted for an elastic-
perfectly plastic material, :at a rotation of 0,035 radians a strain equal
to that at which strain-hardening occurs, €po would have progressed to
a point approximately 8 inches on either side of the mid-height of the

(80)

column. Since the flange b/t ratio of the column is 14.0 this

should have .caused flange -local buckling. Detailed measurements of the

flange movements during the -test showed a negligible amount of movement

and Fig, 4.10, which shows the column after test, shows no evidence of

‘local buckling.

By considering the actual properties of the material, including
the strain-hardening range, the -answer to theée discrepancies may be
ascertained. This shows :that at a rotation of 0.035 radians an area
approximately 6 inches in length had been fully strain-hardened, less

than -half that required to produce a local buckle.,

Thus at present no suitable method exists to determine the ter-
mination point for in-plane behavior. The analytical tools are ‘available
‘for 'such an investigation as illustrated above. However, with the use of
compact ‘sections -and bracing ruies:as specified for beams, the optimum
capacity will be 'supplied. Since infofmation to the contrary is lacking,

this optimum capacity is assumed to be -adequate.
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‘both strong and weak axis buckling.

.297.19 -101

4.5 AXTALLY LOADED COLUMNS

The problem of compression members subjected to axial load has

(81)

been a major topic of investigation. Recent studies have concen-

trated on determining the influence of the residual stress distribution

on the column strengthu(Bz)

At the present time column strength is specified as that given

by ‘the Euler formula for elastic buckling:

Pcr nz E
7T 2 o (4.10)
y (;:) y

Equation 4.10 should apply up to Pcr/Py = 1.0. However, resi-

dual stresses acting on the .cross :section, cause yielding to occur be-

“low this load, thus reducing the -stiffness of the member.

The Column Research Councily has proposed an equation which is
based on a rational consideration of the residual stfess effect for
(52) From this point of view it is
a compromise but it has been checked against the results of experiments

on rolled shapes :and has proven satisfactory. The equation is given in

a modified form by:

2

- 1.y 1 KL
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In Egs. 4.10 and 4.11, K is the effective length factor which is depen-

dent on the boundary conditions at the -ends of the member.

The column strength is defined over the complete range -of slen-

derness ratios as the lower of the values given by Eqs. 4.10 and 4,11,
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4.6 CONNECTIONS

A complete specification must provide safe guides for the de-
sign of connections as thg-elementS'which link together one or more
members. In a rigidly jointed frame the connections must ensure that
the rotations of ail_members meeting at the joint are compatible
throughout the compiete range of deformation required, The .connection

must have sufficient strength and rigidity to resist the applied forces

‘without contributing excessively to the deformation of the structure.

The following discussion is restricted to square corner and
beam-to-column connections. In this type of connection the basic re-

quirements for proportioning the connection are based on principles of

(82)

equilibrium. However, the requirements dealing with web crippling

l.(83)

Since -the tests used as the basis for these provisions were

‘performed on low carbon steel connections there.is little basis for

extending the results to the low alloy steels,

An extensive program of investigation into the behavior of
low carbon and - low alloy steel_connectibns has been proposed .at Lehigh
University. The completion of specifications for plastic design in
high strength steels will Aave to wait for the results of this inves-

tigation,
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4,7 OTHER CONSIDERATIONS

Another outstanding problem is the -influence -of shear on the

behavior of_members.(l) An investigation has also been proposed in
this area., It is hoped that this will account for the .influence of

strain-hardening on the behavior as the two influences act together,

4,8 SUMMARY

The bases for the specifications relating to the design of
beams -under uniform moment and moment gradient have been described.

These ‘are -in @ form suitable for design use,

The in-plane behavior of beam-columns has been presented. Tools
are ‘available .for the design of these members and together with the de-
sign rules formulated for beams will assure in-plane behavior of these
members, More work remains .to be done in connection with the termina-
tion of in-plane behavior due to local or lateral torsional buckling.
The load-deformation behavior of the beam-column under biaxial bend-

ing situations has not been satisfactorily described.

The specifications relating to axially loaded columns are in -a
form suitable for design use. The main barrier to formulating complete
specifications for low alloy steels is the lack of experimental know-

ledge on the behavior of connections.
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5. BEHAVIOR OF STRUCTURAL SUBASSEMBLAGES

In the preceeding chapters the characteristics of the low alloy
steels have been discussed. It has been shown that the plastic design
of low alloy steel members presents no unusual difficulties provided
that proper allowance is made for the increased .strength and decreased
strain-hardening modulus of the material. Before the -low alloy steels
can be used With.confidence,vhowever, it must be shown that structures
fabricated of these steelsﬂbehave in a satisfactory manner., It is

the purpose of this chapter to present such evidence -and to discuss

the factors involved in the behavior of these structures. It will be

-shown that ‘the behavior of structures :fabricated from the -low .alloy

steels may be predicted by the methods which have been used success-

fully for 'low carbon steel structures.

5.1 STRUCTURAL ACTION

Structural frames can be divided into two groups. The braced
frames :are those in which the relative lateral translation of any two
vertically adjacent beam-to-column joints is negligible. The unbraced
frame is characterized by the additional complexities introduced by
consideration of the relative joint translation. Instead of dealing
with the structure-as a whole, it is convenient to subdivide the struc-
ture ‘into units, or subassemblages, which are analytically simple, yet
retain at least some -of the characteristics .inherent in the .complete

»structure.(86)
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Methods :for the -design of braced frames using the subassemblage

.concept have .been presented and tests have been performed on subassem-

blages of low carbon steel,(87’88) A test has recently been pefformed
on a subassemblage .consisting of a low-alloy beam-column restrained
by low carbon steel beams. This test will be discussed in the -follow-

ing section.

Design methods based on the subassemblage concept have been

proposed for unbraced frames but only one -frame which might be con-

sidered a subassemblage has been tested;(40’89) This test was performed

on a single-story, single-bay, hybrid frame. The beam was of low car-
bon steel while the columns were of low alloy steel. The behavior of

this frame ‘will also be discussed.

5.2 BEHAVIOR OF A BRACED HYBRID SUBASSEMBLAGE

For testing -simplicity the -subassemblage is modified. The re-

‘straining beams are not loaded .and the restraints provided by the

columns ‘above -and below the .column of interest are eliminated;(go)

5.2.1 :Test Subassemblage

The hybrid subassemblage is shown in Fig. 5.1. .In this figure
R represents the reactions at the-pinned ends of the restraining beams.
The column height, measured between the centers of the. restraining beams
is denoted by, h, and the span of the beams L. The force, F, is ap-

plied ‘through a stub beam of length, e.
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The beams were butt welded to the column flanges, forming
rigid joints., A diagonal stiffener was used to reinforce the connec-
tion as shown in Fig. 5.1. The coﬁnection was designed to transfer
the moment, shear and axial thrust and to take into account the -dif-

(82) The moment

ference in strength between the beam and the column.
was applied through a stub beam which was also framed rigidly into

the column, This stub was not a part of the test specimen and re-

mained elastic throughout the test.

The restraining beams were 12B16.5 sections of A36 steel and
had been cold straightened by rotarizing. The ﬁhysical properties
of the beam sections as determined by measurement are shown in Table
5.1. 1In Table 5.1, d, b, t, w are dimensions of the cross section as
shown in the inset and L/d is the span to depth ratio. The value of
the full plastic moment, MP, was computed from the results of ten-

sion tests on specimens taken from the unused portions of the member,

The material properties obtained from these tension tests are
summarized in Table 5.2. This table shows the location of the speci-

men in the cross section and gives values for the static yield stress,

o, the yield strain, ¢ = o /E and the ultimate stress, o..,,. The
y y y ult

value of E has been taken as 29,500 ksi.(36) ‘Table 5.2 also gives
the strain at the onset of strain-hardening, ¢ the strain-harden-

st’

ing modulus, Est’ and the percent elongation at fracture, The measured

residual strain distribution is shown in the inset to Table 5.2,

The cold straightening process has a decided effect on the

material properties as discussed in Chapter 2. This is evidenced



"297.19 -107

first of all by the residual stress distribution which is typical of
that obtained by adding the residual strains due to the rolling pro-
cess to those.caused by cold bending the section about its weak axis,

More important, however, is the effect on material properties. The

‘tests performed on specimens :cut from the flanges exhibited an al-

most bilinear behavior with a very low strain-hardening modulus. The

results on the web specimens are -typical of those on virgin structural

steel,

The beam-column was a 6WF25 section of A441l steel. .The physi-
cal properties of the member are given in Table 5.1. 1In this table,
L/rx»is the strong axis slenderness ratio of the column and MpC is the
plastic moment value reduced to account for the axial load on the
member., The material properties and residual strain distribution
are given in Table 5.2. This :section was straightened by gagging and
the material properties are more typical of those expected for this

type of material,(zg)

5.2.2 -Test Procedure

The procedure -for testing restrained columns has been presented

(90)

previously. Only enough of the method will be given for complete-

ness.

" A photograph of the -subassemblage in the testing machine is
shown in Fig. 5.2. The axial load is applied to the beam-column
through the upper head of the testing machine. In this test the axial

load in the column was held constant at 0.6 Py, where-Py is the yield
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load of the column, (Py}= Acy) The column is supported at the third

points by two sets of articulated braces which allow ‘in-plane movement

but prevent lateral movement,

The horizontal restraining beams are rigidly connected to the
ends of the column and the reactions at the unconnected ends of the
beams are resisted by pins fitting into holes in the braced tower
which can be seen in Fig. 5.2, The beams are braced laterally at the

third points by knife edge arrangements.

From Fig. 5.1 it can be seen that the axial force in the .column
is made .up of the direct force applied by the testing machine, P, the
jack force, F, and the beam reaction, R. To simulate the 'situation
existing in the lower stories of a multi-story frame the test was per-
formed with the axial load held constant. Thus at each increment of
load or deformation the direct force, P, was adjusted so that the total

axial force in the column remained at 0.6 Py.

Once the -axial load has been applied, the beam-to-column joints
are rotated by applying the jack force to the stub beams. The column
is forced into a symmetrical, single curvature mode of deformation.,

In the early stages of loading this .joint rotation is accompanied by
an increase in applied moment; -after unloading of the subassemblage

begins an increase in joint rotation is .accompanied by a decrease in
the -applied moment. In the test, the subassemblage was deformed well

into the unloading range.

At each increment of rotation the direct axial load was re-

corded from the .console of the hydraulic testing machine. .The jack
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load was computed from the oil pressure readings in the line and

checked by strain measurements on the dynamometer. The dynamometer

can be seen in Fig, 5.2 and is connected in series with the jack.

The applied end moment is then the product of the jack load and the

stub beam length (shown as 30 inches in Fig. 5.1). Strain readings
were recorded during the test at ‘the beam third points. These -strains
were in the -elastic range throughout the test and could be used to
compute the reactions at the pinned end of the beams and the portion

of the applied moment which was resisted by the restraining beams.

At each increment of load or joint rotation the joint rota-
tions were measured by level bars. In addition the overall contrac-
tion of the column was measured as well as the mid-span deflection of
the restraining beams. The column was instrumented with SR-4 Type A

strain gages at points adjacent to the beam-to-column connections.

These locations remained elastic during the test and the strain read-

ings in addition to the knowledge of axial load and joint rotation
could be used to compute the portion of the applied moment which was
resisted by the column. The mid-height column deflection in the plane
of the applied moments Qas measured as well as the out-of-plane -deflec-
tions at this point., To check for the occurrence of local buckling

in the column, the flange deformations were observed at three -loca-

tions in the mid-height vicinity.

Since -the subassemblage is a rigid frame it may suffer initial

(90)

moments due to the erection procedure, In particular, the pinned
ends of the restraining beam may not be the required distance apart,

Forcing the frame into the testing apparatus may induce moments in the
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subassemblage which are 'significant. The erection stresses were .com-
puted from strain measurements and found to be negligible (less than

1 peréent of the .capacity of the members).

The moments developed during the initial application of the

axial load were -also computed and found to be negligible (for example

-less ‘than 2 percent of the column capacity).

5.2.3 Test Results

The test can best be described with reference to the moment

rotation curve of Fig..5.3. .In Fig. 5.3 and other curves which present

the -results of this test the numbers :adjacent to the curve represent
stages at which data was taken during the test. Load numbers 1 through
7 refer to the stages used to apply the initial axial load. The

(75)

The moments

plotted as the open points represent the total applied moment as deter-

mined from the -jack load. Compatibility at the joints ensures that the

-end rotation of the restraining beam is equal to that of the .column.

The applied moment is resisted partly by the column and partly by the

beam. Equilibrium requires that the applied moment be equal to the -sum
of the end resisting moments developed in the beam and column. Thus
at any value of the joint rotation @, the -applied moment -is equal to

the 'sum of the column resisting moment plus the beam resisting moment

‘at that same -value of rotation 8. The moments plotted as the closed

points :in Fig. 5.3 represent the total resisting moment of the 'sub-

assemblage -as computed from the measured strains in the beams and
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column. The applied and resisting moments balance within 4 percent.
The rotations plotted are the average of those measured at the top and

bottom joints; the resisting moments are -also averaged values., The

-agreement between the two is remarkably good. The solid line represent-

ing the experimental response -is drawn as an average of the two.

In Fig. 5.4 the experimental M-0 curve for the beam is given by
the ‘solid lines joining the test points while the prediction as obtain-
ed from an elastic-plastic analysis is given by the dashed lines. For
‘load pumbers:23 to 26 the influence of strain-hardening increases the
beam strength above that predicted on the basis of an elastic-perfectly
plastic stress-strain relationship., Local buckling of the compression
flange of the beams was observed visually and occurred between load

numbers ‘22 and-23, The beams exhibited more than adequate post local

‘buckling strength as the resisting moment increased beyond this point.

The moment plotted in Fig. 5.4 is the end moment ‘at the inter-

section of the beam and column centerlines., The connection at this

point has sufficient strength to force the beam to hinge at a point

away from the connection, in this case 9 inches from the face of the

column, Previous studies have shown that the connection constrains

the adjacent regions of the framing members 'so that they behave elas-

(16,40,88)

tically at 'stresses above the nominal yield point. In pre-

vious tests on subassemblages of A36 steel the beam hinges formed at

locations d removed from the face of the column (d is the depth of the

beam), .Thus the -positions of the beam hinges were partially anticipated.

In the elastic-plastic prediction shown by the dashed line in

Fig. 5.4 this shift of hinge (12 inches from center of joint) has been
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accounted for. After the hinge.forms the member is assumed to rotate
with no increase in moment, Actually the strain-hardening character-
istics of the beam force the moment at the center of the -joint to in-
créase as the yielded length spreads .along the beam. The average ma-

terial properties for the flange as given in Table 2 are .e . = 13 ey,

t
Est = E/83. 1If the section is assumed to have a shape factor of unity
the -end moment and the end rotation can be computed from the resulting
bending moment and curvature distributions including the influence -of

(25)

strain-hardening. The resulting curve -is plotted in Fig. 5.4 as

the broken line.,

The unloading of a beam under moment gradient is precipitated
by local buckling. For a compact section local buckling will occur

when a sufficient length has yielded to allow the plate to buckle

‘locally at the minimum stress, This optimum length is 9.6 in. and

thus ‘local buckling should occur at a rotation of 0.024 radians, as
shown by the dashed arrow in Fig. 5.4.. .This assumes-that'the-section
meets the definition of a compact section as wused by Lay.(25)

Since -the beam section has been straightened by rotarizing,
the material properties have been altered. A method of .accounting for
this is to use an effective modulus for the flange to -account for the
reduction in stiffness. It has been shown that the modulus may be re-
duced by approximately one-third for a typical straightening process,
The current limitations for plastically designed structures limit the
b/t value to 17 on the basis of Es = 900 ksi. Assuming a reduced

t

value of ES = 600 ksi, the .compact section limit would be 13.9, The

t

-section used had a b/t = 14.4 which is very close to the limit., Local
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buckling was observed at a rotation of .approximately 0.020 radians as

shown by the full arrow in Fig. 5.4.

Local buckling is assumed to limit the rotation capacity of
the member. However, it can be -seen from the plot in Fig. 5.4 that
the -strength of the member continues to rise even after local buckling.
The beam was braced at the third points so that the -slenderness ratio,
L/ry, between braces was approximately 19, According to Lay, this
bracing spacing is sufficiently close to delay the onset of lateral

)

buckling until further deformation has occurred.(25 Thus even though
the -section is weakened by local buckling, it can still accept an in-
creased load. At the end of the test the yielded length was almost
double -that at the onset of local buckling, yet the beam showed no

signs of unloading.

It appears that beams which are .continuously braced along the

‘length of the compression flange will have a larger rotation capacity

than those which are not., Research is needed to determine the be-
havior of closely braced beams under moment gradient -before this fac-

tor -can be taken into account for design purposes.,

The M-0 curve for the column .is shown in Fig. 5.5. .In this

figure the dashed line showing the predicted response has been ob-

tained by direct numerical integration rather than by the extrapola-
tion procedure outlined in Chapter 4.(8) In this manner the measured
cross section dimensioﬁs, residual stress distribution, and yield
strength presented in Table 5.2, were accounted for. The numerical

procedure uses :as input the elastic-plastic moment-curvature-thrust
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relationship. This neglects the influences of strain-hardening and
unloading and accounts .for the somewhat conservative prediction of the
‘strength in the unloading range. In general, the .theory adequately
predicts the response. The beam-column of the subassemblage is the
one used as an example in Chapter 4, thus the remarks concerning local
buckling and strain-hardening also apply to the behavior of the member

as part of a subassemblage.,

The 'subassemblage connection after testing is shown in Fig. 5.6.

.The -local buckle in the compression flange of the beam can be -seen in

this figure, and also the rather large extent of the yielded section
of the restraining beam. Note that there is no evidence of yielding

in the connection itself.

During the -test the out-of-plane deformations of the column
were negligible., Near the central portion of the.column the tension
flange was entirely elastic while the compression flange and the major

portion of the web exhibited considerable yielding. At the end of the

-test there were no.visual signs of local buckling in this area. These

observations are born out by the measurements of the local flange
movements which show little change throughout the test, This behavior
is to be expected from a consideration of the influence of strain-

hardening on the response -as shown in Chapter 4,

5.2.4 Summary of Test

Figure -5.3 compares the experimental results obtained from the
test with those predicted by the theory. The experimental curves are

shown by the full lines, the theoretical curves by the dashed lines,
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The response .for the beam has been idealized as elastic-strain-
hardening, using the measured material properties. The influence of

the -shift in location of the hinge has been accounted for,

The respoﬁseaof the beam-column has been computed from the
elastic-plastic M-@-P relationship using a direct integration proce-
dure. The -influence of the measured residual strains was included,
however, the effects of strain-hardening and unloading were not in-

cluded.,

It is concluded from this test that the behavior of a properly
designed subassemblage ‘which contains low alloy steel members may be
predicted by methods which have been previously tested on subassem-

blages of low carbon steels. The beam-column in the -subassemblages

cconsidered exhibited the expected strength and deformation capacities.

5.2.,5 Previous Subassemblage Tests

Table 5.3 summarizes previous tests performed on subassemblages

of A36 material, .In these -tests the purpose was to investigate re-

strained columns having relatively high slenderness ratios and low

axial load ratios. This was due to the then current interest in the

(L

plastic design of low rigid frames. In Table 5.3, G is the rela-

tive beam-to-column stiffness (G = Ibh/I.L while O represents the
c

‘end rotation at which the various events occur. Of the tests performed,

only RC-6 with a slenderness ratio of 29,9 and an axial load ratio of
0.84 could be called representative of the situation which exists in a

multi-story frame. The axial load ratios range from 0.40 to 0.60 with
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the above -noted exception of RC-6.

There exists a need for tests at slenderness ratios of 20, 25,
30, 35, and 40 with axial load ratios of from 0.75 to 0.95. It is in
this range that considerable elastic unloading of previously yielded
regions would occur on the application of the bending moment. This
has only recently been taken into account theoretically and experi-

(75)

mental verification is necessary. In addition, slenderness ratios
of 20 to 40 lie within the range in which the strain-hardening charac-
teristics of the beam-column material would play a more significant

role. As these properties are not normally considered, it would be

valuable to examine this range experimentally.

In the design methods presently proposed it is required that
the beam reach its full plastic moment and rotate at or above this
. : - (87)
value while the column continues to accept additional moment.
Tests SC-8 and RC-10 are the only ones in which this condition is
fulfilled. Future tests should take into consideration practical

G values for subassemblages to attempt to cover the case in which

the beam hinges before the column attains its peak moment.

In summary, although the present theory adequately predicts
the behavior of subassemblages of A36 steel and hybrid subassemblages,
the tests performed cover only those axial load values, restraint
conditions and slenderness ratios that are typical of low building
frames. Although the present theory results in a conservative pre-
diction, more tests are needed to cover those cases of more practical

interest for braced multi-story frames.
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5.3 BEHAVIOR OF AN UNBRACED HYBRID SUBASSEMBLAGE

Recently a design method for unbraced frames has been developed

which is also based on the subassemblage concept.(89)

The design sub-
assemblage is shown in Fig. 5.7 and is obtained by passing two horizon-
tal cuts through the building at the mid-height of two adjacent columns.
The subassemblage then consists of the girder plus the half-lengths of
the columns framing into it, as shown in Fig. 5.7. Since the cuts are
assumed to pass through points of inflection, the axial loads and shears
shown are the only forces acting on the subassemblage. In the design
process the design subassemblage is broken into windward, interior and
leeward sway subassemblages as shown in Fig. 5.8(a), (b), (¢), and (d),
each sway subassemblage consisting of a half-length of the column, re-
strained by one or more girders and subjected to the moments, shears
and axial forces shown. The response of each subassemblage may be de-
termined and the total response of the story determined by summing . the

.(86,89)

individual responses,

Possibly because of its recent emergence as a design possi-
bility, no tests have been performed on such structural steel sway
subassemblages. 1In fact, no full size tests have been performed on

frames under any appreciable axial load until very recently.(ao’gl)

The hybrid portal frame test reported in Ref. 40 could be
classified as a subassemblage. The test will be discussed in detail
in a separate report., Only a brief description of the procedure will

be given herein, along with additional background information.
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The frame is shown . in Fig. 5.9. .The columns were 5WF18.5 sec-
tions of A441 steel, rigidly connected to a 10I25.4 beam of A36 mater-
ial. The behavior of the hybrid frame will be compared with a theory
which has been used to predict the behavior of low carbon steel struc-
tures, The pertinent dimensions of the frame are shown in Fig. 5.9.

The bases of the columns were -essentially fixed.

The frame was subjected to vertical loads, W, of 20 kips, ap-
plied approximately at the .quarter points of the beam, and column top
loads of 60 kips. The vertical loads were -applied at the start of the
test and were held constant during the test. The axial load in each
column was initially 0.26 Py' This simulates the loading in a story
of a large frame ‘subjected to vertical loads due to the dead and live

load on the frame and then to the action of wind. The vertical loads

‘were -applied through gravity load simulators, which offered no re-

straint to the sway of the frame. The;vertical loading system may be
seen in Fig. 5.10. The test frame is marked A, the simulator B, The
simulators deliver the load fhrough tension jacks, C, attached to
spreader beams, G. The reactions from the simulators are taken by

the base beams, F, which are bolted to the structural floor.

The .center spreader beam, G, is .attached by short lugs to the
test :frame, A, and delivers the quarter point loads. The outside
spreader beams, G, are attached to the vertical lugs, D, which run
to arms rigidly connecfed to a horizontal loading beam, E. This load-
ing beam reacts through pedestals over each column top and thus de-

livers the vertical column top loads.



‘plates as well as the strengthening influence of the connections.

-above ‘that expected on an elastic-plastic basis.
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The test was performed by deforming the frame in a sidesway
mode by the application of a horizontal force, H, at the mid-depth of
the beam as shown in Fig. 5.9. The response of the frame as charac-
terized by the relationship between the horizontal force, H, and the
sway deformation, A, is of interest. During .this response the verti-

cal loads are held constant,.

The response of the frame has been predicted by a second order

elastic-plastic analysis.(go)

The analysis is simply an elastic analy-
sis, which considers the secondary moments due to the axial loads, and
is performed between points of hinge formation. The load-deformation
response .is shown in Fig., 5.11. This analysis predicts a peak horizon-
tal load of 16.9 kips at a deflection of 2.8 inches. At this point,
plastic hinges have formed at the top and bottom of the leeward column,

at ‘the base of the windward column and under the windward beam load.

The prediction makes allowances for the imperfect fixity of the base

(40)

.After the four hinges have formed, the elastic-plastic analy-
sis would predict that the frame behaves as a mechanism as :shown by

the -rigid plastic line 'shown in Fig. 5.11.

It has been observed in previous tests of simple frames that

strain-hardening will effectively increase the -strength of the frame

(4,92,93) Other

“authors have -attempted to account for this influence but their efforts

have been directed towards finding the increase in the load required

to form a mechanism usually by an analysis which considers compatibi-

(4,94)

lity in the frame. Thus the method is tedious.
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In the subassemblage concept of design for unbraced frames the
post-mechanism response is important as this region for one subassem-
blage may coincide with a loading region of an adjacent subassemblage

(89)

and thus contribute to the maximum story strength. For this rea-

son, the inclusion of the influence of strain-hardening on the response

-of the subassemblage should be investigated.

The influence of strain-hardening will be .illustrated with
reference to the simple cantilever beam of Fig..5.12(a). Under a
load, P, the bending moment distribution is shown in Fig. 5.12(b) and
the corfesponding curvature distribution in Fig. 5.12(c). The load P
is greater than that producing Mp.at the support. At this load, the
cantilever does not deform indefinitely, as predicted by the elastic-
plastic theory, but continues to deform at an ever-increasing load,
due to the spread of the fully-yielded zone along the member. This
process continues -until the yielded length is sufficient to cause

‘local flange buckling.

The hinge angle corresponding to any yielded length, TL, is
approximately equal to the area under the curvature diagram over the
yielded length, TL, minus the -elastic rotation over this ‘length. This
is shown as the shaded area in Fig. 5.12(c). As discussed in Chapter
‘3, the hinge -angle .can be approximated with a fair degree of accuracy
(for the structural steels) by the shaded rectangle shown in Fig.
5.12(d). Thus for any assumed yielded length, TL, the inelastic joint

rotation, QH’ is given by:

OH = ¢St.TL (5.1
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the moment at ‘the support is, MPL/(LeTL) and the load, P, is given by:

M .
p=—FB : (5.2)

L - 1L
Thus the load deformation response of the cantilever may be

constructed,

In a statically indeterminate structure :the response is not as
easily obtained. However, in Chapter 2, the propped cantilever shown
in Fig. 2.9 has been analyzed and will be used for the purposes of
discussion., The relationship between the load and the bending moments
at the support and under the load point are shown in Fig. 5.13. At
P = 0.89 Pp’ the moment at the fixed support is equal to Mb. At

P

1.01 Pp the moment at the load point reaches Mp. Thus the in-
crease in the load causing a mechanism to form is approximately 1 per-
cent due to strain-hardening. In most portal frames this small in-
crease would seem to.be~expecﬁed, although in special types of struc-

(49)

tures a larger increase is possible.

The reason for the very small increase in the mechanism load
can be seen in Fig. 5.13. For 0.89 P, $P 1.0l P the moment at the
support is increased above that predicted by the elastic-plastic ‘theory

due to the presence of strain-hardening. On the other hand, due to the

‘redistribution of stiffness in the structure, the moment at the load

point drops below that predicted by the elastic-plastic theory. In

Fig. 5.13 the dashed lines represent the response predicted by the

-elastic-plastic theory.
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Since the applied load is determined from the equation. of equi-
librium involving the two moments, the overall response :0of the structure
does not differ appreciably from that predicted by the elastic-plastic
analysis, up to the point of mechanism formation. The ‘load-deflection
relationship is shown in Fig. 5.14. Up to the point of mechanism forma-
tion the difference between the elastic-plastic curve -and that predicted
by a more exact analysis is negligible. Thus it appears to be reason-
able to neglect the increase in load caused by strain-hardening before
the mechanism -and use the state of the frame at the formation of the

mechanism for the starting point of the :strain-hardening analysis.

For the hybrid frame considered, the loading scheme and failure
mechanism are-shown in Fig., 5.15. According to the rigid plastic
assumption, the rotations at each of the hinges -are shown in Fig, 5.15
for an assumed post-mechanism swéy angle, 53 . Thus for a given in-
crement ‘in sway angle, éf , the inelastic hinge angles required to

maintain the mechanism motion may be computed.

For a given increment in hinge angle the yielded length at the
hinge may be .computed using Eq. 5.1 and the increased moment at each
hinge is then computed from the geometry of the bending moment diagram
as shown in Fig. 5.12(b). 1In this case the length of the -equivalent
simple cantilever will be the distance from the hinge to the point of
()

zero bending moment. The applied force is then computed from the

equations of equilibrium for the deformed shape of the frame.

The response predicted by this process is shown as -the -dashed

line in Fig. 5.11, The differenée between the response including
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strain-hardening and the rigid plastic response is significant.

The experimental response of the frame is compared with that
predicted by including the influence of strain-hardening in Fig. 5.16.
The -agreement is excellent. The wvalidity of the assumptions made in

the -analysis :is illustrated with reference -to the plot of Fig. .5.17.

.This :figure -shows the variation in the moment at point :C, in the

.column, as the applied horizontal load, H, varies. The agreement

between measured and predicted responses is excellent. It should be
noted that the agreement .at other hinge locations was not always this
good but that the maximum moment, and the shape of the response curve

agreed remarkably well with those predicted.(40)

It is concluded from this test that the behavior of sway sub-
assemblages of low:alloy or low carbon steel can be predicted with
confidence provided the pertinent factors iﬁvolved are.considered. It
is noted that those factors would be important in subassemblages of
low carbon or low alloy structural steels., 1In particular the plastic
hinges form in the low alloy columns were forced to undergo large in-
elastic rotations. These hinges behaved as predicted by consideration

of the in-plane-theory.

5.4 FRAME BUCKLING

The problem of instability under vertical loading has not -been
discussed. At present, research is underway at Lehigh University to

investigate the influence of this :factor. When completed, the results
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will be -applicable to the structural steels considered herein,

5.5 SUMMARY

The results of two tests have been presented in this .chapter,
The subassemblages tested each contained a beam-column of 1ow alloy
steel restrained by low carbon steel beams., The results of tests on
sway and non-sway subaésemblageé were predicted using an analysis
which had been previously tested on subassemblages of low carbon steel.
Since the subassemblages are considered to be representative portions
of full scale frames, it is concluded that the behavior of such frames,

either of low carbon or ‘low alloy steel, can be-adequately predicted.
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6. . SUMMARY AND CONCLUSIONS

The purpose of this dissertation is to summarize the present
state of knowledge for plastic design of low alloy steels and to point
out the additional research necessary before these steels can be used

with confidence,

Provided the materiai has an adequate strain-hardening modulus,
it was found that the behavior would be satisfactory and moment re-
distribution could take place in an indeterminate structure. The in-
fluence of the length of the inelastic plateau was found to be réla-
tively minor. It was concluded that the structural steels considered
had material characteristics that would facilitate the redistribution

of moments in an indeterminate ‘structure.

It was shown that the rotary straightening process can reduce
the effective stiffness of the flange in the stréin-hardening range,
The recent test results on rotarized sections were explained by con-
sidering the effects of this process. It was concluded that more re-
search needs to be performed both to obtain statistical information
on .the process itself and to document its influence on structural be-
havior before definite recommendations can be made. This applies to

both low carbon and low alloy steels.

The effect of the web restraint was used to delineate the dif-
ferences in local buckling action of the cross section under various:
loading conditions., The contribution of the web restraint to the

strength of the»flange plate.is small, It was concluded that the
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presently used solutions for the buckling of the web plate under uni-
form strain are conservative and could probably be liberalized by con-
sidering the post buckling strength of the web plate. A test series

is proposed to investigate this problem.

The present solution for the web plate subjected to a strain
gradient ‘was :found to have -little rational basis. A second test series
is proposed to investigate the -influence -of web slenderness on rotation
capacity. The test arrangement used for these series will be unique -in
that the cross section will be 'subjected to an axial load and applied
moment in such ‘a manner that the progression of the yielded zone will
proceed in the same manner as .in an actual beam-column. Thus the 'web
buckling capacity can be related directly to the-roﬁation capacity of

the member.

‘é_method is presented which relates the local buckling strength
of the flange fa‘thé rofétibnvéapécity féaﬁffed'bf the member. By con-
sidering this factor, present flange width to thickness limitations
could be ‘liberalized in certain situations. The method looks parti-

cularly attractive -for low alloy columns used in multi-story frames.

The presently proposed design rules for -beams under uniform
moment and mément gradient were found to be-satisféctory. The -design
of beam-columns is also on sound footing, The problems of local buck-
ling and .lateral torsional buckling of beam-columns require more re-
search effort as.does the problem of biaxial bending. The design of
corner connections -can be accomplished by modifying the presently used

procedures to account for the differing steel strengths that might be
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used., .Connections subjected to axial load in .addition to bending mo-
ment require further research effort. The problems of shear and web

crippling require- large -scale investigations.

It ‘is :concluded that the behavior of the braced subassemblage

-containing either low carbon or high alloy steel members may be de-

rived from a knowledge of the -response of the component members. The
principles of equilibrium and compatibility are used to link the re-
sponses of the various members of the subassemblage. The agreement

with the predicted response is excellent.

The behavior of the unbraced hybrid subassemblage has been pre-

dicted .by the use of a second order elastic plastic analysis. The

-analysis -accounts for the presence of axial load in the frame, both

with respect to the reduction in the flexural capacity of the columns
and with respect to the secondary moments produced in the structure.
The ‘analysis also accounts for ‘the -increased strength in the area of

the -structural connections,

The -influence of strain-hardening has been included in the
response of the subassemblage by a simple yet rational method.  The
background for the method is presented, and a brief comparison of

theory with the experimentally obtained response-.is included.

It is concluded that plastic design of structures fabricated
from low alloy steels having yield stress levels up to 50 ksi is
feasible -and presents no unusual difficulties. The problems connected
with the plastic design of such structures have not been completely

solved. However, the problems which are still outstanding are those
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which have not been solved completely for the -low carbon steels, even

after extensive.use, This list would include web buckling, biaxial

bending, design of connections, web crippling, shear and frame buck-
ling. 1In all of these areas major research efforts are in progress

or ‘are proposed,

At present (1966) it appears feasible to use low alloy steel

members in .low rigid frame -structures -as covered by the present speci-
(58)

fications, Before these members can be used the restrictions relat-

ing to those problems mentioned above must be adjusted in a conservative

manner. For multi-story building frames, the low alloy steel members

exhibit -behavior which can be predicted with the -same confidence as

‘that of corresponding low carbon steel members, Thus the use of the

higher ‘strength steel should involve no unusual difficulties,
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Test No.

13

14

TABLE 2.1

PROPERTIES OF MASSONNET 'S TEST BEAMS

2.0

2.0

2.0

2.0

o ksi
y
.39.8
29.8
64 .4

64.4
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Z(in.3)
-2.58
2,58
~2.52
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TABIE 2,2 MATERIAL CONDITION AT SIMPLE PLASTIC THEORY LOAD
Cst E M Cnax v 1 1 ) % L
E M d L/d L L
GY st p €y ’ ey (L/d) ¢P
Elastic- ) :
Plastic 1.000 -- 0.1240 0.0416 0
1.0 45 1,062 3.80 0.1172 0.0221 0.0154
1.0 450 1,025 12,06 | 0.1220 0.0338 0.0061
12.0 45 » 1,013 12,60 0.1232 0.0372 0.0033
12.0 450 .1.011 17.03 ' 0.1240 0.0376 0.0028
20.0 45 1,008 20.36 0.1236 . 0.0375 0.0020
-20.0 450 .1.007 23.35. 0.1236 0.0377 0.0019

T1€1-
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Test No.
WB-1
WB-2
WB-3

WB-4

b/t
14,0

14.0

14,0

14,0

‘TABIE 3.1

Material A44l

WEB___ BUCKLING _ PROGRAM

P/P

/ Y
0.40
0.70
0.80

0.90

-132

d/w
60
60
60

60
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Test

No.

LB6 0.706
1LB7 0.912
LB8 0.980
HT-38 0.800

H'L—'

38.5

28.8

28.8

45.0

TABLE 4.1

BEAMS UNDER HIGH MOMENT GRADIENT

t]o

16.9
16.9
16.9

13.4

Section Material
1OWF21 A7 (38)
10WF21 A7 (38)
10WF21 A7 (38)
‘10WF25 A441 (52 ksi)

-133

8.9

10.4

12,2
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TABLE 4.2
BRACING SPACING REQUIREMENTS
Material Effective . L

Length Factor ry (Eq. 4.5)

A36 0.54 44

0.80 30

A441 0.54 .32

0.80 22

-134

Rotation Capacity
From Experiment

6.5 (L/r, = 45)
4,5 (L/ry = 30)
5.7 (L/ry'= 35)

No Test Available
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C———1
' w
d
|1 ' ‘
b d t w by, d by Ly, [ Mp | Mpe
Section ! w Tx d
IN. IN IN. IN - — IN-K | IN-K
12B16.5 | 4.02 | 12.04 }0.280 |0.240 | 14.4 | 50.2 - 7.5 786 -
6 W 25 | 6.12 6.25|0.438 {0,300 | 14.0 | 20.8 | 45.4 - - 420

Table 5.1 Member Properties
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€ € E o, Elong. A
Section |Specimen No. % y st st ult ¢ Residual Stresses
KSH KSI KS| % KSI
12
35.9 | .oo12| .02t | 425 | s9.6 | 30 f?{}
35.8 | .0012| .017 | 228 * | 26 +/
38.7 | .o013| .031 | 365 | 60.3 | 31
0
: 39.5 | .0013| .030 | 358 | s59.9 | 29
L _ 2.
o 36.0 | .o012| .012 | 424 | 60.1 | 30
o
= 35.9 | .oo12{ .012 | 385 | se.1 | 30
A
2
;Q;
3 13
4
6
50.5 | .0017( .016 | 655 { 76.5 | 22
6
50,3 | .0017| 017 | 576 | 76.4 | 24 I W |
) 48.8 | .0017| .016 | 644 | 75,9 | 24
o +|10
L 48.8 | .0017| .016 | 629 75.4 | 22
[{+]
50,1 | .0017] 017 | 635 | 76.6 | 23
L7 =,
50.0 | L0017 .017 | 638 | 75.2 | 24
*Not recorded

Table 5.2

Material Properties

-136
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Test
No.

RC-1
RC-2
RC-3
RC-4
RC-5
RC-6
RC-7
RC-10%

5C-8 -

ﬁlD"

59.4
59.4
59.5
40,0
39.9
29.9
59.7
60.5

45.4

o

37.0

27.8

18.5
36.9
27.5
27.5
27.6
18.5

7.5

*Column not braced,

TABLE 5.3

SUBASSEMBLAGE _ TESTS

G P 0 At
P Column

Y Peak

4,13 .50 - .014

3.10 .40 .023

2,11 42 .020

5.87 .57 .014

4.47 .56 .012

5.97 .84 .006

2,80 .40 .010

2,11 43 .022

0.34 .60 .014

0 At
Beam
Hinge

.040
.038
.021
.038
.030
.030
.022
.020

.010

-137

0 At
Column
Local
Buckle
.054
.052
.040
.032
.040
.032
042

.036
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8. -APPENDIX A - EFFECT OF LARGE STRAINS

It has been suggested that the criterion for applying plastic
design procedures to a material should be the materials susceptibility

(21)

to fracture, For the structural steels, however, fracture of a
flexural member has never been observed under normal conditions. The
mode of failure for a braced member-has always been that of local
buckling. It appears :that :a proper criterion for the -application of
plastic design procedures is the resistance of the material to local

buckling.(zz)

To support this point of view, consider the member segment of
length, L, shown .in Fig. A.l1(a). It is subjected to a bending moment
distribution which varies from-Mo at the left end tof)M0 at the right.

In this figure 5) is the moment ratio and is positive as shown, is

-chosen .so that 1.0 Zf 2 - 1,0. The maximum moment M0 is assumed to

be greater than MP over a yielded length, TL, The corresponding curva-

‘ture distribution is shown in Fig, A,1(b).for the curve typical of

the structural steels, 1In the.usual structural situation the yielded
length is bounded on one -side by a load or reaction point and on the
other by a stiff elastic portion, thus the local flange buckle must

take the shape -shown in Fig. A.l(c).

If the moment, Mo’ is increased to the point where fracture

occurs the value of the maximum stress, Oys is given by:

o, = O + E €

Ty st (eult B st) 8.1
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In this analysis the value of ES -has been assumed constant up to the

t
fracture strain and a shape factor of unity assumed for the cross

section,

The curvature distribution which would result from -a more exact
analysis would not appreciably change the results obtained. Instead
of a distribution bounded by linear segments, smooth transition curves

would join the distribution over the yielded portions to that over the

-elastic parts of the member.

At fracture the yielded length can be computed as:

L (ey1e ™ -€st)

S SN O
E ult st
st

TL

(8.2)

Lay has developed an expression for the local buckling strength
of a flange which has a yielded length equal -to the optimum.(27) This
yielded length can be related to the material properties and cross

sectional dimensions by:

A 4\
TL = 2m Sto3ee (W > (8.3)
,/" G f
-8t
where
A =w(d - 2t) (8.4)
Af = bt : (8.5)
- 26
Gy = (8.6)

E
4 (1 +u) E

1+
t
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Gst-is the torsional rigidity in the inelastic range- and has

been developed from a consideration of the yielding process for struc-

tural metals.( 7 G is the elastic torsional rigidity and u.is Poisson's
ratio. In the above expressions d is the cross section.depth, b and t

are the flange width and thickness and w is the web thickness.

The flange width to thickness ratio necessary to prevent local

bucklihg,ﬁntil the optimum length has yielded is given by:

2. : - {

b)’ 1 L[z
(t) - c +E -(e e ) FGst”+ 213 Est Gst 5£ W 2 (8.7)
o ult st A\t

y st

Solvings-Eqs. 8.2 and 8.3 for (w/t)2 and substituting

_this result and Eq. 8.6 into 8,7 the result becomes:

2
- 1 + L b
) - s +E e ) {'_‘L‘Gst"" 96 " Est kL)
oy : '

st (eult st

-U
2<ﬁ +'€u1t - ey > (1 —5),)

(eult B ey)

(8.8)

. Equation 8.8 gives the b/t ratio at which local buckling of the
compression flange occurs simultaneously with the- occurence of the
fracture strain in the tension,flénge.- For b/t ratios above this
val ue, local buckling will occur before the tension flange fractures,
while if b/t is less than. that given by Eq..8.8 fracture will occur be-

fore local buckling.
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The most severe condition with respect to fracture is ‘when
57 = -1.0. For this case -and for practical ratios of b/L, the limit-

ing value of b/t is about 9 for the-structural steels of the low car-

bon and low alloy groups. .Thus, even under these assumptions, for the

majority of the wide flange shapes in present use member ductility is
limited not by fracture but by local buckling and it .is on this problem

that effort should be‘concentrated.(sg)

It should be remembered that in the analysis aboveESt has been

assumed constant 'up ‘to fracture, For the structural steels Est.is

‘not constant but increases from its initial value at the onset of

strain-hardening to zero at the ultimate stress, It is not possible

‘to draw ‘any definite conclusions as to the -effect of this variation

on -the failure mode, It should be noted that fracture under static

loading conditions and normal temperature has never been observed for

(16)

structural steel members,
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9. .SYMBOLS

Area

Flange -area

Web area

Plate stiffness coefficients - direct stiffness

Plate -stiffness coefficients - cross stiffness

‘Modulus of elasticity

Strain-hardening ‘modulus

Shear modulus
Sfrain-hardeningvshear-modulus’
Moment of inertia

Warping moment of inertia
Effective-length

St. Venant's torsion constant
Length

Moment

Maximum -moment ‘in span

‘Plastic -moment

Plastic moment reduced for axial load
Axial load

Yield load (AG&)

Rotation capacity

Load

Plastic -modulus
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R

rc

TL

¢pc

Breadth of section

Depth of section

Ratio of strain at ultimate stress to yield strain

Web spring constant

Number of half-wave lengths

- 144

Radius of gyration about strong and weak axes, respectively

Flange thickness
Lateral movement
In-plane .movement

Web thickness

Proportionality constant
Axial deformation
Strain

Strain-hardening strain
Yield strain

Moment ratio

Stress

Yield stress

Maximum compressive -residual stress

Yielded 1length

Curvature

Curvature corresponding to attainment of M
ideally elastic material P

Rotation

Inelastic hinge rotation

o’ assuming
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