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J RAME INSTABILITY BY GNERGY METHO
S . by _ |
_ Y. C. Yen
1. ASSUMPTIONS
. a) The structure is congervative. Therefore bending moment
VFis,singlefvalued function of curvature.

b) Defiection curves of a beam can be represented by three~
term sine cur?es and column deflection curves by the third
degree polynominals.

c) The effect of ahééring force is negligible.

2. BENDING STRAIN ENERGY ]
'Figure 1 shows the non-dimensional moment vs. curvature
'C:; relations of the 8WF3l section. The ares under the curve
repreaents the bending strain energy corresponding to the
giﬁen thrust and curvature.
The area integration can best be obtained by Simpson's
Rule. The results are plotted aslnon-diménational strein |
energy g vs. non-dimensional curvature & in Flg. 2. The
curves can be fitted in second degree and third degree
poiyndminala. ' |
U= B + 5B F | | eeveeacmenees (1)
or = f;cE) 453 + Fa(P) F*+ AL ceecmcccncnas (2)
where _ 2 - , o
fip) = —o|,3980p +0-0960p ~ 0-1620 cemeces (3)
falP) = o-sasoﬁl—O-ﬁSBOF t0-7100 cocnnne ()
— fgCF)v=-0-3$5DFa'+o-3o7oF -0-0300 cnemmns (5)
L _a -
$,(P) = ~0-3320p ~0-I1384P + 0-2500 | emmeme= (6)
$5) = o-0188F +0-064F + 02500 R——
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3. POTENTIAL ENERGY OF A BEAM |
Three term sine curves have three 'amplification congstanta.
- The second and the third constants are, however, eliminated by
_imbosing‘the boundary conditior_:s. Therefore the deflection
curve can be expressed in ‘terms of y; ,w and 88 'isehovm in Pig. 3.

Deflection equation:

W) = i snTX 3+ (Wit Wb gingmy
[ 47 [

: + & ; — W, —aQTo SiM3NX L - — — _ g
e o em Gy maTen) S -- 3

Slope equationt
adeo _ — -z
+ Cwe— 'lP! QWQK) cén 31]9L . omanpewse (9)
_Curvature equation- '

A _.11 e
& ‘ “2 >z GK gm Tr:u '__ %ch.fw\)) 5111,1,113(_

3TC wi—-avan) sin 3F -~ --- (o)
_ Substitub&a eq. (lO) in eq. (2) and perform the inte-
gration throughout the length of the beam strain energ,yyof

a beam.
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Potential energy of the thrus-t in the be'ém
V B - HAB =_%I_l_ ( \Pt-i_'_ w‘) + a“TQu"P\, "‘&TTQK\P( + ‘lﬂqug) :
- e 4 £ %)
Potential energy of uniform load @, '

Vo = _wfwcx)dx = - 8“4 S Cw — W + 16Tk ) = - - “‘C"’)_- '
' Potential energy of external load, '
Total Potentiel energy of the beam o

UB+VB =UB+VCD+VH .---.‘.-..A---'é---(lé)

4+ POTERTIAL ENERGY OF A COLUMN

| Impoaing the boundery conditinns at column ends, the ‘
deflection curva can be expressed as the following eqnation..
Notationa are ehown in Fig. h L.e+ Conuwm height  be 2L,
W (x> =& [:m—ue, + L:SK —C'chf uz, H%Kk) Z .

- Cwi-w)L %) + Cwmq, -?8«)( _’[ - -=--an
‘ Slope equations N

Jean) _ — wi _ 3p: 4 3o — CWi-Wi) Xy
O;ilc:o" ko %1‘[3 il ("_'J’C*')-

Curvature equatiom
R R i A AICURE AT o AR R (19)
Substitute eq. (19) in eq. (2), and 1ntegrete through
the length of column; we gét-the bending strain energy of the
column, - | |

¥, = ~2___n__m25.cp) [-5%i31 53— 3wy +3w b~ 15w 8k
| Py*h?
lEvetek 19w G —1swisk ] + “CT‘J &aCF)['Pe + g
+ W W — 3WiSk - 398k + 39¢ ]

+ My [w -wi ] memee s (20)
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The axial shortening of the column, ,

Cac - [dc“‘”"] e e e e e - (21)
Let h = 2 & | | |
o= B [ wiza vyt 4 asd - s Ry m Wy - - = (22)
The potential energy of the axlal load on the column .
Ve = —ELL2witsawys 1598 - Wig —3wisk —3%8 - - - (23)
:Total potentlal energy of the column 1s

Ug +Ve = ==s-smssiessdenncs (2

TOTAL POTENTIAL FNERGY OF A PRAME |
Total potential energy of a frame 1s the sum of the pot=-
ential energy of beams and columng of which the frame‘ie
composed.' ‘ '
Therofore total potentiel ensrgy of'the systeh ie,.
| ZCUfV)? ZCUch) + 5 (UgtVg) = = = = = €25)

EQUILIBRIUM CONFIGURATIONS
‘ The firet derivative of total potential energy of the
structure with reepect to each deformation parameterzshould
vanish identically, if the structure 13 in the state of
equilibrium under the given loading condition. ' The equilibrium

‘ conditiona emacs

D Z_Cuw) ' :

acxplg)q). = O - ® % ® ’- - .-' - > - » @ -(26)
Equation (26) 1s a set of simulianeous equatione with

~ Joint rotation ¥!'s, horizontal deflection § 's and beam

.deflection parameters a's as the variablee. Solution of the

equation is an equilibrium configuration of the frame under -

the given loading condition.

R e e R S
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STABILITY CONDITIONS

The second derivative of tbtal potential energy ofjthe.
'structurg with fespect to deformatlon parameters shou1d be
positive for any moda of deformatipn; ir the structure is
stable,

Therefore the structure is stable, if
D= cutv)

—— -~ O .--¢.,.;-(27)
AW 3,a)*

When 82.2 CUtV) -
2w s)* T == iem e - e - (28)

| the structure, under the given loading condition, 1is
unstable. | |
To determine the magnitude of the load at which}stablé
equilibr;um changes”ﬁo unstable eQuilibrium, ‘The sﬁability i
condition cén be established by _ ‘i
| COEX CUtW) R --,---—-'*-(29)’
(W, 3,c4)? ,' :
A set of equations (29) represent the conditions of
1imiting stebllity corresponding to each instebility mode.
A minimum load obtained from equation (29) should be the
critical load of the structure which 1s expected to fail in
that particplar instability mode. _
Therefore 1nstab11ity mode is a failure mechanism taking
into account the effects of thrust gnd deformation Qf the

structurs.
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7. SCOPE AND LIMITATION OF THE THEORY
" The theory ie'particularly designed to golve frame
1nstab1l1ty problem in elastic and inelastilc range. However,
it can equally be applied to analysge othen structureé;:l, |
' é;rtically no asgumption, exCepf the effect of'atrain-ncveréall
has been introduced in the‘derivatlon of beam and column
pctential encrgy. Therefore generality of the method can be

summarized as follows -

&) There 1s no limiﬁation-cn the geometry of the structure."
. | b) There ié~nc llmitation cn'slcnderneaa ratio of columns
and stiffness of beams. They could be any odd number.

¢) The range of axial load on columns could be any odd

number, from-P -0 to- P .nl o

- . : 2
i . é)f'The method iaﬁgpplicablz to unsymmetrical atructure
o 'and loading condition. For the solution of the
sturcture ‘under combined horiaontal and verﬁical
loads, the extra labor 1ntroduced is practically
| negligible. -’ | f o _ .
.elliFor high strength steel or aluminum alloy, only the
_ energy coerficients :f.(ﬁ) {agp) ‘350:')--- need
; o :be changed. o ‘_ '“ : o
r) The method is equally good for any end condition~-
| -pin=ended, partial rixcd‘on fixéenéed. No extra
'labor or manipulation is required.
g) A limitation of tpe meﬁhod.by the capacity of cOmputar

o ‘ - oan be shown as follows

et e — e ey S T A% SCLTS et gmes
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‘Let -* 8 = number of story
‘ b = number of bay
'n = Total maximum unknown variables of the
frame of s-story and b-bay.-

(25+1) (b¥1) =% & = = = o = == = = (29).

them . n

Therefore the computer ahould be able to evaluate nxn

aquare matrix for aolution of n simultaneous equations.

+

8. ILLUSTRATIVE EXAMPLE L
Theoretical predlction of test frame w—l can best be

served as an 111ustrat1ve example as well ae veriflcation of

the theory.

The following data are taken from Fritg.Lab. Report No.
276 9 ' '

e .
L=87.6" - . My=L0.5"
h=43.8" . ey =1.023x107>

"d==2ov625" : o _v.pyam;.E()).“ |

B 5'3-1,800 ksi |

R
- The axial thruat on the beam is H =12, where R is the

axial load on a. column. In non-dimenaional form

‘:ZJDI o oi ]
o
QTFQqu

Total eheréﬁ7ofjthé frame is listed in Fig. 5. For
equilibfium‘cbnfiéurétioh ‘the secdnd;degrea u' -~ ¥ curves

are used for solution of'w's,.f{_gnd a,)as shown in Fig. é.
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The solution of

is shown in Fig. 7.

1-8-

ghe simultaneous aquations for K = 0.25

Substitute U, = 0.011990
W= 0,037448
V.= 0.011988
= 0.037449
9; = 0 .
< = 0.003389
in gidesway buckling condition
5%S Cut) 72my81(R) -
J w_pl -;_p31|>-+1p +‘08’M £§2C(R) — 72 5p |
ag 2 P2 h’- [ 73 Mo z] chF.U 32 Rbyh
. = 72x405 (-o- 163) :
-6 B
C’ 07_3)2)“0)‘[_‘3 87. CO 0q%7$) + H———lgjazox?-oiioq; :O) ‘Z';J(-O"QS}LI‘I'QGXLfa'S'
- 8tablel
- For R = 0.27, repeat the same calculation in Fig. 8 and

gubstitute the results in the Suchling-60ndition

ézg-c'u+v)
8 9:

18

i

R

or R =

Gompared with ﬁ,,,.

‘= —Nev Lo

Percent'error =

| - .- = (31)
‘ungtablel "

From eq. (30) andeq. (31), the buckling load of the frame='

0.25+0.0134 = 0.263
Py k= hh 26x0. 263h

11 65 kips

1l. 17 kips from test results,

(11.65 = 11.17) x 100 = L%. . ﬁ
11.65 =
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ToTAL POTENTIAL ENERGY OF SINGLE-STORY FRAME 3 ZCutV)
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E®QUILIBRIUM CONDITION OF SINGLE- STORY FRAME‘ 5
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SOLUTION OF EQUILIBRIUM CONFIGURATION BY CROUT REDUCTION METHOD 3 R=025
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SOLUTION OF EQUILIBRIUM CONFIGURATION BY CROUT REDUCTION METHOD 3 R=027
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Fig- 8
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