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ABSTRACT

In.plastic design of steel structures, it is generally
assumed that the influence of shear forces on the plastic
moment is negligible. However, in some structures, for
instahce built-gp members with cutouts or Vierendeel girders,
nigh shear forces may be accompanied by high axial forces,
causing an appreciable reduction of the full plastic mbment
of the cross-section. Therefofe this influence on the plastic

moment should be studied and if necessary taken into- account.

Although there are several studies on the influence of
shear or axial forces on the plastic moment little seems to

be known about the combined effect of -shear and axial forces.

It appears that plastic design of built-up members re-
quires the golution of two problems, one to establish the
interaction curves for the plastic moment under the influence

of both shear and axial forces and second to develop a design

" procedure based on these interaction curves. In this paper

the combined effect of shear and axial forces on the plastic

moment is studied by using lower bound mgghgg‘in the plastic
TE:A— Pt Bt S o L .

analysis.  Interaction curvesg are presented using non-

dimensionsl parameters. Tests on the influence of shear and
axial forces were carried out which confirm the theoretical
analysis. Finally a design procedure of a built-up beam with-

a cut-out was developed using an iteration method.
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I. INTRODUCTION

1.1 Scope of Investigation

"Simple Plastic Theory" of steel structures is based on
certain assumptions concerning the bending moment-curvature
relationship of members. It is assumed to be 1inearly elastic

up to the full plastic moment M Thereafter rotation takes

p*
place at constant moment, i.e., the member acts as if it con-
tained a hinge rotation under a restraining moment Mp. This
concept of the formation and indefinite rotation of a plastic
hinge in a member whenever the full plastic moment is main-
tained at a section is of fundamental importance in this
theory. 1In fact, the simplicity of the plastic analysis is
due entirely to this Eoncept° However, it must be recognized
that the full plastic moment of a given member is actually

not a'definite, constant quantity. This'is partly so because
the static yield stress on which it 1s based is dependent to
some extent on the manner of loading and the previous loading
history. The full plastic moment Mp is equal to the product
S&.Z, where 6} is the static yield stress and Z is the plastic
section modulus whose value depends solely upon the geometry
of the cross-section. Thus variations in the value of the
full plastic moment Mp will occur whenever effects are brought
into play which alter the value of the static yield stress.

As is well known, the yield stress of structural steel is

~affected by the rate of loading, the temperature of the speci-

men, and also by strain aging. Fortunately, it appears that
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these effects will usually be quite small. Other factors which
affect the value of the full plastic moment are the presence of
axial thrust and shear force. Since 1n applications of plastic
analysis, plastic hinges and hence the plastic moment usually
occur at positions where one or both of these influences are
present, it is of considérable Importance to be able to pre-
dict the changes in the value of the full plastic moment due

to these causes. It will appear that in many practical cases
the effects of axial thrust and shear force are very small.
Therefore the practice of neglecting these influences can be
justified. However, there are types of structures for which

it is important to make a proper allowance for these effects.
For instance, in built-up members with cutouts or Vierendeel
girders, high shear forces may be accompanied by'high axial
forces, causing an appreciable reduction of the full plastic

moment.

Horne(l) studied the effect of shear on the plastic
moment, assuming an idealized stress-strain relationship for
a perfectly plastic material. Starting from the maximum shear
theory of yielding and the equation of equilibrium for a state
of plane stress, he obtained the parabolic shear stress dis-
tribution in the central elastic core. The reduction of the
plastic moment due to shear for the case of a cantilever

I-beam becomes:

\

Z
Mp—MpS=J1+1°77u 5 -1
" 1,77, -2

R
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where

Mp = full plastic moment of the section
Mpg = reduced plastic moment due to shear
t = web thickness
Z = plastic section modulus

£ = length of cantilever

From this analysis Horne derived the critical ratio e/dw =
0.632 E%g - 0.176 with & equal to the cantilever length and
d,; equal to the web depth. Under this condition shear yielding

occurs along the neutral axis, the shear stress distribution

being parabolic over the entire depth of the web., For example,

for a 10WF29 this limiting value becomes e/dw = 0.62, Finally
he concluded that the reduction in the plastic moment due to
shear is small except for very short beams. For instance,

the reduction in the carrying capacity due to shear stress 1s

sbout 3% for a wide flange beam with £/q = 2.0.

Fujita(z) foliowed this lower bound method to determine
the effect of shear on the plastic moment for a cantilever
with a rectangular cross~section. He used Mises'! yielding
condition. His results were modified for wide fiange shapes
with a parameter of area of flange over area of web ratio-
(3)
In these lecture notes the critical value of e/dw for shear
failure in the web was given by 1l.82 for Af/Aw = 2.0 (for

instance, 10WF29). The reduction in full plastic moment can
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be expressed as

%zﬁoﬁf.[/l+2,_zj_l
My ~ 9 2 TS
where
Mps = reduced plastic moment due to shear

t = web thickness

0 = length of cantilever beam

Z = plastic section modulus
For 10WFZ29,

t = 0.289"

Z = 34.7"°

dyw = 9.22"

{ = 18.44" for e/dw = 2.0

Therefore-%?§= 0.850 and the reduction is 15%. This result
p :
is quite different from Horne's result which is equal to

3% for this case.

On the other hand, Green(u), Leth(s), Onat(é) and
Drucker(7) have studied the same problem by means of the upper
and lower bound theorems, the true value lying between these
two bounds. They proposed several types of velocity fields
for upper bounds as well as the stress fields for lower
bounds. For example, Drucker obtained the following expres-

sion for a rectangular section by using a lower bound

= 2 (%)a (1 - cos %) for % g

*03. }8!3.‘
nlR
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ror U/4 = 2.0

ZFF
o]
o

= 0.979
resulting into a reduction of 2.1%.

The effect of an axial force on the plastic moment have
been also studied since Baker, Horne and Roderick in 1949.
After Baker's study on this problem Ketter(s), Onat(g) have
developed the effect of axial force on full plastic moment .

The reduction of full plastic moment can be expressed as

pe_ A r,
T, ez Ty

for the case of neutral axis in web

M

pc A 7 A 7
== = £ (] o =) d - == (1 - 7
N, =2 (- T) [ 5 Ty)]

for the case of neutral axis in flange,
where

Mpe = reduced plastic moment due to thrust
T = axial force
Ty = G&.A
A = total cross-sectional area
b = width of flange
d = depth of beam
t = thickness of web

Z = plastic section modulus of wide flange shapes
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Horne(lo) investigated the effect of both shear and axial

force on the plastic moment and proposed an interaction curve

- of moment, shear and thrust.

The objective of this paper is to evaluate the combined
effects of shear and axial force on the plastic moment. Two
approaches were studied in a theoretical analysis. A few
tests were carried out under different ratios of shear and
axial force in order to confirm the theoretical analysis.

The two approaches mentioned above are as follows.
Approach (A):

The flanges are assumed to carry no shearing stress at
all, the shearing stress in the web is assumed to be of uni-
form distribution. If strain-hardening takes place in the
flange plates only, the difference in bending stresses acfing
on each side of a sﬁall element dx of a beam gives the magni-
tude of shearing stress in web. It is quitevnatural to assume
that a certain length of beam reaches strain-hardening under
the condition of a moment gradient as in the case of a canti-
lever beam, because the moment-curvature relationship has nb
flat part under a moment gradient. But the assumption of a
uniform distribution of shearing stress along the depth of
the beam is made merely to simplify the problem. There is
no special reason for this assumption except that the shearing
stress distribution in the web of a wide flange beam is rather
flat compared to the one of a beam with rectangular cross-

section. Once the magnitude of the shearing stress in terms
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of the known quantities such as dimensions and load is deter-
mined, the Mises! condition of yielding gives the interaction
curves between shear, axial force and reduced full plastic

moment.
Approach (B):

Similar assumptions as in the previous approach (A) are
made. The flanges carry no sheéring stress and the shearing
stress T in the web is uniform. However, in this approach (B)
the intensity of shearing stress is assumed to be equal to the
mean value of V/Aw, where V 1s the shear force acting at the
end of the cantilever and A, is the area of the web. In the
case of a cantilever beam subjected to bending as well as
shear and axial force, the contribution of bending stress to
the plastification of the cross-section is reduced by the
presence of shear and axial force. For a short beam, the
effect of the shear force is rather severe. Plastic failure
will be caused mainly by shear rather than bending. This
tendency of shear failure ﬁill be accelerated by the presence
of an axial force. Therefore the shearing stress might be
assumed to be of uniform distribution along the depth of the
beam and its intensity equal to V/Aw as an extreme case of
shear failure in a short beam. Tests confirm this possi-
bility of uniform distribution of shear stress by the pattern

of slip lines occurring at yielding.
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I1I. DESCRIPTION OF TESTS

2.1 Test Program

Since the reduction of the full plastic moment due to
shear is generally negligible when the ratio @/dw, length of
beam divided by depth of the web, is greater than lj, the
ratio 2/dw of the test specimens was chosen such that a con-
siderable reduction of the full plastic moment due to shear
only could be expected from the tests. From the theoretical

analysis of wide flange shapes, presented in the subsequent

" Chapter IV, the critical value for shear failure is given

by @A%J==l.855 assuming that the values Af/Aw and df/dw of

the wide flange shapes are equal to 2.0 and 1.05 respectively,
where Af stands for the total area of the upper and lower
flange, A,; i1s the web area, de the distance of the center line
of the two flanges, and 4, the depth of the web. This critical
value may.be affected by the presence of an axial force. An-
ticipating the results of the theoretical analysis the critical
values ﬁ/dw for shear failure of a wide flange shape with
Af/Aw = 2.0 and df/dw = 1.05 are reduced by an axial force T

as follows:?

.

T/ Ty
e/dw

0 0.1 0.2 0.3 0.l 0.5

1.85  1.60 1.30 1.05 0.75 0.50

Hence, the critical ratio z/dw is inversely proportional to

the ratio of axial force T/Ty, where Ty is equal to oA, A

being the total area of the cross-section. Ty is therefore
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the axial force which produces yielding of the cross-section
under axial force only. A considerable reduction of the
plastic moment can be obtained when the ratio e/dw is close
to the critical value for shear failure. However, the local
disturbance of the stress distribution in the cross-section
of the beam due to the application of loading may also affect
the test result if the beam is quite short compared to.its

depth. According to St. Venant's principle this end effect

‘can be neglected when the ratio e/dw is greater than 2.0.

 Therefore the length over depth ratio ﬁ/dw of the specimen

was fixed at 2.0.

The particular set-up chosen is shown in Fig. 1. Axial
tension was applied to the specimens in order to diminish
the tendency of lateral buckling in the plastic range. The
ratio of axial tension to shear, T/y, varies according to
the length of the fixture as shown in Fig. 2. The ratio
Mpm/hp, where Mpy is the reduced plastic moment of the section,
is also shown in Fig. 2 according to the length of the fixture.
For test specimens No. 1, No. 2 and No. 3, the ratio T/Ty is
0.13, 0.19 and 0.37 respectively. It was determined analyt-
ically that the reduction in the plastic moment due to shear
and thrust should be more than 30% for specimen No. 3 such
that the test results should give a definite answer concerning
the religbility of the theoretical analysis even if the results
should be influenced by some experimental errors. The load P,
axial tension T and shear V in Fig. 2 are computed using yield

stress 6y = 36ksi,
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2.2 Test Specimens

The wide flange shape 1lOWFZ29 was chosen for the test
specimens because the ratios Af/Aw = 2.176 and df/dw = 1.05]
are close to the mean values for wide flange shapes, Af/Aw==2.0
and df/dw = 1.05 respectively. The length of the specimens
is 18 1/2" so that the ratio Q/dw = 2.0. The specimens were
welded to the flange plate of the wide flange shape 12WF58
by using a continuous fillet weld of 1/3" as shown in Fig. 1.
The fixing beam 12WF58 was stiffened by means of vertical and
diagonal stiffeners of 1/2" thick plate welded to the web.

plate.

After testing a specimen, the tested section was cut off
by flame cutting and the new test section was welded to the

fixing beam as shown in Fig. 1 by dotted lines.

Loading pins of 3" diameter were welded to the specimen
and the fixture so that a tensile force could be applied by
using a standard testing machine. Figure 1 illustrates the
method of load application. Since the end of the test speci-
mens were tapered and stiffened by means of a 3/L" thick plate
the axial force could easily be transmitted to the flange

plate of the sbecimen.

2.3 Test Set-Up

-The instrumentation for these tests consisted of seven
dial gages. Three of them were used for deflection measure-

ments along the center line of the flange plate, two were
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curvature gages and last two measured the rotation on both
éides of the web plate as shown in Fig. 1. The deflections
were measured at distances of 3 inches, 7 inches and 11 inches
from the load point. The dial gage frame for the deflection
measurement was welded to the stiffeners of the fixing beam

so that the deformation due to warping at fixed end of the
cantilever would not affect the base line of the dial gages
(Photo 1). The gage length of the curvature gage was 1" and
the measuring position was chosen as close as practical to

the fixed end of the specimens because of the steep gradient
of the applied moment. The total rotation angle was measured
by means of the dial gages indicating the relative rotation
between the flange plate of the fixture and a reference point
on the web plate of the specimen. The gage length of the
rotation gage was 11 1/2 inches. A screw type testing machine
wag used for the loading because of its accuracy and conven-

ience for the deflection control in plastic range (Photo 2).

2.4 Test Procedure

The rate of application of load was sbout 0.03 inches
per inch per minute in the plastic range and a short time
(about 5 minutes) was taken to gllow the load and strains to
reach equilibrium at each step of loading. For the specimen
No. 1 (‘T/Ty = 0.13), the first yield line started along the
kips.

web center at a load equal to 66.3 Yielding of the

flange on tension side of the beam commenced at the load of
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69.2kips. The yield lines at the flange on compression side

of the beam developed at load of 86.1%1Ps Hence yielding in
web due to shear and thrust preceded yielding in the flange
plates due to bending and axial force. For specimen No. 2
(T/Ty = 0.19), initial yielding started similarly in the

web plate at a load of 69.9kips and yield line commenced in

the flange on tension side of the beam at load of 99¥iPS,

For specimen No. 3 (T/Ty = 0.37), the initial yield started

at in web plate and the flange plate on tension side of the
beam sirultaneously. All specimens, No. 1 to No. 3, exhibited
strain-hardening at once before the yielding spreaded over the
specimens. This means that there 1s no flat portion neither

in load-deflection nor moment-curvature diagrams of the speci-
mens. As shown in Photo 3 neither lateral nor local buckling
occurred in the plastic range before cracking started from the
corner of the fillet welds between the flange plates of the
specimens and the fixing beam. Although failure of each speci-
men took plaée by fracture of the welds, a considerable plastic
deformation was obtained for each specimen in the strain-
hardening range prior to crack initiation shown in Fig. 3. No

sudden fracture of the brittle type occurred in any specimen.

2.5 Coupon Tests

To obtain the mechanical properties of the steel, two
standard tensile specimens (ASTM A-359) from the flange plate

and one from the web plate of the 10WF29 beam were prepared.
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The specimens were tested in a hydraulic testing machine.
Load and elongation over an 8 inch gage length were measured
and plotted by means of an automatic stress-strain recofder.
This instrument couid record strains well into strain-

hardening without resetting.

The rate of application of load was about 0.007 inches
per inch per minute in the plastic range, a rate ﬁuch lower
than the usual standard mill test rate. This reduced rate
of loading was used because the results were to be used to
predict values for static tests where equilibrium of load and
deformation would be obtained at each load increment before
readings would be taken. A unique feature of these tests was
the taking of "static yield load" readings in the yield range.
After the yield region had been reached, but before strain-
hardening had commenced, the strain rate was reduced to zero
for . a period of a few minutes to allow the load to reach an
equilibrium point. Static readings were then taken. From
this reading the lowest possible yield stress could be cal-

culated.

2.6 Control Test

'A length of the 10WF29 section was tested as a control
beam to obtain moment-curvature relationship under pure bending.
The specimen tested was 76 inches long with vertical stiffeners
welded at support and load points to prevent web crippling

(Fig. 10). A screw type universal testing machine was used



248.1 -1

to apply load to the specimen supported on rollers on a
76 inch span. Loads were applied at the points 2 feet from
the both ends of the beam using a spreader beam to distri-

bute the testing machine load to two rollers.

The instrumentation used to measure the curvature in the
constant moment region consisted of two dial gages recording
bending strains over a 10 inch gage length and a dial indicator,

recording center deflection.

Load was applied contiﬁuously at a moderate rate which
allowed gage readings tc be taken without interrupting the
-loéding. After the plastic range had been reached, it was nec-
essary to halt the application of load twice to allow resetting
of the dial indicators. Loading was continued until the ulti-
mate load was reached, after qonsiderable strain-hardening
followed by a gradual drop in load due to instability of the

compression flange.

ITI. RESULTS OF TESTS

3.1 Determination of Modified Plastic Moment, Mpp

If a beam is subjected to a constant moment over part of
its length the load-deflection or moment-curvature diagram
shows a definite flat portion in the plastic range. However,
under a mecment gradilent no such flat portion exists. There-
fore a criterion must be chosen to determine.the plastic

moment. The following method was used. The load deflection
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curves, such as shown in Fig. 3, show a definite break. For
small loads the specimens exhibited purely elastic behavior.
After yilelding the increase in deflection is very much accel-
erated. The point of intersection of the tangents to the
elastic and étrain—hardening part of the curve determines a
load P,. Beyond this load large plastic deformations take
place and a hinge develops without too significant an increase
in load. Hence, the moment corresponding to this load is taken

equal to the plastic moment M By static for the cantilever

pm*

specimens it follows Mpy = P, L.

Similarly the value of M can be obtained from a moment-

pm
curvature dlagram of a beam under moment gradient. The inter-
section of the tangents drawn to the elastic and strain-

hardening part determines M as shown in Fig. 6.

pm

Finally, the theoretical "failure" load P, is defined
similarly as the point at which the rotation of the equivalent
hinge takes place rapidly in the beam under moment gradient as

shown in Fig. 7. The values of M obtained from deflection ,

pm

curvature and rotation measurements are described in the fol-

lowing part and compared to the theoretical values.

(a) M,,, obtained from Load-Deflection Curves

pm

Figure 3 shows the load-deflection curves for each speci-
men No. 1, 2 and 3 corresponding to the condition T/Ty equal
to 0.13, 0.19 and 0.37 respectively. The deflection was

measured 3 inches from the loading point. Figure I} and 5 show
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the load-deflection curves for deflections measured at 7 and

11 inches from the loading point respectively. The dashed
lines in Fig. 3 represent the theoretical load-deflection
curve. If this curve differs from the tangent to the strain-
hardening part a dotted line was drawn to the experimental
curve in order to determine Py or Mpy. The loads Py determined
from the different load-deflection curves measured at 3, 7 and
11 inches from the loading give fair correlation. The results
are summarized in Table I. The maximum test loads were reached

at the initiation of a crack in the welds.

(b) Moment-Curvature Curves

The moment-curvature diagram of each specimen is shown
in Fig. 6. From these curves the reduced plastic moment Mpm
was derived as 1030 kips-inches, 1040 kips-inches and 860 kips-
inches for specimen No. 1, 2 and 3 respectively. The corre-
sponding loads Py are obtained by dividing Mpm by the length of
the cantilever beam, hence P, equals 70 kips, 85 kips and 126
kips respectively. The rotations at maxirum moment are depend-
ent on the T/Ty ratio as may be seen from Fig. 6. The specimen
No. 1 ('T/Ty = 0.13) shows the largest rététion among the three
specimens.- The curvatures at meximum moment for each specimen
reached 2.15 radian/in., i°87 radian/ in., and 0.7 radian/in.

for No. 1, No. 2 and No. 3 respectively.
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(¢c) Hinge Rotation Curves

Load~hinge rotation curves are shown in Fig. 7. Since
the hinge rotation is defined as the inelastic rotation taking
rlace within a certain length of beam, no rotation takes place
telow the proportional limit. Therefore the load P; from the
rotation curves can be obtained by the intersection between
tangent to that curve in the strain-hardening range and the

vertical axis of load in Fig. 7. The hinge rotation is given

ty

o = A"SRP _ 5
P ~ Gage Length of Rotation Gage €

wherse

0, 2'5% (L% - x*®)
corresponding angle rotation resulted from a
deflection due to shear force
= ghear force at the end of a cantilever beam

length of a beam

R
I

= distance from free edge of a beam
A = deflection of a beam at a reference point of
the rotation gage

gRP = reading of a dial gage for rotation measurement

The above expression is explained as follows. The deflection
due to shear indicates a certain amount of reading on the
rotation gage. But this rotation must be subtracted from the

test result as indicated in Fig. 8. From Fig. 7, the load P
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is given by 70 kips, 82 kips and 120 kips respectively.

Finally, the values P, obtained by different methods
of measurement are compared to each other and to theoretical
predictions as shown in Table I. From this Table I, P, can

be determined as

T/Ty 0.13 0.19 0.37
P, 7Okips 82okips 126kips

3.2 Lateral Rotation

The difference in readings of the two rotation gages
mounted on both sides of the web plate gives the laterél rota-
tion° The development of lateral rotation indicates the initia-
tion of lateral or local buckling. Thése values are plotted on
Fig. 9 for each specimen. Specimen No. 1 has developed con-
sideragble lateral rotation compared to the other two specimens.
However, no evidence of lateral buckling was noticed as seen
in Photo 3. Specimen No. 2 rotated to one side up to a certain
load and then ﬁurned back to the reverse side because of a
slight initial distortion due to fillet welding. Figure 9 shows
that the maximum loads are given by neither lateral nor local
"~ buckling but the initiation of crack at fillet welds for these
special cases. The width over thickness ratio of the flange
plate is 11l.6 for a 1OWF29. This value 1s much less than the
critical ratio 17-for-the local buckling of a flange plate in
strain-hardening range. The maximum unbraced length to pre-~

vent the lateral buckling in plastic range under moment gradient



248.1 -19

ls approximately given by the following expression.

1 _ . _ M
Cf€L/ﬁy) = )8 for the moment ratio f"'Mp =0
where
Cf = restraint factor = 1.0 for simply supported
ends
Yyy = radius of gyration about weak axis
Tyy= 1.3l inches for 1OWF29
>
Therefore L = ¢L4.5 inches

Since the length of the specimen is only 18.5 inches and the
max imum unbraced length is larger than 6.5 inches for this
case, then no lateral buckling could happen in these tests.
The local buckles on the compression side at the fixed end
of the beam as evident in Photo 3 for specimen No. 1 and

No. 2 occurred after considerable cracking along the fillet

welds had developed.

3.3 Maximum Load

As mentioned in the previous section the maximum loads
for these test specimens were reached at the initiation of
crack along the welds. The values of maxirum loads are given
in the following table. Also shown are the corresponding
nominal stresses computed by means of conventional methods
using the values of I = 37uin!*and A= 20.5in 2 for 1/3 inch

fillet welds.



hardening modulus Eg¢ and static yileld level

T/Ty 0.13 0.19 0.37
- Prax 117 kips 137 kips 181 kips
Thex 71 kips 10l kips 169 kips
Vinax 95 kips 91 kips 65 kips
My ax 1760k-1inches 1680k-1nches 1200k~ 1inches
6bend 35. 6Ksd 3h.1ksi 2. 6¥s1  (at throat)
6%ension ). oksi 7.1ksi 11.7%8%1  (at throat)
G’total L’_ .5 h_ . 36.3 at oat
Tav. 6.5ks1 6.3Ksd L.5¥51  (at throat)
Ksi Ksi )
Tav. web 358 34.2 2. 4Ksl  (at web)
. These stresses'are average stresses at the throat. Assuming
stress concentration factor of say 1.5, the stresses reached
a approximately 60ksl, This value corresponds approximately to
the ultimate tensile strength of a weld produced by an ordinary
E 6000 type electrode. The average shearing stress of the
flange fillets was quite small compared to the ones of the web
plate where the shearing stress is beyond the yield gtress
under pure shear.
3.l Results of Coupon and Control Tests
a) Coupon Test
- The area-mean values of Young's modulus E, strain-

6. computed from

y
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the results of the coupon tests were as follows:

E = 29,000ks1
Est = gookSl
= ij.

65 37

b) Control Test

The moment~curvature relationship of the control beam
under uniform moment is shown in ¥Fig. 10. The upper part of
this figure gives an enlarged portion of the diagram in order
to indicate more clearly the flat portion of this diagram and
the value of full plastic moment Mp. This value of the full
plastic moment obtained from the control test is 1,240 k-inches.
It was used as the standard value to compute the reduction in
full plastic moment due to shear and axial force. The value
of full plastic moment computed by means of the plastic modulus
Z for a l1OWF29 and the static yield stress obtained from coupon

"tests 1is

My = 632 = 37 x 34.7 = 1284 kip-inches

Hence, the value obtained from the control test is 3.5% less
than the calculated one. This difference is due mostly to
the difference between the actual dimensions of wide flange

section on the handbook (AISC) values.
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IV. THEORETICAL ANALYSIS

1.1 Determination of Modified Plastic Moment Mpm Under

Moment, Shear and Axial Forces

In general exact solutions of prpblems involving plaéti—
city are not péssible. However, two powerful tools are avail-
able to estimate the carrying capacity. It has been demon-
strated(1l) that a solution satisfying equilibrium conditions
gives a lower bound of the carrying capacity, thus producing
a safe estimate even if a corresponding mechanism does not
develop. A solution which concentrates on the collapse mode;
or a possible velocity field gives an upper bound for the
collapse load. Here, a lower bound solution is discussed and

two approximations are proposed.

a) Lower Bound Method

A lower bound requires that the stress distribution in
wide flange section satisfies the condition of equilibrium
and also the boundary conditions. Under certain limitations
of the magnitude of shear and axial force, the stress dis-
tribution is assumed to be the same as that in a beam with
rectangular cross-section. As shown by Prager and Hodge(ll),
and also by Horne(l), under the simplifying assumptions which
have been made the shear stress T must be zero in the outer
‘plastic regions, where the normal stress is 6&. Thé corre-

sponding stress distribution is shown in Fig. 1l1. This stress

distribution seems to be reasonable ag long as the axial force



248.1 -23

T is small and the neutral axis is located in the web. Under
these conditions the shearing stress distribution is parabolic
and also symmetric about neutral axis. From Fig. 11, the

moment at section A-A is given by:

Ap d 1 v
M:é\“y.-é—.df+6\gr.u)',[ (_g_f)a_gyoz_'zozl___v.x
(1)

and the axial force T by:

TES L ow. (27,)

Ty=6\}}. (Aw*Af)

&~ = static yield Stress’ the value of % _is:

Aw+Af T

(0] 2w -‘11-3-; (2)

]

Substituting Eq. (2) into (1),

1 1 ,1(Af+)21'212]
Vexh6\y_2'[Afdf+EA_wdw~E.———r’éw_.(‘T§) ‘§Wyo

(3)

In the elastic portion of the web, the normal stress § varies

linearly:

6 = =L
6;.

Jo
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and

%:_6“01—,%
Y Vo2 dx

The shearing stress in the web 1is determined by the equation

of equilibrium:

26 . 2T _
sx teg = O
or
PT _ _ B | e~ A 4
25~ @x yogqr dx

Taking the proper boundary conditions into account

o~ - _'_ l 2_ . d/ao (L]_)

c = Sl -
Differentiating Eq. (3) with respect to 2, an expression for
the derivative _g__z.P. is obtained

__ 2 dyo

V - 3 W y06~y ° dX
or

dYQ - . 3 v

dx 2 °

WY05§ (5)

Substituting this expression into Eq. (L) gives:

"2%'%3[1”(%)2] (6)

According to this equation the shear reaches a maxirum for

y.= 0 (neutral axis). From the limiting value of T = Ty
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determined from Mises'? yileld condition,

_8y ‘
VAVAC N (7)

T

for yielding under pure shear. Introducing this value into

Eq. (6) the distance y, is found

=3_ﬁ5, v
Jo Syw

Combining Eq. (8) with Eq. (3) an expression for the maximum

moment at x = @ can be derived.

T Mem g o8y WA
16 Gpure Mp =g (Agt A ()] = Mpm

where M., = V. { = reduced plastic moment

Pm

or

W't Z M )T T Z Ty
where
Z2=2%p4.+% Ad = plastic modulus of WF shape
> Apde L wdw plastic modulus shapes
O | N | (9)
Mp“9§ 1 79I§ 4 |
where
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Therefore, the reduction in full plastic moment due to shear
and axial forces is given by Eq. (9). However, this equation
is derived from an'assumed stress distribution as shown in

Fig. 11. The applicability of this Eq. (9) is obviously given

by:
a
W
70 +y, e
From Eq. (2) and (8)
2w Ty L oyw = 2
or
A
(1 + Kﬁ) x4 % . %; <1 (10)
W Ty N
where
&5
VyZTyAw=V—-—§—\— Aw

The reduction in the full plastic moment within the limitation
"of Eq. (10) is shown in Fig. 12 by means of the non-dimensional
parameters £ and % . As may be seen the interaction curves
between the reduced plastic moment, shear and axial forces are
limited to a small range of axial force. It is therefore nec-
essary to assume a different type of stréss distribution in
wide flange shapes imposing less restrictions to cover prac-

tical cases.
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As proposed by Heyman and Dutton(le) an empirical dis-
tribution of G’and T at the cross-section where a plastis
hinge occurs, can be assumed to consist of a constant'sﬁear.
stress T and a constant longitudinal normal stress through-
out the web, together with zero shear stress and a uniform

longitudinal normal stress 6, in the flanges. In addition,

¥
it is assumed that ¢ and T satisfy the Mises! yield condition,

62 + 3T2 = @&2 (11)

In the following twb possible approaches are outlined. Their_
applicability will be tested by comparison with experimental

results.

b) Approximate Approach (A)

A streéé distrivution at the fixed end of the cantilever
beam is assumed as shown in Fig. 13. 'The normal stress in
the flange plates reaches (Ty, the flanges being assumed to
carry no shearing stress. The normal stress in the web is
§ 0y where ¥ is a non-dimensional factor less than unity.

Its value 1is determined from the condition that the combina-
tion of the normal stress E,G&.and the shearing stress T ful-
£ills Mises?! yield condition. If it is assumed that the dis-
tribution of the flange stresses varles linearly over an
infinitesimal beam length dx where the plastic hinge forms the
magnitude of the shearing stress T is determined as follows

" (see Fig. 13).
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AL dx As L
A—Zf(f*r—ﬁ')@ = 5 5 b + Twdx
or
Ag |
T = Zwg™ (12)

Introducing into the yield condition, Eq. (11), the normal
stress ?J?y and the above determined shearing stress fixes

the value of‘gz

g = 1/ V- 24»r2 )

Using this value, the reduced plastic moment is given by the

following expression

- wih <M+Awf TV
= g - AA[J 3<zwl] (T)

Mp 4 2z 4WZ$—3Q§ET Y7 (13)

This equation holds as long as the neutral axis is located

within the web, the limiting value being:

T = ( ‘*..ﬁi.), _I

Aw Ty
then
/4 éi 1
dw VAN
-0 B a
and _ 2. A df
Mpm _ ) Awdw

Aw A\V
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For the case in which the neutral axis falls within the

flange plate, that is,

Acd
Mpm < 2 Awd w
Ve 1+ 2-Gede

the reduction in the plastic moment is given by

Mow 4 (CE[EE -0 56) 7] y

Mp u(l+2%‘ffw)[1+'3(%‘f)2]

| A1 AT

A _ ALy T
Aw <I*Aw> Ty (15)
Finglly, if shear faillure governs:
A; \2 2
o - all I
Mpw _ 2 L Jl Or (%)
MF Rd"’ ].;.Zif..i (16)

Aw dw

Equations (13), (14), (15) and (16) are plotted in Fig. 13

by using the values of

Ar dp
A, = 2.0 and E; = 1.05

c) Approximate Approach (B)

If a cantilever beam is quite short, for instance

&/dw Z 2.0, then the plastification of the built-in end will
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be produced primarily by shear ylelding rather than bending.
The presence of axial force accelerates the initiation of
yielding. The simplest assumption concerning a distribution
of shearing stress is to postulate a uniform stress T over

the web, or:

T = V/Aw (17)
where V = shear force at end of cantilever
Aw = agreaga of web

The magnitude of axial force T is given using a notation

illustrated in Fig. 1l (a)
T = Yok, E 65 (18)

where Z 6& = normal stress in web

O < 1, < 1

The Mises'! yield condition 1s fulfilled if
62 & 2 . 2 ' -
(863)% + 312 = 65 (19)
or
243 (E)2=1
g 55)

From Eq. (18),

§ — _L — _l__ | + Af‘ . T
/ZOAWG\)’ ,ZO( Aw> 7'},
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and from Eq. (17)

Substituting these expressions for % and TAy& into Eq. (19),

then

[ V vz
f ) (Vy) (20)

Ap
Mpm—V-£—®y°'§— dr
v = Moy §5Pedr
¢ 20
A d
v f f
—:3.-—— o—
Ty TR
From Eq. (20),
Af
L. /3 - %,
t 1 - 1+é.f.‘.2 I =
W y
Apde
M ZA-
and M 2
Y Afdf
1+ 2

Aydy (21)
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In this range, the neutral axis is located in the web

and the reduced plastic moment Mpm can be expressed as

A , 2
Mom = § 74 + 7 56 A dw (1= 2.%)

From Eq. (20)

o (e AN (Z)T

2

and
V |
Z ZJ 1 —<vy)2
\"
Mom = V4 = 640 ——
P vz 7 v,
Therefore
s 0y, hde [ v E U EES
\/-g' Q{W Vy Awolw v

/}/l—(vy

Acd Mo N
T (+2 5t f)( ")-(f—[)——j—(uz %ijtxm

x[2i1-<«+%fsﬁ%ﬂ—a<n+z%sj-ex%$>—z:ﬁaﬂ<%ﬁ

Aw

- <\+4><“}2 (24t -2 4 ] = 0

_32
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For

Mpm
Mp

3.185 -
0

2(1-1 ) 217( %-osos) -4 %)~ m(—d{l"psos)
il(l-ﬁT o%o?)j
(22)

provided

Mpm
2 0.808
M

Mp £
pm

Equation (22) gives the interaction curves between ¢—, % and
' P y
t

@ for the case in which the neutral axis is located in the

™

web, that 1s-JL->O 808, assumingéi = 2.0 and ar - 1.05.
Mp Ay Ay
For the case of ﬁg— < 0.808 or the neutral axis lies within
p

the flange, the stress distribution is assumed as shown in

Fig. 1l (b).

Then
T =6 (7h+ 5 A
where:
vV ..
i = J1- ()2
J
M t= distance of penetration of yielding (Fig. 1L (b)).
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From Mises! yield condition:

T=4[G +%§>-—%—j1 - (%)2‘]

MFM\: 3‘1'6\7/4.‘.0‘51 - Q_Q\YA{:"I(AW +¢lt>

and
V — ?> dwz A{-ﬂlf l\AP’mZ
¥ = 3 EET R
Therefore

\ b Asd - b Ar
- (2 20235 - S0 2(F) -

Ac 2 2, Acd b*? \4
- 204 A5 B4 - ()
[ Gty 0 X +

Af Ty 2b Ak T‘
t 2 S ) - !

. [% r 20+ %)(%)]2 _
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For
%ﬁ = 2.0, %ﬁ 1.05,
%: [883+|20 )+‘1( ) 04 (2 :l[ o+
)
3401.@(7‘)')} {‘ 4( +|20(T)+Q(Ty 83}2' 1]
{833*‘20(?,)+q(%)2—|o4(mf’"‘)}
2. 450 ( T2

A)

dw =
w/{$§133n~|zc>(—)+‘7( )-|04-( )I[J {0+ 6 (H)¥ 2104(—'5'”)+|zo(7, A(E)-83 1]

i%trsﬂzo(T)fq( 1214 (2) }
(23)

provided

M. A ’ d
T2 £ 0.808 for == 2.0 and =£ =1.03
D W W
Mo
Equations (22) and (23) are connected together at ﬂg’ = 0.808
1Y

as shown in Fig. 1ll,. Figure 1l shows that the reduction in
the plastic moment due to shear becomes less for higher values
of the axial force. In other words, 1t is not necessary to

consider the effect of shear if a high axial force is present.
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The reduction in the plastic moment is due mainly to the in-
fluence of this axial force. Figure 15 shows the reduction

of the plastic moment for a constant ratio of length to depth
of a cantilever beamn, e/dw = 2.0, due to various values of
axial force. The two curves shown are cross curves of Fig. 13
and 1L at Q/dw = 2.0. The test points obtained from experi-
ments reported in the first part of this paper are also plotted.
They show a surprisingly fair correlation with approach (B)
rather than approach (A). This means that the assumed stress
distribution of approach (B) leads to results which are satis-

factory for design purposes.

L.2 Deflection of Beams in Strain-Hardening Range

a) Assumptions(13)

The actual moment curvature relation for a wide flange
section is approximated by an idealized curve as shown in
Fig. 17 (a). This curve conéists of a straight line from an
elastic limit at I-‘I/Mpm = 0.915 to the line M/Mpm =1 at
¢/¢pm = 2.0. The latter selection of the point where the
cross-gsection is considered to be fully yielded is quite arbi-

trary. The extent of yielding in the flange is then gilven by

M
of =1 - 0,915 ==
O

b) Equivalent Hinge Rotation

From Fig. 17 (b) the inelastic angular rotation 6 can

be computed by integrating the inelastic part of the curvature
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diagram. It consists of three parts: The first part (desig-
nated as (1) in Fig. 17 (b)) is the region between Mpp and
Mé. For the time being it is assumed that the slope of the
moment vs. curvature curve in the strain-hardening region
is the same as in the elastic region. A correction of this

assumption will be introduced as part two. Hence:
Sl = JZQCPSt - qDP'm>
where

Mme
4;P~n - BT

Mo - Mpm
Mo -4

I
I

Therefore

Mom |
ﬁq’,m ( <PP"‘ - ID(I - P ) (24)

The second part, shown as (2) in Fig. 17 (b) comes from the
difference between the bending stiffness in the strain-

hardening region, Egy.I, and that in the elastic region, EI.

Therefore

6, = %—[(Mo Mpw ) Estl E'I >:‘

or

O- w
eh, 2 ( m—o ES{-__ (- 52 (25)
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The third part is the region (3) in Fig. 17 (b) due essen-
tially to the progressive plastification of the cross-section.

Its extent depends also on the residual stress in rolled

sections.
| r—

Oy = 3 % Ppm
where

=3 = Mp'm

+ — - 1 S — '

Z+2 (1-o0ais gt N4
or

= Mpwm

2 = 0085 —/& )
Therefore

Bs Mpw

— . 25
re,, . 0O ™ (26)

Adding Bq. (24), (25) and (26), the total inelastic angle

™ | M"M
—% —[(C#St D+3 fe. )( )}(I-%&)w.owsﬁ
where
#%t _ 4%t" Me ::. __:ti&.
P P Mpm K Pp
Mo Mo . \\4P — M° ;

Mpwm — Mp Mpm  KMp
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M
and K = reduction factor of Mp due to shear and thrust = TEE
p

For structural steels, ASTM—A7(IM)

E = 30,000 ksi
Est = 900 ksi
¢sh = 12 ¢p

Therefore

e _ T M (- B "oE
—2?} - [(uz-KH 6 (M,: K)](‘ M, )+ 0.0425K Motor)

where My = Ve, V = shear force

¢) Computation of Deflection

Deflection of the beam inlstrain—hardening.range may be
constructed by the following components.

l. Elastic deflection due to bending up to elastic
1hﬂtstrVw

2. Elastic deflection due to shear up to elastic
limit shear V.

Deflection due to hinge rotation.

i. Deflection due to bending in strain-hardening region
for AV, where AV = V - A

5. Deflection due to shear in strain-hardening region
for AV.

The total deflection is given by

S= &+ S+ Ss+ 84 + &5 (28)
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where

. - 2 .
30 x :
SI = \/“(Z'i ;If_ T ; X = distance from free end

V(- x)D
62 = G Aw

W)
]

(¢-x)6 ; © is given by Eq. (27)

S, = AV(20-32°F ¢ x*)
6B I

_ AV(-=x)
5; B Gst Aw

Ggt = shear modulus in strain-hardening range =

2,100 ksi (1h)

The deflection for each specimen No. 1, 2 and 3 were computed

in this fashion and are plotted in Fig. 3 in dashed lines.

These curves for the deflections of the beam in strain-

hardening range show fair correlation with the test results

as may be seen in Fig. 3.
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V. APPLICATION OF RESULTS TO DESIGN PROBLEM
—ULTIMATE LOAD OF BEAM WITH CUT-OUT—

A siﬁply supported beam with a cut-out is subjected to
a transverse concentrated load at an arbitrary position as
shown in Fig. 18 (a). Although the beam is externally stati-
cally determinate it is internally three times statically
indeterminate as can be readily seen. Using "Plastic Analysis"
the numbers of possible hinges are five, four around the cut-
out and one under the concentrated load. Subtracting the number
of redundants from the number of possible hinges furnishes the
number of independent ﬁechanisms. These two mechanisms are

illustrated in Fig. 18 (b) and (c).

Let Mp be the full plastic moment of the beam at the cut-
cut and mMy be that of the original beam. Neglecting for the
time beling any influence of shear and axial force, the ultimate

load corresponding to mechanism (I) in Fig. 18 (b) is given by

2L
P+ = . M
I @,eu p
and for mechanism (II) in Fig. 18 (c) by
_ L

P11 = z;za - MM,

Comparing these two loads it is concluded that mechanism (I)

will occur when

'rn)>2--£é3
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In most built-up beams with cut-out, however, the 1in-
fluence of high thrust and shear forces at the cut-out cguses
a considerable reduction in the plastic moment. Cross-sections
through the beam at A-A and B-B are shown in Fig. 18 (d). For
mechanism (I) the condition of forces in Fig. 18 (b) is given

by the following equations.

]

= 1 =
Vy =V, =3V for 4, =dp

]

= =1
M, = My =35 V4L

M,
where Mpm = reduced plastic moment due to shear and thrust

The equilibrium equation is

V.e =Mu+ML+T-h

2
L
and vV = fﬁ P,
where Py, = ultimate load
28 K
Therefore T = —%fﬁ .'%A . Py = T " %ﬂ - Py
¢ Mpm
or T=2?1 .-—-—& (29)
- L Mom
P29 (30)

From the interaction curves of M, T and V in Fig. 1l which are
computed by using the approach (B) and from the Eq. (29), the
reduced plastic moment Mpm can be obtalned by means of an

iteration method. Then the ultimate load P, is given by
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L L L
Eq. (30). For example, taking d = Z, h! = F and {' =73, the
ultimate load 1s computed as a function of the length of the

cut=out in the following manner.

Ap a

f
- = 2.0 and 7= = 1.0
Aw dw 5
Therefore
l _ " .
ﬁ haad Oo OL'.O Oc OL‘_S Oa OSO On O?S O- loo

5% = 2.112 2.376 2. 640 3.960 5. 280

2 Y :

For == = 2.112 (# = 0.0l), assume I = 0.60 as a first approx-
a, L T,

imation, then from Fig. 1l

—t

ul
ﬁﬁi“ = 0.445

Therefore from Eq. (29),

= 0.42
y

=1 1%

\

Repeating this process as follows,

T/T_ = 0.60 0.42 0.57 0.45 0.5, 0.47 0.52 0.49 0.50 0.50

TN NN NN S

Mpm/Mp=o.uu5 0.605 0.475 0.58 0.50 0.56 0.52 0.53 0.53 0.53

this iteration method converges to

]

T/Ty 0.50

Mpm/Mp = 0.53
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Therefore

= 0.0616

where A, 1s the total cross-sectional area at section B-B in
Fig. 18 (d). In a similar way the following values are obtained

by the iteration method.

Y. = 0,01 0.02 0.025 0.035 0.04 0.075 0.100
7

Mpm/Mp = 0.230 0.465 0.390 0.495 0.530 0.735 0.815

0.528 1.056 1.320 1.850 2.112 3.960 5.280

Py ,
© ook 0.106 0.106 0.0718 0.0650 0.0616 0.0450 0.0375

t*'?e
=

These results are shown in Fig. 18 (e). For this example, both
beams at the cut-out may fail by shear if the ratio of length
of the cut-out over length of the beam is less than 0.04. In.
the region the ultimate load P,; is independent of the length

of the cut-~out.

For the case in which the ratio is greater than 0.0L the
beam fails in the fashion of bending type at the reduced plastic =

moment Mpm under the influence of shear and axial forces.

VI. SUMMARY OF RESULTS AND CONCLUSIONS

The influence of both shear and axial forces on the plastic
moment of a wide flange cantilever beam was studied theoretically

on the basis of a lower bound method of plastic analysis. Two
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approaches were proposed, the difference being in the deriv-
ation of the shearing stress. Both approaches give good
correlations with test results for a small axial force. How-
ever, one of the two methods is valid even under high axial
force. The confirming tests show that this approach (B),

based on the average shearing stress method gives fair pre-
diction even for a relatively short beam ( @hw = 2.0) under

the combination of high axial and shear forces (Fig. 15). The
interaction curves between moment, shear and axiallforces based

A
on approach (B) were computed for the case of Ei = 2.0 and
W

d
a% = 1.05 which are representative values for most wide flange
beams. As can be seen from Fig. 1ll;, the reduction of the

plastic moment is mainly due to axial foncaz when ﬁ/dwg 5.0.

The question arises if the influence of shearvand axial
force on the plastic moment cannot be obtained by investigating
the two effects separately and superimposing the two reductions.
If the T/Ty ratio is not too high and also if the e/dw ratio is
not too small, then the reduction of the plastic moment as
illustrated in Fig. 1l is very close to the reduction obtained
by superposition of these two effects. In other words, the

following simplified approach can be used

Mpmg Mps x Mpc (31)
Mp Mp i Mp

where
M. = full plastic moment of the cross-section

p
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Mpp = reduced plastic moment due to shear and thrust

=
]

reduced plastic moment due to shear only

Mpe = reduced plastic moment due to thrust only

and also
M 8 tiR 7, ‘
bl B AT RS R R B2
M A=
E.Ef’. =1 . bz . ('%) (neutral axis in web) (33)

A T A T .
= = (1 - -—)-[ d - =— (1 - 5] (neutral axis
22z Ty b T§ in flange)

Equation (31) can also be expressed as
M. M M
Em ~o ES EC
(1 - M, )= (1 - M, ) + (1 - M, ) (34)

This means that the reduction of the plastic moment in percent
due to the combination of shear and axial forces is equal to
the sum of reduction in percent due to shear and axial force
respectively. For design purposes, Eq. (34) with Eq. (32) and
(33) is simple and also practical. The error of this approxi-
mation is within 3% compared to the approach (B) over a con-

siderable range of 4/¢w and T/Ty.

The deflection of a beam in the straih~hardening range
can be predicted with fair accuracy as shown by the test results

1llustrated in Fig. 3. In the analysis the deflection was
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separated into the following three components:

+ , l. Elastic deflection due to bending and shear up to
elastic 1limit shear V,;, corresponding to the
theoretical failure load Py.

2. Deflection due to hinge rotation given by Eq. (27).
3. Deflection due to bending and shear in the strain-

hardening range for AV where AV = V - Vy.

Finally the theoretical failure load P, for a built-up
beam with cut-out was computed by means of iteration method
using the iteraction curves of M, V and T in Fig. 1L4. The
result is given in Fig. 18 (e) showing the range of shear

failure and bending failure respectively.
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IX. NOMENCLATURE

total cross-sectional area of wide flange shapes
crogs~sectional area of built-up beam at section
B=B in Fig. 18 (a)

total flange area of wide flange shapes

-

web area of wide flange shapes

coefficient of extent of strain-hardening region
flange width

depth of wide flange shapes

distance between center line of flanges

depth of web

5 &1+ b2s Sas gh) 55‘= deflections

~
i

=
o]
1

readings of a dial gage for rotation measurement

deflection of a beam at a reference point of the
rotation gage
Young's modulus

strain-hardening modulus

shear modulus

shear modulus in strain-hardening region

moment of inertia of a cross-section

reduction factor in full plastic moment due to
shear and axial forces

length of built-up beam

length of a cantilever beam

full plastic moment of cross-section
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reduced plastic moment due to axlal force
fixed end moment of a cantilever beam
reduced plastic moment due to shear and axial forces

reduced plastic moment due to shear force

theoretical ultimate load or "failure" load of wide
flange shapes

curvature corresponding to Mpyy

curvature at the starting point of strain-hardening
radius of gyration of wide flange shapes about weak axis

section modulus of cross-section

static yield stress

corresponding angle rotation resulted from deflection
due to shear in elastic region

hinge rotation angle

thickness of flange plate
axial force

axial yield force = O A

shearing stress
shear force

shear force at Py

shear yield force = TyAw

V- Vyu

distance from free end of a cantilever beam
distance from neutral axis of cross-section
plastic modulus of wide flange shapes

thickness of web plate
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X. TABLES AND FIGURES
Comparison of Theoretical "Failure"
Load P, Obtained from Different Methods
No. 1 No. 2 No. 3
Methods T/Ty = 0.13 T/Ty = 0.19 T/Ty = 0,37

1 | Deflection I (3") 70 kips 8o kips 126 Kips
2 Deflection II (7") 70 82 126
3 Deflection III (11") 70 82 126
L Curvature 70 85 126
3 Hinge Rotation 70 82 120
6 Theoretical (A) 73 82 79
7 | Theoretical (B) 70 82 12l

TABLE T
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PHOTO 1 - TEST SET-UP
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PHOTO 2 - TESTING MACHINE
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PHOTO 3 - MODE OF FAILURE OF SPECIMENS




248.1

1.8_511
:“ ll"
i [ o]
| : 7"
| | o
| RN
! i |
T —1 { l
!
. | /T/T = 0,13
| | J
Wlir=s |
Zim s v M
1 11.57 - / Specimen No. 1
{
[~ - - - -
/T/T = 0.19
y y
2.6"
> 12WFS8 4
Specimen No. 2
—- _ _ _
P6 5"
/ / \ _— T/Ty = 0.37
- - — - _ lf‘ " gpecimen No. 3
/ V' 7 :
| R <
96" B
. : "
S I S Z
— INSTRUMENTATION:
= 7
- / Deflection Gage ... 3
p "
S Curvature Gage .... 2

Rotation Gage cec.. 2

FIG. 1 - TEST SPECIMENS AND INSTRUMENTATION

-57



k=-in

1250

1000

750

500

250

P /T Zpm T/V

7 M

0.5 1.0 5.0

0.4 0.8 1.0

0.3 0.6 3.0

0.2 0.4 2.0

0.1 0.2 1.0

P, TV,

IrllIII|I|I1||TI.|IT[ITT|']

y Specimen No.3 Specimen No.Z2 Specimen No.l
T/Ty = 0.37 T/Ty = 0,19 T/Ty = 0,13

(kips)

—130

—1120

N

20 ‘
Length of Fixture "D" (inches)

FIG., 2 - CONTROL CURVES FOR TEST SET-UP -

T°gle

8s-



A

Load (kips)

200 —

u
150 126k

1T 1T T T 711

T T T[T T T T 1

Tangent to Deflection
Curve in Strain—

Hardenlng ///

7 Fracture
/. at Welds

Z,/dw = 2,0 3n

2 T/Ty = 0.13 g-l '—ﬁ i

* T/Ty = 0.19 1= l |~ P
' T/Ty = 0.37 7 !

L4 / i —[

* Test 2 i)

¢ Theory

-~

Fracturelat Welds4

Fracture
at erds

el

T-ghe

65~

5 .

100 4 P _ ]

L_ wm—

& -

T ’ =

| "Failure" Load from _

' Load Deflection Curve n

SOH- ]

Y —~

-

Ob—d—1 1 S Ll | I L,! N T ! [ | {

0Gl 0.3 0.1 0.30 0.5 1.0 1.5 2.0
0.2 0.2 - o

ﬁéflection (inchies) at 3 inches from end

FIG, 3 - LOAD~DEFL§CTION CURVES (1)



Load (kips)

200

L A R I b ' [
7 = 1" |
1/d,; = 2.0 é —] 7"
© £T/T, = 0,13 / el
/ X iT/Ty = 0,19 7 —
/4__= Tangent to A e A / i
Deflection Curve in *T/Ty = 0,37

Strain-Hardening Range

< Tangent—e~ |

= g2k " /;/’,;‘Y —

2 |

4 )

|

Pu? "Failure" Load from ) -

t Load Deflection Curve .

—

-1 -
.e.||1|51111l1|1151114r
0.3 = 0,1 0] 1.0 1. 2.0

Defléction (1nches) at 7 inches from end

" FIG. L - LOAD-DEFLECTION CURVES (II)

T ghe

09-



- / /4, = 2.0 L1,

- /|+—— Tangent to ° : T/Ty = 0,13 / i
| / Deflection Curve . _ /
200 /in Strain-Hardening Range T T/Ty = 0.19 ?
&t T/Ty = 0,37 /

150

100

Load (kips) ——=

P,,: "Failure" Load from
5 : Load Deflection Curve

3 |

o_—1 1 1 O'Il | 111 1 z 1 L [ N 5! L1 1
0 I 0.3 0.1 0.3 0. 1.0 1. 5.0
030,83 0 " 7,2’ >0 %20 ‘

Deflection (inches) at 11 inches from end

FIG. 5 - LOAD-DEFLECTION CURVES (III)

N

T°gfe

19-



Curvature ————— 95 Radians/inch

FIG., 6 - MOMENT-CURVATURE DIAGRAM

| } | | | t 1 1 1 1
f L I I i } I [ T ] | ] | 1 i | ] QJ_
n /4, = 2.0 _ o
2000 —1
M |
1500 —
| i
o _
el
(&)
g 1 i
o
1 —
ey
1000}, _
] —
4
s | ]
. O
£ I | B
=
- T M, = Modified Plastic Moment -
4 c ° . T
500} e P, = "Failure"™ Load from —]
H ) Moment Curvature Curve ]
S ] _.
| - *
O 4 oo W B B [T EO N | I- [ N W l R R N | E O T : &
0 0,2 04,0 0.2 040 0.2 0.4 0.6 Q.8 1.0 1,2-1.4 1.6 1,8 2,0x1073



(&)

Load (kips) :—————p=

200—

! | | T J T ] I ] I | ] R

L /4, = 2.0 o -
B ° : T/Ty = 0,13 7
x P T/Ty =0.19 —
A . T/Ty = 0.37 N

50

Puy: "Failure" Load from Hinge Rotation

| | 1 , | | | 1 | 1

o- 1 2--3 o "1 2 3 L4 5 6 7x10°2
Rotation Angle ©p (radians) —_—

FIG. 7 ~ EQUIVALENT HINGE ROTATION

€9



2181 ., -6l

¥\

AN
I

(b) Plastic Bending

A =
9P s SRP - ee
Gage Length of Rotation Gage
. NOTATIONS:. & = Deflection © = Angle change
) - Subscript e = Elastic
R Subscript p = Plastic
. : Subscript R = Rotation gage
Subscript s = Shear
Subscript b = Bending

FIG. 8 - ANALYSIS OF ROTATION GAGE




Load (kips)

150

100

50

T ] | T T T T T T T T J
- >
i -
/4, = 2.0 -
° P T/Ty = 0.13 §
: ’I‘/’I‘y = 0,19 -
s T/Ty = 0,37 -]
Crack at Welds T _
t E , Crack at Welds
| —
‘::\\\ : Crack at Welds
\v:\ ) l ' )
\HM ]
| A -
| | —
| | _
| ' »
I Ih p—
| r I
| ) i
|
| '4 -
I | a
—
T —
Y- .ﬂ
1 | ! | A 1 i i h i i I o
1 2 3 L 0 1 2 3 0 2 3 L 5x 10
3 Lateral Rotation (radians) —_—
) 1
i o
&

FIG. 9 - LATERAL ROTATION



LS

| .I 1 LR D 1741 L [‘T I I l LI
— 1.240 k-inches ‘ ]
T o ° - ===
/ -
/
1. 000 b= / -
n ) iP i
Moment LOADING BEAvﬁ N
. (@] ~ -
(Kips-in) low=eq
SOO [~ | ——
oo ro T
- [ . : : 1 —
P P -
! 2L ! ogn ! 2L |
, : -
ol v v b v v v v b by e -3
o - 0.5 1.0 1.5 2.0 x 10
' Curvature qb (radiam/in]
¥ ! | | , 1 | T T
| . I
1c 500 e . —
Buckling at Flange -
Plate
4 g | 7
1.000 o] —
3 4
Moment |} g Unload -
(Kips-in)f| & -
® 0 -
o
500 o —_
(o]
o -
Ity
& —
o
2 Q‘ ——
0 .
ned _
B S I R T T R
o 1 2 3 n 5 6 7 8 9 10 x 1073
: Curvature 95 (radian/in)—>

- FIG. 10 - MOMENT-CURVATURE CURVE OF THE
' CONTROL BEAM (UNIFORM MOMENT)



FIG.

2,8.1 -67 .
¢ ?"—.7b—-"! 6 4, I
== o4 D] e = = ‘_
d Idf- :\:- rd‘l gﬁo‘:—i?_ "'_'__; L e O_T—
jp re— -g-V. _é:?;;j: s _:ﬁa _:;;:_- / _ | x‘% l_v
ZAF 2 LA ?
- £ .l
FIG. 11 - ASSUMED STRESS DISTRIBUTION IN WF SHAPES
— -
0 0.5 1.0 1.5 2.0 275 3.0
1.0 ! [ T T T
0.9} | -
7=0
M_ﬂ"o 8..
, Mp
0.7k
0. 6
, w p*
ot s - ot
- T
0.4} 7 = —t— -
w i §
0.3 4 = Plastic Modulus 7
|18 L
0. 2f AryT 3 VvV 7
-’ g +ev = 1
0.1 -{ i
H
, 0 i | \ | N
L 1

12 - INTERACTION CURVES BETWEEN MOMENT, SHEAR
AND AXIAL FORCES (NEUTRAL AXIS IN WEB)



248.1 | - 68

A’;
1
. 3. 65 L _%F_G:y ?("7“\@)
s bty ———— St bl — = i m—
oy | BB BTV R ¢ )
- - é ______ — — —— - MF MP“AMF
[n ;_0:_;——~______ mngiaptabainy
1 Aendin Axial i = B-F
= g ia Shearing dM,= Zd§.
2 Ap Stress Stress Stress MF 2 74’{:
0 1.0 2.0 3.0 1.0 5.0
1.0 f T I Y
o)
Té;-
ch B °~l -
o.2
0.8 =3 n
0.7 i
o.4
L
’ Mew . L -
| Mp
| “5 ——
0.1 v -
0.3 Approach (A) 4
T = g
0.2} _. .
0.1 w=20, aw 105
’ | i i ]
O v
: FIG. 13 - INTERACTION CURVES BETWEEN MOMENT, SHEAR

AND AXTAL FORCES--APPROACH (A)--



248.1 | -69

Bending Axial Shearing Bending Axial Shearing

i . t&_ < he l__S_t_ress T.'E‘>j:1_r'_e_s_s__Stre_s.%__ Stress Stress Stress
| T A — K V
X . LU- ~ =
OLF dw - | '?od: Ec\y ‘ §ry T R
Yy v 3HEH | S| A" _ A=
-=-1=- = ______ =¥ __ [l __
J:'_AF S Case (a) Case (b)
— e L/aw
0 1.0 2.0 0 5.0
1.0 - T l | T I l J '
y : T/-,.';:.O
0.9F 7 B ©-1 =
9 Y T
Y IV o.2
0.8F ) -
Approach ' o3
, hAPm T=V/Aw
. ) 0.7
4 MP ) - o4
. . 0. 6k
r : 0.5
0. 5— pu—
0.6
0. U4 -
o7
0. 3F .
O‘
0.2F 3 7
O0.1F 0.9 -
d A l ' I '] l ' 1 l 1

FIG. 1l - INTERACTION CURVES BETWEEN MOMENT, SHEAR
AND AXIAL FORCES--APPROACH (B)--




248.1
Test Specimens
-
2.0 |
—
—
R
—  Approach (A) —™ -
’ N\
0.2 Approach (B)—’\ —
\‘
0 | | I | | |
0 0.2 0.4 0.6 0.8 1.0
I .
T

FIG. 15 - REDUCTION OF PLASTIC MOMENT DUE

TO SHEAR AND AXIAL FORCE

-70



LY

248.

150

Lpad Pu
(Kips)

100

50

1
Determination of "Failure" Load
P, from Test Results
//
P, Tangent =
[,oad ‘ /
or 172 f-Str'ain‘--:Har*dening Range
Momert]
| “4— Elastic Range |
Deflection, Curvature or Rotatioﬂ
r —
| _ -
- b/a, = 2.0 4
© Test Result
-«—— Approach (B)
’—- —
mand \
. \ .
A o
- /@) Approach (A) —b\ —
1 | : | 1
0 0.1 0.2 0.3 0.4 0.5
I —_—
TY

FIG. 16 - "FAILURE" LOAD P, OF WF-BEAM UNDER
MOMENT, SHEAR AND AXIAL FORCE

-71



LY

Q4

248.1

0

.915

Tdealized Cross-Section
r
™~ Assumed Curve :
Actual Cross-Section :
|
|
|
|
|
|
|
]
: l |
I 6 8 10 12 12

—— P/ pm

FIG. 17 (a) - ASSUMED MOMENT-CURVATURE CURVE

4

T

|_|=|
'z '&|

FIG. 17 (b) - ASSUMED CURVATURE DIAGRAM



&,

248.1 ' -73

!‘.L e/ ] Pi‘ 24- | |
: Al B |yt 3As A |
e | mZETS T
A
3 | ter [' 2% g d
[ | , $ot- %Ar Ao
s o B L R L
L IR
' ravall | :
| ' _
L2 - | |  FIG. 18 {d) - CROSS-SECTION AT
Z] - | " A-A AND B-B
| . L N
' 1
FIG. 18 (a) - BEAM WITH CUTOUT
. !
T
J —
=
FIG. 18 (b) - MECHANISM I FIG. (¢) - MECHANISM II
0.12

||14|V.|L14|lL||lLl

0 i } !
o 0,02 .oy .06 .08 .10 .12 .14 .16 .18 .20 .22
| N '2¢ _ Length of Cutout
L. 7 Length of Beam

FIG. 18 (e) - ULTIMATE LOAD OF BUILT-UP
BEAM WITH CUTOUT



	Lehigh University
	Lehigh Preserve
	1958

	Application of integral equation to the stability problem.
	T Kusuda
	Recommended Citation


	tmp.1349753097.pdf.7NyaC

